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Abstract: Hurwitz and Tasoev continued fractions are regular continued frac-
tions with a quasi-periodic pattern on the sequence of partial quotients. In
previous works in this context the author obtained closed forms for the value
of continued fractions of this type where the length of period was at most 4.
Here a new method is developed yielding results with longer period.

1. Introduction
a = [ag; a1, a3, . .. | denotes the regular (or simple) continued frac-
tion expansion of a real number «, where
a=ag+06y, ap=|0],
1/0n—1=0n+6n, a=|0] (n>1).

Hurwitz continued fraction expansions, quasi-periodic simple continued
fractions, have the form

E-mail address: komatsu@cc.hirosaki-u.ac.jp
This research was supported in part by the Grant-in-Aid for Scientific research (C)
(No. 15540021), the Japan Society for the Promotion of Science.




92 T. Komatsu

[a'O;aly- .- :a'n:Ql(k'):'-' 7Qp(k)]]c:;o=1 = S
— [a'O;al;'-':a'TL;Ql(l)J-"7Qp(1)7Q1(2)7'"’Qp(2)7Q1(3)1"'])

where ag is an integer, ay, ..., a, are positive integers, Q1, ..., Qyp are
polynomials with rational coefficients which take positive integral values
for k = 1,2,... and at least one of the polynomials is not constant.
Well-known examples are =

e—[21.,,1141161 J=102;1,2k,1)%2,
et -1
e? +1
tanlz[1;1,1,1,3,1,1,5,1,..] [1;2k — 11]k 1-

tanh 1l =

=[0,1,3,5,7,...] = [0 2K — T2,

It seems that every known example belongs to one of three types, e-
type, tanh-type and tan-type. No concrete example where the degree
of any polynomial exceeds 1 has been known.

Recently, the author [5] found more general forms of Hurwitz con-
tinued fractions belonging to tanh-type and tan-type. Namely,

[0; ua, v(a + b), u(a + 2b),v(a + 3b), u(a + 4b),v(a + 5b),...] =

o0

(1) ngo(”!)_lu_”‘?(vb) - il;l[()(a + i)t
§ (n!)=1(uvb)—" T‘Zﬁl(a + bi)—1
n=0 i—0

and
0;ua —1,1,v(a+b) —2,1,u(a+2b) — 2,1,v(a+3b) — 2,1,...] =
(2) |

i=0

nf (=1)™(n) w1 (ub)=" T] (a + bi)~

5 (~1)n () (awb) T (a+ i)

n=0 7=0

respectively. In [7], the author constituted more general forms of Hur-
witz continued fractions of e-type, namely, the quasi-periodic continued
fractions with period 3 whose partial quotients include at least one 1;
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[0;u(a+ 58 = L, Lu~ 1j2.; =

(3) § ,u'—Zn—l,u—an—n(n!)—l nﬁl(a + b'i)_l
- n=0 i=1
o] 3 n+1
ngo b= (n!) =1 ((uv)—2n il;ll(a + b))~ 1 — (up)—2n—1 .]jl (a+bi)—1)
and

[0; v—1, 1?“(0‘ + bk) - l]l;..;l =

(4)

= —n —1(,,~2n,,—2n—1 0 N—1 —2n—1,,—2n—2 nal N —1
zo b= {(nl)~H (w2 ’Hl(a + bi)~t pu—2n—1ly—2n—2 .Hl (a+bi)~1)
n= 1= 1=

n=0

5 (wv)=2mp=n (n1)—1 iljl(a +bi)~1

Tasoev continued fractions ([4], [5], [6], [7], [8], [12]) are also
systematic but have hardly been known before. They are also quasi-
periodic but @Q;(k) includes exponentials in k instead of polynomials.
In [5], the author found some more general Tasoev continued fractions.
" Namely,

=, —2n—1 —(n+1)*? T2 —1
L Zou a Hl(a -1)
(5) R —
: 3 u—2ng—n? ] (a% —1)-1
n=0 i=1

]

0;ua — 1,1, uak+t — 2|20 | =

) n .
(6) > (—1)rumnmlqm (DT I (o2 — 1)
n=0 i=1
- 00 7 ’
3 (=1)ru—2ng—n? ] (a2 — 1)~1
o) n )
Z u—n—lv—na—(n+l)(n+2)/2 . (az _ 1)—1
(1) [0;uak, vaFlf, = =0 T
Z y—ny—ng—n(n+1)/2 H (ai — 1)——1
n=0 i=1

and
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[0;ua —1,1,va — 2,1, uak+l — 2,1, vab+1 — 2] . =

(8) § (_1)nu—n—lv—na’——(n+l)(n+2)/2 ﬁ (ai . 1)—1
n=0 i=1

o0 T

Z (_1)nu—nv—na—n(n+l)/2 H (ai _ 1)—1
We can safely say that Tasoev continued fractions are geometric and
Hurwitz continued fractions are arithmetic ([6]). The Tasoev continued

fractions corresponding to e-type Hurwitz continued fractions were also
derived in [7];

[0;ua* —1,1,v -1, =
n

(9) i u—2nelv—2naf—(n+l) (a2i — 1)—1
. n=0 i=1
) n
> ((uwv)=2mq—m* — (uv)—2n—1g=(n+1)%) ] (a2 — 1)~1
n=0 i=1
and
[0;v—1,1,uak —1]52, =
S (y—2ng—2n—1,-n% | _2n—1 —2n—2 —(n+1)2\ 15 2i _ 1)-1
(10) ngo(u v a +u v a ) il;ll(a )

> (uo)2ma=n" 1] (a2 — 1)1

n=0 i=1

The different types of Tasoev continued fractions with period 3 shown
in [6] are
(11)
Z u—n—1ly—n —(n+l)“ H(am (__1)1‘)—1
[0; ua?k—1 —1,1,va2k — 1], = n=9

> (~1)rury=ng=n? H (a2t — (~1)})~1

n=0

[0; ua,va?* —1,1, ua2*k+1 —1]32 ; =

(12) P e (G

Z ,U'—'n.,u—'n,a'—n2 H (a21 __( 1) ) 1

n=0
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(13)

§ y—n—1ly—n ——(n+1)(n+°)/2 H(a — (- 1)) 1
[0;uak —1,1,vak — 1], = 2=2

§ ( 1)nu——nv—na—-n(n+1)/’7 ﬁ ( i _ (.__1)12)—1
n=0 i=1
and
[0; ua, va® — 1,1, uak+1 — 1|2, =
co i
g S fl -
_. n= =1

Z y—ny—ng—n{n+l)/2 H( _ (_1)72).—1

n=>0
Up to now, these are all Hurwitz and Tasoev continued fractions whose
corresponding irrational numbers can be written explicitly. The length
of the period is short and does not exceed 4. Of course, there are still
more concrete Hurwitz and Tasoev continued fractions which belong to
none of the above (See e.g. [12], [13]). However, each of them is not
totally generalized. The Tasoev continued fractions in [8] can not be
said to have explicit forms because they include recurrence relations.

In the case of v/D, some technical methods have been studied

yielding periodic simple continued fractions with long period (e.g. [9]).
In this paper a new method is developed yielding quasi-periodic simple
continued fractions with long period so that every partial quotient can
be written explicitly.

2. Hurwitz’s theorem

It is known that if o is a Hurwitz number, and the continued
fraction expansion of « is Hurwitz’ one, then
5= acx+b
ca+d
is also a Hurwitz number ([10, Satz 4.4, p. 119]). Raney [11] gave a
method to obtain the continued fraction of 8 from that of . This
method is well applicable to find the initial part of partial quotients
in B, but it is very hard to write down the continued fraction of 8
completely and explicitly except in some special cases, e.g. 8 = 2a ([2],

[14]).
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In fact, Hurwitz described a method to obtain the continued frac-
tion expansion (ac + b)/d from the continued fraction expansion of a.
In most practical cases it is enough to consider the rational linear forms
of . According to Satz 4.1 (p. 111) in [10], which is essentially from
Hurwitz [3] and Chételet [1], it says
Lemma 1. Let [ao;a1,0az,...] be the regular continued fraction of
an irrational number a and denote its n-th convergent by pn/gn =
= [ag;a1,09,...,a,]. Moreover, let 8 = (roa + to)/s0, where g, sg
and ty are integers with rg > 0, sg > 0 and rogso = N > 1. For an
arbitrary index v > 1 we have

rolao; a1, - -+, au—1] + tg _ Topy—1+togu-1 _ lbo; by by ]
S0 S0qu—1 PR
where the index p is adjusted such that p = v (mod 2). Denote its

convergent by

/
p/.z,—l

/ = [bO;bla""Jb/J.-—l]-
q/"‘_l ’

Then three integersty, r1 and s are um’yquely giwen satisfying the matriz
formula ‘

o to Pv—1 - Pvi2 o p'“_l pL,_g 771 t1>
0 so qu-1: .Qv—2 qL_l ql,i_2 0 s/’

where r1 > 0, 81 >0, 71181 =N, =51 < t; <7, and 8 = [bo; b1, ...

RN b#_l, ,8#,] with ,8“ = (’1"10{1/ + tl)/Sl
In theory, as described in [10, pp. 112-114] we consider the form:

a = [0'0 +N90§al,- ey Oy -1, Gy +Nglaa’1/1+l7 ceey Qpp—1,
Ay, +N927au2+1:- sy Qg —1, Quy +Ng37' . ']1

where gg is an integer, ¢; (1 = 1,2,...) and N are positive integers,
from which we calculate :

: _ t
[bO;bla"'7bl-L1—1] = TO[aO,al, A 1]+ O)
S0
Tox + 1 )
f= T s (b0; b1y« - vy bpy 1, 8], g1 =1 (mod 2);
S : VN S t
[bm;‘bul—!—l, e bp,z—l] _n [qul ’,aV1+1’ ) Gyg—1] + 1,

51
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10y, +11 .

/BIJJI 51 _[bl-lq;bliri“l?"':buz—hﬁ/.bz]) U2 —H1=Va—11 (mOd 2)7
T2|Qpgy Qpgtly ey Qua—1| + L9
[bng;bug-{—l)---abug—l] — [ vay Yug--1, y Wyg ] ’
2
a0 +t2
/B/LZ = _ﬁ_—: [b,u.z; b/—L2+17 s 1bp3—175u3]7 H3—l2 =V3—1/3 (IIlOd 2)’
and so on. Finally, we obtain
T'oO!‘I"to 2 9
5 = —'5—0——- = [bo -+ T‘Sgo; bl, ciey bp,l—la bul + T;g]_, b/-L1+11 Ceey b#,l_l,
bu, + 7393, Dua+1s- - bus—1,bpus + 1393, ...].

Three examples were shown in [10, pp. 114-118]. If o =
= [1+ 2g0; 1 + 291, 29x |$2.,, then

20 —1=[14+4g0;91, 1,1, 95 — 1]52,.
If @ = [1+ 2g0; 291, 1+ 2g5 |2, then
20 — 1 =[1++490; g3k—2, 2 + 4g3k—1, g3k, L, L |5 ;.
Fa=[1+ 690§m—,—1+—6g;](]?=1, then
(2a — 1)/3=[490;1,1,3,1,—1 + 926—1, 1,1, 3,1, 4gax |72 ;.

3. Some quasi-periodic continued fractions with
longer period

Our ideas lie in combining the known general Hurwitz (or Tasoev)
continued fractions and Hurwitz’s Theorem to obtain the new Hurwitz

(or Tasoev) continued fractions with longer period. We shall first look
at some new examples.

Let o = [1 + 5g0;2,1,1+ 5g5]%,, and consider the continued
fraction of 8 = (o — 1)/5. Note that [1;2,1] = 4/3 and [1;2] = 3/2.
Since ([1;2,1] —1)/5 = 1/15 = [0; 14, 1] with [0; 14] = 1/14, we have

(0 5) G 2)-(5 4) (6 )

Since ([1;2,1] —4)/5 = —8/15 = [—1;2, 7] with [-1;2] = ~1/2, we have

GG - D6 Y

Since [1;2,1]/56 = 4/15 = [0; 3, 1,2, 1] with [0;3,1,2] = 3/11, we have
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(03)(G2)-(5 1) 2)

Since ([1;2,1] — 3)/5 = —1/3 = [-1;1,2] with [-1;1] = 0/1, we have

1 -3 4 3\ (-1 0 5 3
0 5 3 2/ \ (3 1 0 1/°
Since 5[1;2,1] +3 = 29/3 = [9; 1, 2] with [9;1] = 10/1, we have

5 3\ /4 3\ _ (29 10\ /1 -1\
0 1 3 2/ 3 1 0 5 /°
We can then obtain the continued fraction with period 17:

a—1
5

= [901 147 1) -1+ 95k—4, 27 77 95k—3, 3’ 11 2) 1;

-1+ g5k—2, 11 2) 9+ 259516—17 ]-7 2a g5k ]?;1
In fact, simultaneously we also have the continued fractions:

a—4
5

= [_1 -+ go; 27 77 g5k-=4, 37 11 27 1, -1+ g5k—3, 1: 2a 9+ 2595]9—27
1) 27 95k—1, 147 17 -1 + g5k ]zo=1,

o
—5' - [90) 3: 17 27 ]-1 -1+ g5k—4, 1; 2; 9+ 259576—37 17 2; g5k—2,

14') 1: -1+ 95k—1, 2: 7) g5k ]I?"il’

a—3

5

= [_l + 9o; 17‘27 9+ 2595k—4: 1, 25 g5k—3, 147 1,-1+ g5k—2,

2: 7: g5k—1, 37 11 21 11 -1+ 95k ]]?;“;1
and .

S5a+3 =1[942590;1,2, gsk—a, 14, 1, —1 + g5k—3, 2, 7, Jsk—2,
31 17 27 1’ ~1 + g5k—1, 17 27 9 -+ 2595k ]Ii.;l

By the way, the continued fraction of (o —2)/5 is not in this group, but
o—2
5)
Now, put go = 0 and g = (ua®* —2)/5 (k > 1) and set @ — 1 =
=[0;2,1,ua® — 1]32; in (10) with v = 3. Then we have a new Tasoev
continued fraction with period 17 as (o — 1)/5.

= [——1 + go; 1, 67 17 11 -1 +‘gk]z‘;1-
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Theorem 1. Let u=2, a=1 (mod 5) with a > 1. Then

f (3~2n—1u—2na—n2 + 3——2n—-2u—2n—1a——(n+1)2) ﬁ (a2 — 1)-1
n=0 i=1

53 (3u)—2na—n? ili[l(a% —1)-1

n=0
(15)
Sk—d4d _ 7 5k—3 _ 9
= [0j14,2, %2 2.7, ———3,1,2,1,
5k—2 _. 5k _
B T 9, 5uash—1 — 11,2, "—‘9——2-]& :
5 5 k=1

Simultaneously, we have the following results as (o — 4)/5 or
(@ +1)/5, /5, (o —3)/5 or (a +2)/5, and, 5a + 3 or 5o — 6, Te-
spectively.
Corollary 1.

z

(—8 . 3—2n—1,,—2n  —n? + 3-—2n—2u—2n—1a—(n+1)3) ﬁ (a2 —1)~1
=0 '

i=1

) 5 T .
5 E (3u)—2na~n—' H (a21, — 1)—1

5k—4 _9o 5k—3 _ 7
=[-1;2,7, 9“5— 3,1,2,1, 315—— 1,2, 5ua®k—2 — 1,

ugBk—1 —2 uadk — 7
s Ml

1<)

or

M8

(7_3—2n—1u—2na——n2 +3—2n—2u—2n—1a—(n+1)2) 0
0 i=1

o0 D .
5 E (3u)—2na—n~ H (a21 — 1)—1

(a% —1)~1

5k—4 _ 9 5k—3 _7
= [0) 27 7, ’ua*s—a 3: 1, 2, l, E‘s—’ l’ 2, 5ua5k—2 — 1,

uadk—1 —2 uabk — 7
1: 21 5 L] 141 1: 5 ?;17

o] 9 . 2, n N
Z (4 .3—2n—1,—2n,—n 4 3—2n—2,,—2n—1,—(n+1) ) H (a21 _ 1)—1

n=0 i=1
o0 9 I K
5 Z (3u)—-2na——n H (a2'L — 1)—-1
n=0 i=1

5k—4 _ a5k—2 _ 9
=[0;3,1,2,1, MT7,1,2,5ua.5k—3 —1,1,0 %" "2

?
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uadh—1 _7 uabk — 2
14,1, 12,7, k=1
5 5 ]kz—l
o0 2 2y & i
» (_5 . 372n—1y—2n,—n" L 3-2n-2, —2n—1,—(n+1) ) 11 (CL?‘Z — 1)_1
n=0 i=1 =
] 5 B . B
5 5% (3w=2na=n® ] (% ~ 1)1
n=0 i=1
‘ 5k—3 . 9 S5k—2 __ 7
=[~1;1,2,5uabk—4 —1,1,2, 22 14,1, = 5
5k—1 _. 9 S5k
2,7, ua‘—s—_‘v 3,1,2,1, zl—'°5_7 ]/:or-l

or

f (10 . 3—2n—1,,—2n,—n? + 3—2n—2u——2n—1a—(n+1)2) ﬁ (a2i —1)-1
=1

n=0

[=2) 5 .
5 Z (3u)—2na—n H (CLQ'L _ 1)———1
i=1

n=0
5k—3 _ 9 5k—2 _ 7
=1[0;1,2, 5uabk—4 — 1,1,2, %2 — 14,1, ua —
uabk—1 -2 uab® — 7
21 7: —"5—"7 37 11 2; 17 —5' ]]?;ozli

f (29 - 3—2n—1y—2n,-n? | 5. 3—2n—2u—2n-1a—(n+1)2) ﬁ (a2 — 1)~1

n=0 i=1

x n L .
Z (3u)—2na——n~ H (azz — 1)—1
n=0 i=1

5h—4 _ g 5k—3 _7 5h—2 _ 9
= [9;112a L 14,1, i 2,7, i 3
5 ~ 5
S5k—1 _
3,1,2,1, ““—5—7 1,2, 5uab% — 1152,
or
o0 n 2 L] .
Z (2 .3—2n-1, —2n,-n" +5. 3—2n—2u—2n~1a—(n+1)“) H (a21. _ 1)—1
n=0 i=1
o) n
> (3u)—2na—n2 II (a2t — 1)1
n=0 i=1
wabh—Z _ 9 wask—3 _ 7 wabk -2 _ g
= [0;1,2, 5 14,1, 12,7, 5 3

S5k—1 -7
3,1,2,1, E——s—— 1,2, 5uadk — 1122,
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Next, put go = 0 and gx = (u(a + bk) — 2)/5 (k > 1) and set
a—1=[0;2,1,u(a+bk) — 1] in (4) with v = 3. Then we have a
new Hurwitz continued fraction with period 17 as (a — 1)/5.

'(I‘heorem 2. Let b=0 and ua =2 (mod 5). Then
16)

n n+1l .
2 b7 (37 I (a4 i) T 4+ 372202 T (- b))
i=1 i=1

n=>0

5 20(3@‘2"6_”@!)“1 .1:11@ +bi)—1

u(bbk + a — 4b) — 7 . u(5bk +a — 3b) — 2
5 ? 3 ) 5

= [0; 14,1, ,3,1,2,1,

5bk —2b) — bk -2
u( +a:5 ) 7,1,2,5u(5bk+a—b)_171121’”_(5*_%0‘)—

k=1

Remark. The condition implies that u = 1 and a = 2, v = 2 and
ea=l,u=3and a=4,or u=4and a =3 (mod 5) with b > 5.

Simultaneously, we have the following results as (o — 4)/5 or
(@ +1)/5, a/5, (@ — 3)/5 or (a + 2)/5, and, 5a + 3 or 5a — 6, re-
spectively. ‘
Corollary 2.
5SS b (nt) =1 (—8-3-2n—1y=2n [T (a-bi)—L +3_2"_2u—2“_1nﬁ11(a+bi)—1)

i=1 i=

n=0

5 nifo(zm)—%b—n(n!)—l i];"Il(a + b))~

u(5bk+a—4b)—2 31,21, u(5bk + a—3b)—7
5 5
b —2 —
1,0, M0k Ta—b)~2 ), , ubbkta) -7 7] >
5 5 k=1

= [—1;2,7, ,1,2, 5u(5bk+a—2b)—1,

or

oQ n n+1
Z b—-'n.(n!)——-l (7_3—2n—1u—2n H (a+b’i)_1+ 3—2n—2u—2n——1 H (a,—l—bi)“l)
i=1 i=1

n=0

53 (3u)=2mb—"(nl)-1 irill(a + b))~

n=0

u(5bk+a—4b)—2,3’ 12,1, u(5bk+a—3b)—7
5 5
2, u(5bk + a — b) —2,14,1, u(5bk + a) ——-7]00

5 5 k=1’

= [0;2,7, 1,2, 5u(5bk -+ a — 2b) — 1,

1,
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00 n+1
z p—n (nl)— ( .3—2n—1,,~2n H (a+bz) 1_|_3—-2n—— —2n-—1 H (a—}—b'i)_l)
n=0 i=1

5 nzzjo(su)—?nb-n(n!)—l i];jl(a,—l—bi)”l

bk+a—4b)— bk+a—25)—2

u(s k+‘; ) T 1,2, 5u(5bk-+a—3b) — 1,1,2, %0 k+‘; b2
u(Bbk+a—b)—7 9.7 u(5bk+a)—2]oo
5 B 5 k=1

= [o; 3,1,2,1,

14,1,

n=0

Z b= (n!)— 1( 5.3—2n—1, —2n H(a+bz)—1+3—‘7n——2 —2n—1 H (a+bi)~ 1)

5 n§o(3u)_2”b“n(n!)” H (a+bi)~1

=1

= [ —1;1,2, 5u(5bk+a — 4b) — 1,1, 2, “(SbH‘;_Sb)_z ,14,1, “(5bk+“5_26)"7,
9.7 u(5bk+a — b) — 2 31,21, u(5bk+a) — 7] oo
5 5 k=

or

Z b—n(n!)— (10 .3—2n-1 —2n H(a+bz)‘1+3‘2" —2,,—2n-1 H (a,—l—bz)_ )

n=0 i=1

5 n§0(3u)“2”‘b_” (nh)—?t il;[l(a,—{—bi)_l

u(5bk+a — 3b) — 2 141 u(5bk+a — 2b) —

5 ) 2 1 5 1
bk —b)— —
u{5bk+a —'b) 2,3’ 12,1, u(5bk+a) 7] o

5 5 k=<1

= [o; 1,2,5u(5bk+a — 4b) — 1,1, 2,

2,7,

Z b_”(’n')_ (99 3—2n 1y—2n: H (a+bz)_1+5 g—2n—2,,~2n~1 H (a+bi)~ )

n=0 i=1
ngo (Bu)~2mb—n(nl)—t 1:[ (a+bi)~1

u(5bk+a — 4b) — 2

u(5bk+a — 3b) — 7 u(5bk+a — 2b) —

= [9i1.2, 14,1, 2,7, :
5 5 5
bk —b) —
31,21 %5 +c; ) 7’1,2,5u(5bk+a)—1]:_1

or

E b—n(ny) l(r) .3—2n— 1 2 —an H(a+bz) 1+5 3—2n—2;,—2n—1 H (a+bz)~ )

n=0

n§0(3u) —2np=n(pl)—1 iI=I1 (a+bi)~?
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—4b) — 2 —3b) — —2p) —

7 u(5bk+a — 4b) 141, u(5bk+a — 3b) 7’2’ 7. u(5bk+a — 2b) 2,
5 5 5
u(Sbkta—b) =7
5

= [0;1,2

=)

3,1,2,1, .1, 2, 5u(5bk+a) — 1]

k=1

4. More possibilities

As seen in the previous section, if the pattern under the period of
the initial irrational number o matches one of the patterns of (1) to (4)
or (5) to (14), then many new quasi-periodic continued fractions with
longer period can be created having the explicit forms. Furthermore,
since the new continued fractions which are derived from (1) to (4) or
(5) to (14) have the explicit forms too, more new continued fractions
can be created from there again.

For example, we set

o = [490+17 147 17 49519—4a 21 7’ 495k—3+17 3: 1) 27 11 4951\".—2’
17 27 4g5k——1 +27 1: 2) 4gSk+1J ZOZI

in order to use (15) or (16). Notice that every g, must take a positive
integral value. Otherwise, the regular pattern will collapse. Consider
the continued fraction of (20/ — 1)/2. Then, after long calculations, we
obtain the continued fraction with period 128;

20/ -1
2

K4

= [4go; 1,1,3,4,930k—29,8,1,1,3,930k—28,14, 1,4+ 169305 —27,1,2,930k —26,

2,2,1,1, —1+g30k—25,1,3,3,2, 4930624, 1, 29, 930k _23, 3, 6, 2, 1,
—1+g30£—22,1,2, 11416930k 21, 1, 2, gapk—20, 59, 1, — 1+ 930519,
2,1,2,1,1,1, 4930518, 1,3,3,2, =1+ g30k—_17, 1, 11, 930k_16, 1, 2,
9+16g30%x-15,3;1,2,1, ~1+gagr—14, 1, 1,1,1,1,1,3,1,—1+g30%-13, 1,1, 3,4,
1+4g30k-12,5, 1, =1+g30k—11, 1, 11, g30k—10, 3, 1, 2, 1, 4+ 1693059, 1, 6, 1, 1,
—1+930k—8,1,4,2,5, g30k—7,5, 1, 2+ 4g305—6, 5, 1, — L +ga0k—s, 1, 1, 14, 2,
—1+4930k—4,1,6,1,1,5+16g30x—_3,14,1, — 1+930k-2,2,2,1,1,930k—1,5,1,4930k | o, -

We set go=0, gr =(5ua®—3)/4if k = 4 (mod 5); gy = (ua®—7)/20
otherwise. Apply the result o/ = (o —1)/5 + 1 in the previous sec-
tion. Then we obtain the Tasoev continued fraction with period 128 as
(2a + 3)/10.

Theorem 3. Letu=7 and a =1 (mod 20). Then
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f (17_3—2n—1u—2na——n2 +‘2_3—2n-2u—-2n—1a—(n+1)2) ﬁ (a2t —1)~1
n=0 ) ] i=1 _

10 § (3u)—2nq—n? H (a2t —1)-1

n=0 i=1

30k—29 _ 7 30k—28 _ Auad0F—27 _ g
_—_[0;1’1,3,4,&____,8,1,1’3,2?__7.’ 3 :—u?‘—"—‘
20 20 5

5 30k—26 __ 3 30k—25 __ 27 30k—24 __ 7

e 22,1, 713,32, " 199,
4 20 5
30k—23 _ 7 30k—22 __ 27
o 13,621, T2 1 9 20uad0k—21 _1 1,2,
20 20
30k—20 _- 7 30k—19 __ 27 30k—18 __ 7
bt 59,1, 42 ,d,121112——————,1,3,3,2,
20 20 5

2a30k—17 _ o7 5uad0k—16 _ 3 4uaB0k—15 — 3
20 H b 3 4: k) < 5
30k—14 __ 27 30/6—13 — 927 .
we A 4 11,1,1,1,3,1, % T2 3y
20 20
30k—12 _ g 5uad0k—11 — 30k—10 _ 7
ua 5,1, 222 Ty =7
5 4 T 20
4 30k—9 _ 8 30k—8 __. p) 30k—7 _ 7
ﬂ*——-—, 1,6,1,1, &——'—7—,1,4,2,5, ua—,5, 1,
5 20 20

30k—5 _ 9 , 30k—4 _ 9
5uad0k—6 — 1,51, %5 T27 4y 94 9 B2 g 611,
20

,37 1,2) ]"

73’ 112’ l’

&

49,0306—3 _ 3 30k—2 _ 97 S5uag30k—1 _ 3 30k . 7100
_W—')14a1:’lm—__—72721 L) i 3 Uy Ay = ‘ ] H
5 20 4 5 k=1

If we put © =7 and a = 21, then we get

0 o [} k] .
Y (17-372n-i7=2ng1—n" 4 9.3=3n—2y=2n—1g1~(mH)T) [T (21% — 1)~

n=0 i=1 _
10 2091 2ng1-n? H (91”1 —1)-1
n=
=[0;1,1,3,4,7,8,1,1,3,154,14, 1, 51860 1 ~,1701708 2;2,1,1, 1429434 1,3,3,2,
120072568, 1, 29, 630380989, 3,6, 2, 1, 13238000775, 1, 2, 111199206521339, 1, 2,
5837958342370, 59,1, 122587125189776, 2,1;2;1;1;1,10298158515941296, 1, 3, 3, 2,
54065332208691810, 1,11, 28384299409563200958, 1, 2, 381484984064529420885,
3,1,2, 1, 500699041584694864911,1,1,1,1,1,1, 3,1, 10514679873278592163158,
1,1,3,4,883233109355401741705385, 5, 1, 115924345602896478598831832,
1,11, 97376450306433042023018740, 3, 1,2, 1,
32718487302961502119734296756, 1,6,1, 1, 42943014585136971532151264493
1,4,2,5,901803306287876402175176554381, 5, 1,
1893786943204540444567870764200834, 5, 1, 3976952580729534933592528604821.74,




Hurwitz and Tasoev continued fractions with long period 105

1,1,14,2,8351600419532023360544310070125681,1,6,1, 1,
2806137740962759849142888183562229269, 14, 1,
3683055785013622302000040740925425915, 2,2, 1,1,
1933604287132151708550021388985848606083, 5, 1,
6496910404764029740728071866992451316440,1, 1, 3, 4,
34108779625011156138822377301710369411317,8,1,1,3,...].

Wesetgozo,gkzw;t{&—eﬁiszzl (mod5);gk=ﬂa—i2b0k—)_z
otherwise. Apply the result &’ = (o —1)/5 + 1 in the previous section.
Then we obtain the Hurwitz continued fraction with period 128 as
(2. + 3)/10. )

Theorem 4. Let b=0 and ua =7 (mod 20). Then

. n n+1l
Eob"”(n!)_l(17-3“2”_1u_2” ‘Hl(a—i-bi)”l + 2.3 =2y~ 2n—1 .Hl (a+bi)~1)
n= = et

10 20(311,)_2”6_”(71,!)—1 Izll(a + b))~

u(30bk + a — 29b) — 7 8.1.1.3 u{30bk + a — 28b) — 7
20 o 20

4u(300k +a—276)—8 | bu(30bk +a—265)—3 ,  u(300k+a—256)-27
5 e 4 T 20 ’

u(30bk + a — 24b) — 7 u(30bk +a —236) — 7

11,29,
5 20

= [o; 1,1,3,4, 14,1,

1,3,3,2, 13,6,2,1,

u(30bk + a — 22b) — 27 u(30bk + a — 206) — 7

,1,2,20u(30bk + a — 218) — 1,1, 2,

20 20 ’
59,1, u(30bk + a — 19b) — 27’ 2,1,2,1,1,1, u(30bk + a — 18b) — 771, 33,2
20 5
u(30bk + aza 17b) — 27’ 111 5u(30bk + Z —16b) — 3 19

4u(300k + a — 15b) — 3 31.9.1 u(300k + a — 14b) — 27
20 e 20
w(300k +a—135) —27 | u(80bk+a—12) 2
20 o 5
5u(30bk+a—llb)-—-7, 111, u(30bk+a—-—10b)—7’3’ 12,1, 4u(30bk+a—9b)—8
4 20 5
u(B0bk+a—80) —27 _u(@0bk+a—76) 7
20 R 20 '
u(300k + a — Bb) — 27
20
u(30bk +2a(.)—~4b)—27, 16,11, 4u(30bk -i:r)a—-Bb)—B, 141, u(30bk -|—2c:)—2b)—27

717 1’ 11 1) l’ 1731 11

,5711

1

i

16,11,

? 17 1, 14? 21

5,1,5u(30bk +a — 6b) — 1,5, 1,
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5u(30bk +a —b) — 3 _ 1 u(30bk+a)—7}°°

5 .
! k=1

2,2,1,1,
1 5

Remark. The cdndition meansthatu =landa=7,u=T7anda =1,
u=3anda=9, u=9anda=3,u=11land a =17, u = 17 and
a=1l,u=13anda=19 or v =19 and a = 13 (mod 20).

If we put u =3, a =9 and b = 20, then we get

Nk

; . n n+i
20—n(n0-4(17.3f2n—13—2n11(9+20iy-1+2-3—2”—23~2“—1II(9+20n-4)
0 i=1 i=1

[2.2] N B
10 3 972720~ (n!)~1 [T (94204)~1
i=1

n=0

=[0,1,1,3,4,4,8,1,1,3,7,14,1,164,1,2,333,2,2,1,1,15,1,3,3,2, 76, 1,29, 22, 3,
6,2,1,24,1,2,11339,1,2,31,59,1,33,2,1,2,1,1,1,148,1, 3, 3,2,39,1,11, 1083,
1,2,741,3,1,2,1,48,1,1,1,1,1,1,3,1,51,1,1,3,4,221, 5, 1, 1457, 1, 11, 61, 3,
1,2,1,1028,1,6,1,1,66,1,4,2,5,70,5,1,7334,5,1,75,1,1,14,2,78,1,6, 1,1, 1317,
14,1,84,2,2,1,1,2208,5,1,364,1,1,3,4,94,8,1,1, 3,97, 14,1, 1604, 1, 2, 2583, 2,
2,1,1,105,1,3,3,2,436,1,29,112,3,6,2,1,114, 1, 2,47339, 1,2, 121, 59, 1, 123, 2, 1,
2,1,1,1,508,1,3,3,2,129,1,11,3333, 1, 2,2181,3,1,2,1,138,1,1,1,1,1,...].

Note that we obtain a different result if we try to gét the contin-
ued fraction of (20 + 3)/10 directly from the continued fraction a. In
this case, we must put o = [1 + 20g0;2,1,1 + 20g1]52, instead of @ =

:‘[1 + 59052, 1,1+ 5gx)%2,. Then for this new o we get the continued
fraction expansion with period 80 as (2« + 3)/10.

[490;T.1,3,4,—1+g20k—10, 1,6, 1, 1, 1+ 169205 18, 14, 1, — T+ gaon—17,5, 1,
9+100g20k—16,5,1, — 1+g20k—15,3,1,2,1,16g20k—14,1,6,1,1, — 1+ g20%_13,1,1,3,4,
4920%—12,5, 1, 1+25g20% 11,1, 2, 1+16g20k—10, 3, L, 2; L, —1+gaok—s9, 2, 1,2, 1, 1, 1,
—1+4+4g90k—8,1,3,3,2, —1+gaor—7,1, 2,39+400g20%_6, 1,2, ~14g90x-5,1,3,3,2,
—1+4g20k—4, 1,29, g20k—3, 14, I, 16920k —2, 1, 2, 24+ 259205 —1, 5, 1, — 1+ 4920k -

Put go = 0 and gr = (ua®* —2)/20 (k > 1) and set o — 1 =
= [0;2,1,ua® — 1], in (10) with v = 3. Then we obtain the Tasoev
continued fraction with period 80 as (2a + 3)/10.

Theorem 5. Let u=2 and a =1 (mod 20). Then

§ (17-3-2n—1y=2ng—n? 2;3—2n—2u—2n—1a~(n+1)2) ﬁ (a% —1)-1
n=0 . i=1

o0 ' . 2 T Sl
10 ) (Bu)=2ng—n" [[ (a2t — 1)1
n=0 i=1
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uaq20k—19 _ 99 duyq20k—18 _ g uaq20k—~17 _ 99
—Tyliﬁalyla 5 1 [ 20 75111

20k—15__ 29 20k—14 _
&mmbﬂﬁ—1jJﬂﬂi——————g&L2Jqgﬂ—————E,L&lJ,
20 5
20k—13 __ 29 20k—12 _ 2 20k—-11 _
&—':111:3747 i 7511: bua 671:2:
20 _ 5 1
4uq20k~10 _ 3 20k-9 _ 99 20k—8 _ 7
——5'_1 35 11 2: 17 Ea_'—_12a 1125 11 1) 17 Eal_s”—_" 1,31

= [0i1,1,3,4,

20

20k—7 _ 29 206—5 _
&zﬁi—%—iiﬂﬂgmm%bﬁ—LLz”“ = 22

wa0k—4 7 30k—3 _ 5 dua20k—2 _
R e L BT S
5uaq20k—1 _ 9 ua?0k 7] oo

4 1 ) H 5

117 31 37 21

k=1

When v =2 and a = 21, we have

§ (17_3—2n—12—2n21—n2 _I_2‘3—277.—22—271,-—‘121—(71-]—1)2)

T
n=0 i=1

i
=3 5 .
10 ), 6—2n21-n? J] (212¢ — 1)-1
i=1

n=0

(21% — 1)-1

=[0;1,1,3,4,1,1,6,1,1,705,14, 1,925, 5,1, 1944809, 5, 1, 408409, 3, 1
2,1,137225792,1,6,1,1,180108853, 1,1, 3,4, 15129143744, 5,1,
1985700116451, 1, 2, 26687809565121, 3, 1, 2, 1, 35027750054221, 2, 1
2,1,1,1,2942331004554655, 1, 3, 3, 2, 15447237773911945, 1, 2,
129756797300860347239, 1, 2, 6812231858295168229, 1,3, 3, 2,
572227476096794131327, 1,29, 3004194249508169189474, 14, 1,
1009409267834744847663296, 1, 2, 33121241600827565313951952, 5, 1,
111287371778780619454878559, 1, 1, 3, 4, 584258701838508252138112441,
1,6,1,1,196310923817769012718405780545, 14, 1,
257658087510821829192907586965, 5, 1, 541081983772725841305105932628809,
5,1,113627216592272426674072245852049, 3,1, 2, 1, '
38178744775003535362488274606288832, 1,6, 1, 1,
50109602517192140163265860420754093, 1, 1, 3, 4,
4209206611444139773714332275343343904, 5, 1,
552458367752043345300006111138813887451, 1,2,
7425040462587462560832082133705658647361,3,1,2,1,
9745365607146044611092107800488676974661,2,1,2,1,1,1,
818610711000267747331737055241048865871615,1,3,3,...].
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Put go = 0 and g = (u(a +bk) —2)/20 (K > 1) and set a — 1 =
= [0;2,1,u(a + bk) — 1]$2; in (4) with v = 3. Then we obtain the
Hurwitz continued fraction with period 80 as (2« + 3)/10.

Theorem 6. Let ua =2 and b=0 (mod 20). Then

o0 . n ntl ..
> b7 (nl)T1(17-37 20"y 20 I (a+-bi) = 1423722y 2L [T (a+Bi)71)
i=1 i=1

n=0

10 3° (3u)~2mb=" (nl)=1 ] (a + bi)~
i=1

n=0 .
200k + a — 19b) — 22 1u(20b —18b) —
—[0:1,1,3,4 20k FO AW 732 o,y 2CORFQ I 23y,
20 5
200k + a — 17b) — 22 f
u(20bk + 2 ) =22 o 1 Su(20bk+a— 166) —1,5,1,
u(20bk + a — 15b) — 22 a2 4u(20bk + a — 14b) — 8 1611,
20 5
— —_9 _ —
u(20bk + a — 13b) 2,1’ 1.3.4, u(20bk + a — 12b) — 2 5.1,
20 5

2 —11b) — —100) — :

5u(20bk + a — 11b) — 6 12 4u(20bk + a — 10b) — 3 3,1,2,1,
4 5
u(20bk + a — 9b) —22,2’ L2111, u(20bk + a — 8b) —711’3’372,
20 5
20bk + a — 7b) — 22 20bk + a — 5b) — 22
u(20bk + a — 7b) ,l,2,20u(206k+ae6b)—1,1,2,u(0 ta—8)-22
20 ~ ' 20
20bk + a — 4b) — ' ~3b) —2
13,39, u(20bk 4+ a — 4b) 7,1’29’ u(20bk + a — 3b) 14,1,
5 , 20 :
4u(20bk + a — 2b) — 8 19 5u(20bk +a.— b) — 2 £ u(20bk + a) — 7] o
5 ) 7 7 7’ 4 ) 7' H 5 kzl.

Remark. The condition meansthatu =landa=2,u=2anda=1,
u=1llanda=2, u=2anda=1l,u=6anda =7, u=7and
ec=6,u=6anda=17,u=17anda=6,u=9 and a = 18, u = 18
anda=9,u=13anda=14,u=14anda=13,u =18 and a = 19
or u =19 and a = 18 (mod 20).

When u =7, a =6 and b = 20, we have

(== . o cindl
>, 207" (nl) T (1737272 T (64+204) T 14-2-3 7202y 27— T (64-204) 1)
n=0 . : i=1 i=1

1= _

[=.=] T
10°3) 2172720~ (n!)~1 I] (6 + 204) !
i=1

n=0 o
=1[0;1,1,3,4,8,1,6,1,1,257,14,1,22,5, 1,3009, 5,1, 36,3, 1,2,1,704,1,6,1,1,
50,1,1,3,4,232,5,1,1626,1,2,1153,3,1,2,1,78,2,1,2,1,1,1,343,1,3,3,2,
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92,1,2,40039,1,2,106,1,3,3,2,455,1,29,121, 14,1, 2048, 1, 2, 3377, 5, 1, 567,
1,1,3,4,148,1,6,1,1,2497,14, 1,162,5,1,17009, 5, 1,176, 3,1, 2, 1, 2944, 1,6,
1,1,190,1,1,3,4,792,5,1,5126, 1,2,3393,3,1,2,1,218,2,1,2,1,1, 1,903, 1, 3,
3,2,232,1,2,96039,1,2,246,1,3, 3,2, 1015, 1, 29, 261, 14, 1, 4288, 1, 2, 6877,
5,1,1127,1,1,3,4,288,1,6,1,1,4737,14,1,302,5,1, 31009, 5, 1, 316,3,1,...].

If we would like to find cases with different congruent conditions, then
we change c in the initial continued fraction [1420go; 2, T, ¢ + 20gx|.;.
In order to fit this to (10) we set ua® = c+1 (mod 20) so that every gj
is a positive integer. Concerning (4), we set u(a+bk) = c+1 (mod 20).
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