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CENTRAL LIMIT THEOREMS FOR THE POTTS MODEL

OLIVIER GARET

ABSTRACT. We prove various g-dimensional Central Limit Theorems for the
occurring of the colors in the g-state Potts model on Z% at inverse temperature
B, provided that 3 is sufficiently far from the critical point B.. When (d = 2)
and (¢ = 2 or ¢ > 26), the theorems apply for each 3 # B¢. In the uniqueness
region, a classical Gaussian limit is obtained. In the phase transition regime,
the situation is more complex: when (g > 3), the limit may be Gaussian or not,
depending on the Gibbs measure which is considered. Particularly, we show
that free boundary conditions lead to a non-Gaussian limit. Some particular
properties of the Ising model are also discussed. The limits that are obtained
are identified relatively to FK-percolation models.

1. INTRODUCTION

The aim of this study is to answer a natural question relative to Gibbs measures
in the ¢-state Potts model: take a finite box in Z¢ and consider the frequencies of
each of the ¢ states in the box. By the ergodic theorem, the vector of empirical
frequencies obviously converges to a constant when the considered Gibbs measure
is ergodic. Then, it is natural to ask whether we can have a central limit theorem
with a standard renormalization.

Three decades after the seminal paper by Fortuin and Kasteleyn [, it has
become obvious that most problems related to the Potts model encounter the road of
the Fortuin-Kasteleyn random cluster measure — see for example Higgstrom [H&g9§)|
for a self-contained introduction to the relations between these models.

Roughly speaking, we can say that a realization of the g-state Potts model with
free boundary conditions in a finite box is a random coloring of the vertices of
a realization of a free random-cluster measure in the box A, with the constraint
that connected components are mono-color. Actually, we can consider the Potts
model as the restriction to its vertices of a measure on “colored graphs”: there is
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randomness on the set of open bonds and also on the color of vertices, with the
condition that connected components are mono-color.

Then, it is not difficult to guess that in the supercritical regime, the presence of an
infinite cluster strongly modifies the fluctuation of the empiric repartitions. Thus,
our first step is the study of the normal fluctuations of the density of the infinite
cluster in large boxes. Since Fortuin-Kasteleyn random cluster measures enjoy the
FKG property, there is a tool that is particularly appropriate to show central limit
theorems; it is Newman’s theorem []7 which reduces the problem to proving
the convergence of a series. Newman and Schulman noticed that
this could be useful for the study of the fluctuations of the density of the infinite
cluster for some percolation models, but time passed without anybody using it for
a precise model, not even for standard percolation. Thus we give in this paper a
theorem that explains how to obtain a CLT for the density of the infinite clusters in
the case of a percolation model satisfying FKG: it suffices to bound the probability
of large finite clusters and the correlation of some local events.

This leads to a simple proof of the CLT in the case of Bernoulli percolation.
The case of FK percolation appears to be more intricate, and there are values of
the parameters for which one did not succeed in obtaining the desired estimates.
Naturally, these gaps are reflected on the subsequent theorems relative to the Potts
model.

The paper is organized as follows:

e The first part begins with the general CLT theorem for the density of the
infinite cluster(s) announced above. Then, we prove that for each ¢ > 1,
there exists p,(q) < 1 such that for p > p,-(¢), the number of points in large
boxes (Ay)n>1 which belongs to the infinite cluster has a normal central
limit behaviour under the random cluster measure ¢, 4:

|An N C’oo| _ ¢p7q(0 € Coo)|An|
|An|1/2

:>./\/(0,0§1q),

where C is the infinite cluster for FK percolation and

02711 = Z (¢p,q(0 > 00 and k < 00) — ¢ 4(0 € Cxo)?).
kezd

The result is much better on the square lattice: when ¢ = 1,2 or ¢ > 26,
pr(q) is equal to the classical critical value p.(q), so the result applies in
the whole supercritical zone.

e In the second part, we prove a ¢-dimensional central limit theorem for the
fluctuation of the empiric repartitions of colors in a coloring model, that is a
model where the connected components of a random graph (not necessarily
satisfying the FKG inequalities) are painted independently, provided that
the fluctuations of the number of points in large boxes which belong to an
infinite cluster satisfy a central limit theorem.

e In the third part, we combine these results to obtain ¢-dimensional cent-
ral limit theorems for the fluctuation of the empiric repartitions of the ¢
colors in the g-state Potts model: when the inverse temperature 3 is small
enough, the unique Gibbs measure for the g-state Potts model at inverse
temperature 3 satisfy the following result for the empirical distributions:
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there exists a constant xg > 0 such that
TL(At) — |At|1/
VA

where J is the ¢x ¢ matrix each of whose entries is equal to 1, v = (i, R %),
and the vector n(As) = (n1(A¢), n2(Ay), ..., ng(As)) consists of the numbers
of occurring of each of the ¢ states.

In the region of phase transition, the situation is more complex. For
example, under the Gibbs measure which is obtained as the limit of finite
size Gibbs measures with a constant boundary condition “1”, we have,

provided that (3 is large enough:
TL(At)— ‘At|(171_951_9771_9)

VI

for some matrix C' and some constant 6. For the Gibbs measure which is
obtained as the limit of finite size Gibbs measures with free boundary con-
dition, a central limit theorem is also proved, but the limit is not Gaussian
(except in the case of the Ising model).

As in the first part, the region of validity of the theorems is optimal
when d = 2: the results hold for each 8 # (3. as soon as ¢ = 2 or g > 26.

Actually, when d = 2, the results of the first part (and, consequently,
the results on the last one) need an exponential inequality relative to FK-
percolation which has been proved to hold in the whole subcritical zone
when ¢ = 1,2 or ¢ > 26. In fact, it is widely believed that this holds in
the whole subcritical zone for each ¢ > 1. If this challenge were performed,
this would automatically give the optimality of the results presented here
for each value of q.

— N(0, %(qz — 7)),

= N(0,0)

2. NOTATIONS AND PRELIMINARIES

Graph theoretical notations
For = € Z%, let us denote ||z| = 2?21 |z;| and consider the graph L¢ = (Z4, E?),
with

E = {{z,y};2,y € Z% and |jz — y|| = 1}.

For z € Z* and r € [0,+00), we note B(z,7) = {y € Z% ||z —y|| < r}. If
e ={z,y} € E¢, then x and y are called neighbours.

In the following, the expression ”subgraph of L4” will always be employed for
each graph of the form G = (Z%, E) where E is a subset of E4. We denote by S(IL%)
the set of all subgraphs of 9.

Set 2 = {0, 1}]Ed. An edge e € E? is said to be open in the configuration w if
w(e) =1, and closed otherwise.

There is a natural bijection between S(L?) and €, that is E +— (keg)ecnd-
Consequently, we sometimes identify S(L%) and Q and say “random graph measure”
rather than “measure on Q7.

A path is a sequence v = (21, €1,%2,€2,...,Tn, €y, Tnt1) such that x; and x;41
are neighbours and e; is the edge between z; and x;11. We will also sometimes
describe « only by the vertices it visits v = (21, %2,...,%n, Tnt1) Or by its edges

v = (e1,€2,...,e,). The number n of edges in 7 is called the length of v and is
denoted by |y|. We will also consider cycles, that are paths for which the visited
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vertices are all distinct, except that 1 = x,4+1. A path is said to be open in the
configuration w if all its edges are open in w. If A; and Ay are two subsets of Z¢,
we denote by d(A1, As) the length of the shortest path from A; to As.

The clusters of a configuration w are the connected components of the graph
induced on Z? by the open edges in w. For z in Z?, we denote by C(z) the cluster
containing x. In other words, C(z) is the set of points in Z? that are linked to z
by an open path.

We note z < oo to say that |C'(z)| = 4+o00. In the whole paper, we will note
Coo = {7 € Z% 2 < 0},

We say that two bonds e and e’ of E? are neighbours if e N e’ is not empty. This
also gives a notion of connectedness in E¢ in the usual way.

For each subset A of Z¢, we denote by OA the boundary of A:

OA = {y € A%z € A with ||l —y|| =1}
and by Ej the set of inner bonds of A:
Ep = {e € E4e C A}

Note that if A and A’ are disjoint sets, then E, and E,/ are disjoint too.

For each £ C E?, we denote by o(FE) the o-field generated by the projections
(We)eer- A subset A of Q is said to be a local event if there exists a finite subset
E of E¢ such that A is o(E)-measurable.

When A C Z?, we also use the notation o(A) instead of o(Ey).

We sometimes consider another set of bonds on Z¢, that is

where ||z = max(|z;|;1 < i < d). If e = {x,y} € F? then z and y are called
x-neighbours. Similarly, we define the notion of %-paths, x-cycles, * connected
sets,. .. exactly in the same way as for the graph L.
A subset A of Z? is said to be a box if it can be written in the following form:
A= ([al, b x [ag, ... bd]) NZ? for some real numbers a1, . .., a4, b1, . . . bq.
For our central limit theorems, we will use boxes (A¢)¢>1, with

Ar = {z € Z% |zl < t}.

Let X and S be arbitrary sets. Each w € X* can be considered as a map from S
to X. We will denote w) its restriction to A. Then, when A and B are two disjoint
subsets of S and (w,n) € X4 x XB, wn denotes the concatenation of w and 7, that
is the element z € X 4“5 such that

w; ifieA
Zi = .
n; ifi e B.

2.1. FK Random cluster measures. Let 0 < p <1 and ¢ > 0.
For each configuration € 2 and each connected subset E of E¢ we define the
random-cluster measure ¢}, , . with boundary condition 1 on (2, 8(f2)) by

1 .
{ H pw(e)(l p)lw(e)}qu(wEnEc) if wge = NEe,

n
T}Z:,p,q(w)z ZE,M ecE

0 otherwise,
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where kg(w) is the number of components of the graph w which intersect U.cpe.
Z%L  is the renormalizing constant

E.p,q
Z%,p,q = Z { H pw(e)(l p)lw(e)}qu(wEnEc)_

w€e{0,1}F *e€ckE

I b
For each b € {0,1}, we will simply denote by ¢, ,

ponding to the configuration n which is such that 7, = b for each e € E<.
When A is a finite subset of Z?, we also use the notation ¢, ;4 instead of ¢g, p4
A probability measure ¢ on (2, B(Q2)) is called a random-cluster measure with
parameters p and q if for each measurable set A and each finite subset A of Z¢, we
have the D.L.R. condition:

the measure ¢ corres-
E.,p,q

6(4) = / o1, (A) do(n)

The set of such measures is denoted by R, 4.

Let b € {0,1}. If (A,)n>1 is an increasing sequence of volumes tending to Z,
it is known that the sequence qﬁi’\mp, o has a weak limit which does not depend on
the sequence (Ay,),>1. We denote by gqu this limit. The following facts are well
known; refer to the recent summary of Grimmett [ for complete references.

° ¢gﬁq is a translation invariant ergodic measure.
* dpq € Rpg
o Let us note 6°(p,q) = f,,q(o « 00). There exists p.(¢q) € (0,1), such that

for each b € {0,1} we have 6°(p,q) = 0 for p < p.(q) and °(p,q) > 0 for
p > pe(q). Moreover, Ry, 4 is a singleton as soon as p < pe(q).

FKG inequalities and stochastic comparison

There is a natural partial order < on Q = {0, 1}Ed: for w and W’ in §, we say that
w < ' holds if and only if w. < w! for each e € E4. Consequently, we say that
a function f : w — R is increasing if f(w) < (w') as soon as w < w'. If ¢ is a
probability measure and f, g two bounded measurable functions, we note

mewg>:/Jyd¢f(/fd@(/gd@.

If A and B are measurable events, we also note Covg(A, B) = Covylls,llg) =
B(AN B) — 6(A)4(B).

We say that a measure ¢ on (€2, B(Q2)) satisfies the FKG inequalities if for each
pair of increasing bounded functions f and g, we have Covy(f,g) > 0.

It is well known that ng’q satisfies the FKG inequalities if ¢ > 1.

An event A is said to be increasing (resp. decreasing) if1ly (resp. 1 —1l4) is an
increasing function. Of course, if ¢ satisfies the FKG inequalities and A and B are
increasing events, we have Covg(A4, B) > 0.

Let us first recall the concept of stochastic domination: we say that a probability
measure 4 dominates a probability measure v, if

/fdus/fdu

holds whenever f is an increasing function. Thus, we write v < pu.
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The following stochastic comparison for random cluster measures is well known:

we have (/)27(1 < ¢g,7q,.

for ¢ > q,¢" 2 1 and =75 > 5,

Exponential bounds
Grimmett and Piza [[GP97] also introduced another critical probability: Let us
define

Y (p,q) = timsup{n®~169 , (0 = OB(0,n) }

n—oo

and py(q) = sup{p: Y(p,q) < co}. We have 0 < py(q) < pc(q).
Grimmett and Piza proved the following exponential bound:

Proposition 1. Let ¢ > 1, d > 2. For p < p4(q), there exists a constant v =
v(p,q) > 0 with
(1) ¢p,q(0 = 0B(0,n)) < e "™ for large n.

(Note that we can write ¢p q instead of qbgﬂ because of the uniqueness of the random
cluster measure for p < p..)

It is conjectured that py(q) = p.(g) for each g > 1.
When d = 2, this widely believed conjecture has already be proved for ¢ = 1,q =
2 and ¢ > 26 — see the Saint-Flour notes by Grimmett ([Gri97).

~—

2.2. The Potts model. Let us recall the definition of Gibbs measure in the context
of the Potts model. Let ¢ > 2 and 3 > 0. We denote by S, a set of cardinality g.
For a finite subset A of Z¢, the Hamiltonian on the volume A is defined by

Hy=2 ) lem)
e={z,y}€E*
eNA#£QD
Then, we can define for each bounded measurable function f and for each w €
S
q )

ZA1(W) WEZS{,‘ exp(—BHa(nawae)) f(nawae),

Haf(w) =

where

Zp(w) = Z exp(—FHA(nawae))-

nesy
For each w, we will denote by ITj (w) the measure on S?d which is associated to

the map f +— IIj f(w). A measure p on Sfd is said to be a Gibbs measure for the
g-state Potts model at inverse temperature § when for each bounded measurable
function f and each finite subset A of Z¢, we have

Eu(fI(Xi)ieae) =IIaf pas.

For each z € Sy, let us denote by II5(z) the measure II5(w) where w is the
element of S?d with w, = z for each z € Z?. It is known that for each 8 > 0
and each z € S, the sequence (II(z))s converges when A tends to Z?. Let us
denote by WPt, g . this limit. By the general theory of Gibbs measures, this limit
is necessarily a Gibbs measure — see for example Georgii’s book [

Note that although each WPt g . is a pure phase (i.e. an extremal Gibbs meas-
ure), the converse is not necessarily true.
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Those Gibbs measures can be characterized by the fact that they can be obtained
from a random-cluster measure by a procedure described below:

Proposition 2. Let ¢ € {2,3,...}, p € [0,1], Sq be a finite set with |Sy| = ¢
and z € Sy. Pick a random edge configuration X €& {O,I}Ed according to the
random-cluster measure (b}M. Then, for each finite connected component C of X
independently, pick a spin uniformly from Sy, and assign this spin to all vertices of
C. Finally assign the value z to all vertices of infinite connected components. The
SZ* _valued random spin configuration arising from this procedure is then distributed
according to the Gibbs measure WPty g . for the g-state Potts model at inverse
temperature 3 := —1 log(1 — p).

3. CENTRAL LIMIT THEOREM FOR THE RANDOM CLUSTER MEASURE

The aim of this section is to prove the following theorem:

Theorem 1. For each q¢ > 1, there exists py(q) < 1 such that, for p > p,(q), Rpq
consists of a unique measure ¢, which satisfies the following: if Cs denotes the
infinite cluster for FK percolation, then

|An N C’oo| — g(pa Q)|An|
|An|1/2

where 0(p, q) = ¢p q(0 € Cs) and

Ug,q = Z (‘bp,q(o « 00 and k < o0) — 0(p, Q)Q)-
kezd

= N(0,02 ),

[ 2]

Particularly, we have

e pr(1) ZPC((Zld) )
[ ] Pr(Q) = m fOT’d: 2.

e p.(q) = 1£aford:2 and (q=1,q=2 or ¢ > 26).

We begin with a general theorem which gives sufficient conditions for having a
central limit theorem for the fluctuations of the size of the intersection of large boxes
with the infinite clusters. This will tell us what sort of estimates about random
cluster measures can help us.

Theorem 2. Let ¢ be a translation-invariant ergodic measure on S(L%). We sup-
pose that ¢ satisfies the FKG inequalities and that we have 04 = ¢(0 «— 00) > 0.

For each n € Z¢ and r > 0, let us note the event D, . = {|C(n)| > r}. We sup-
pose also that there exists a sequence (ry)peza such that the following assumptions
together hold:

D" b(+00 > |C(0)] = 1) < +00

nezd

Z Covy(Do,r,,, Dn.r,,) < +00.

nezad
Then, we have
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e (57)
035: Z (¢(0 < 00 and k « o0) — 63) < +o00.
kezd
(CLT)
|An N COx| 70¢|An| 2
|An|1/2 :>N(070-¢>.
Proof.

A0 1 Coe@)] = OlAa = 3 F(T50),
k€A,
where T* is the translation operator defined by T#(w) = (Wkte)ecrs and f =
i) c(0)|=+ 00} — 0p- Moreover, f is an increasing function and ¢ satisfies the F.K.G.
inequalities. Then, (f(T*w)),czq4) is a stationary random field of square integrable
variables satisfying the F.K.G. inequalities. Therefore, according to Newman’s
theorem [], the Central Limit Theorem is true if we prove that the quantity

(2) > Cov(f, foT")
kezd
is finite, which is just proving (5*).
Let us define B = {|C(0)| = +o0}, and for each n € Z4, A,, = {|C(n )| = +oo},
A, ={|C(n)| > rn} and B,, = {|C(0)| > r,} Since B C B, and A,, C A,, one has
llén =1lp ‘Han\B and]lAn =14, +]1An\An It follows that

Cov(ll; llz ) — Cov(lla, lp) = Covll; \ 4, M5, ) + Covlls | 5.1,),
and hence that

|COV(11An ’HB,L) — Cov(la,, ,l1p)| P(An\An) + P(Bn\B)

<
< 2P(+00 > [C(0)] = 7)

It follows that
03 <2 P(+00>[C(0)| = 1) + > |Cov(Do,r,, D) < +00.

n€ezl nezd

O

As we mentioned in the introduction, the idea of using Newman’s theorem to
prove Central Limit Theorems for the density of infinite clusters in percolation
models satisfying the F.K.G. inequalities is not new; indeed it has already been
pointed out by Newman and Schulman [NS81d, NS81H that (S*) + (FKG) =
(CLT). The interest of our theorem is that it gives a concrete way to prove that
assumption (S*) is satisfied; basically, it splits a problem about infinite clusters
into two problems relative to finite clusters:

e The existence of sufficiently high moments

e A control of the correlation for the appearance of reasonably large clusters
in two points which are separated by a large distance — note that we can
rewrite Cov(Do,,, Dn.r,) as Cov(D§,. , D5, ,. ).

This method gives an alternative proof of a recent result that Zhang [fha0l]
obtained by martingale techniques.

Corollary 1. In the case of Bernoulli percolation, the density of the infinite cluster
in large boxes satisfies a central limit theorem for each p > p..
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Proof. Simply take r, = |[n||/3. The convergence (m) follows for example from
Kesten and Zhang[[KZ9(]: there exists n(p) > 0 such that

Vn€Zy P(IC(0)| = n) < exp(—n(p)nd~D/7).

Of course, such a sharp estimate is not necessary for our purpose. Estimates derived
from [CCN87] or [CCGT8Y would have been sufficient. The convergence of (c) is
an evidence since Dy ,,, and D,, . are independent for ||n| > 12.

O

3.1. The case of the square lattice. Let Z2 = Z%+(1/2,1/2),E2 = {{a,b};a,b €
72 and |la — b|| = 1} and L2 = (Z2,E2). It is easy to see that L2 is isomorphic to
L2

For each bond e = {a, b} of L? (resp. IL2), let us denote by s(e) the only subset
{i,j} of Z2 (resp. Z?) such that the quadrangle aibj is a square in R2. s is clearly
an involution.

For finite A C Z2, we denote by Peierls(A) the Peierls contour associated to A,
that is

Peierls(A) = {e € E*Iluis not constant on s(e)}.

If on the plane R? we draw the edges which are in Peierls(A4), we obtain a family
of curves — the so-called Peierls contours — which are exactly the boundary of the
subset of R?: A + ([-1/2,1/2] x [-1/2,1/2]).

It is known that, provided that A C Z2 is a bounded connected subset of L2,
there exists a unique set of bonds I'(4) C Peierls(A) C E? which form a cycle
surrounding A, in the following sense that every infinite connected subset of bonds
D C E2 satisfying DN A # @ also satisfies D N s(T'(A)) # 2.

Now consider the map

013" — {o.1"
[ (1 - ws(e))ee]gz
For 1) € {0,1}E, we also denote by n* the only w € {0,1}E" such that w* = 1.

For each subset A of {0,1}E (resp. {0,1}E%), we denote by A* the set {w*;w €
A}.

The following planar duality between planar random cluster measures is now well
known: let us define p* to be the unique element of [0, 1] which satisfies F'(p)F(p*) =
1, with F(z) = ﬁﬁ and also define a map t by

{0,13% - {o,1}"
w = (We+(1/2,1/2))ee]E§
Then, for each p € [0,1], b € {0,1} and each event A, we have
pa(A) = 167 5 (A7).

Let us define

(3) pr(q) = pg(9)"

Since py(g) > 0, we have p.(¢) < 1. Note that it is believed that py(¢) = pc(g). As
was noted by Grimmett and Piza [[GP97], the fact that p,(q) = p.(g) would imply

that p. is the solution of the equation x = z*, i.e. p. = T\/\a/a' So, it follows that



10 OLIVIER GARET

we have p,(¢) = p.(¢) provided that py(q) = pc(g). We recall that when d = 2, this
conjecture has already be proved for ¢ = 1,2 and ¢ > 26.

Lemma 1. Let d = 2 and p < py(q). There exists K € (0,400) and v(p,q) > 0
with
Vn € Zi  ¢pq(|C(0)] > n) < Kexp(—y(p,q)v/n/2).

Proof. Suppose that n > 16 and denote by r the integer part of y/n/2 — 1. Let
T={keZy;C(0)NIB(0,k) # @} and R = maxT.
Suppose |C(0)| > n: we have C(0) C B(0, R), so

n <|C(0)| < |B(0,R)| =1+ 2R(R+1).

It follows that » < R. Since C(0) is connected, we have 0 < 0B(0,7). Then
Gp,q(|C(0)] > n) < ¢p (0 < 0B(0,7)). The result follows then from Proposition [[|
(]

When d = 2, it is known that py; < p. < 1jr/\_q/a. It follows that p; > pl > 14\-/\6/6‘
Then (p > p;) = (p > p¥). By a duality argument, the uniqueness of the random
cluster measure for p < p. implies the uniqueness of the random cluster measure for

p > p}, and then for p > p,(¢). Then, we simply write ¢,, , without any superscript.
Lemma 2. Let d =2 and p > p,(q). There exists K € (0,+00) with

Vn>1 ¢p4(|C0)] = n) < Kne YPOvVe,
Note that v(p*,q) > 0.

Proof. Here we use a duality argument. Let p > p,(¢) and note A = {|C(0)| = n}.
We have ¢, 4(A) = tdp~ 4(A*). In this case

there exists at least one open cycle surrounding (0, 1/2)
t71(A*) = { Those of these cycles which minimizes the distance to (0,1/2) }.
surrounds exactly n closed bonds.

The number of bonds used by this cycle is at least 2n 4+ 2. Moreover, the position
of the first intersection of this cycle with the positive z-axis is at most n. So

th Ay ¢ O {C((k,0)] = 20},

It follows then from lemma ﬂ that

bp(A) =ty o(A*) < Kne Y@ 0V
0

We must also recall a decoupling property of the random cluster measure which
will be very useful.

Lemma 3. Decoupling lemma
Let F be a finite connected subset of E? such that E¥\F has two connected com-
ponents in L. We denote by Int(F) (resp. Exzt(F)) the bounded (resp. unboun-
ded) connected component of E\F and Int(F) = Int(F)U F (resp. Ezi(F) =
Ext(F)UF).

Now consider the event Wp = {Ve € F;w, = 1}.
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Then, for each o(Int(F)) measurable local event My and each each o(Ext(F))
measurable local event Ms, we have the decoupling property:

(4) Vb e {0,1} @b (My N My|Wp) = ¢ (M1 |Wp)e) ,(Ma|Wr)

Proof. Let E' = Ep, be a large box such that M; and My are o(E’)-measurable:
for each w € Wr with w, = b for e outside of E’ , we have

Z%'/ E’,;D,q { H pw(e 1 W(e)}qu,(WE/nE/C)

ecE’
For such an w, we can write

ke (wemee) = Eint(r) (Wlnt(F)lETt(F)) + kE/\m(F)(WE/\E(F)lm(F)bETt(E/)) -1

It follows that, conditioning by Wr, wiyy(r) and WpA\Tnt(F) BT€ independent under

b
E'\p,q°
b g (M1 O Mo |We) = ¢y, o(My[WE) GG, o (Ma|Wi).

Letting ¢ tend to infinity, we obtain equation (E) O

Note that in the two-dimensional lattice, the set of bonds of a cycle satisfies the
assumptions of the decoupling lemma.

The goal of the next lemma is to bound the covariance of two decreasing events
that are defined by the state of the bonds in two boxes separated by a large distance.
It is clear that it does not pretend to originality and that its use could have been
replaced by those of an analogous result of the literature, e.g. Theorem 3.4 of
Alexander ] joined to its Remark 3.5. Nevertheless, we preferred to present
our lemma because its proof is rather short and allows an instructive comparison
with the case of a higher dimension which will be studied later.

Lemma 4. Let g > 1. For each p > p.(q), there exists C > 0 and o > 0 such that
for each couple of bozes A1, Ay C Z? and each pair of monotone events A and B,
with A (resp. B) o(A1) (resp. o(Az2) ) measurable, we have

[C005(A, B)| = [05.4(A 1 B) = 0y.0(A)y 0 (B)] < CIoA e 201:02),

Proof. Since Covg(A, B) = —Covg(A°, B) = Covy(A°, B®) = —Covyg(A, B°), we
can assume that A and B are decreasing events. We can also assume without loss
of generality that Ay = {—n,...,n} x {—p,...,p}. Pt A ={—n+1/2,...,n—
1/2} x {=p+1/2,...,p—1/2}. For z € Z? and w € Q, let us define C*(x)(w) to be
the connected component of x in the configuration w*. Let now be F' the random
subset of E? defined by

F = u_ cr
W) =T( 4. CWWw)

and consider the event V = {Int(F) N Ay = @}. The following facts are elementary,
but relevant:

e For every cycle v C E? surrounding the origin, the event {F = 7} is

o (Int(vy))-measurable.

e For any subset v of E2, {F =~} C W, = {Ve € y;w, = 1}.
By the decoupling lemma, we know that if T'is a o (Ext())-measurable event and
R a o(Int(y))-measurable local event, we have the decoupling property:

¢p,q(R N T|Wv) = ¢p,q(R|Wv)¢p,q(T|Wv)
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So, if Int(y) N Ay = @ we have
Gpg(ANBN{F =7}) = ¢pq(ANBN{F =~}tNW,)

(
Gp,q(Wy)p,g(AN{F =~}) N B|[W,)
¢p,q( )¢p,q(f4 N{F = 7})‘W )¢p7q(B|W )
(
(

p.a(AN{E =7} NWy)dpq(BIW,)
= ¢pq AN{E =7})dpq(BIW,)
< ¢p,q(A N{F = 'Y})Qsp,q( )-

The last inequality follows from the fact that B is a decreasing event, whereas
W, is an increasing one.
If we sum over suitable values of 7, we get

¢P7‘Z(A nBN V) S ¢P7Q(A n V)d)Pﬂ(B) S ¢P7Q(A)¢P,Q(B)‘

Since A and B are decreasing events, they are positively correlated, then

0< ¢p,q(A N B) - ¢p,q(A)¢p,q(B) < ¢p,q(A NnBN Vc) < (bp,q(vc)-

Since
Vec U * {y A aB(ya d(AlvAQ))}v
yEOAT
the result follows from the inequality of Grimmett and Piza. O

3.2. The general case. The goal of the next lemma consists in bounding the
covariance of two monotone events that are defined by the state of the bonds in
two boxes separated by a large distance.

Its proof, unlike the one of lemma @, can not use duality arguments. We never-
theless attempt to present this proof in a form which is as close as possible to those
of lemma @ to highlight the differences and the similarities between them.

Note that the proof is inspired by the proof of Grimmett [ for the unique-
ness of the random-cluster when p is large.

Lemma 5. Let ¢ > 1. There exists p'(q) < 1 such that for each p > p'(q), there
exists a(p,q) > 0 such that for each couple of finite connected volumes Ay C 74
and Ay C Z% and each pair of monotone events A and B, with A (resp. B) o(A;)
(resp. o(Aa) ) measurable, we have

|OOU¢(AvB)| = |¢p,q(A NB)— ¢p,q(A)¢p,q( )| < CloA|e™™ d(Ar,h2),

Proof. We begin by a topological remark: let D be a finite connected subset of Z¢.
Since D is bounded, D¢ has only finitely many connected components and exactly
one of them is unbounded.

We denote by Fill(D) the reunion of D with the finite connected components of
De. Clearly, Fill(D) is connected, too. Let us note D’ = 9Fill(D). It is easy to see
that D’ surrounds D, in the following sense that every infinite path starting in D
must meet D’. It is important to note that D’ is x-connected. Although it seems
to be evident, the proof of this fact is rather arduous, see lemma 2.1 in Deuschel
and Pisztora [DP9q].

Let us now define W (D) = {e € E4;enD’ # @}. Since D' is -connected, W (D)
is connected in L% W (D) also Surrounds D. Note that W(D) is analogous to a
surrounding Peierls contour in the two dimensional lattice.
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As before, suppose now that A and B are decreasing events. Given a configura-
tion w, say that a point z € Z< is wired if every bond e = {a,b} with ||z —al/s < 1
and ||z — bllec < 1 satisfies we = 1. Otherwise, say that x is free. Let us define
D(w) to be the set of points in Z4\A; which can be connected to A; using only free
vertices — the origin of the path in A; does not need to be free. By definition of D,
(A1 U D) is a connected set.

Let us consider the random set F = W(D) and define the event V = {A2 N
Fill(F) = &}.

Note that V' is an increasing event.

The following facts are elementary, but relevant:

e For any set v satisfying the decoupling lemma and surrounding A;, the
event {F = ~} is o(Int(7y))-measurable.
e For any subset v of E¢, {F =~} C W, = {Ve € y;w, = 1}.
As previously, if T is a o(Ext(7))-measurable event and R a o (Int(7y))-measurable
local event, then we have the following decoupling property:

0 J(ROTIW,) = 60, (RIW,)a,, (TIW).

So, if v does neither touch nor surround Ag, we have

n(ANBN{F =~}) = ANBN{F=~}NW,)
)by o (AN{F =~}) N B|W,)
V) @p.g(AN{F =) |W,)ép ,(BIWS)

pal
pa(W
pa(W
pa(ADN {F H OW5) p,q(Ble)
pal
pal

AN{F =7})d} ,(BIW,)

< AN{F =1} p,q( )-

If we sum over suitable values of 7y, we get

D ANBNV) <¢) (ANV)¢y (B) < ¢) (A)gy ,(B).

p,q p,q

Since A and B are decreasing events, they are positively correlated, then
0< ¢;0),q(A N B) - zo),q(A) p,q( ) < ¢ (A NnBN VC) < ¢2,q(vc)‘

Since V is an increasing event, we can use the stochastic domination of a product
measure by ¢) ;0 < @) . with 7= p/(p+ (1 — p)g), thus ¢) (V) < ) (V).

It remains to prove, for large p, the existence of C' and o > 0 such that qﬁ?y (Vo) <
C|O0A1]e=*™, where n = d(A1, A2) — 2.

Since the random field (L, is frec)zeza is M-dependent with lim,. . ¢0 (0 is free) =
0, it follows from a theorem of Liggett, Schonmann and Stacey [] that the
field (U is free)seze is stochastically dominated by a product of Bernoulli measures
of parameter == as soon as p is large enough.

2d
Now, a counting argument gives

(VO < |0A1](2d)(2d — 1)"(1/(2d))",
where n = d(A1, A2) — 1, which completes the proof. O

We can now prove Theorem EI
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Proof. The uniqueness of the random cluster measure for p close to 1 has been
proved by Grimmett [Gri95. To prove that the uniqueness holds for p > p,(q) in
the cases where we have announced a convenient value for p,(¢), simply note that
when ¢ = 1, the uniqueness is obvious and that we have already remarked that
there was uniqueness for d = 2 and p > py.

Let us now prove the Central Limit Theorem. We will apply Theorem Eto the
sequence r,, = ||n||/4.

Let us show that

converges.
e For d > 3 and p sufficiently close to 1, this follows from the estimate of
Pisztora [Pis9(): for each b € {0,1} and each p > pguan, there exists a
constant a = a(p, q) with

(5) Wn >0 b, (IC] = n) < exp (- an@= /).
e For d =2 and p > p,(q)*, it follows from our lemma [}

Now, it remains to prove that

(6) Z Cov(ll; 1z ) < +oo,
nezd
with A, = {|C(0)| > r,} and B, = {|C(n)| > r,}.
Put A,, = B(n, |n||/3) and A/, = B(0,||n||/3). It is clear that A, ( resp. B,) is
o(An)— (resp. o(A!)—) measurable. It is obvious that A, and B, are increasing
events. Then, we can apply lemma E Since d(Ayn, Al) > n/3, it follows that

1 —e@a
0< COV(ﬂAn,ﬂBn) < Knile 73 "

which forms a convergent series as soon as p > p’(q). When d = 2, the result follows
similarly from lemma E ]

Before considering applications of our theorem EI, we try to highlight the nature
of the gap between our theorem and our natural wish (that is p,.(q) = p.(q) or at
least paian(q)). Actually, we need a substitute for lemma [ for p > p.. The main
tool for proving our lemma p| was to exhibit sets satisfying the assumptions of the
decoupling lemma. Is it always possible to produce with large probability such sets?
An affirmative answer could also lead to a proof of the famous conjecture about
the uniqueness of the random cluster measure. This clearly shows the difficulty of
the task.

4. RANDOM COLORING OF CLUSTERS

If G is a subgraph of L4, s € R and if v is a probability measure on R, we
define the color-probability PE¥* as follows: P%"* is the unique measure on
(de,B(RZd)) under which the canonical projections X; — defined, as usual by
X;(w) = w; — satisty

e For each i € Z¢, the law of X; is
— vif |C>#)] < +o0.
— 0, otherwise.
e For each independent set .S C Z?, the variables (X;)ies are independent.
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e For cach connected set S C Z¢, the variables (X;)ies are identical.
Let ¢ be a measure on S(IL?) which satisfies the following assumptions:
e (E): ¢ is a translation-invariant ergodic measure on S(L%).
o M):3a>d S Nk*P(IC(0)| = k) < +oo.
In this case, we define

+oo
(7) X/ (@) = _kP(C(0)] = k).
k=1

When 64 = ¢(0 < c0) > 0, the following assumption will also be considered:
|An n COO| — 9¢|An|
|An|1/2

The randomized color-measure associated to ¢ is defined by
povs :/ PEYs dp(G).
S(L4)

We emphasize that the results which will be proved here are not restricted to the
case where ¢ is a random cluster measure. Nevertheless, to motivate this amount
of generality, let us give at once some examples of models covered by randomized
color-measures when ¢ = ¢>§’,, ¢

(CLT): 30, >0,

— N(0,07).

e The case ¢ = 1 is a generalization of the divide and color model of Hagg-
strom [Hag01], which has already been studied in a earlier paper of the
author [Gar01]).

e The most celebrated of the randomized color-measure is obtained when
g > 2 is an integer and v = %(51 + 02 + -+ ). In this case Povs g
the Gibbs measure WPty g, for the g-state Potts model on 74 at inverse
temperature § := —% log(1 — p), according to Proposition . It includes of
course the case of the Ising model.

o If ny,no,...ny are positive integers with ny + ny + -+ + ng, = ¢ and we
take v = %(nlél + n2dy + ...nkdk), we obtain a fuzzy Potts model. It

obviously follows from the previous example and the definition of a fuzzy
Potts model, see [MVV95, Hig99, Hig0J].

We begin with a general property of randomized color-measures.

Theorem 3. P®V* is translation invariant and the action of Z* on P®"* is er-
godic.

Proof. Let Q = {0,1}E", Q, = [0,1]2" , Q. = RZ", Q3 = Qx Q, x Q. As usually, Z¢
acts on Q3 by translation, with for each k,n,p € Z4, (w,ws,w.) € Q3, {z,y} € E:
k(w,wi,we)({x,y}t,n,p) = (w,w, we) {k+ 2,k + y}, kE+n,k+ p).

Let us denote by UJ0, 1] the uniform distribution on [0, 1] and consider the action
of Z4 on (Qs, B(Q3), ¢ ® U[0,1]°%" @ v®Z"). Since ¢ @ U0, 112" @ v®2" is a direct
product of an ergodic measure by two mixing measures, it follows that the action

of Z% on Q3 is ergodic — see Brown [Bro76] for instance.

Let us define f : Q3 — R by f(w,wi,we) = s if |C(0)(w)] = +oo or if there
exist z,y € C(0)(w), with z # y and wi(y) = wi(z). (Note that the second
case actually not happens under ¢ ® U|0, 1]®Zd ® V®Zd.) Otherwise, we define
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f(w,wt,we) to be equal to w.(z), where z is the unique element of C(0)(w) such
that (w:)(x) = max{w:(y);y € C(0)}.

Now, if we define (X)geza, by Xi(w,wt,we) = f(k.(w,w, we)), it is not difficult
to see that the law of (X;)peze under ¢ @ U[0, 1]¥%° @ v®Z" is P95 Since a factor
of an ergodic system is an ergodic system — see also Brown [Bro76]| — , it follows
that P?" is ergodic under the action of Z%. (I

4.1. Normal fluctuations of sums for color-measures. We will first present
a “quenched” central limit theorem:

Theorem 4. Suppose that v is a probability measure on R with a second moment
ant that ¢ satisfies (E) and (M). We putm = [, x dv(z) and o® = [p(xz—m)? dv(z).
For ¢-almost all subgraphs G of L%, the following holds:

e X (K@) - m) = N @)%

2EA,\Coo
where Coo (G) = {z € Z%; 2 > 00}.

The following lemma will be very useful.

Lemma 6. For each subgraph G of L%, let us denote by (A;)ics the partition of G
into connected components.
Suppose that ¢ satisfies (E) and (M). Then, we have for ¢-almost all G:

. 1
lim S NP = 9),

n=oo A i€J;| A <+o0

where

+oo
X (@) =D _ke(IC(0)] = k).
k=1
Proof. Let us define C'(z) by

C'(z) = C(x) if |C’(:z:)| < +o00
1%} otherwise
and C) (z) = C'(z) N Ay
It is easy to see that
(3) S A= Y @),
1€J;5|As|<+o0 zEA,
We have |C], ()] < |C(x)|, and the equality holds if and only if C'(z) C A,.
The quantity residing in connected components intersecting the boundary of A,
can be controlled using the conditions on the moments of the size of finite clusters.
We have
+oo +00
> nt oo > (0O 20 < [T at (koo > [0(0)] 2 /%)
k=1 0

1
~i . cor e
|C(0)|<+00
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It follows from a standard Borel-Cantelli argument that for ¢-almost all G, there
exists a (random) N such that

9) V2N (|z]le =n) = (IC'(2)] < n¥).

Thus, for large n and for each x € A,,_,,a/a, C'(z) is completely inside A,,, which
means that C'(z) = CJ,(z). Then,

Yo 0@ < Yol < Y |0 @)

IeAn,nd/a TENA, TEN,
1 1
2 0@ < 5 Y@l < g Y 1I0@)
| n| TEA | "| | n|
nnd/o €A, €A,

By the ergodic Theorem, we have ¢-almost surely:

lim i' S ()] = / 1C'(0)] déb = X! (&),
e,

n—-+oo |An x

|An—nd/‘3‘ |

Since lim =1, the result follows.

n—-+oo |An|

O
Remark: Besides technical details, the key point of this proof is the identity (E) It
is interesting to note that Grimmett used an analogous trick to prove that
lim k(n)/|A,] = k(p) almost surely, when k(n) is the number of open clusters
n—-+o0o
in A,,.

We can now prove Theorem E

Proof. Let (a;);>1 be a family of elements of Z? which represent the connected
components of the graph G.

Y K@ -m= 5 10 (X ) - m)

€A \Coo
Then
1 s2 121 teo
TWEE > (X(z)—m) = (m) 5 & |Cr(ai)|[(X (a;) —m),
2€A,\Coo
with
2 L 2
g= % ICh@)P.
. 531 f
By lemma [, we have for ¢-almost all G hrf ] = x’ (9).
Now, it remains to prove that
1t 9
(10) — > 1CL(a)l(X (ai) —m) = N(0,07).
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Therefore, we will prove that for ¢-almost all G, the sequence Y,, = |C} (a;)|(X (a;)—
m) satisfies the Lindeberg condition. For each € > 0, we have

—+o0 “+o0

1 C 2
E ' Y2, dPS = § M/ (z —m)? dv(x)
=1 on Yokl 2esn =1 on |C (an) 2| 2 esn

IN

[ e m? avta),
2|2 55
SUPg>1 |C, (ax)]

= . Thus, the Lindeberg condition is fulfilled if limn, = 0.

But we have already seen that s, ~ (x/(¢)|An])"/2, whereas equation (f) gives
supy>1 |Ch (ar)| = O(n¥*) = o(n??). This concludes the proof.

with n, =

O
We can now pass to the “annealed” central limit theorem.

Theorem 5. Let ¢ be a measure on S(L?) that satisfies (E) and (M). Let v be
a probability measure on R with a second moment. We put m = fo dv(z) and
0 = [o(x —m)? dv(z). Let also s € R.

e If0, =0, then we have under P%":*
1
> (X(x) —m) = N(0,x (9)0?)

/2
|An| / TEA,
e If (0, > 0) and (CLT) hold , then we have under PV

1

A2 D> X(@) = (1= 0g)m + 045)|[An] = N(0,x! (¢)0” + (s — m)?a3).

TEA,
Proof. When 04 = 0, the result easily follows from Theorem . So, let us suppose
that (0, > 0) and (CLT) hold. In this proof, it will be useful to consider G
as a random variable. Let Q' = S(L9) x RZ" and define the probability P on
B(€) as a skew-product: for measurable A x B € B(S(L%)) x B(RZ"), we have
P(A x B) = [, P9"*(B) d¢(G). Then, the law of the marginals G and X are
Pg = ¢ and Px = P%"5. As usually, the letter E will be used to denote an
expectation — or a conditional expectation — under P.

Rearranging the terms of the sum, we easily obtain

Y X (@)= ((1=0s)m+0p9) Al = Y (X (2)=m)+(s=m)(ICocNAn|~|As]05)
TEA, €A \Coo

We will now put

Q=T 2 K@) = (= m e+ B9l
TEA,
and define
VieR ¢ns(t) =E exp(iQnt).
Thereby, we have
Pns(t) =E eXP(*W D (X(@) —m) + (s = m)(|Coo N An| = [An]05))

€A, \Coo
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Conditioning by ¢(G) and using the fact that C is o(G)-measurable, we get
On,s(t) =E fi(t, )gn((s —m)t,.), with
1t

falt,w) = E exp(—W Z (X (x) —m)|o(G)
n 2€A,\Coo
it w),v
" 2EMAL\Coo (w)
and
it
gn(t,w) = exp(*W(ICoo(wmAnl*IAnI%))-

By Theorem @ we have for each t € R and P?"*-almost all w:  lim f,(t,w) =

n—-+o0o
exp(f’;2 x7 (¢)o?) Then, by dominated convergence
t2

nEI_iI_lOOE (fn(tv ) - eXp(fixf(d))O'Q))gn((S - m)tv ) =0.
Next
nEIJIrlooE fn(tv ')gn((s - m)tv ) = nEIJIrloo exp(—%xf(¢)g2)]E gn((s - m)tv )
= exp(— 51 (9)0%) exp(— s — m)Po)

where the last equality follows from Proposition [|. We have just proved that

lim (1) = exp(— = (7 ()07 + (s — m)*a3).

n—oo

The result now follows from the Theorem of Levy. O

4.2. Fluctuation of the empirical vector associated to coloring models.
We now specialize to the case where v has a finite support (in other words, there is
only a finite number of colors) and obtain theorems on the frequencies of occurring
of each of the states in large boxes.

Definition Let ¢ be an integer with ¢ > 2 and consider a finite set S, =
{a1,as,...,a4}. For every z € S, and each vector v € RY with vy +--- + v, =1,
we denote by Colorj , the measure PovE with o = Yl viba,.

For w € S’fd, and A C Z4, we note n(A)(w) = (n1(A)(w),...,ng(A)(w)), with
ng(A)(w) = {z € A;w, = k}|. We also denote by (eq,...,e,) the canonical basis
of RY.

Theorem 6. Let ¢ be a measure on S(L?) that satisfies (E),(M) and moreover
0y = 0 or (CLT). Let q be an integer with ¢ > 2, z € Sy, and v € RL with
vi+ -+ vy =1. Then, under C’olor;l,, we have

n(Ar) = [Adf((1 = Og)v + Oge-)

VI

where C' is the matrixz associated to the quadratic form

Q(b) = X' (¢)((Dyb,b) — (v,b)%) + 05 (e — v,b)?,

= N(0,0),
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with D, = diag(vn,...,vy). In other words, C is the matriz of the map
b— x/(¢)(D,b— (v, b)) + O’;<€Z —v,b)(e, —v).

Proof. Let us note Q; = ”(A")_‘Atl\(/(%"’)”%e” and let L be a random vector

following A (0, C), where C is the covariance matrix denoted above.
We will prove

Vb e R (Q,b) = (L,b).

Using the theorem of Levy, it is easy to see that it is equivalent to say that @y = L.
Let now b € R%. For x € Z%, let us note Y, = by,. We have

(n(At)7Q> = an(At)bk = Z Z 6Xa: (k)bk

k=1 k=1xzelA;
q
= > ) ox, (k)b =) bx,
€A k=1 zEA
= Z Y,
rEN;

Now put m = (v,b) and s = b, = (e, b). We have

( z;\ V) — [Ae]((1 = 0g)m + O45)

(Qn,b) = ——
VA
Now if we define p to be the image of v by k +— bg, it is not difficult to see that
the mean of 4 is m and that the law of (Y )eze under Colorf, , is P%#5. Then, it
follows from Theorem [ that (Q,,,b) => N(0,Q(b)), with Q(b) = x/ (¢)o? + (s —

m)?a3), where 0 is the variance of v. Finally, we get the explicit form

Q(b) = X (¢)((Dyb,b) — (v,b)%) + 05 (e= — v,b)?,
with D, = diag(v1,...,v,). This concludes the proof.

O

We are now interested in having, when 64 > 0, a version of theorem E in which
the observed quantity does not depend on r. There are several reasons to motivate
such a theorem: if we want to use this central limit theorem to test if a concrete
physical system conforms to this model (have in mind an Ising or a Potts model
for instance), we have a priori no reason to guess the r phase of the underlying
theoretical system. There is also a theoretical motivation for such a theorem: if
we get a theorem which does not depend on r, it will be easy to transfer it to any
measure which resides in the convex hull of the measures (Colory ,).es,-

Theorem 7. Let ¢ be a measure on S(L?) that satisfies (E), (M) , 64 > 0 and
(CLT). Let q be an integer with ¢ > 2, z € Sq, and v € RY with vy +--- + v, = 1.
For A C Z%, we denote by Ra an element of S, which realizes the mazimum of
(na(k) — [Al(1 = 04)v(k))kes,- Then, under Colory, ,,, we have

n(A¢) — [Ae|((1 — 0p)v + Opery,)

VI

= N(0,0),
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where C' is the matrixz associated to the quadratic form
Q) = X () ((Dub,b) — (1,b)%) + o3 (ex — v,0)%,

with D, = diag(vn,...,v,). In other words, C is the matriz of the map
b Xf(gb)(D,,b —{v,byv) + O’;<€Z —v,b)(e, —v).

Proof. Since Colory , is ergodic, |(AAt‘) = A,\ Y e, Cw, almost surely converges to

the mean value of e, that is (1 — 04)v + Ose..
Asymptotically, we have n(A;) — [A¢](1 — g)v ~ |A¢]0se.. Tt follows that

(11) Rp, = 2z forlarget Colory , — almost surely.

Now let g be a bounded continuous function on R:
n(Ar) = [A|((1 = Og)v + Ogery, )) _

VI

E g(

n(Ar) — [A]((1 = Op)v + Oge.)
E
g(& NON )
LR MH(J—MMU—ﬂwV+%mM%

VA
n(Ar) = [A((1 = bg)v + bge-)

*g( \/m

The first term of the sum converges to the integral of g under (0, C') by Theoremﬂ

and the second one converges to 0 by dominated convergence. It follows that

n(Ay)—|A —04)v+0ge
E g( Ao~ t‘((\l/ﬁ) TOochn; )) converges to the integral of g under A (0, C) for any
t

)

bounded continuous function g, which is exactly the weak convergence to N'(0, C).
O

We can now pass to the case where the color which is used to paint the infinite
cluster is also randomized.

Theorem 8. Let ¢ be a measure on S(L?) that satisfies (E),(M),0s > 0 and
(CLT). Let q be an integer with ¢ > 2, z € Sq, and v € RY with vy +--- + v, = 1.

For A C Z%, we denote by Rx an element of Sq which realizes the mazimum of

(na(k) = [A|(1 = 0g)v(k))res,
Let ~ be a measure on Sq and &, = [ Color; , dy(z). Then, under ®.,, we have

n(As) — [Ad|((1 = 0g)v + Oger,, )

= I,
VA
where p is the law of X + S(ez — v), where X, S and Z are independent, with
X ~N(0,C"),8 ~N(0,03) and Z ~ ~y. C" is the matriz associated to the quadratic
form

Q) = X (@) (Db, b) — (1,5)*)
with D, = diag(vn,...,vy). In other words, C' is the matriz of the map
b x! (9)(Dyb — (v, b)v).
Proof. The theorem just follows from Levy’s theorem and a straightforward com-
putation of characteristic functions. O
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5. APPLICATIONS TO POTTS AND ISING MODELS

Let ¢ be an integer with ¢ > 2 and note v = %(el +eat+--tey) = %(17 1)
According to Proposition E, Colory ,, is the Gibbs measure WPt s ¢ for the g-state
Potts model on Z¢ at inverse temperature 3 := fé log(1 — p),

Thus, we will note 3. = —% In(1 —p.), By = —% In(1 —py) and 3, = —% In(1 —
pr(q))-
By Aizenman, Chayes, Chayes and Newman [, the Gibbs measure at in-
verse temperature 3 is unique if and only if q’)zl,ﬁ q(O — 00) = 0, so there is uniqueness

of the Gibbs measure for § < (. and phase transition for 8 > f..

5.1. Central limit theorems for Potts models. In the uniqueness zone, we
obtain a simple result:

Theorem 9. Let 3 < B4. There is a unique Gibbs measure for the g-state Potts

model at inverse temperature 3. If we note p=1— exp(—20) and v = %(el +es+

.-+ eq), we have the following results for the empirical distributions:
TL(At) — |At|1/
VA

where J is the ¢ X q¢ matriz whose each entry is equal to 1, and

— N0, X(fj;” (al — 7)),

+oo
X(p.q) =Y _ké} (1C(0)] = k).
k=1

We will apply Theorem H Since ¢11)7q(0 — 00) = 0, WPty g . does not depends
on z. The assumption of ergodicity (F) is satisfied by gbzl,’q. In this case, 84 =
01 (p,q) = 0, so we just have to check assumption (M), which here is a consequence
of the exponential inequality of Grimmett and Piza, which is satisfied as soon as
p < Dg, or equivalently 8 < g = —% In(1 — py). Then, Theorem E applies.

If p > pec, then the Gibbs measures (WPty 5..).es, are all distinct — this can be
seen as a consequence of Equation ( Since they are ergodic by theorem H, they
are affinely independent.

Then, in the case 8 > (,, we will obtain central limit theorems relative to the
empirical distribution for a g-dimensional convex set of Gibbs measures:

Theorem 10. Let 3 > (3, and let ®., be a Gibbs measure for the q states Potts
model at inverse temperature 3 which can be written in the form

o, = /WPtq,@Z dy(z).

For A C Z%, we denote by Ra an element of S, which realizes the mazimum of
(na(k))res, - Let us note p =1 — exp(—23) and v = %(61 +ex+---+ey). Then,
under ®.,, we have
n(Ar) = [Ad(( = O9)v + Osery,) %
VA
where p is the law of X + S(ez — v), when X, S and Z are independent, with
s
X ~ N0, X582 (g - J)), 8 ~ N(0,02,) and Z ~ .
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J is the q X ¢ matrixz whose each entry is equal to 1,

—+o0
X (pa) = D ke, (1C0) =k),
k=1
and o}, = Y (6pq(0 00 and k< 00) — 0(p,q)?).

kezd
When ¢ = WPty g ., the limit ji is Gaussian and
n(Ae) = A (A — Op)v + Ogez) I
VA
We will apply Theorems ﬂ and . The assumption of ergodicity (E) is again

satisfied by qbzl,,q. By the inequality of Pisztora and lemma E7 (M) holds when
p > pr(q) or, equivalently, when 3 > .. Since ¢} (0 < o00) > 0, we must also
check (CLT). By Theorem [, (CLT) holds when p > p,(q), or, equivalently, when
B > B,. Then, Theorems ﬂ and E apply.

When ~ is a Dirac measure, Z is constant, so p is Gaussian.

Corollary 2. For 3 > (3., the Gibbs measure which is obtained as the limit of finite
volume Gibbs measures with free boundary condition satisfies the conclusion of the
preceding theorem where we take v = %(Ekesq 0k)-

Since we have uniqueness of the infinite cluster in the random cluster model,
we can consider that the law of ®, = [WPt, 5. dv(z) is obtained by coloring the

d
connected components of the random cluster independently. Then, ®,, is just FPt? 3
in the terminology of Proposition 2.3 of [HJLOY], i.e. the Gibbs measure which is
obtained as the limit of finite size Gibbs measures with free boundary condition.

5.2. Normal fluctuations of the magnetization in Ising models. In spite
of the fact that u is in general not Gaussian, we can observe an intriguing fact

_1
when ¢ = 2, i.e. for the Ising model. In this case S(ez — v) = €S ( f), with
2

e = (—1}t#=1 5. But €S has the same law than S. It follows that u does not depend
on v and is always Gaussian.

Note also that it is known that we have an exponential decay of the covariance
in the Ising model at high temperature — the exact Ornstein-Zernike directional
speed of decay has even be established by Campanino, Ioffe and Velenik [
It follows that we have p. = py or equivalently 5. = B34. Since the value of the
critical point when d = 2 is the fixed point of x — z*, we have even (3, = 3. when
d=2.

In this model, it is most relevant to formulate the result in term of the magnet-
ization ma = n(A).(1 — 1) rather than in terms of n(A).

In this case, Theorem IE admits the following reformulation.

Theorem 11. Let 8 > B3, and let ®, be a Gibbs measure for the Ising model

on {—l,Jrl}Zd at inverse temperature 3 which can be written in the form ®, =

YWPty g1+ (1 —7)WPta g,—1. Let us note p=1—exp(—25) and mp = |T1\ 3wy
TEA

Then, under @, we have

V |At| (mAt - Sigr](ml\)e(pa 2)) = N(07 Xf(p7 2) + 0'12772),
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+oo
where x'(p,q) =Y _key, ,(IC(0)] = k)
k=1

and 0-;7(] = Z (¢p,q(0 — 00 and k < OO) - 9(177 (Z)2)
keZd

Note that B, = B. when d = 2.

Note that for d = 2, Theorem [L1] covers the whole set of Gibbs measure at
temperature 8 > (.. Indeed, WPt, g1 and WPt; g _1 are known to be the only
two extremal Gibbs measures when d = 2. (This celebrated result is due to Higu-
chi [Hig81] and Aizenman [Aiz8(]. See also Georgii and Higuchi [GHO(] for a
modern proof.)

It follows that every Gibbs measure is a convex combination of WPt, 31 and
WPt, 3_1. We also note that 6(p, 2) appears as the spontaneous magnetization in
the “4” phase of the Ising model. Since the explicit expression of the spontaneous
magnetization is known when d = 2 — see Abraham and Martin-Lof [,
Aizenman }, and also the bibliographical notes in Georgii Egeo88_ for the
whole long story of this result — , we get for d = 2 and p > p.. the formula 0(p,2) =
(1 - (sinh28)~4) " = (1 1605201 %,

Of course we also have a reformulation of Theorem E in the high temperature

regime 3 < 34 = fe.

Theorem 12. Let 8 < (. and let ® be the unique Gibbs measure for the Ising
model on {71,+1}Zd at inverse temperature 3. We note p = 1 — exp(—203) and

1
MA = a7 Wy
A A] m;A N

Then, under ®, we have
|At|m1\t == N(Oa Xf(pa 2))7

where
+oo
X (p.a) =D kep ,(1IC0)] = k).
k=1

Note that for the Gibbs measures WPty g1 or WPty g _1, the central limit the-
orems could be proved without the machinery of the above section: since the Ising
model satisfies the F.K.G. inequalities, it follows from the theorem of Newman that
is sufficient to prove that

(12) Z Cov(op, 0%) < +00.

keza

Of course, this last result can be obtained independently from the present work —
it is for example a consequence of Campanino, Ioffe and Velenik []
Nevertheless, let us see how it can be obtained from the random cluster estimates
of this paper:
It is not difficult to see that under WPty g 1 or WPt g _1, we have Cov(op, ox) =
$p.2(0 < k) — dp,2(0 < 00)?.
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Now, ¢p2(0 « k) = ¢p2(0 < k by a finite cluster) + ¢, 2(0 <> 00, k < 00). Then

Z Cov(og,0r) = Z ¢p.2(0 < k by a finite cluster)
kezd kezd
3 Gpa(0 = 00,k 00) — 6p,2(0 > o0)?
kezd

= X' (0.2)+0p,
Nevertheless, when 8 > (,, the Gibbs measure “with free boundary conditions”

d
FPtg 3 — which satisfies the assumptions of theorem @ — does not have finite sus-
ceptibility: in this case

Cov(og,0k) =E ogok, = ¢p2(0 < k) ¢p.2(0 — 00,k — 0)

>
> $p2(0 < 00)? >0,

so the series ), ;4 Cov(0g, o) diverges.

These results can be compared with a result of Martin-Lof [ML73): he also
proved a central limit theorem for the magnetization in Ising Models at very low
temperature. Particularly, he relays the variance of the limiting normal measure
to the second derivative at 0 of the thermodynamical function F'. Nevertheless, his
result is slightly different from ours, since he considers Gibbs measures in large boxes
with boundary condition “+”, whereas we consider here infinite Gibbs measures
under the “4+” phase.
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