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3-Primary v;-Periodic Homotopy Groups of E;

Donald M. Davis

ABSTRACT. In this paper we compute the 3-primary wi-periodic homotopy
groups of the exceptional Lie group FE7. This represents the next stage in
the author’s goal of calculating the vi-periodic homotopy groups of all com-
pact simple Lie groups (at least when localized at an odd prime). Most
of the work goes into calculating the unstable Novikov spectral sequence of
QFE7/Sp(2). Showing that this spectral sequence converges to the vi-periodic
homotopy groups in this case utilizes recent results of Bousfield and Bendersky-

Thompson.
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1. Introduction

In this paper we compute the 3-primary wvi-periodic homotopy groups of the
exceptional Lie group Fr.

The p-primary v;-periodic homotopy groups of a space X, denoted vj L (X;p)
or just vy '7m.(X), were defined in [21]. They are a localization of the actual ho-
motopy groups, telling roughly the portion which is detected by K-theory and its
operations. If X is a compact Lie group, each vy 17Ti(X ;p) is a direct summand
of some actual homotopy group of X, and so summands of v;-periodic homotopy
groups of X give lower bounds for the p-exponent of X.
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186 D. Davis

After the author computed v; ', (SU(n); p) for odd p in 1989, Mimura proposed
the goal of calculating vy 17T*(X ;p) for all compact simple Lie groups X. This has
now been achieved in the following cases (X, p):

X a classical group and p odd ([19]);
X an exceptional Lie group with H,(X;Z) p-torsion-free ([13]);
(SU(n) or Sp(n), 2) ([11],(12));
(G2,2) ([22]), (Fy or Es, 3) ([10]), and (E7,3) (the current paper).

The only cases remaining then are (Eg,2 or 3 or 5) and (SO(n) or Fy or Eg or
E7,2). Several of these appear tractable.

Now we state our main theorem. We usually abbreviate v ', (X;3) as v.(X),
and denote by v(n) the exponent of 3 in the integer n.

Theorem 1.1. If j is even, then voj(E7) = voj_1(E7) = 0. If j is odd, then
Z/3 @ Z,/3min(10.0(=9=23")+4) i i =0 mod 3
Z/3 @ Z/3minEr(—43)+5) if j=1,7 mod 9
Z/3 @ Z/3mn(Av(-13-43945)  yf i =4 mod 9
Z/9® 230120304 yf i = 5 8 mod 9,

where § equals one of the numbers 2, 5, or 8. If j is odd and j = 2 mod 9, then
vaj—1(E7) ~ Z/9 ® Z/30n(13vG=1D+D) " yphile

Ugj (E7) ~ {

v (E7) = vgj_1(E7) =

Z/3% @ Z/3v0-10+3 if v(j —11) < 10
Z/33©Z/3'2 orZ/3* @ Z/3' ifv(j —11) > 10.
An immediate corollary of this work is a lower bound for the 3-exponent of E;.

Recall that the p-exponent of a space X, denoted expp(X ), is the largest e such
that 7.(X) has an element of order p¢. We obtain

Corollary 1.2. The 3-exponent of E7 satisfies exps(E7) > 19.

Proof. If X is a compact Lie group, then v;(X) ~ dirlimg ,, 7itak.3m (X). Hence
an element of order 3'% in vy;(E7) when j = 17+ 26 - 31 mod 2 - 3!5 corresponds
to an element of order 3'% in some 7, (E7). ]

By comparison, the result that we have obtained at other primes is ([13])

—17 ifp>17
18 ifp=17
E
Po(BT) N S 17 i p =711, or 13
>18 ifp=>5.

This should be contrasted with the situation for spheres, where expp(52n+1) =n
for all odd primes p and all positive integers n by [25] and [18].

Note that in Theorem 1.1, we determine the precise abelian group structure
of all groups (with isolated exceptions), whereas in some earlier papers, such as
[19], [13], and [10], we had been unable to determine the group structure of most
groups v2;—1(X). Because of the insights of [23], we are able not only to resolve the
extension questions (group structure) in almost all cases occurring here, but also
in those of [13] and [10]. These new results about group structure are presented in
Section 3.
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Most of the work is calculation of the vy-periodic unstable Novikov spectral se-
quence (UNSS) of the space Y7 := QE;/Sp(2). The main input is the detailed
structure of H,(Q2E7;Z/3) given in [26] and restated here in Proposition 5.2. The
advantage of Y7 over QFE7 is that BP,(Y7) is a free commutative algebra, which
makes its UNSS easier to calculate. Perhaps the most novel feature of the calcula-
tions here is the use of coassociativity to give detailed formulas for B P,-coaction.
The terms which arise in this way play crucial roles in the calculations. The calcu-
lations of v, (Fy) in [10] are essential in the transition from v, (Y7) to v.(QE7).

Another delicate point is convergence of the vi-periodic UNSS for Y7. In Sec-
tion 4, we use deep recent work of Bousfield and Bendersky-Thompson to prove that
the vi-periodic UNSS converges to v.(—) for E7/Fy, which we will show implies
similar convergence for Y7.

The author would like to thank Mamoru Mimura, Pete Bousfield, and especially
Martin Bendersky for useful suggestions.

Note added in proof (Oct. 5, 1998): Using a completely different method, based
on [17, 9.2], the author has obtained an independent verification of the results for
v2j(E7) given in Theorem 1.1, and shown that in the cases unresolved in Theorem
1.1, 6 = 5 and, if j is odd and v(j — 11) > 10, then vo;(E7) ~ Z/3% & Z/3'%.
This method relies very heavily on computer calculations, and will be discussed in
a forthcoming paper.

2. Background in v;-periodic homotopy and the UNSS

In this section, we review known results, and establish one new useful result
about computing the UNSS. Although some of these results are also true when
p = 2, it will simplify exposition to assume that p is an odd prime.

The vi-periodic homotopy groups of any topological space X are defined by

(2.1) o7 I (X) = B[ MRS (pe) X,

where ¢ = 2p — 2, a notation that will be used consistently throughout this paper,
and M?'(n) denotes the Moore space S'™! U, e'. Here the direct limit is taken
over increasing values of e and k using Adams maps M+ (p¢) — M*(p°) and
canonical maps M*(p°Tt) — M?!(p®). This definition was given in [21], where their
relationship with actual homotopy groups of many spaces was established.

A space X is said to have an H-space exponent at the prime p if, for some e and
L, p°: Q¥ X — QF X is null homotopic. It was shown in [21, 1.9] that if X has an
H-space exponent, then

oyt (X) & li_r)n Titkgpe (X),

and hence v; '7;(X) is a direct summand of some group 7; 4 kgpe (X). To make this
final deduction, we need to know that the limit group is a finitely generated abelian
group, but this will be the case.

Next we discuss the unstable cobar complex, which can be used to compute the
UNSS for many spaces. We will modify and generalize previous treatments of this
topic. Let BP be the Brown-Peterson spectrum corresponding to the prime p.
Then

BP, = m.(BP) = Zy)[v1,v2, .. .],
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where v; are the Hazewinkel generators of BP,. Let
I' = BP.(BP) ~ BP,[hi,hs,...],

where h; are conjugates of Quillen’s generators t;. We have |v;| = |h;| = 2(p* — 1).
Let n = ng : BP, — BP.(BP) be the right unit. We write h;v; interchangeably
with 7(v;)h;; this is the right action of BP, on T'.

Let M be a I'-comodule with coaction map s : M—I'® M. Tensor products
are always over BP,. The stable cobar complex SC*(M) is defined by

SC*(M)=Tel'® - 0T ® M,
with s copies of I', and differential d : SC*(M) — SC*T1(M) given by
(22) dnm@---@ypem) = 10N - 78m

+Y (M- ®Y(y) @ @y, @m
j=1

(2.3) (1) @ - @75 @ Yar(m).

Our unstable cobar complex VC* (M) is a subcomplex of SC* (M), consisting of
terms satisfying an unstable condition, introduced in the following definition.

Definition 2.4. [6, 3.3] If M is a nonnegatively graded free left B P,-module, then
V(M) is defined to be the BP,-span of

{(Rf@m : 2(iy +iz+--) < |m|} CcT® M,
where I = (iy,ia,...) and h' = hi A - ..

This unstable condition will pervade our computations. Note that for odd di-
mensional classes, this agrees with the module U(M) which has been used most
frequently in earlier work of the author and Bendersky. However, it also agrees with
the V(M) construction employed in [12] on even-dimensional classes. The novelty
here is that it will be applied to a module having classes of both parities.

Define VCO(M) = M, and VC*(M) = V(VC*~Y(M)). If M is a I'-comodule,
then the differential d of the stable cobar complex of M induces a differential on the
subcomplex VC*(M). We will usually replace it by the chain-equivalent reduced
complex obtained by replacing V(M) by ker(V(M)——~M) ([5, 2.16]). This has
the effect of only looking at terms which have positive grading in each position.
The homology groups of this unstable cobar complex are denoted by Ext;’t(M ).
As observed in [6], these are the usual Ext groups in the abelian category V of
I'-comodules satisfying the unstable condition in Definition 2.4. Note there is a
shift isomorphism
(2.5) Exty' ' (BP.S™) ~ Ext};'(BP.S*"*1),
induced by a shift isomorphism of the unstable cobar complexes.

The following generalization of [8, §7] will be very useful to us. Its proof follows
some suggestions of Martin Bendersky.

Theorem 2.6. If X is a simply-connected CW -space, there is a spectral sequence
{E34(X),d,} which converges to the homotopy groups of X localized at p. If X is
an H-space, and BP.(X) is a free commutative algebra, then

E3'(X) = Ext};' (Q(BP.X)),
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where Q(BP,X) denotes the indecomposable quotient of BP, X .

This is the UNSS for the space X. We will write VC*(X) for the complex
VC*(Q(BP, X)), whose homology is F5(X). We denote by Fr the free commutative
algebra functor. If N is a free BP,-module with basis B = Bey U Bog, then Fr(N)
is the tensor product of a polynomial algebra over BP, on B, with an exterior
algebra on B,q.

Proof. The spectral sequence was described in [8]. The determination of Ey when
BP,.(X) is a free commutative algebra is quite similar to that of [9, 6.1] and to the
argument on [12, p.346]. Let M = Q(BP,X), a free BP,-module.

Let G denote the category of unstable I'-coalgebras, and G(—) the associated
functor considered in [8]. If N is a free BP,-module, then G(N) is defined to be
BP,(BP(N)), where BP(N) is the Oth space of the Q-spectrum representing the
homology theory BP,(—) ® N. If N has basis B, then

(2.7) G(N) = BP*(H BP ) ~ Fr((h'b: b€ B, 2|I| < |b])).
beB

Here h' is as in Definition 2.4 with |I| = > i;, while |b| denotes the degree of
the basis element b. Also BP,, denotes the nth space in the Q-spectrum for BP.
The first isomorphism in (2.7) is immediate from the definition of G given in [8,
6.3,6.7]. The second isomorphism follows from [33, p.51], which says that H,(BP,,)
is a polynomial algebra if n is even, and an exterior algebra if n is odd, [31, 4.9],
which says that the same thing is then true of BP,(BP,,), and (7, p.1040], which
interprets conveniently the description of the indecomposables first given in [31].
Note that there is an isomorphism of BP,-modules

(2.8) Q(G(N)) = V(N).
We claim that
(2.9) BP.X-G(M) —— G(V(M)) —— G(V*(M)) -

is an augmented cosimplicial resolution in G. Here the augmentation £ is the com-
posite
BP.X"%a(BP.X) 2. GBP.X),
where the second morphism applies G to the quotient morphism p. The cofaces are
of two types:
o GVIM)" Y G(a(vIM) CUGVIt M), where p : G(—) — QG(—) =
V(—) is the quotient morphism.
o G(Vi(ya—ip)), 0 < i < q, where ¢y : N — V(N) stabilizes to the I'-
coaction.
The degeneracies G(VIM) — G(V9~1M) just do the counit € on one of the V-
factors. It is clear that all of these morphisms are in G, and the cosimplicial iden-
tities are satisfied as usual. The argument of [12, 3.13] implies that the first type
of coface map and the augmentation £ are algebra morphisms. The second type of

coface map is an algebra morphism since it is BP,(f) for an infinite loop map f,

namely the map BP(N)BL(Q)BP(N’) induced by a BP,-morphism N-2N'.

The exactness of the resulting augmented cochain complex
(2.10) 0 — BP.X-5G(M) — G(V(M)) — G(V(M)) — - --
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(obtained using the alternating sum of cofaces as boundaries) follows as in [9, p.387],
but we provide details for completeness. (In comparing with [9], it is useful to note
that V(N) ~ o ~1U(cN).) Since the coface operators are algebra homomorphisms,
their alternating sum preserves the filtration of this augmented complex by powers
of the augmentation ideal. Let Ej denote the quotients of the filtration. Then,
using (2.8), we have

Eo(G(V(M))) = Fr(Q(G(V(M)))) ~ Fr(VIH (M),
and Eo(BP.X) = Fr(M). Thus Ey(2.10) is the free commutative algebra on the
complex
0—M—V(M)— VM) —---

with morphisms the alternating sum of ¢ on each V' and v, which is exact by [16,
7.8]. Since the free commutative algebra functor applied to an exact sequence yields
an exact sequence, we deduce that (2.10) is exact, and hence yields a resolution in
G of BP. X.

Hence Extg(BP,, BP,X) is equal to the cohomology of the complex obtained by
applying Homg (BP;, —) to the portion of (2.10) after £. Since Homg(BPy, G(N)) ~
N, we obtain that Extg(BP,, BP,X) is the homology of the complex
(2.11) M —V(M)—V*M)—---,

with differentials as in (2.3). The claim of the theorem follows now from [8, 6.17],
which states that F5(X) ~ Extg(BP,, BP,X), and the observation that (2.11) is
just our unstable cobar complex, whose homology is Exty (M). (Il

The following definition will be extremely important.

Definition 2.12. The excess exc(y) of an element v of T is defined to be the
smallest n such that iz, 11 is an element of VC®(S?"+1).

This means that if y =9 ® - -+ ® 5, then for 1 <17 <5,

Vi @ (Yig1 - Vstant1)

must satisfy 2.4. The following result, which was proved as [20, 4.2], gives a formula
for the excess of certain monomials when s = 2.

Lemma 2.13. Ifa <b and a < d, then

exc(p®h’@v°h%v®) = max <b(p1)(c+d), d) —min <a, |b(p1)cpd|> —(p—1e.

In [4], the v1-periodic UNSS was defined and shown to satisfy the following very
nice property.

Theorem 2.14. Ifp is odd and X is spherically resolved, the vy-periodic UNSS of
X satisfies
o v 'ESH(X) = IES Y(X), and is 0 unless s =1 or 2 and t is odd.
o v 'ESHX) ~ oy im_o(X) if s=1 or2 and t is odd.
o v EyY(X) = dirlim By t+kap (X), where e is chosen sufficiently large, and
the dzrect limit s taken over increasing values of k under multiplication by

p°
vy .
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Here we say that X is spherically resolved if it can be built from a finite number of
odd-dimensional spheres by fibrations. In Section 4, we will show that Theorem 2.14
holds in a certain case in which we cannot prove that X is spherically resolved.

We will use the unstable cobar complex for the unlocalized UNSS, but, as we are
dealing exclusively with vi-periodic classes, we can, in effect, act as if it satisfies
the first two properties of Theorem 2.14.

We will make frequent use of the following result for the spheres, which was
proved in [20], following [8] and [3]. We introduce here terminology = = y mod
S§?7=1 to mean that = — y desuspends to (or is defined on) S?"~1. For elements of
E3(S?"1), we frequently abbreviate zto, 11 as z.

Theorem 2.15. 1. The only nonzero groups vl_lE;‘t(S%H) are
vl—lE;,2n+1+qm(Szn+1) ~ Z/pe
with s =1 or 2 and e = min(n,v(m) + 1).
2. The generator of Ey*"T1Tam™(§2n+1) g Qe = d(vi")/p® and satisfies
(2.16) Qpye = =07 °h§ mod S*7
and, if m = sp®~ ! with s Z 0 mod p, and e > n, then
(2.17) Qpfe = —sv’ln_lhl mod p.
3. Ifn<v(im)+1landl <j<mn, then d(pmf”(?”)*l’jh’ln)mn_,_l has order p? in
By titamn g2ty 1t equals o' hy @ B mod S¥ L.
4. If vm)+1 < nand 1 < j < v(m) + 1, then d(p™ " Ihi)ian1 has or-

derp7 in E§72n+1+qm(52n+1). It equals U?@fn*jJru(m)hl ® h711+jfu(m)—1 mod
S2n+2j—21/(7n)—3.

5. The homomorphism %2 : B3~ 1Ham(g2n=1) _, p22ntltam gantly s injec-
tive if n <v(m)+ 1 and is multiplication by p otherwise.

Other more technical results proved in earlier works are as follows. Here we begin
the practice, which will be continued throughout the paper, of often abbreviating h
as h, and v; as v. Also, we introduce the term “leading term” to refer to a monomial
of largest excess in an element z of VC(X); all other monomials comprising z
desuspend farther than does the leading term.

Proposition 2.18. 1. ([23, 2.9]) If a cycle of VC?(S*"*1) has order p’ in
E2' (8271 and leading term h @ hi gy 1, then j+v(|[E2' (S H1)|) = f +n.
2. ([20, 4.6]) Let v =v(o), and let

5 = eva'feflhe ® h + L c V02,2n+1+qa(s2n+1)
be a cycle with € € Z(p) and exc(L) <e—p+1<n—v. Then
5= d(uevaf(e+ufp+2)he+ufp+2 + L/),

where u is a unit in Zyy, and exc(L') < e+ v —p+ 2. The same conclusion
holds fO’I“ z = €v075+p*2h ® hS*ZH*l + L.

We will need the following precise description of «s.

Lemma 2.19. The element cp which generates Ey 242" (52041 s given by

ay = —d(v})/p = 1(v? — (v —ph)?) = 2vh — ph? = hv + vh.

P
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We will make repeated use of the following result, especially part (1).

Lemma 2.20. Let p=3. Then
1. ’I’}(’Ul) = U1 — 3h1 )
2. 1(vy) = vg + 4v3h — 18v%h? + 350h3 — 24h* — 3hy
3.v(h)=hel+10h
4. p(he) =ho®@1+1®@hy +4h* @ h+ 6R> @ h2 + 3h @ h* —vh @ h? —vh?> @ h

Proof. Parts (1) and (3) are standard, appearing in all referenced papers of the
author and/or Bendersky. Part (2) is taken from Giambalvo’s tables ([24]). Part
(4) is derived from [13, 2.6i], using part (1) of this lemma several times to replace
a v on the right (which is interpreted as n(v)) by v — 3h. Note, however, that the
sum in [13, 2.6i] should be preceded by a minus sign. O

The following result, proved in [23, 2.11,2.12,2.13], will be central to many of
our calculations.

Lemma 2.21. 1. Ifn > 1, then in EX(S*"1), hfvy = v{hy mod S*.
2. WP @ hy = =P hy @ Y mod SV ifn > 1;
3. dwin™) = (L +n + 1)vfhy @ hY mod S 1.

3. New results about extensions

In this section, we show that vy 'ma;_1(X) is cyclic when X is a sphere bundle
over a sphere with attaching map a; or as. This will be crucial to our proof of
Theorem 1.1. We also determine the group structure of all groups vy 17r2j_1(X )
when X is an exceptional Lie group for which the orders |v; 'm,(X)| have been
determined.

The first result of this section is the following, in which Bg(2n+ 1,2n+ kg + 1)
is an S2"*!-bundle over S2"*+*k9t1 with attaching map ay.

Theorem 3.1. Let n > 1, and k =1 or 2. Then vy;_1(Br(2n +1,2n+ kq + 1))
and vo;(Br(2n + 1,2n + kq + 1)) are isomorphic cyclic p-groups with exponent

min(n,2 + v(j —n)) if j =n mod p(p — 1)
min(n+k(p—1),24+v(j—n—k(p—1))) ifj=nmod(p—1)
and j Zn mod p(p — 1)

0 otherwise.

Proof. Let B = By(2n+1,2n+kq+1). The determination of vo;(B) when k =1
was made in [13, 1.3(2)]. In [10, p.301], vo;(B) was determined when k = 2, n = 4,
and p = 3. The argument there adapts to the general case in a straightforward
fashion.

The cyclicity of v;_1(B) when k = 1 is proved similarly to [23, p.613]. It is
easy when |vg;(S2"T4H1)| = pntP=1 for then 9 : vo;(S*"TIT) — vy;_1(S?"H) is
surjective, and so vg;_1(B) & vaj_1(S*T1T1) is cyclic.

Now consider the case when |vg;(S?" 91| < p"™P=1 By Theorem 2.15(4),
the class d(p™ " "Ph™)ia54+4+1 has order p in E2(S?"4F1). Here m is an integer
related to the stem of the class under consideration. Since 0 annihilates this class,
there is w € VC?(S?"*1) such that z := d(p™ " "Ph™)i2p144+1 — w is a cycle in
E2(B). We wish to show that pz is the image of a generator of E3(S2"+1).
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We use the formula
(3.2) d(h*t) = d(h")e + hd(v),

which was explained as [23, 5.4]. This implies that

m—n—p+1hm

pz=d(p" " P R g g 1) — D ® higpy1 — pw.

The first term is a boundary. Using Lemma 2.20, the second term is, mod terms
that desuspend below §2"+1, —y* " PHpntp=1 @y and by Lemma 2.21(2),
this is, mod lower terms, v7" " Pt h ® h™ia,,1, which is the leading term of a
generator of E2(S?"*1), by Theorem 2.15 or Proposition 2.18. Also, as we shall
show in the next paragraph, pw desuspends to S?"~!. Since the double suspension
from E2(S%"~1) to F2(S?"*1) is not surjective, this implies that pz is the image of
a generator of E3(S?"+1).

One way to see that w can be chosen so that pw desuspends to $?"~! is to note
that pz = d(p™ " P A" )19y 14—1 — pw is a cycle in F3(B(2n—1,2n+q—1)); i.e.,
multiplying by p allows you to double desuspend the whole equation.

The argument when k = 2 is very similar. We will have w € VC?(S2"+1)
satisfying that z := d(p™ "~ 2P L A™)19,, 19,41 — w is a cycle in E3(B), and, as in
the previous paragraph, w can be chosen so that pw double desuspends. We obtain

m7n72p+2hm

bz = d(pmin72p+2hmb2n+2q+l) —p & Qglop41 — pW.

The first term is a boundary, the last term desuspends, while the middle term is,
mod terms that desuspend, v]"~ "~ *PT2pnH+20-2 @ (2uh — ph?) 19,4 1. The term with
ph? desuspends, while the first term is, by 2.21(2), 20{”7”717“11”'“’_1 ® htoni1,
which is the leading term of a generator of E3(S?"*1). The class {pz} generates
E2(S?7*1) by Proposition 2.18(1). O

In [13] and [10], sphere bundles X of the type covered by Theorem 3.1 occurred
as factors in product decompositions of exceptional Lie groups (localized at a prime
p). In those papers, we merely asserted the order of the groups vflﬂgj_l(X), but
we can now declare that they are cyclic. There are a few other cases of factors Y
of exceptional Lie groups for which only the order but not the group structure of
v Mg —1(Y) was given in [13], but we can now complete the determination of the
v1-periodic homotopy of all torsion-free exceptional Lie groups by giving the group
structure in these cases. The following result handles all of these, and those left
unresolved in [10].

Proposition 3.3. 1. The 3-primary groups vaj_1(B(11,15)) and va;—1(Egs/Fy),
which occur in [10, 1.2], are cyclic.

2. The factors B(2n+1,2n+ q+ 1) which occur in Go for p =5, Fy and Eg for
5<p<11, E7 for 11 < p < 17 and for p =5, and Eg for 11 < p < 29, as
listed in [13, 1.1], have va;—1(B) cyclic of order given in [13, 1.3(2)].

3. The spaces B(11,23,35) and B(23,35,47,59), which occur as factors in 7-
primary E7 and Eg, respectively, have vq;_1(B) cyclic of order given in [13,
1.4].

4. The spaces B(3,11,19,27,35), B(3,15,27), and B(3,15,27,39), which occur
as factors of 5-primary Er, T-primary E7, and 7-primary Eg, respectively,
have vo;_1(B) ~ Z/p & Z/p°~*, where e is the number given in [13, 1.4].
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Proof. The first two parts are immediate from Theorem 3.1. The first space in
part 3 is a factor of SU(18), and in the notation of [23, 1.5] it has N = 5 and
i = 2. By [23, 1.9], its vgj_1(—)-groups are cyclic. Similarly, the second space in
part 3 is a quotient of a factor B = B(11,23,35,47,59) of SU(30). This factor B
has N = 5 and ¢ = 4 in the notation of [23, 1.5], and hence its groups va;_1(—)
are cyclic by [23, 1.9]. Thus so are the groups of the desired space B(23, 35,47, 59),
since vaj_2(S) = 0 for values of j under consideration.

The spaces in part 4 are also factors of SU(n) and hence are covered by [23, 1.9].
In the notation of [23, 1.5], these three spaces each have N = 1, while i = 4, 2, and
3, respectively, and m > 0. Thus their vy;_1(—) has a split Z/p by [23, 1.9]. O

4. Discussion of E;/Fy

In this section we sketch a natural approach to Theorem 1.1. Although we
will not follow it exactly, it is helpful in understanding the approach which we do
employ. Also, the result here about the convergence of the vi-periodic UNSS for
E;/Fy will play a key role in our later deduction of vy 'm,(E7). Throughout the
remainder of the paper, we will have p = 3.

The fibration

(41) F4 — E7 — E7/F4

induces a long exact sequence of v;1-periodic homotopy groups. The groups v.(Fy)
were computed in [10], while v, (E7/Fy) could be computed by the methods of this
paper. Then we would need to determine the boundary homomorphism and exten-
sions in the exact sequence associated to (4.1). This determination is complicated
by the fact that the Bockstein [ is nonzero in H*(Fy; Z/3), which causes BP,(F})
to be not a free BP,-module, and therefore the UNSS of F; cannot be calculated
directly by known methods. (In [10], v.(Fy) was determined by a combination of
topological and UNSS methods.) Moreover, applying  to the fibration does not
help much, because BP,(2E7) is not a free commutative algebra, and so we cannot
apply Theorem 2.6 to compute its vi-periodic UNSS. Hence UNSS methods cannot
be used directly to analyze the exact sequence in v,(—) associated to (4.1).

Our proof could be expedited slightly if we were assured of the validity of the
following conjecture, due to Mimura.

Conjecture 4.2. Localized at 3, E;/Fy is spherically resolved by spheres of di-
mension 19, 27, and 35, and attaching maps as. That is, there is a fibration
S — E;/Fy — B(27,35) and a fibration S*" — By(27,35) — S3°, with at-
taching maps from 19 to 27 and from 27 to 35 both equal to the element g which
generates 7(S°) 3y ~ Z/3.

Although we cannot use this proposed topological description of E7/Fy, we can
say enough about this space to compute its vi-periodic UNSS and prove that it
converges to v, (E7/Fy). However, the specific results of this computation will not
be needed for the reasons cited earlier in this section, and the methods will be
applied again in computing the vi-periodic UNSS of the space Y7, which will be
our approach to v.(E7), and so we shall wait until the next section to use them.

The following first steps toward proving Conjecture 4.2 will be useful to us later.
They were pointed out by Mimura.
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Proposition 4.3. (a) H*(Er/Fy; Z) is an exterior algebra on classes of dimension
19, 27, and 35. (b) The 35-skeleton of E7/Fy is S Uiq, €27 Uy, €3°, where o
generates 7(S°) 3y ~ Z/3.

The proof of this proposition requires the following result of Kono and Mimura.
Proposition 4.4. ([29]) There is an algebra isomorphism
H*(E7;Zs) =~ Zs[es]/(e3) ® Ales, ez, €11, €15, €19, €27, €35)

. . 7‘ .

with only nonzero action of 3 or PP on generators given by Ber = es, Be1s = —eZ,
1, _ 1, _ 1,  _ 3, _ 3,

Ples =e7, Prenn = e15, Preis = ke, Pler = e19, Ple1s = ear.

Proof of Proposition 4.3. Part (a) was proved in [30, 9.4]. To prove part (b), let
® denote the secondary cohomology operation associated with the relation P! 3P —
BP? — P?23 = 0. This secondary operation detects the map s and satisfies P> =
P&, (See [29, p.353).) In [29, 7.2], it is shown that ®(éy7) = é35 in H*(E7), where
E; denotes the fiber of E; — K(Z,3), from which it follows that ®(es7) = ess in
H*(Er).

Since Ple;s = +ejg and P3ejs = egr in H*(E7), we can use a dual relation
P3 = ®P! to deduce that ®(ej9) = +eay. The dual relation is deduced by applying
the original relation in the S-dual, and then noting that P!, P3, and ® are all self-
dual. Here duality is given by the antiautomorphism of the Steenrod algebra, while
® is self-dual since it is defined by a symmetric Adem relation involving self-dual
terms. g

We close this section by proving the following result, which will be crucial for
us, since we will use it later to deduce that the vi-periodic UNSS of Y7 converges
to v (Y7).

Theorem 4.5. The vy-periodic UNSS of E;/Fy converges to v.(E7/Fy). Indeed,
Theorem 2.14 holds if X = E7/Fy.

Note that this result would be immediate from 2.14 if we knew that Conjecture
4.2 were true. Instead, we must call upon the following result, which was proved by
Bendersky and Thompson at the request of the author. The statement and proof
of this result rely heavily on the work of Bousfield ([17]), who defined a space to be
K /p.-durable when its K/p.-localization map induces an isomorphism in v.(—).

Theorem 4.6. ([15]) Suppose X is a K /p.-durable space with K*(X; 2,,) 1s0mor-
phic as a Z/2-graded p-adic A\-ring to A(M), where M = M,, is a p-adic Adams
module which admits a sequence of epimorphisms of p-adic Adams modules

M, -2 M, ; 2L 0 P2 g = M(2my +1)

with ker(p;) = M(2m; + 1) for 2 < i <n. Here M(2m + 1) ~ K*(S2"*1;Z,) as
a p-adic Adams module, and A(M) denotes the exterior algebra on M. Then the
(BP-based) vy-periodic UNSS of X converges to v.(X).

Actually, what is proved in [15] is that if X~ denotes the K/p-completion, then
X — X" induces an isomorphism in v,(—). In [14], it is proved that the v;-periodic
UNSS converges to v4(X"), which then implies Theorem 4.6. Theorem 4.5 is an
immediate consequence of Theorem 4.6 and the following two results.
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Theorem 4.7. There is an isomorphism of Z/2-graded p-adic A-rings
K*(Br/Fi; Zy) ~ N(Ms),
with short exact sequences of p-adic Adams modules
0— M(35) - Ms— My —0 and 0— M(27) - My — M(19) — 0.
Theorem 4.8. E7/Fy is K/3.-durable.

Proof of Theorem 4.7. We use Proposition 4.3 to give the Fo-term of the Atiyah-
Hirzebruch spectral sequence converging to K*(Er/Fy;Z,) as Alzqg, Tar, T35] ®
KZ;. The spectral sequence collapses to yield the claimed exterior algebra as

K*(E7/Fy; ip). This collapsing can be deduced from Yagita’s result ([34]) that
there is a 3-local isomorphism

BP*(E;) ~ BP*(Fy) ® A[19,27,35),
or from Snaith’s result ([32]) that the spectral sequence
Torgr(a)(Z, R(H)) = K*(G/H)

collapses.

The claim about the decomposition of M3 as a p-adic Adams module will fol-
low once we show that the generators of the exterior algebra K!(E7/Fy) satisfy
VF(235) = kM wss, YF(w27) = kBxar + arass, and YF (219) = k2219 4+ a7 + asass
for some integers ay, as, and agz. Note that K'(E7/Fy) is spanned by z19, 27,
X35, and T19227235. We will show that the top cell of E7/Fy, which corresponds to
this product class, splits off stably, and so cannot be involved in Adams operations
on the lower classes. Then the formula for the Adams operations follows from the
inclusions S — Ey/Fy, 8?7 — (E;/F,)/S", and S%° — (E;/Fy)/(E7/Fy)37),

To prove the stable splitting, we argue similarly to [22, 1.1]. By [2, 3.3], the
S-dual of the manifold E7/Fy is the Thom spectrum of its stable normal bundle.
However, I?é(E7/F4)(3) = 0, since E;/F} has no cells whose dimension is a multiple
of 4. Thus the bottom class splits off the Thom spectrum of the stable normal
bundle, and dually the top cell stably splits off the manifold itself. O

The following proof is due to Pete Bousfield.

Proof of Theorem 4.8. In [17], Bousfield utilizes a functor ® from spaces to spec-
tra, which he had introduced in earlier papers. A map f induces an isomorphism
in v.(—) if and only if ®(f) is an equivalence. Let X = E7/Fy, and consider the
commutative diagram

O(F) —— B(E;) —— B(X)

l | I

S((Fa)rp) — ®((Br)ksp) —— ®(Xk/p)

Since ® preserves fibrations, the top row is a fibration, and since [17, 7.8] states
that H-spaces are K/p.-durable, the first two vertical arrows are equivalences. We
will be done by the 5-lemma once we show that the bottom row is a fibration.

By (17, 6.3], K*(G;Z,) ~ A(Pg), where Pg = PK*(G;Z,)), for G = Fy or Ex,
and by [17, 8.1] ®(Gk/p) ~ ®G is a KZ;—Moore spectrum M (Pg /9P, 1), where
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Pg /9P is the quotient by the injective action of the Adams operation. Similarly,
by Theorem 4.7,

K* (X )ps Zp) = K*(X;Zy) = N(Ms),

and, since Xg/,, being K/p-local, is certainly K/p.-durable, we can apply [17,
8.1] to obtain ®(Xg/p,) ~ M(Msz/1p?). There is a short exact sequence of Adams
modules, (e.g. from [34])

0 — M3 — PK'(E;) - PK'(Fy) — 0
and hence a fiber sequence
M(PF4/¢p7 1) - M(PE7/wpv 1) - M(M3/¢p7 1)

which is the bottom row of the commutative diagram considered above, showing
that it is a fibration, as desired. [l

5. E, of periodic UNSS of QFE;/Sp(2)

In this long section, we calculate the periodic UNSS of Y7 := QF7/Sp(2). In
Section 7, we perform the transition from these results to vy 'm.(F7).
We begin by recalling the following result of Harper, which we used in [10].

Proposition 5.1. ([27, 4.4.1]) There is a 3-equivalence
Fy~ K x B(11,15),
where K is a finite mod 3 H-space satisfying
H*(K; F3) = Aws, a7) © Falws]/(23),

with x7 = Plas and xg = Bry. Also, B(11,15) is an S''-bundle over S with
Plzyy = x15. Moreover, there is a fibration B(3,7) — K — W, where W is the
Cayley plane, and o fibration ST — QW — QS23,

Because of the torsion in H*(K;Z), and hence in H*(Er;Z), we will work with
loop spaces, and use the following result of Hamanaka and Hara ([26]).

Proposition 5.2. The mod 3 homology as Hopf algebras over the Steenrod algebra
satisfies
H.(QUFy)
H.(QE7)

Fylta, te, t10, tia, tao]/(t3)
Fylta, te, t10, t1a, t1s, t2a, tas, taa] /(£3),

with the only nonzero reduced coproducts being

O(ts) = —15 Dty — to @ t3

Q

Q

and

b(tis) = tAE @ty + 1otk @15 — 12 @t — t3ts ® taotg
—tots ® lats — te @ ta + 15 @ tots + to ® tata.
The only nonzero action of dual Steenrod operations P2 are PL(tg) = to, P(t14) =

t10, PL(t1s) = etra—tatd, Pl(tas) = ktd, Pl(tas) = etos, Pi(tss) = —etiy, P3(t1s) =
t6, Pf(tgG) = t14, and Pf(t34) = t22. Here e = &1 and x = £1.
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Because of the relation t3 = 0 in H,(QE7), Theorem 2.6 does not apply to
X = QF5. Instead, we will work with the space Y7 defined in the following theorem.
We begin by noting (see [10, p.296]) that the space B(3,7) which occurs in 5.1 is
3-equivalent to Sp(2).

Theorem 5.3. Let E;/Sp(2) denote the quotient of the group inclusion Sp(2) —
Fy — E7, and let Y7 = QFE;/Sp(2). Then

H.(Y7;G) = Az7] ® G[10, T14, T18, T22, T26, T34]
for G =17/3 or Zs.
Proof. There is a commutative diagram of fibrations
Y  —B(3,7) — E;

(5.4) ! ! |-

QE;/Fy, — F, —  Ey,
and this, together with the fibration B(3,7) — Fy — W x B(11,15), which is a
consequence of 5.1, implies there is a fibration

(5.5) QW x QB(11,15) — Y7 — QE;/F;.

The last fibration in 5.1 determines H.(QXW), and the Serre spectral sequence
of (5.5) collapses, yielding the claim of the theorem. The collapsing is proved
by observing that the only possible differential on one of the three polynomial
generators is di7(z18) = €x7 ® x10, but this has € = 0 by consideration of the map
from (5.5) to the fibration

QW x QB(11,15) — B(3,7) — Fy.

We easily obtain the following consequence.

Corollary 5.6. BP.(Y7) is a free commutative algebra on classes x7, x10, 14,
T1g, T2, Tog, and xgy, with x; € BPZ(Y'r)

Proof. By [1, 12.1], the rationalization of Y7 is homotopy equivalent to K(Q,7) x
K(Q,10) x --- x K(Q,34). Any differentials in the Atiyah-Hirzebruch spectral
sequence

Alz7] ® Zs) w10, 214, T18, T22, T26, T34] @ BP. = BP.(Y7)

must be seen rationally, and hence must be zero. That 22 = 0 is deduced from the
inclusion 87 — Y5. [l

By Theorem 2.6, the UNSS of Y7 can be calculated as the homology of the
unstable cobar complex. This complex splits as the direct sum of the unstable
cobar complex for S7 plus the even-dimensional complex. That is, we have

s ESY(S7 if ¢ is odd
(5.7) B3t (Yy) = 2 s{t ) o
EXtV (BP*<I’10,114,£E18,I22,I26,I34>) lf t 1s even

Our work in this section will go into computing

vyt Extf,’t(BP*@Jlo,$14,$187$227$26,$34>)~
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This is the vi-periodic Ext which forms the Es-term of the vi-periodic UNSS of Y7.
In Section 7, we will use Theorem 4.6 to show that this spectral sequence converges
to v.(Y7). Throughout the remainder of the paper, E» and Exty, will always
refer to their vi-periodic versions, unless explicitly stated to the contrary.

To compute the homology of the unstable cobar complex of Y7, we will utilize
exact sequences in Exty(—) induced by the injective extension sequences

(5.8) A(26) — A(26,34) — A(34),

(5.9) A(18) — A(18,26,34) — A(26,34),

and

(5.10) A(10,14) ® A(22) — BP.(Y7) — A(18,26,34).

Each of these A(—) is the subquotient of BP,(Y7) on the generators of the indicated
dimensions. Each has an induced I'-coaction. The sequence (5.10) is closely related
to the fibration

Fy — E7 — Eq/Fy,
with Fy =~ B(11,15) x K.

By [9, 4.3], each of these three injective extension sequences yields a long exact
sequence when ordinary (unlocalized) Exty,(Q(—)) is applied, and these Ext-groups
are the homology of the associated unstable cobar complexes. The wvi-periodic
E>-term is the direct limit of a direct system of vi-power morphisms, and these
commute with the morphisms in the exact sequences just described. Since the
direct limit of exact sequences is exact, we obtain that there is an exact sequence
of vi-periodic Fo-terms. As observed after Theorem 2.14, we can still work with
the unstable cobar complex, as long as we restrict attention to vi-periodic classes.
We will abbreviate Exty (Q(A(n1,--- ,nk))) as Ea(ny, - -+ ,ng), and the associated
unstable cobar complex as C(nq,- -+, ng).

In order to analyze 0 in the long exact Ext sequences, we will need the following
crucial result about the I'-coaction.

Proposition 5.11. If M is a I'-comodule which as a BP,-module is free on x1g,
T14, 18, Toe, and T34, and if

Y(r34) = 1®@x34+ a2 @ +T1 @ w18 + T2 ® w14 + T3 ® 210
P(wos) = 1®@x26+ a2 @ w18+ Ty ® 214 + T5 ® 210

P(r1g) = 1®@x18+ 01 @ w14+ T @ 710

Y(214) 1® w14 + 01 ® 210,

then Ty = %hQ, and, mod terms that desuspend lower than does the indicated term,
T = %v2h2, Ty, = —5vh?, Ty = ivh‘r’, T, =h3 and Ts = ivh?’.

This proposition will be applied when M is a quotient of BP.(Y7). The as-
terms in ¥ (xes) and 1 (x34) are present there by Proposition 4.3, since aq is the
cycle which detects the homotopy class ay. We will see after the proof that our
application of this proposition to computing the homology of the unstable cobar
complex would not be affected if a unit coefficient were present on . Similarly, the
ai-terms in (215) and 1 (z14) are present because of Pl(t1g) and Pl(t14) in 5.2,
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and the homology application would not be affected if they were multiplied by a
unit.

Proof. We begin with the determination of T;. Using also that ¥axos = 1 ® x26 +
s ®x18 mod lower terms, the coassociativity formula (¥ ®1)w(z34) = (1Y) (x34)
implies that ¥(ag) =aa®1+1®@az and Y(T1) =T1 ® 1+ 1@ Ty + as ® as. Now,
az is given in Lemma 2.19, and one can verify that it is primitive. Let ¢ be the
reduced coproduct in BP,BP, defined by ¢(y) =y ® 1+ 1Qy+ ¥ (y). We use the
condition that ¥(7T1) = as ® as to find T;.
First, using Lemma 2.19 and Lemma 2.20(1), we compute
ar®@ay = (20h—3h?) ® (2uh — 3h?%)
= 4vh ®vh — 6h® @ vh — 6vh ® h? + 9h? ® h?
4v°h ® h — 18vh? ® h + 18h® ® h — 6vh ® h* + 9h* ® h>.
Now T} must be a combination of the following five terms, whose 1 are listed.
(5.12) h* —  4h3 @ h+ 6h* @ h? +4h @ h3.
vh® — 3vh? @ h+3vh@h?+v®hd —1® vk
= 3vh*®@h+3vh®h®+3h® R
v?h? s 20°h@h+ 0P @ h? — 1@ uPh?
= 20°h®h+6vh ® h? — 9h? @ h?.
v’h = " @h—1®v°h=9’h®h—2T0h? ® h + 27Th> @ h.
ho +— 4h*® h+6h° ® h* 4+ 3h @ h* — vh ® h* — vh* ® h.
We solve a system of linear equations for the coefficients of these five terms, to

see what combination 73 can have E(Tl) = as ® ao, as required. We find that the
desired term T} is given by

T, = %h4 — 6vh3 + 202h% + ¢1(—=3h* + vh3 + 3hy)
+ ca(—2Th* + 9vh® — Jv2h% 4+ v3h),
with ¢; and ¢ in Z(3). Replacing 3h by v —n(v) at several places, this simplifies to
Ty = 3v°h* + L,

where L desuspends to S3.
The other T;’s are determined similarly. Coassociativity implies

P(Ts) = @
Y(I) = w®a
(5.13) P(T5) = 0T+ Ti®a
P(T) = weoTi+Ti®a
1/)(T3) = T+ T®Tsg+1Tr ® ;.

That Ts must equal %hQ is easily determined (since @y = —h). To determine Ty,
we write ay ® a1 = —2vh ® h + 3h? ® h, and note that 1 acts as follows:

R — 3h @ h+3h®h?
vh? — 20h @ h+ 3h Q@ h?
v2’h — 6vh®@h—9R°Qh
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Solving a system of equations for the coefficients of A%, vh?, and v2h yields
(5.14) Ty = h® — vh?® 4 ¢(3h® — 3vh? + v2h),

with ¢ € Z3). All terms except the first are defined on S5, and so Ty is as claimed.

We must have ¢(T5) = vh ® h* — 2h? ® h* — h* @ h + vh? ® h. The terms of
which T3 is a linear combination are the same as those in T}, which were listed with
their ¢)(—) in (5.12). Solving this system of equations yields that the combination
whose 1 (—) is that required of T5 can be

—Iht 4 2oh® + e (—h* + Foh® + ha) + co(— 2L h* + 9uh® — Jv2h? + vPh),

for any c; and ¢y in Z3). However, fractions with 3 in the denominator do not
lie in Z(3). The only way to prevent this is to specify that ¢; must be of the form
—1+ 3k, with k € Z(3). This yields

Ts = §h* — hy + k(—=3h* + vh® + 3hy) + L,

where L (the co-term) desuspends to S®. In two places, we replace 3h* by vh® —h3v,
yielding

(5.15) Ts = 3oh3 + L/,

as desired. In our determination of 75, we should also take into account the homo-
geneous part of (5.14), as it contributes to the Ty ® ag-term of 9 (T5). When the
resulting equations are solved, we obtain an additional homogeneous part of T,
equal to

c’(%h4 —vh® + %v2h2) = c’(—%vh?’ — %hg’v + %vth),
which desuspends farther than the leading term of (5.15). Thus 75 is as claimed.

Similarly, by (5.13) we must have (mod homogeneous terms that will be consid-
ered below)

O(Tz) = (20h—3h%) ® (h® —vh?) — (§h* — 6vh3 + 20%K2) @ h
= 20h®@h® —3h* ®@h3 - 20*h ® h? + 9vh? @ h? — 9h® @ h?
—9h* @ h + 6vh® ® h — 2v*h? @ h.

The terms that can comprise T, are listed below, with their .

h® 5h@h* +10h> @ h® + 10R* @ h® +5h* @ h
vht 3h @ h* + 4vh @ b2 + 6vh2 @ h2 + 4h> @ h
2R3 —9h% @ h3 + 6vh @ h® + 3v2h @ h? + 3v*h?> @ h

27h @ h? — 2Tvh* @ h? + 9?h @ h? + 2v°h @ h

—81h* @ h + 108vh® ® h — 54v°h?> @ h + 1203h @ h

3vh ® b3 + 6vh? @ h2 + 4vh®> @ h — v’ h @ h? — v?h2 @ h+ 3h1 @ he
3h@h*+9r2 @ k> +10h°* @ h2 +4h* @ h — vh @ h3

—20h2 @ h2 —vhP @ h+ hy @ hy + ha @ by

24h* @ h — 35vh® @ h + 18v%h? @ h — 4v°h @ h + 3hy ® hy

<
%
ITT11111

<
1)
>
=
1
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We solve a system of equations to find the combination of these terms having v as
desired. We obtain

T, = —350°+ 3vh* — 20203 + 1 (B h° — 27vh* + 180%h3 — 603h? + v*h)
+ea(—2h° 4 Toh* — Y02h3 + 203h% + vhy — 3hihy + vohy).
As in the previous case, in order to prevent 3 in a denominator, we choose c; =
—1 4 3c. This yields
T, = %h5 — %vh4 + 5v2h3 — 203h2 — vhy + 3hihy — vahy

plus two homogeneous terms which are defined on S”. The first two terms in T
combine to %Uh4 — %h‘lv — %vh‘l, and so, mod terms that are defined on S7, we
have T, = —5vh*, as claimed. We have omitted here consideration of homogeneous
parts of Ty and T} already obtained. These yield additional homogeneous terms in
T which are, in fact, defined on S°.

Finally we apply a similar method to determine T5. It is again a matter of
solving a system of linear equations for the coefficients of the monomials that can
comprise T5. We list the terms involved for the convenience of the reader, who can
quite easily check that our claimed 75 does indeed have the required coproduct.
The lead term of this T3 will play an important role in our subsequent calculations.
Indeed, it caused the answer for v, (F7) to turn out differently than the author had
anticipated.

Momentarily ignoring some homogeneous parts, T5 must satisfy

O(T3) = (20h—3h%) @ (3h* — ho) + (§h* — 6vR® + 20%h?) ® Lh?
+(%h5 - 1—21vh4 + 5v2h3 — 203h% — vhy + 3hihy — vohy) ® (—h).
= —3n2@h'+ Int @h% — 2h° @ h+ 3vh @ h* — 3uh® ® h?
+vht @ h + v2h? ® h? — 50%h% @ h + 203h? @ h + 3h? @ hy
(5.16) —3hhy @ h — 20h ® hy + vho @ h+v2h @ h
We list the terms that can comprise T3 along with their coproducts.
S — 6h® A%+ 15h% @ h* 4+ 20h3 @ k3 + 15h* @ h? + 6R° @ h
vh® — 3h®h°+5vh @ h* + 100h% ® h® + 10vh® @ h? + 5vh* @ h
—9h% @ h* 4+ 6vh @ h* + 40v°h @ b3 + 6v°h? @ K2 + 4*h3 @ h
27h3 @ h3 — 27vh? @ h® + 9v°h @ h® + 3v3h @ h? + 3v3h*> @ h
—81h* @ h% + 108vh® ® h? — 54v*h?2 @ K2 + 120°h @ h? + 2v*h @ h
243h° ® h — 4050h* ® h + 2700%h% ® h — 90v3h? @ h + 150 *h @ h
30h @ b2 + 602h2 @ h2 + 40?3 @ h — v3h @ h2 — v3h?> Q@ h
—9h% @ hy + 6vh @ ho
3vh ® h* + 9vh? @ h® + 10vkh® ® h? + 4vh* @ h — v?h @ h®
—202h%? @ h? — v?2h® @ h 4 3h ® hhy + vh @ ho + vha @ h
h%hy +— 3h®h®+12h2 @ h* + 19k @ h3 + 14h* @ h% + 4h° @ h — vh ® h*
—3vh? @ h® — 3vh3 @ h? — vh* @ h + 2h @ hhy + h% ® hy
+2hhy @ h+ ho @ h?
vah? —  24h* ® h? — 350k @ h? + 18v%h? ® h? — 4v°h ® h? + 3hy ® h?
+2u3h @ h

4
%
I 11711

’Uhhg

1
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vosh — —T2h° @ h+ 129vh* @ h — 89v%h> @ h + 30v°R> @ h — 4v*h @ h
—9hhy @ h + 3vhs @ h + 3vsh @ h

The solution of the resulting system of linear equations is
(517) T3 = %hﬁ — %’02}# + %’Ugh3 — %'UQhQ + vhhy — %thQ + %Ughz
+c1 (=3 R + 81vh® — 13502h* 4 300°h3 — Luh? 4 v°h)
+ea(9h0 — Boh® + 2102kt — 203h3 4 20th? 4 Tu?hy
—3vhhy + gh2h2 - %’Ugh2 + vugh).

The first term is rewritten as i(vh‘f’ — h®v), in order to see it with a unit coefficient.
All other terms desuspend to S°.

The terms Ty, Ts, and Ty which appear in the equation (5.13) for 1 (T3) which
gave rise to the system of equations which we just solved have homogeneous parts
whose coefficients we do not know. For example, T includes a summand of ¢(—3h*+
vh3 + 3hy). Thus added on to the RHS of (5.16) must be g ® ¢(—3h* + vh3 + 3h?)
and 7 other homogeneous parts arising similarly. For each of these we solve a
system of equations similar to the one just solved, but with the RHS equal to the
appropriate homogeneous term. These give homogeneous summands to T3. All
resulting terms desuspend to S7, and so may be ignored. We spare the reader the
details. (]

The terms as ® Tog, (o @ T18, 1 R T14, and a3 @ x1¢ appear in the hypothesis of
Proposition 5.11 because of attaching maps in QFE7. One might think that care is
required as to the coefficients (1) of the ap and «; in Proposition 5.11. However,
this is not the case. For if the four terms listed at the beginning of this paragraph are
multiplied by units uq, us, us, and uy4, respectively, then the terms 77 to Ty which
are determined in Proposition 5.11 are multiplied by units ujus, uiusus, ujususy,
UgUg, UsUzUyg, and uzuy, respectively. This can be seen by consideration of the first
part of the proof of 5.11. For example, we would have ¥(T}) = ujas ® usas.

The terms a1, as, and T; in 5.11 will be used in the proofs of the theorems
throughout the remainder of this section to determine boundary morphisms in exact
sequences, and in pulling back terms whose boundary is 0. If units u; were present
as we are discussing here, it will only have the effect of multiplying boundaries
and pullbacks by unit amounts. The point is that all terms in a boundary will be
multiplied by the same unit, so that cancellation due to different units cannot take
place. For example, suppose that a term h''zs, pulled back to hltxsy + h'2z0g
in the case where all u; = 1. Then, with units u; present, h'*zs, pulls back to
hlt2344+u1h2 296, and the boundary sends this to A" @uqusTh 18 +u1 h> Quocaz1s,
which is just ujus times what it would have been. These uniform units do not affect
whether terms are zero, and hence can be ignored.

Now we can compute Eg’zj (Y7), dividing into cases depending upon the parity
and mod 9 value of j. These will be delineated in Theorems 5.18, 5.23, 5.29, 5.32,
5.34, and 6.1. Note that the exact sequences in Fs induced by (5.8), (5.9), and
(5.10), together with (5.19), imply that if ¢ is even, then E3‘(Y7) = 0 unless s = 1
or 2.

The first case is as follows.



204 D. Davis

Theorem 5.18. If j is odd, and j =1 or 7 mod 9, then
E21,2j <Y7) ~ E22,2j (Y7) ~ Z/3 ® Z/3min(8,u(j—43)+5).

Proof. Let j be as in the theorem, and v = v(j — 7). Formally, we obtain the
result by computing first the exact sequence in Es(—) associated to (5.8), then
that associated to (5.9), and then that associated to (5.10). We know from (2.5)
and 2.15 that

Z,/3min(mv(G=m)+1) if j = m mod 2, and s = 1 or 2
0, otherwise

(5.19)  Ey¥(2m) ~ {

and we know from [13, 2.4] how to compute F2(10,14) from E»(10) and E5(14).
These are the building blocks, but the glue is the boundary morphisms in the exact
sequences, and computing these requires much care.

A convenient way to picture the calculations is by Diagram 5.20, which we think
of as resembling an Adams spectral sequence chart.

Diagram 5.20.

1‘0 I I
S0 N N A
‘26‘ 2 2 2 2
uo I IR

22 1.2 2,2] 1.2 22 1.2 22) 1.2 22 1.2
E2 E2 E2 E2 E2 E2 E2 E2 E2 E2

v=1 v=3 v=4 v=>5 v>6

Each e represents a Z/3, and each integer e represents a Z/3°. These groups
correspond to FE5(2m), where 2m is the integer indicated on the left side of the
diagram. The vertical lines indicate nontrivial extensions (multiplication by 3).
These are true because of the a; and as attaching maps and Theorem 3.1. The
positioning of the 22-class is due to (5.5), i.e., that it is split away from the 10-,
14-, and 18-classes.

For example, the diagram for the case v = 3 means that if v(j —7) = 3
the boundary morphisms in (5.8) and (5.9) are 0, yielding Ey*(18,26,34) ~
E2%7(18,26,34) ~ Z/3*, while in (5.10)

E3%(18,26,34) -2 E2% (22) @ E2%(10,14) ~ Z/3 & Z/3°

is 0 into the first summand and has image of order 3% in the second summand.
Using either the exact sequence (5.10) or the diagram, this implies that in this case

EYH(Y7) ~ E3*(Y7) ~ )3 ® Z)37.

The case v = 2 omitted from Diagram 5.20 has groups of order 33, i.e. labeled
“3,” on the 14-cell, and otherwise has the same groups as do the other values of v.
If (j —7)/18 = 1 mod 3, then it has a differential like that in the case v = 1, while
if (j —7)/18 = 2 mod 3, then it has no nonzero differentials.
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Of course, we still have to verify that the differentials are as claimed in Dia-
gram 5.20 and the above paragraph describing the case v = 2. The reader can
easily verify that this will imply Theorem 5.18. The Z/3 on the 22-cell splits for
algebraic reasons.

We analyze the differentials by the methods used extensively in [23] and [20],
involving the unstable cobar complex. One convention is that we often omit writ-
ing powers of v; on the left; they can always be determined by consideration of
total degree. The boundary E21’2j(34)i>E§’2j(26) sends the generator higy to
h ® agteg = h @ (hv + vh)ige. This is obtained from ¥ (z34) = 1 ® 234 + a2 ® Tog
in 5.11, and from 2.19. The relationship of 9 with the coaction is standard; see,
e.g., [20, 2.7].

We use 2.20 to write h @ vh = vh®@h —3h?>®h, and 3h2 @ h = h?® (v —nv) = 0.
Also, h ® hv is defined on S and hence is 0 in Ey(—). So the image of 9 equals
VPYTh @ hige. By 2.18(second part of (2)), this cycle equals d((h® + L)igg), with
v =wv(j—13) = 1 in 2.18. Here we have omitted a unit coefficient, which will
be done routinely unless the coefficient plays a significant role. Here L desuspends
lower than the associated term, in this case h®, a notation that will be employed
frequently, with the L’s sometimes adorned with primes to distinguish them from
one another.

Thus the generator higy pulls back to sy + (h® 4 L)igg in Ey* (26,34), and 9
in (5.9) sends this to (h ® (3v2h* + L') + (h® + L) ® aa)u1s € E2%(18). Here we
have used 5.11. The leading term here is

1h®@v?h? = L(nv)?h ® h? = (v —3h)*h ® K2,

which has leading term %h ® h2. Note how v’s on the left are absorbed into other
unstated v’s. By 2.18(2), this equals d((h® + L")i18) (omitting unit coefficients),
and so our generator pulls back to

2 = hugg 4 h3196 + hP11s € Ey™ (18,26, 34).

“—"

Here, and subsequently, “=” will mean “mod L,” with the lower terms varying from
term to term.

We analyze the two components of 9(z) in the exact sequence of FEy derived from
(5.10). We begin by showing that the component @ into E5*(22) is 0. We have
02(2) = (h® (h® + L)+ h® @ h)ta2. Here we use the oy attaching map from 22 to 26
in QFE;, which causes the @hig2. The ®(h®+ L) is obtained by the same calculation
that gave T in Proposition 5.11. But these terms don’t even matter very much,
for such terms desuspend far below S22, and hence are 0 in E3>/(22) ~ Z/3.
Here we use a fact that we will use frequently, essentially from 2.15(5), that if
E>*(2n + €) ~ Z/p, then an element in it which is in the image of the double
desuspension is 0.

Similar, although much more delicate, considerations apply to obtaining the
other component

(5.21) Oy : By (18,26,34) — E2*7(10,14).

First we determine the composite when 9 is followed (by p) into ES -2 (14). Using
Proposition 5.11 and the usual relationship between the coaction and the boundary
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morphism, we obtain
(5.22) p01(2) = (h@vh* + k3 @ h® + b3 @ h)i1y.

Here all terms except h ® vh* desuspend to S”, while, mod S7, h ® vh* = h ® h*.
If v > 3, then, by 2.18(1), this element has order 3™"*»=2) in E2%7(14), and
this is as claimed in Diagram 5.20, with the arrows above the lowest one being a
consequence of the lowest one and the extensions.

If v = 1, then by 2.18(2) and (5.22), pd1(2) = d((h® + L)t14). Thus z pulls back
to

2 = hugg + h31a6 + hP11g + hOu14 € C(14,18,26,34).
Using 5.11, this satisfies
0(z') = (h@vh® + h* @ vh® + h* @ h? + h® @ h)uyp.

Here there can be “lower” terms associated with the factor on either side of the
tensor sign, omitted v’s occur only on the left, and, as usual, unit coefficients are
omitted. All terms here except the first desuspend to SY, while that term generates
E2*(10), so the image of d; in this case has order 3 in E5'*/(10,14), as claimed.

Finally we consider the delicate case when v = 2. In this case, there are two
terms with the potential to cancel, and so we must keep track of unit coefficients.
We write j = 7 + 18¢, with ¢ # 0 mod 3. As before, Ey* (18,26, 34) is generated
by z = htgs + h3196 + h3115. The unit coefficients of the second and third terms
will not be important, and so are omitted. The leading term of pd; (z) in E3* (14)
is, by 5.11, h ® (=5vh*)i14 = h ® h*114, where we have used that —5 = 1 mod
3. By Lemma 2.21(3), d(h7) = —9ch ® hS in this stem. ((¢ +n + 1) of the
lemma multiplied by 2(p — 1) equals 2j — 14.) Thus, since 925 = h*, we obtain
p01(z) = d((—2h" + L)t14), and so z pulls back to

2" = hisg + h3i0g + K311 + %h7/,14.
This satisfies
(2') = (h® tvh® + ubh® @ vh® + W'h® @ h? + Lh" @ (—h))i10

with « and v units in Zs). The middle terms desuspend, while the first and last
combine, using 2.21(2), to give 1 + % times the generator of E2%(10) ~ Z/3. This
is nonzero if ¢ = 1 mod 3, and 0 if ¢ = 2 mod 3, as claimed in the paragraph earlier
in the proof which described the case v = 2. O

The statement and proof for the case j = 4 mod 9 are quite similar to the cases
just completed.

Theorem 5.23. If j is odd, and j =4 mod 9, then
E%gj(Y?) ~ E§,2j<y7) ~Z/3® Z/Smin(14,u(j—13—4~38)+5)_

Proof. Let j be as in the theorem, and v = v(j — 13). As in the previous theorem,
the way in which the result stated in the theorem is obtained is most conveniently
expressed in a diagram.
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Dijagram 5.24.

R

E; 27 El 27 E% ,27 El 27 E22 27 El 27 Eg ,27 El ,27 E22,2] E21,2j
v<7 v=9 v=10 v=11 v>12

The omitted case v = 8 is like the case v < 7 if (j —13)/(2-3%) = 1 mod 3, while
it has all differentials 0 if (j — 13)/(2-3®%) = 2 mod 3. In most cases, the Z/3 from
the 22-class splits for algebraic reasons. The splitting in the cases when v > 11
require a bit of care, which will be dealt with later in the proof. The boundary in
the diagram in these cases is meant to be hitting the sum of the classes on the 22
and the 18.

We begin with the case v < 7. We start as in the proof of 5.18, but this time
the boundary of hiss in E3?(26) is d((h*2 4 L')ia6), by 2.18(2). (In the proof
of 5.18, we had v(j — 13) = 1.) Thus the generator of E,/(26,34) equals, mod
lower terms, htsq + h*T2196. The next term is found by writing

(5.25) (h® (3v2h* + L) + (W2 + L) ® (2vh — 3h?))u1s
as a boundary in the unstable cobar complex. The first term will dominate if
v < 4, while the second term will dominate if 4 < v < 7. (If v = 4, there could be

cancellation that would cause it to desuspend even lower, but that won’t affect the
final result.) We obtain that

2 = hugg + B 219 + RGP o
generates Fy'* (18,26,34). The h* 1115 when v > 4 is obtained since
2 @uh=h" @h=h®h’~2=d(h' 1),
using 2.21(1,2,3). Now
pd1(2) = (h@vh* + h" 12 @ b3 4 hmaxGv=1 @ by,

which has leading term a multiple, k, of h ® h*. By 2.18(2) this is d(kh®t14)
since v(2j — 14) = 1, and so z pulls back to 2’ = z — kh®.14 in C(14,18,26,34).
The leading term of d(z') in E3*(10) is h ® vhs, which is a generator. It is also
important to know here that E}’ 2 (18,26,34)— Eg 27(22) is 0, for if it were nonzero
then E3*(Y7) would be cyclic. The leading term of this d is h**2 @ hiyy which
desuspends and hence is 0 in Fj.

Next we consider the case v = 8, in which we have to keep track of unit coeffi-
cients because of the possibility of two cancelling terms. Let j — 13 = 2 - 3%¢, with
¢ # 0 mod 3. By 2.21(3), we have d(h'%196) = —3%ch ® h%196 = —ch ® hiag, where
the second step utilizes 33h3 = (v — nv)®. Then EL?(34)-%E2%(26) sends the
generator to h ® (—h)izg = d((£h'® + L)i26), and so the generator pulls back to
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2 = higg — 1h'%96. The leading term of 9(z) in E3*/(18) is — L0 @ 2vhiys, which,
using 2.21(1,2), is equivalent to —2h® ® his = 2h @ hS,15. By 2.21(3),

d(h"ug) = —1(j —9)h @ hbuig = —(2+ 38c)h @ hbui3 = —cd(2).

Thus z pulls back to 2/ = z + 1h71;5. The leading term of pd;(2’) in E>¥(14) is
1R ® (—h)i14. By 2.21(3) again,

d(h"114) = —%(j —Th®@h%11y = —h®@3h0114 = —h @ hP114 = —cd(2'),

where we have used 2.21(1) at the last step. Thus 2z’ pulls back to 2" = 2z’ + %h7L14
in C(14,18,26,34). There are two leading terms in d(z") € E3*(10). These are
h® ivh5 and %h7 ® (—h). They combine to give % + % times a generator, and this
is 0 if ¢ = 2 mod 3, and nonzero if ¢ = 1 mod 3, as claimed. The 0 into the 22-part
is 0 as in the case v < 7.

If 9 < v < 10, the situation is much easier. Similarly to the previous cases, but
ignoring units, the generator of E21’2] (18,26,34) is z = hizg+h"T2196+h*"t115. The
leading term of pd;(z) in E§’2j(14) is h*~! ® ht14, which is a generator if v = 10,
and is 3 times the generator if v = 9. The boundary E,* (18,26, 34)£>E22’2j(22)
is 0 because its leading term is h* 12 ® hige which is 0 in E, for v < 10.

When v = 11, the boundary from E}*(26,34) to E3/(18) is now nonzero.
Indeed, its image, given in (5.25), has leading term

W2 @ 20hi1s = 20" @ higs = h ® thlg7

which is a generator. Here we have used 2.21(1) and 2.21(2). The boundary from
Ey*7(26,34) to E3*(22) is also nonzero since the generator z = husy + h'3196
satisfies 9(z) = h'® ® hige, and this is a generator. The chart would then suggest
(accurately) that the boundary hits into the sum of the two classes, and the ex-
tension is also into this sum. One way to formalize this uses the exact sequence

(5.26) EY%(26,34)-2 2% (10,14, 18, 22) — E2¥ (Y;) — E>%(26,34).

The first and last groups are Z/3'2, while the second is Z /3@ Z/3*. The boundary
0 hits the sum of the two generators. There is a cycle representative z in Eg 2] (Y7)
which projects to an element of order 3 in E2*/(26,34) and satisfies that 3 times
this generator is the image of the sum of the two generators of E§’2j(10, 14,18, 22).
This implies E3(Y7) ~ Z/3 ® Z/313.

Actually, a little bit more care is required here with regard to coefficients of the
generators. It is conceivable that the boundary could hit the sum of generators but
the extension be into their difference, and then the extension group would be cyclic
of order 3'4. What really happens is that, if c is defined as before by j—13 = 2-3!!¢,
then a generator z = htgy — %h13L26 satisfies

(527) 8(2) = %h13 ® higy — %hlg ® 2vht1sg,

while on the other hand, the argument of Theorem 3.1 shows that the element
d(3972Thi=13)156 of order 3 extends to a cycle 2’ in C(18,22,26) such that, mod
classes that desuspend farther, 3z’ is homologous to

(5.28) 3/720RI 13 @ (—h)igg + 3772013 © 20hus.
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The classes in (5.27) and (5.28) are clearly unit multiples of one another. In each
case, we use h'3 ® vh = h'! ® h to see that the second term is a generator.

This completes the case v = 11. The case v > 12 is very similar. Actually it is a
bit easier, for the consideration of the previous paragraph need not be addressed,
since the initial differential hits into a cyclic group. (I

The case j = 0 mod 3 introduces no new ideas.
Theorem 5.29. If j is odd, and j =0 mod 3, then
E21,2j(y7) ~ E§,2j(y7) ~Z/30 Z/3min(10,l/(j—9—2~35)+4)‘

Proof. Let j be as in the theorem, and v = v(j — 9). We will show that the
diagram encapsulating the exact sequences of (5.8), (5.9), and (5.10) is as depicted
in Diagram 5.30 for certain values of v. This diagram, together with the subsequent
discussion of what happens for values of v not included in the diagram, implies
Theorem 5.29.

Dijagram 5.30.

10 ° ° ° ° ° °
|
14 ° ° ° ° ° °
| |

29 18 ° ° ° ° °

WARVANVARRVAUVARRVARVA
+ J\J N

34

2,2j 1,2 2,25 1,25 2,2j 1,25
Ey 2 Ey Ey Ey Ey

v="17 v==06 v<4

If v > 8, then the group corresponding to the 18-cell has order 3%, and by [13,
2.4] there is a nonzero boundary morphism from Ey*/ (26) to E3'* (18) (hitting the
element of order 3, of course), and three other boundary morphisms (one below and
two above it) follow from it by the extensions in a diagram similar to that of 5.30.

We will show below that the case v = 5 is like the case v < 4 if (—9)/(2-3%) =2
mod 3, while it has no differentials if (§—9)/(2-3°%) = 1 mod 3. But first we establish
that the cases in Diagram 5.30 are as depicted.

Let v = 7. The nonzero differential from Ey* (34) ~ Z/3 to E3* (18) ~ Z/3% is
established similarly to that in the case v = 11 in the preceding theorem. Indeed,
the boundary E;’zj(34)i>E§’2j(26) sends the generator to

h@OéQLQ(; = h®(2'l)h—3h2)b26 = (2’0h®h—6h2 ®h_3h®h2)L26 = d(’l)h2 —2h3)L26,

and so it pulls back to htzq + (2h% — vh?)i96. This in turn has boundary (h ®
(%v2h2 + L)+ (2h® — vh?) ® aa)i1s, whose leading term %h ®v2h2ug = %h ® h2u1s
has order 3 by Theorem 2.18(1). The two differentials above this differential then
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follow from the extensions. They could also be obtained by the method of pulling
back cycles that we have been using.

When v < 6, the generator of E;’Qj(18,26,34) is 2 = hugg + h3106 + h 3115,
To obtain the last term, we used 2.21(3) to write h ® h%115 as d(h**31153) mod
lower terms. The leading term of pd(z) in E3* (14) is h**3 @ huyg, which is a
generator if v = 6. If v < 6, then this is d((h**? + L)t14), and so z pulls back to
2 =z 4 h**2114. Then d(2') in E3*(10) is

(5.31) (h ® vh® + h3 @ vh® + h* T3 @ b2 + W72 @ h)1y,

using Proposition 5.11. If v < 5, then the first term is the leading term, and it is a
generator. If v = 5, we must keep track of unit coefficients, since the first and last
terms have the same excess.

Let j —9 = 2- 3%, with ¢ # 0 mod 3. We start with ht34. The next term (h3126)
is insignificant. The leading term of the image under i>E§’2j(18) ish® %7}2112 =
%h ® h2. Incorporating coefficients into the analysis of the previous paragraph,
2.21(3) actually says that d(h8:.13) = —3%°ch ® h7115 = —ch ® h2.15, and so z is
actually equivalent to hizg + h3t06 + Qichgblg. The leading term of pd; (z) is

Q%hg ® (=h)iys = %ch ® hBuy = —d(%h%m),

since by 2.21(3) d(h"t14) = —3(2- 3% +2)h ® hS¢14. Thus the refined form of 2’ has
significant terms hesq + %hnu, and so the leading terms of 9(z’) are

(h® Loh® + =h" ® (—h))io = (3h @ h® + 5=h @ h®) 10,
and this is 0 in Fs if ¢ =1 mod 3, and is a generator if ¢ = 2 mod 3.

The boundary into E3*(22) is (h ® h® 4+ h3 @ h)ia, which is 0 when the group
is isomorphic to Z/3. O

The next result also follows by the methods already employed. Note however
the excluded case, which requires major refinements, deferred to the next section.

Theorem 5.32. If j is odd, and j =5 or 8 mod 9, but v(j — 17) # 13, then
E21’2j (Y7) ~ E§,2j (Y7) ~ Z/32 ® Z/3min(17,l/(j717)+4).

Proof. The proof when j = 5 is particularly simple. The result here is just that
Ey¥(Y7) =~ E3¥(Y7) ~ Z/3% @ Z/3°. Tt is most conveniently seen with charts
such as those of the earlier proofs in this section. In this case, the two main towers
have groups of exponent 2, 1, 1, 1, and min(v(j — 5) + 1, 5), reading from bottom
to top. These are the groups corresponding to generators of dimensions 34, 26, 18,
14, and 10, respectively. There is also a group of exponent 2 from the 22-class, and
it extends cyclically above the lowest 1.

We will show that the boundary is nonzero from enough of the bottom groups of
the Ey*-tower to just kill the group of exponent min(v(j —5) +1,5) at the top of
the E§’2j-t0wer. That leaves a Z/3° in each tower, and the Z/3? coming from the
22-class cannot be involved in differentials and must split off for algebraic reasons.

Let v = v(j — 5). To see these boundary morphisms, we show that the element
at the top of the E5*-tower (i.e., the element of order 3 in E3*/(10)) is hit by the
Z/3 on 14 if v > 4, by the Z/3 on 18 if v = 3, and by the Z/3 on 26 if v = 2. Other
differentials are seen from the cyclic extensions by reading down the towers. The
differential when v > 4 was proved in [13, 2.4]. The differential when v = 3 is seen
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by pulling the generator of E21’2j(18) back to z = hiig + h?114 and then using 5.11
to obtain d(z) = h ® 1v?h?119. The v* can be moved to the left using 2.20(1), and
by 2.18(1) 1h @ h219 is an element of order 3 in 3> (10) ~ Z/3*. The case v = 2
is similar, with the leading term of 9(htae + h?t1s + h*i14) being h ® vh3119, which
has order 3 in E5*(10) ~ Z/3?. This completes the proof when j = 5 mod 9.

Now suppose j = 8 mod 9, and let v = v(j — 17). The picture is similar to that
just described, with groups of exponent min(17,v+ 1), 1, 1, 1, and 2, from bottom
to top, and a group of exponent 2 extending just above the lowest 1. These groups
correspond to generators of dimensions 34, 26, 18, 14, 10, and 22, as in the case
j = 5 just considered. The claim is that differentials from the E21’2j -tower kill all
but the bottom 3!7 elements in the E5*-tower if v > 14, and that they kill the
top Z/3% if v < 12. Actually, when v > 14, the initial element hit also involves
a summand in the 22-summand, but these elements hit are just the appropriate
3-power times the element at the bottom of the E3*/-tower. The E3* (22) ~ Z /32
is a split summand in Eg’zj (Y7) even though it may be a summand of a class hit
by a boundary. We will illustrate this carefully in the case v = 15 below.

When v > 16, the differential from the bottom of the tower into the class on the
26-class follows from [13, 2.4]. Of course, the remaining differentials in this case
follow from the extensions. .

When v = 15, the generator of Ey*(34) has leading term h'®.34 by 2.15(2), and
this pulls back to z = h'%134 + uh'3196, where u is a unit in Z(3). Usually we don’t
bother to list these unit coefficients, and here the value of v will not be important,
but because cancellation issues will come into play, we feel that the unit should at
least be given lip service. The leading term of 8(z) in Ey* (18) @ E3*(22) is

(5.33) uh'® @ 20hi1g + uh'® @ (—h)igs.

Using 2.21, each of these terms is a generator of its summand. On the other hand,
as in the case v = 11 of the proof of 5.23, there is a cycle 2’ in C(18,22,26)
which restricts to a generator of E3*/(26), and has 32" homologous to a unit times
(5.33). To clarify the splitting, that E3*(22) ~ Z/32 splits as a direct summand of
E>*(Y7), we again use the exact sequence (5.26). The argument following (5.26)
applies verbatim, with Z/3'® and Z/3 replaced by Z/3'7 and Z/3?%, respectively.

The case v = 14 is similar, but involves a 2-step extension process. In the
diagram of the type 5.30, E5'*(26) extends into E3'* (22) ~ Z /32 and into a Z /3>
built from £/ (18) and E3*(14)." The boundary hits into an element of order 3
in each of these summands, which in the case of the second summand means that
it hits a generator of E22 2 (14). In order to know that the splitting is as claimed,
we must verify that the element hit is 32 times a generator of E5'*/(26). This is
the same sort of verification that we have been making in some other cases, i.e.
that the boundary and the extension involve classes that are unit multiples of one
another, but here the extension is a 2-step process.

Boundary: The generator of Ey'*/(34) pulls back to z = h'%u34 + uh'2156, with
u a unit. The component of the boundary of this in E3*(22) is uh'2 @ (—h)ias.

1Eg’zj(l()) is in the image of 9, and hence does not figure into the extension question being
considered here.
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On the other hand, the boundary into E3* (18) satisfies

0(z) = uh'? @ vhirg = 2uh'® @ higg = —2uh @ h¥11s = d(2uh9L18).
Here we have used the three parts of 2.21, with the last step using that 25 — 18 =
2(2-3"c+8), and so +(2j — 18) = 1 mod 3. Thus z pulls back to 2’ = z — 2uh?1s,
and the leading term of (2') is 2uh® @ hiyy.

Extension: Similarly to (5.28), d(h'*)iz6 is an element of order 3 in E3(26),
and it extends to a cycle 2z’ in C(18,22,26) such that, mod lower classes, 3z’ is
homologous to

]’L13 %) (—h)//22 + h13 ® 21}hL18.
To evaluate 322/, we use the second 3 to reduce each h'3 to h'2. The second term
becomes

2010 @ hi1g = —2h @ h8u1g = d(2h°)11s = —2h° @ (—h)iy4.

Here we have applied (3.2) at the last step.

Thus we have a unit times h'2 @ (—h)ige +2h° @ ht14 as the leading term of both
the image of the boundary, and the 32-multiple of the generator.

The case v < 12 is much easier. The generator of F,*(34) pulls back to z =
Y gy+hY 2196 +hY P18 +hY 5114 and this satisfies 9(z) = h*T! @ vh3119, which
is a generator since it does not desuspend. (Il

The final case differs from the others in that Ey*(Y7) and E3* (Y7) are not
isomorphic.

Theorem 5.34. Assume j is odd and j = 2 mod 9. Then E3* (Y7) ~ Z/3* &
Z/3min(13,u(j711)+4)’ while

1.2 Z/33 o Z/3° ifv(j —11) =2
By (Yo) = 4 in(11,0(j—11)+2)  if (3
7/3% @ Z/3min(1r( if v(j —11) > 2.

Proof. Let j be as in the theorem, and v = v(j — 11). The picture when v < 8 is
as in Diagram 5.35.

Diagram 5.35.

| | N |
AVARRRVAR Y
TN

v<8
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The indicated boundary is seen by pulling back the generator o, /¢34 to a cycle
z on C(14,18,22,26,34), and then obtaining o, 2 ® vhPi10 as the leading term of
d(z). This generates 5>/ (10). This generator Q2 is as described in 2.15(1). The
slash does not mean division; this notation was introduced in papers preceding [8],
where it was first applied unstably.

The boundary from C(26,34) into the large group E5'*(22) has leading term
Qpj2 @ h3199, which is 0 if v < 8. Here we have m = %(] —17), and we use the
argument of 5.11 to see the factor on the RHS of the ®. (Because of ay and ay
attaching maps, going from 34 to 22 is like going from 26 to 14, with coefficient
T, = h3 in Proposition 5.11.) The claimed splitting when v < 8 follows for algebraic
reasons from Diagram 5.35. ‘

If v = 8, then a,,/, ® h3199 has order 3 in ES’QJ (22), by 2.18(1). If we let g
denote a generator of Eg’zj(34), then similarly to Diagram 5.35, 3%g = a + b, where
a is detected on the 22-class, and b on the 18-class. We have relations in E§’2j (Y7)
3%, 3*b, and (from the boundary) 32b + 3%ua, with u a unit in Z 3. The quotient
group is easily seen to be Z/3'2 @ Z/3?, with generators g and (1 — 3%u)a — 33g.
The case v =9 is extremely similar.

If v > 10, then E3?/(22) ~ Z/3', and the component of the boundary into
this part hits 3% times the generator, as before. But this implies now that the
class on E3?7(26) hits the element of order 3 in E3/(22). Whereas in the cases
v = 8 and 9, the hitting into the 22-part was without much consequence, because
it just adjoined another summand to the classes on the 10-cell which were being
hit, the boundary described in the preceding sentence causes one less element in
the kernel and cokernel. In the sort of description given in the previous paragraph,
the relation 3%a is changed to 3''a. Now we have

319 =3"%a =131 =0,
and the claimed splitting follows. (Il

6. The final case

In this section, we establish the final and most difficult case of E21 2 (Y7), with
v(j — 17) = 13. We will explain why we cannot say for exactly which such values
of j the maximal order is achieved.

Theorem 6.1. If j is odd, and v(j — 17) = 13, then for § equal to one of the
numbers 2, 5, or 8,

E21,2j(y7> ~ E§,2j(y7) ~ Z/32 ® Z/Smin(lf),y(j—17—25'313)+4).

The methods of this paper do not allow us to determine which of the three
numbers equals 0.

Proof. Let j — 17 =2 - 313¢, with ¢ # 0 mod 3. The proof begins just like that of
the case 7 = 8 mod 9 in Theorem 5.32. In the diagram of the type that we have
been using, the main tower has groups of exponent 14, 1, 1, 1, and 2, reading from
bottom to top, and a group of exponent 2 extending above the lowest 1. We choose
as the generator of E21’2j (34) the element —av,, /1434, where m = %(] —17). We use
(2.16) to write it as (h'* 4 L)t34, with L defined on S?7. (We choose the minus on
« to remove the minus signs in (2.16) and (2.17).)
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The boundary Ej* (34)i>E§’2j (26) sends this generator to a class congruent
mod lower terms to

h14 ® 211th6 = 2h12 & hL26 = -2h (24 thLQG = d((hll + L,)LQG).

Here we use all three parts of 2.21, with the last step using that j — 13 = 2¢3'3 4 4,
and so 1(j — 13) = 2 mod a high power of 3. Thus the generator pulls back to
z = h14L34 — hllbgg.

Next we consider d(z) in both E3*/(22) and in E3*(18). The former has
leading term (h'* ® h® — h'' ® (—h))toz. This desuspends to S and hence is 0 in
E>*(22) ~ Z/32. Since the 22-cell factor is split from C(10,14), we do not need
to write this as a boundary and append to z. In C?(18), we have

d(z) = (' @ 2v?h? — k' @ 2vh)11s = —2h° @ hi1s = 2h ® W71 = d(—3h50s),

similarly to the previous paragraph. Thus z pulls back to 2/ = z + %hsblg.

The leading term of d(2') in E;/(14) is 1h® @ (—h)t1s = 1h ® hS114, and so
a(z") = d((—%fﬂ + L)u14), since (j — 7) = 5 mod a high power of 3. As we will
be working at most mod 9, we replace the 10 by 1. Thus z’ pulls back to

(62) ZN = —Qyp/14l34 — h11L26 + %hSng + h7L14.

Now we use (2.17) for o, 14, and obtain terms in 9(z”) due to the first and last
terms of (6.2):

(6.3) 9(2") = (ch ® vh® + K7 @ (—h))t10 = (Le+ 1)k @ hBuy.

This is a generator if ¢ = 1 mod 3, in which case the diagram described at the
beginning of the proof has differential from the generator of E; 2d (34) and 3 times
the generator killing E5'*/(10), yielding Z /32 & Z/3'7 as the groups Ey* (Y7) and
E22 24 (Y7), as claimed in this case. The splitting is true for algebraic reasons.

If ¢ = 2 mod 3, then d(2") is not a generator of E3'* (10) ~ Z/9, but it might be
3 times the generator. This requires second-order information throughout the entire
analysis above. This is something that we have not had to do in past applications.
In particular, we need finer information in all three parts of Lemma 2.21, in both
descriptions of o, /. in Theorem 2.15(2), and in Proposition 5.11.

We now write ¢ = 3k + 2. The cycle 2z’ above can be written as

(6.4) 2= — Q14034 + (—hll + Aqp + LlO)L26 + (%hs + A7 + L7)L18

+ (A" + Ag + Lo)ura,
where A; has excess exactly 7, and L; has excess less than 7. When we evaluate
d(z"), the terms of excess 5 will cancel out as in (6.3) with ¢ = 2, and so we
can desuspend 9(z") to 8. Our differential into E3* (10) is equal to 3 times the
generator if and only if the desuspension of d(z”) yields a generator of E3 21 (59).

Let By be the terms of excess exactly 4 in T3 of Proposition 5.11. The terms of
excess 4 or 5 in 9(z") are

(6.5) — Q14 ® (20h® + By) + $h3 @ 0% + (B + Ag) ® (—h).

Note how certain terms such as 0A;p and 0A; were dropped because they yield
terms whose excess is less than 4.
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By an analysis similar to [13, 2.11(5)] we have, when p = 3 and ¢ # 0 mod 3,
Qege—t)e = —chv®3 T T 4 %ch2v63671_2 — 3¢h3v3° " =3 mod 9.

Let b7 ® (-h)=h® h® 4+ Cy4 + L4, where Cy has excess 4, and L4 excess less than
4. Omitting terms of excess less than 4, (6.5) becomes

(6.6) ((3k +2)(h+ 3h%) — 3h* + 6h°) ® (2vh® + By)
+ I8 @h2+h®@h° +Cy— Ag @ h,

where the (h 4 3h2) comes from hv®" ~! = (v — 3h)3° ' ~1h. Now write h ® vh®
as h ® h® — 3h? ® h®. Using coefficients of 3 to reduce the excess of terms on the
right side of the ®, we can rewrite (6.6) in excess 4 as

(6.7) 3kh@h®+2(h+ih? +h3) @ h® +2h ® By + $h8 @ h* + Cy — Ag ® h,

where the 3k ® h® comes from the 2h ® $h® and h ® h® in (6.6). Let Dy =
%(h + %hQ +h3) @ hd + ih8 ® h? 4+ C4, a specific class of excess 4, independent of
the value of k and of any choices of the sort that we are about to mention.

The term By is the terms of excess 4 in (5.17). It could also have included any
terms of excess 4 in the homogeneous part of T3 discussed in the paragraph after
(5.17), but as discussed there, this homogeneous part has excess less than 4. Then
By contains a term —%U2h4 which appears in (5.17), and it could contain a term
9¢ohY if ¢y # 0 mod 3. However, because of a term with coefficient % which has cg
as coefficient, we can infer that ¢ = 0 mod 3. Thus By = —%th‘l, and so we can

let D} = Dy — h ® v?h?*, still a specific element of excess 4, and we have
(6.8) 1kh®@h* + D) — Ag® h

as our new expression for 9(z”) mod L.

Next we study Ag. To find it, we apply i>E§’2j(14:) to the sum z3 = X7 + Xo +
X3 of the first three terms of (6.4), and write the result as d(Ag). The terms in
9(X1) will have excess less than 5, and so may be omitted from the analysis. There
is one term, $h®® (—h), of excess 6, which accounts for the h” in (6.2). There are a
number of terms of excess 5, which contribute toward Ag. In particular, note that
d(h®) = h ® h®, and so each occurrence of h ® h® in d(z3) affects the coefficient of
h% in Ag. The leading part of d(Xs) is —h'! @ Ty, where T} is as in 5.11. The full
form of Ty is given in (5.14) and involves a homogeneous part whose coefficient ¢
we do not know. Two parts of this homogeneous part have a factor of 3, which can
be used to reduce the excess, but ch'! ® v2h = ch” ® h = —ch ® h® will cause a
chS-term in Ag, and hence a ch ® h* in (6.8). Thus the coefficient of h ® h* in (6.8)
is k+ D+ c € Z/3, where D is something which we could compute if we really
needed to. Note also that for our purposes (6.8) lies in Z/3 generated by h @ h*.
The coefficient ¢ has a value; we just don’t know how to find it. Therefore, there is
one value of k in Z/3 for which (6.8) is 0. (The diligent reader can check that such
considerations cannot affect earlier parts of the argument.) Thus the differential
into £2*(10) is 0 if and only if k, defined by j — 17 = 2(3k + 2)3'3, has this value
mod 3. Letting § = 3k + 2 mod 9, this establishes the theorem. O
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7. Periodic homotopy of E;

In this section we use the results for E5/ (Y;) already achieved to deduce that
v, (Er7) is as claimed in Theorem 1.1. The first result almost finalizes v, (Y7), given
the results for E§’2] (Y7) determined in the previous two sections.

Theorem 7.1. The vi-periodic UNSS of Y7 converges to ve(Y7). If j is odd, then
Vo 11(Y7) = 0, va;(Y7) = v9;(ST), woj_a(Yr) = E3*(Yz), and there is an exact
sequence ‘

0 — v2j_1(S7) — voj_1(Y7) — Ey™ (Y7) — 0.

Proof. One thing that we have to worry about in proving convergence of the
vi-periodic UNSS is to rule out the possibility of a vi-periodic homotopy class
which is not seen in v;-periodic E5. This could come about by having a sequence
of homotopy classes related by a filtration-increasing v;-multiplication. We must
also rule out the existence of elements in v;-periodic E,, which do not correspond
to elements of vi-periodic homotopy. This could come about from a sequence of
F»-classes related by filtration-preserving v;-periodicity in Fs, which support arbi-
trarily large differentials into a sequence of classes related by filtration-increasing
vi-multiplications. The way that we will show that these things cannot happen
for Y7 is to note that Y7 is built by fibrations from spaces where we have already
established convergence.

In (5.7), it was noted how the v;-periodic UNSS of Y7 splits into the part from S”
and the part from even-dimensional classes. As all of this is confined to filtrations 1
and 2, we obtain the following schematic picture for E;’t (Y7), which must necessarily
equal F..

=2 ev S
s=1 ev S7
t—s=[27=2]2—1] 2 [2j+1]jodd

Here a box labeled S7 means the corresponding group Ej3*(S7), while a box
labeled “ev” (for “even”) means the corresponding group Ej (10,14, 18,22, 26, 34),
as computed in Section 5. This Fy calculation is consistent with the fibrations (5.5)
and S7 — QW — Q523 of Proposition 5.1.

For X = Q5% QB(11,15), or QE;/F}, the vi-periodic UNSS collapses to iso-
morphisms, if j is odd,

0 ife=0or1l
v mjee(X) 2 ESY (X)) ife= -2

This is true for Q2523 by [9, 6.1], for QB(11,15) by the fibration
Qs — QB(11,15) — QS*,

and for QF7/F, by Theorem 4.6. (Although 4.6 dealt with convergence for E7/Fy,
the methods of Section 5 show that the calculation for F5(QE7/Fy) is just that for
E5(E;/Fy) shifted back by 1 dimension, and of course the same is true of v1-periodic
homotopy groups.)

Let j be odd. We can use a Five Lemma argument once we establish that, for
¢ = 1 or 2, there are morphisms vy, _(—) — Egy* () for these spaces. To see that
such morphisms exist, we note that since compact Lie groups and spheres have
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H-space exponents ([28]), the spaces with which we deal here all have H-space
exponents. By [21], this implies that each v;-periodic homotopy group is a direct
summand of some actual homotopy group, and then we can take the morphism from
homotopy to homotopy mod filtration greater than e, which is (unlocalized) E¢_,
then to (unlocalized) Ef as the kernel of the differentials, and then to vi-periodic
ES. This argument is similar to that used in [19].

Thus, letting X = E7/Fy and B = B(11, 15), there is a commutative diagram of
exact sequences

’Ugj_l(QX) - Ugj_2(9523 X QB) — U2j_2(Y7) — ’Ugj_g(QX) — 0

~l ~l 1 A

Ey¥(QX) — E3Y(QS®xQB) — E3Y(Y;) — EY@QX) - 0

which implies that ve;_o(Y7) — E§’2j (Y7) is an isomorphism.
Similarly, there is a commutative diagram with exact rows and the first column
exact

0
B39 ~ By (v
l l
0 — w1 (QW xQB) —  wy1(Yr) — w2 1(QX) — vy o(QW xQB)
o l ~| o=
0 — Ey¥QSBxOB) — Ey¥(Y:) — EyYQX) — E*Y(QS% x QB)
!
0

which implies that the second column fits into a short exact sequence.
The portion of the theorem about vej+1(Y7) and vg;(Y7) is immediate from the
exact sequence in v,(—) associated to the fibration (5.5). O

We restate the following result from [13, 1.3(1)].

Lemma 7.2. The projection map B(3,7) — S induces an isomorphism in va;_1(—)
unless j is odd and j = 21 mod 27, in which case it is a surjection Z/3* — Z/33.

The isomorphic groups are 0 if j is even, while if j is odd, they are cyclic of order
3min(3,1+u(j—3)).

The next result, combined with the above results and Theorems 5.18, 5.23, 5.29,
5.32, and 6.1 gives v, (FE7) for most values of .

Theorem 7.3. (a) If j is odd, j # 2 mod 9, and j # 21 mod 27, then the exact
sequence of the fibration Y7 — B(3,7) — E7 breaks up into isomorphisms

v2;(Y7)v2;(B(3,7))  and  va;1(E7) a5 o(Y7)
and a short exact sequence
0— U2j<E7) — vgjfl(Yﬁing,l(B(?), 7)) — 0.

If E21’2j(Y7) ~Z/3% @ Z/3™, with 1 <e; <2, is as given in Theorems 5.18, 5.23,
5.29, 5.32, and 6.1, and v2j_1S” & vy;_1(B(3,7)) ~ Z/3% is as in 7.2, then

(74) ’U2‘_1(Y7) ~ Z/3el+e2 D Z/3m,
J

and ¢ sends the first summand onto Z/3%.
(b) If j is even, then vo;E7 = vy;_1E7 = 0.
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Note that even if ¢ sent the second summand nontrivially, its kernel would
still be Z/3° @ Z/3™, since m > e; + e2. Thus if j is as in Theorem 7.3(a.),
there are abstract isomorphisms vo;(E7) ~ E3*(Y7) and voj_1(E7) = E2% (Yy),
with E5*/(Y7) as given in Theorems 5.18, 5.23, 5.29, 5.32, and 6.1. This implies
Theorem 1.1 in these cases.

Proof of Theorem 7.3. There is a commutative diagram of fibrations
QW — B(@3,7)— K

(7.5) ! = v

Y~ — B(3,7) — Ex
where the last map is the composite K — Fy — FE7. Since by [10, 2.10(i)] the
composite S” — QW — B(3,7) — ST has degree 3, we deduce the same of the
composite ST — Y7 — B(3,7) — S7. We already know that v;S” — v9;Y7 is an
isomorphism, and va;B(3,7) — v2,;57 is multiplication by 3 on isomorphic groups.
It follows that ve;Y7 — v9;B(3,7) is an isomorphism.

There is a commutative diagram of fibrations

ST QW — Q8%
(7.6) ! 1
57 — Y7

The cyclic extension in vg;_1(Q2W) was established in [10, pp.294-5]. This implies
the nontrivial extension in ve;_1Y7 claimed in the theorem from the Z/3°* on the
22-class in Ey™™ (Yz) to vg;_1(S7) in the exact sequence of Theorem 7.1.

There cannot be an extension in vy;_1Y7 from the Z/3™-summand of ]521 2y,
because of the splitting Fy = K x B(11,15). The element of order 3 in the large
summand of vg;_1Y7 comes from B(11,15), while the S7 lies in K. This is made
explicit in the commutative diagram of fibrations

QB(11,15) x QW — B(3,7) — F,

(7.7) ! ! !
Y, — B(37 7) — Ey

That ¢ sends the first summand of (7.4) onto ve;_1B(3,7) follows from the diagram
(7.7) and the surjectivity of ve;_1(QW) — v9;_1B(3,7) established in [10, pp.297-
8. O

One of the cases omitted in the previous theorem is covered in the following

result, the proof of which is very similar.

Theorem 7.8. If j is odd and j = 21 mod 27, then the exact sequence (with
B =B(3,7))

1 2
0— ’UQJ'Y7—>7)2]‘B — ’UQjE7 — ’U2j71Y7—>’02jle — U2j71E7 — Ugj,2Y7 — 0

has ¢1 an injection Z/3% — Z/3*, and ¢ a surjection from the first summand in
Z/3*®Z/3™ — Z/3*. Moreover,

voj Err & coker ¢y @ kerpo =~ Z/3BZ/3™.
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Proof. Similarly to the previous proof, the morphism ¢; follows from [13, 2.5]
and [10, 2.10(1)], the structure of vy;_1Y7 follows from (7.6), and the morphism ¢,
follows from (7.7). The Z/3™ in vq;_1Y7 cannot extend cyclically with coker ¢q
in vyjE7 because the element of order 3 in Z/3™ lies in ve;_1QB(11,15), while
coker ¢ lies in vy; K, and these cannot be related by a -3-extension due to the
splitting F; = K x B(11,15). O

We begin working toward determination of vo;_.E7 when j = 2 mod 9 with the
following proposition.
Proposition 7.9. If j is odd and j = 2 mod 9, then the exact sequence of the
fibration Y7 — B(3,7) — Ey yields

o 0y Y7 — v9,;B(3,7) is an isomorphism of Z/3’s;

o U1 F7 — vy Y7 is¢an isomorphism;

[ ] U2jE7 ~ ker(vgj_1Y7*>v2j_1B(3, 7) ~ Z/-?))

Proof. Surjectivity of vo;_1Y7 — ve;_1B(3,7) follows from (7.7), while vy;Y7 —
v2;B(3,7) is bijective as in the proof of 7.3. O

By 7.9, 7.1, and 5.34, voj_1 7 is seen to be as claimed in Theorem 1.1 when j = 2.
It remains to determine vy;_1Y7 and ¢, from which ve; E7 follows.

Theorem 7.10. Let j be odd, and v =v(j —11). If2 < v <9, then
vyj 1Yy~ Z/3" 3 @ Z/3*

and ¢ sends Z./3* nontrivially. Thusker ¢ ~ Z/3V13DZ/32, regardless of ¢ | Z/3vF3,
Proof. Similarly to the proof of Theorem 7.3, the extension in

Z/3 ~vyj 18T = wo; 1Yy — Ey¥Y; ~ 2/3V 2 @ Z/3*
is nontrivial from the first summand. From [10, 2.12], v, 1 (QW) — va;_1B(3,7)
is a surjection Z/3"*2? — Z/3, and from (7.5) it factors as

V21 (QW) — U2j71Y7$U2jle(3v 7).

From (7.6), v2j—1(QW) — vg;_1Y7 is an injection Z /32 — Z/3""3 & Z/3%, since

the element of order 3 in vo;_1(QW), which comes from vg;_1(S”), maps nontriv-
ially. The result now follows from elementary algebra. (I

The same ingredients imply the following result.

Theorem 7.11. If j is odd and v(j — 11) > 10, but j # 11 +2- 3% mod 2 - 311,
then

’Uzj,1Y7 ~ Z/312 S Z/34
and ¢ is surjective in Proposition 7.9.

We cannot deduce from this which summand(s) of vgj_1Y7 maps nontrivially
under ¢, and so we cannot tell whether ker ¢ is Z/3'2 @® Z/33 or Z/3' @ Z/3*. We
suspect that Z/3* maps across, which would imply the first splitting.

Finally we have the following result in the exceptional case. In order to keep the
statement of Theorem 1.1 readable, we did not distinguish there between this case,
in which we know the precise structure of vo;_1E7, and the case of Theorem 7.11,
where we do not.
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Theorem 7.12. If j = 11+ 2- 30 mod 2 - 3!, then
’UQjE7 ~ Z/312 D Z/33

Proof. As in the proof of 7.10, voj_1Y7 ~ Z/3'2 & Z/3*. It was shown in [10, 2.12]
that voj_1(QW) — vg;_1B(3,7) is 0 if j =11 +2-3'° mod 2 - 31
Let G denote the fiber of K — FE;. There is a commutative diagram of fibrations

QW — QW
l l

Y; —B(3,7)— E;
1 ! 1

G — K — E7.
It follows from the Serre spectral sequence of the fibration QW — Y7 — G that
BP.(G) ~ BP.[r10, 714, T18, T26, T34],

and so charts for v,G are like charts for E5'* (Y7) without the part on the 22-class.
The chart for v9;_1G and vo;_2G whenever j = 2 mod 9 is like Diagram 5.35
without the v + 1. In particular, ve;_1G is cyclic with generator on the 26-class.
The proof of Theorem 5.34 in the case ¥ > 10, where it says that the class on
E21’2j (26) hits the element of order 3 in E§’2j (22), implies that ve;_1G — vg;_1K
sends the generator to the element of order 32. Now it follows from the following
commutative diagram with exact rows that ¢ is surjective on the Z/3* summand.

z/3! Z/32 0 Z/3" Z/3°
0— UQjW — ’Ugj_1Y7 — ’Ugj_lG — Ugj_lw
L : |-
'U2jle - U2j71K - 'U2j71W
7/3 7/312 Z/311
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