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Measures of sum-free intersecting families
Neil Hindman and Henry Jordan

ABSTRACT. Let o be the supremum of all § such that there is a sequence
(An)$2 , of measurable subsets of (0,1) with the property that each Ap has
measure at least § and for all n,m € N, A, N Ap, N Apgm = 0. For k € N,
let o, be the corresponding supremum for finite sequences (An)ﬁzl. We show

that o = klim ay, and find the exact value of «, for k& < 41. In the process of
— 00

finding these exact values, we also determine exactly the number of maximal
sum free subsets of {1,2,...,k} for k < 41. We also investigate the size of sets
(Az)wes with Az N Ay N Agyy = 0 where S is a subsemigroup of ((0,00),+).
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1. Introduction

Recall that Schur’s Theorem [5] says that whenever the set N of positive integers
is partitioned into finitely many cells, one of these must contain n, m, and n + m
for some n and m. And van der Waerden’s Theorem [8] says that whenever N is
partitioned into finitely many cells, one of these contains arbitrarily long arithmetic
progressions. And Szemerédi’s Theorem [7] says that in fact any set with positive
upper density contains arbitrarily long arithmetic progressions.

In his mathematical youth, when he was a student of Furstenberg (who had
provided an ergodic theoretic proof [3] of Szemerédi’s Theorem) Vitaly Bergelson
was thinking of possible density versions of Schur’s Theorem. Of course, the obvious
density version is false because the set of odd integers has density % However, he
was able to establish a strong density statement which does have Schur’s Theorem
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98 NEIL HINDMAN AND HENRY JORDAN

as a corollary, namely that whenever N is finitely partitioned, there is one cell C'
of the partition such that d({n € C : d(C'N(C —n)) > 0}) > 0, where d is upper
asymptotic density. (The statement of [1, Theorem 1.1] is actually stronger than
this.)

At about the same time, Bergelson thought it would be nice if one could show
that whenever (A,)52, is a sequence of measurable subsets of (0,1) each with
positive measure, there would have to exist some m and n such that the measure
of A, N A,, N A, is positive. Unfortunately, as he quickly noticed, this is easily
seen to be false. In fact, if for each n € N one lets

An={w € (0,1 [na) + § <ne < [na) + 3},

then for all n,m € N, A, NA,, N A,m = 0. Further, these sets are all quite simple,
each being the finite union of open intervals.
This curious fact, called to the attention of the authors in conversation with
Bergelson, is the starting point of this paper. One naturally wants to know whether
1

measure 3 is as good as one can do. That is, if « is as defined below, is o = %? We

write p(A) for the Lebesgue measure of a subset of (0,1).

Definition 1.1.

(a) a = sup{d: there exists a sequence (A4,)>2 ; of measurable subsets of (0,1)
such that for each n € N, u(A,) > d and for alln,m € N, A, NA,,NApim =
0}.

(b) Let k € N. Then oy, = sup{d: there exists a sequence (A4,)%_; of measurable
subsets of (0,1) such that for each n € {1,2,...,k}, u(4,) > ¢ and for all
n,me{1,2,....k}, if n+m <k, then A, N A, N Ay = 01}

One of course has trivially that for each k¥ € N, ax > agpy1 > a. We in fact
hoped that we could find some reasonably small & for which o = % This turns
out not to be the case (assuming that “reasonably small” means some number less
than 42). We do however have the following theorem. Note that in particular, it
tells us that the supremum in Definition 1.1 is obtained, and in a reasonably simple

fashion.

Theorem 1.2. o = klim ay. There exist (B)$2 such that for each t € N, By is a
—00

union of at most 21~ open intervals in (0,1), for each t € N, u(B;) > «, and for
allm,m €N, B, N By, N Bpom = 0.

We shall prove Theorem 1.2 in Section 3. Section 2 is devoted to the computation
of ay, for k < 41. In Section 4 we consider the problem of finding (A, ).es for other
subsemigroups S of ((0,00),+) such that A, N A, N Ayqy = 0 for all 2,y € S.
We show for example that we can find (A;),cq+ with this property such that each

p(Az) = 5.

2. Computing oy and maximal sum free sets

We see immediately that the problem of computing «ay is intimately related
to finding all of the maximal sum free subsets of {1,2,...,k}. It is a curiosity
that while there is a substantial literature on sum free sets, as a quick search of
MathSciNet will reveal, the only papers we have been able to find on maximal sum
free subsets of {1,2, ..., k} are [4] and [2]. In particular, the number of maximal sum
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free subsets of {1,2,...,k} was not on The online encylopedia of integer sequences
[6] until we submitted it with this paper as a reference. The connection is given by
Theorem 2.3. Before presenting this theorem we introduce some notation. Since we
are dealing throughout this paper with subsets of (0, 1) we will adopt the convention
that ), cg An = (0,1). We denote the set of finite nonempty subsets of a set X by

Pr(X).

Definition 2.1. Let H € P¢(N), let ' C H, and let (A,)n,en be a sequence of
subsets of (0,1).

D(F,(An)nen) = ﬂtep Ap\ UteH\F Ay
If H = {1,2,...,k} for some k& € N, then we write D(F,(A,)*_,) for

n=1
D(F,{Ap)nem). Notice that D(F,(A,)*_,) is that cell of the Venn diagram of
(An)E_ | determined by F. That is, given z € (0,1), € D(F, (A,)F_,) if and only
if
F={nec{l,2,... .k} :x € A,}.
In particular, if D(F, (A,)k_1) N D(G, (A,)k_)) # 0, then F = G.

Definition 2.2. Let k € N.

(a) Fp, = {F C {1,2,...,k}: there do not exist n and m such that
{n,m,n+m} C F}.
(b) My is the set of maximal members of Fy.

The following theorem tells us that when calculating oy, we need only be con-
cerned with sequences (A, )%_; for which the nonempty portions of the Venn dia-
gram correspond to maximal sum free sets.

Theorem 2.3. Let k € N and let § > 0. Assume that (A,)*_, is a sequence of
measurable subsets of (0,1) such that for each n € {1,2,...,k}, u(A,) > and
whenever {n,m,n +m} C {1,2,...,k} one has A, N Ay N Apym = 0. Then
there exists a sequence (Bp)*_, of measurable subsets of (0,1) such that for each
n € {1,2,...,k}, w(Bn) > 6, whenever {n,m,n +m} C {1,2,...,k} one has
By, N By N By = 0, and for each F C {1,2,...,k}, if D(F,(Bn)E_,) # 0, then
Fe M.

Proof. For each F € Fy, pick Hp € My, such that FF C Hp. For n € {1,2,...,k},
let B, = U{D(F,(A)F ) : F € Fr,and n € Hp}.

First we observe that for each n € {1,2,...,k}, A, C B,, so in particular
w(Bpn) > n(Ay). To see this, let x € A, and let F = {t € {1,2,...,k} : z € A}.
Then x € D(F, (A;)F ;) andn € F C Hp so z € B,,.

Next assume that {n,m,n + m} C {1,2,...,k} and suppose that we have
x € By, N By, N Byym. Pick Fy, Fy, and F3 in Fj, such that n € Hp,, m € Hp,,
n+m € Hp,, and € D(Fy, (A)¥_) N D(Fy, (A)F_ )N D(F3, (A)F_,). But since
this intersection is nonempty we have that F; = F, = F3 and so {n,m,n+ m} C
Hp,, a contradiction.

Now let G C {1,2,...,k} and assume that we have some = € D(G, (B,)*_)).
Then G ={n € {1,2,...,k}: x € B,} so by what we have just seen, G € Fy. Let
F={ne{l,2,....,k} :z € A,}. We claim that G = Hp for which it suffices to
show that Hr C G. So let n € Hp. Since x € D(F, (A;)F_,) we have that z € B,
son € G. (]



100 NEIL HINDMAN AND HENRY JORDAN

At this stage we pause to establish a result which does not require computer
assistance.

Theorem 2.4. a5 = ag = a7 = %.

Proof. Let

A1 =(0,3)U(5.1)

Ay =(%,9)

A3 =(0,5)U(5.3)U(E,5)
As=(5,35) U (5 1)

A5 =(0,5)U(5.5)

As = (5.3)U (5. 5)

A7 =(0,5)U(5,3) V(51

This assignment establishes that ay > %.

Now assume that we have Ay, Ao, As, A4, and Ay with each u(A,) > ¢ and
A, NAnNA, =0 whenever {n,m,n+m} C {1,2,3,4,5}. By Theorem 2.3 we
may assume that D(F, (A,)2_;) = () whenever F ¢ M.

Note that Mz = {{1,4},{2,3},{2,5} {1,3,5},{3,4,5}}. Let

n(DH1, 4}, (An)521))
= 1(D({2,3}, (An)i=1)) »
= u(D({2,5}, (An)n=1))

—~ o~ —~

n)

n)

n) :
{1,3,5}, (4n)3=1)), and
{3,4,5}, (An)nz1)) -

Then we have that

6 < p(Ar) =21+ 24,

0 < p(Az) = w2 + 23,

0 < u(A3) = a9+ x4 + 5,

0 < u(Ay) = 21 + s, and
0 < u(As) = o3 + 24 + 25 .

Therefore we have
1>21 4z +23+24+ 25

=114+ ma) + 322+ 23) + 3(x2 + 24+ 25) + (21 + 25) + (23 + 24 + 25)
>i5+36+30+356+16

4
505<§. O

We now show that evaluating oy can be reduced to a linear programing problem.
We also see that ay, which is defined as a supremum, is actually obtained as a value.

Theorem 2.5. Let k € N and let (H,)"_, enumerate My. Fori € {1,2,... k}

n=1
let G; = {n € {1,2,...,m} : i € H,}. Let d be the minimum value ofz 1 Tn
subject to the constraints x, > 0 for each n € {1,2,...,m} and ) .4 Tn > 1
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for each i € {1,2,...,k}. Then ap = . Further, there exist (Ay)f_, such that
each Ay is a finite union of open intervals contained in (0,1), u(A) > ag for each
te{1,2,...,k}, and whenever {n,m,n+m} C{1,2,...,k}, ApxNA,NAyim =0.

Proof. We ﬁrst show that oy, < 4. Suppose instead that o > % and pick v such
that ap > v > . Pick (4,)F, buch that each A; is a measurable subset of (0, 1),

w(Ay) >~ for each ¢t € {1,2,...,k}, and whenever {n,m,n +m} C {1,2,...,k},
A, NAL N Ay = 0. By Theorem 2.3 we may presume that D(F, <At>f:1) =0
whenever F' C {1,2,...,k} and F ¢ M.

For each n € {1,2,...,m}, let z,, = 3 ( (Hn, (A¢)i_1)). Then each z, >0
and, giveni € {1,2,.. k} v < (A) =3 (D(Hn7 (Ap)k_ 1)) = nea, V' Tn
SO Y peq, Tn > 1. Also7 S, = % S ( (Hn, (Ag)iy)) < %, sod< %, a
contradiction.

Now we show that ap > % and simultaneously that the last sentence of the
theorem is valid. Choose (z, )", such that > | z,, = d, Znegi z, > 1 for each
1€{1,2,...,k}, and x,, > 0 for each n € {1,2,...,m}.

Let ap = 0 and forn € {1,2,...,m}, let a, = é-Z?:l x¢, so that a, —a, 1 = .
For i € {1,2,...,k}, let Ay = J{(an_1,a,) : t € H,}, so that D(H,, (A)F_|) =
(an—1,a,) and if F C {1,2,...,k} and F ¢ My, then D(F,(A;)¥_) = (). Then for
each t € {1,2,...,k}, u(Ar) = Y cq, (an — an_1) = Enth n > 1. O

We computed ay, for 8 < k < 41 as follows. We ran a Pascal program which found
all maximal sumfree subsets of {1,2,...,k} and prepared a text file as input for
the Mathematica LinearProgramming program. We took the Mathematica results
and processed them with another Pascal program. We present the results in the
Table 1. As we indicated earlier, the exact value of | M| is of independent interest
so we record that count. Further it is known that [£] <log,(|My|) < & — 2728k,
(The first inequality is from [2]. The second inequality is from [4], where it is said
to hold for all sufficiently large k, though it almost certainly holds for all k.) For
5 <k <41, M varies from approximately .4644 to approximately .3974.

It is interesting to note that the sets (A;)¥_, obtained from the linear programing
problem have a relatively small number of sets H € M, with D(H, (A;)F_;) # 0.
For example, |My;| = 80256 and [{H € My : D(H, (A)¥ ;) # 0}] = 39.

3. Proof of Theorem 1.2

As we have noted, it is trivial that o < agy1 < ay, for each k € N. In this section
we set out to show that o = klim ay and, furthermore, that « is actually achieved
—00

in a quite simple fashion via sets (A4,,)52; each with measure at least o and each
consisting of a finite union of intervals.

Our approach is via assignments of weight to (,.p A for each F' € Py(N).
Recall that we are interpreting (,cy At as (0,1).

Lemma 3.1. For all H € P¢(N), every sequence (A¢)icn of subsets of (0,1), and
al FCH,

N(D(Fv <At>t€H)) = ZGQH\F (_1)‘G‘ (MNierua At) -
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TABLE 1

k Qg M| || & g [M]
1 1 1|21 3623 ~ .38205 471
2 | 4 =.50000 2 |22 26393 ~ 37837 598
3| 3 =.50000 2 |23 26393 ~ 37837 797
4| 3=.50000 | 4 |24 25393 ~ 37837 1043
5| 3~ .44444 5 | 25| 2081 ~ 37553 1378
6| 2~ .44444 6 | 26| 22108 ~ 37521 1765
7| 5~ .44444 8 ||27| 23185 ~ 37521 2311
8 | 2~.42857 | 13 | 28| 2239 ~ 37486 3064
9 | 2~.42857 | 17 | 29| 1133384834 & 37485 | 3970
10| 2=.40000 | 23 |30| JS928US ~ 37247 | 5017
11| 22 ~.39648 | 29 | 31| (292878 ~ 37247 | 6537
12| 22 ~.39648 | 37 | 32| 2394009 ~ 37188 | 8547
13| 35 ~.39576 | 51 | 33| 323290 ~ 37114 | 11020
14 | £33~ 39391 | 66 | 34| SpiTe259 ~ 37071 | 14007
15 | £33~ 39391 | 86 | 35| L33599 ~ 37021 | 18026
16 | 22 ~ 39273 | 118 |36 | S2884590 ~ 37021 | 23404
17| 22~ 39265 | 158 || 37 | 2220 ~ 37021 | 30026
18 | 435 ~ 39260 | 201 | 38| 1222216720 ~ 36999 | 37989
19 | 235~ 39260 | 265 || 39 | 122200 ~ 36999 | 48945
20 | 2523 ~ 38205 | 359 || 40 | {20T0802158 ~ 36667 | 62759

41 | (28070802153 ~ 36667 | 80256

Proof. We proceed by induction on |H \ F|. If F = H, then both sides are equal
to (Ve At). So assume that |[H \ F| > 0 and the lemma is true for smaller

values.

Pick k € H\F. Then D(F, (A¢)tern) UD(FU{k}, (At)ienr) = D(F, (At)icm (1))

and D(F, (A)eerr) N D(F U {k}, (Aehierr) = 0. So

w(D(F, (At)ien)) = u(D(F, (A)emqry)) — w(D(F U {k}, (As)ien))
= D GC(H\{k\F (=D w(Myepue Ar)

= Yecm oy (-1
al .

=Y ac g (1)

#(MNerue A¢)

: U(ﬂteFu{k}uG Ar)

+ Y copycar CD (M roauiry) A

= ZGQH\F (_1)‘6‘ T

(ﬂteFUG At)'
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We shall be interested in the following lemma in the case M = {1,2,...,k} and
t = k for some k € N. The more general version is needed for the proof.
Lemma 3.2. Let M € P¢(N) and let v : P(M) — [0,1]. For F C M define
§(M,F) =3 ccmr (—Dlel A (FUG).
(a) fF C M andt e M\ F, then (M, F) + (M, F U {t}) = 6(M \ {t}, F).
(b) If HC M, then e peys 6(M,F) = A(H).
Proof. (a) We have
§(M,F) =Y ccn i)\ F (D y(FuG)
+ EGQ(M\{t})\F (‘U‘G‘H Y(FUGU{t})
= 8(MN\{t} F) = Cacanrogy D 1(FU{tUG)
=6(M\A{t}, F) = 6(M, F U{t}).
(b) We prove this statement by induction on |M \ H|. If H = M, this is the

definition of (M, H), so assume that H C M, t € M \ H, and
ZHgFgM\{t} S(M\ {t}, H) =~(H). Then
Yorcrem OMF) =Y pepcangy SOM, F) + X gupycrcn (M, F)
= ZHgFgM\{t} (5(M \{th, F) = 6(M,F U {t}))
+ 2 nugrycrem (M, F)
=Y ncrcan gy O\ A{t} F)
=(H). O
In the following we write [N]<“ for the set of finite subsets of N. Thus [N]<¢ =
Pr(N) U {0}
Lemma 3.3. Let v : [N|<¥ — [0,1] and for k € N and F C {1,2,...,k} let
0({1,2,... .k}, F) = ZGQ{LZ...J@}\F (=1)IGl ~(FUGQG). Assume that for all k € N
and oll F C {1,2,...,k}, 6({1,2,...,k},F) > 0. Then we can choose for each
k€N and each F C{1,2,...,k}, a(k, F) and b(k, F') in [0,1] such that:
(a) a(1,0) = 0, b(1,0) = a(1,{1}) = 6({1},0), and b(1,{1}) = 5({1},0) +
6({1},{1}) = ~(0).
(b) Fork €N and F C {1,2,....k}, b(k, F) = a(k, F) + 6({1,2,...,k}, F).
(¢) For k € N and F C {1,2,...,k}, a(lk+ 1,F) = a(k, F), b(k + 1,F) =
alk+1,FU{k+1}), and b(k+1,FU{k+1}) =0b(k, F).
If for eacht € N, By = Ugycrcqio,...iy (a(t,F),b(t, F)), then for each H € Ps(N)
with maxH =k, (Ve Bt = Upcrci .. i (a(k, F),b(k,F)) so pu((Nyepr Bt) =
V(H).
Proof. To see that one can make the assignments as in (a), (b), and (c), observe
that by Lemma 3.2(a), for any k € N and any F' C {1,2,...,k}, we have that
d({L,2,...,k+1}L F)+0({L,2,...,k+ 1}, FU{k+1}) =d6({1,2,...,k}, F).
Next observe that if F,G € P;(N), k =max F, | = max G, and [ < k, then:
(i) If k=1 and F # G, then (a(k, F),b(k, F)) N (a(k,G),b(k,G)) = 0.
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(ii) If I < k and (a(k,F),b(k,F)) N (a(l, G),b(l, G)) # (), then
G=Fn{l,2,...,1} and (a(k,F),b(k,F)) - (a(l,G),b(l,G)).

We show that (Ve iy Bt = Upgcrcpio, iy (alk, F),b(k, F)) for H € Py(N) with
max H = k by induction on |H|. If H = {k} this is the definition of Bj. So assume
that |[H| > 1, let L = H \ {k}, and let [ = max L. Then

ﬂt g Bt =BiN ﬂteL B,
= ZU{k}§F§{1,27...7k} (a(k,F),b(k,F))) N (ULgGg{Lz,...,l} (a(l,G),b(l,G)))
= UHQFQ{LZ,...J@} (a(k,F),b(k,F)).

To verify the last equality, notice that if {k} C F C {1,2,...,k}, L C G C {1,2,
L1}, and © € (a(k,F),b(k,F)) N (a(l,G),b(l,G)), then G = FN{l,2,...,1} so

HCF. Also,if HC FC{1,2,...,k} and G = FN{1,2,...,1}, then L C G.
Finally,

H (mtEH Bt) = ZHgFg{Lz,...,k} 60({1,2,...,k}, F) =~(H)

by Lemma 3.2(b). O

‘We now restate Theorem 1.2.

Theorem 3.4. o = lim «y. There exist (By){2, such that for eacht € N, By is a

k—o0
union of at most 2!=1 open intervals in (0,1), for each t € N, u(B;) > «, and for
allm,m €N, B, N By, N By = 0.

Proof. Since for each k € N, ay > agy1 > a, we have that n = hm oy, exists and

7 > «. It thus suffices to show that there exist (B;){2; such that for each t € N,
By is a union of at most 2!~! open intervals in (0,1), for each t € N, u(B;) > 7,
and for all n,m € N, B, N By, N By, = 0.

For each k € N, pick a sequence (A, ;)F_, of measurable subsets of (0, 1) such that
foreach ¢t € {1,2,...,k}, u(Axk,) > ay and for all n and m, if {n, m,n+m} C {1, 2,

.k}, then Ay, N Ak N Ak, = 0. (By Theorem 2.5 this can be done.) If
t> k, let Ak,t = 0.

Since Py (N) is countable, we may choose an increasing sequence (m(n))s%; such
that for each F' € Py(N), hm ,u(ﬂteF Apn(n),t) exists. For F € Pr(N) let y(F) =
>

lim p(Nyep Amn).t)- Smce whenever m(n) > t, p(Amm)t) = Qmn)

that for each t, y({t}) > n.
As in Lemma 3.3 let for each k € N and each F' C {1,2,...,k},

6({1,2,... .k}, F) = ZGg{l,Q,...,k}\F (DI 1(FUG).

Let k € Nand let FF C {1,2,...,k}. We claim that §({1,2,...,k}, F) > 0. Suppose
instead that 6({1,2,...,k},F) < 0 and let ¢ = —§({1,2,...,k},F). Let s =
k —|F|. Pick n € N such that m(n) > k and for each G C {1,2,...,k} \ F,

71, we have
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€
(e rua Amm) ) —Y(FUG)| < ot Then by Lemma 3.1

0 < ,U*(D(Fv <Am(n)7t>f:1))
=Y acua. e D 1Mieroe Ammy.t)

< oGC{1,2, kN\F ( DIl A(FuUG) + 25)
=0({1,2,...,k},F)+
= 0’
a contradiction.
Fork € Nand F C {1,2,...,k}, choose a(k, F), b(k, F'), and By, as in Lemma 3.3.
Then given H € Py(N), if & = max H, then p((,cpy B:) = v(H). Then for
each t € N, u(B:) = v({t}) > n. Now let r,s € N. If m(n) > r + s, then

ﬂtG{T,S,T—‘rS} Ayt = 0 so y({r,s,r 4+ s}) = 0 and so u(ﬂte{m,ﬂrs} Bt) = 0.
Since each By is a finite union of open intervals, B, N By N By = 0. O

4. Larger semigroups

One can ask whether one can get (A;);cr+ with each A; a relatively large mea-
surable subset of (0, 1) such that for all t,r € R, 4, N A, N Ay = 0. We cannot
answer this question. However, we shall see in Theorem 4.2 that one can find such
sets for t € Q1. And we see now that we can come close for t € RY.

Theorem 4.1. Let §,¢ > 0. Then there exist sets By for all t € (§,00) such that

each By is a finite union of open intervals in (0,1), By N B, N By, = 0 whenever

t,r € (0,00), and pu(By) > 5 — ¢ whenever t € (6,00).

Proof. For t € (1,00), let Ay = {z € (0,1) : [tz] + 3 <tz < [tz] + 2

all t,r € (1,00), AN A N Agyr = 0. Also, if t € (1,00) and k = [t — 2
Uo tls+ 55+ S A CUZ 165+ 5,5+ 5)

and so tlim w(Ay) = L. Pick k such that for all t > k, u(A4;) > & — € and for

3 3
S (5,00), let Bt = Akt/&- [l

}+. Then for
|, then

By restricting ourselves to a countable subsemigroup of (0,00), we see that we
can replace both § and € by 0 in Theorem 4.1.

Theorem 4.2. There exist sets By for all t € QT such that each By is a finite
union of open intervals in (0,1), By N B, N By = 0 whenever t,r7 € QF, and
w(By) > % whenever t € Q7.
Proof. Choose ¢ : NomoQ+. For each n € N, let §(n) = min ¢[{1,2,...,n}]. Pick
by Theorem 4.1 (B, ¢)te(s(n),00) such that for all ¢ € (6(n), 00), (Bnt) > £+ — 1 and
By, N By N By, 4 = 0 whenever ¢, 7 € (§(n), 00). Choose an increasing sequence
(m(n))s>, such that for each F' € P¢(N), lim pu((,cp Bmn),p(t)) exists and let
Y(F) = lim u(MN;ep Bmn)ot). Then for each ¢t € N one has v({t}) > 1.
As in the proof of Theorem 1.2 we have that for each k € N and each F' C {1, 2,
kY Yecte, e (& DIC.4(FUG) > 0. Choose by Lemma 3.3 a sequence

<Ct> ©, such that each C is a finite union of open intervals in (0,1) and for each
F € P¢(N), p(Nyer Ct) =~(F). In particular, for each t € N, p(Cy) > 1.
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For t € Qt, let By = Cy,-1¢;y. To complete the proof, let t,7 € QF. Let
F = {7 (t), o' (r), o (t +r)}. Then By N B, N By = [\,ep Cs. Also, if
m(n) > max F, so that for all s € F, ¢(s) > §(m(n)),

ﬂseF Bm(n),cp(s) = Bm(n),t N Bm(n),r N Bm(n),t+r =0

and so y(F) = 0. Therefore u((,cp Cs) =0s0 By N B, N By = 0. O

We cannot prove that the value % in Theorem 4.2 is best possible, but trivially
this cannot be raised above o and we know o < ay; =~ .36667
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