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On the structure of derivations on certain
nonamenable nuclear Banach algebras
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ABSTRACT. We develop the structure of general bounded derivations on
the algebra of X*-nuclear operators on an infinite-dimensional Banach
space X that admits a shrinking basis.
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1. Introduction

Let (X,9),(0,0)) be a dual pair of Banach spaces, i.e., a pair of Ba-
nach spaces (%,2)) with a nondegenerate, bounded, bilinear map (o,o0) :
X x P —C. By Ny (X) we denote the class of so-called Y-nuclear operators
T € B(X) which can be written as Tx = Y 2 | (x,yn) z, if z € X, with
feak) © Xy} €D and Y52, leal lall < oc. The infimum of
these series taking over all such representations of 7" furnish a norm ||7'|| of
T so that (Ny (%), |o||) becomes a Banach space. By the universal property
of the tensor product there is a unique linear function 7 : X ® 9 —Ny (X)
so that 7(z®@y) =z oy if x € X,y € 9, with (z0y)(2) = (z,y)x if
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r,z € X,y €. Since X ®Y) is dense in the projective tensor product then
7 admits a unique extension A to X®%). If

N(%,9) = {q €XXY 4= T ®yn, Y _llzalllvnl < OO}

n=1 n=1

then N (X,9)) is a linear subspace of X®9). Given q € NV (X,9) it is readily

seen that
o0 o
lall, = inf{ZHmnu lyall :a =3 22 ®yn}
n=1 n=1

and that A (%,2) is closed in ¥R9). As X ® Q) CN (X,9) then N (¥,2) =
S{QA@@ and A becomes surjective. Indeed, by the same reasoning it is easy to
see that ¢ (X)®1' (9) ~ ¥®2), where ~ denotes an isomorphism of Banach
spaces. Now, by the open mapping theorem we deduce that Ny (X) ~
XR®9)/ ker A.

The projective tensor product has a Banach algebra structure given by the
multiplication (21 ® y1) (22 @ y2) = (z2,y1) (z1 @ y2) if x1, 29 € X, y1,y2 €
92). So, X®%2 becomes biprojective and hence biflat. Thus X®9) is amenable
if and only if it has a bounded approximate identity (cf. [8], Theorem 2.21). In
the case of Banach pairings this is indeed the case, so that %@@ is amenable
if and only if dim (X) < oo (cf. [6]). The amenability and superamenability
of ¥®9) impose finite dimensionality of ¥ and ). Moreover,

Theorem 1 (cf. [10], Theorem 4.3.5, p. 98). For a dual Banach pair
(X,9, (0,0)),

the following assertions are equivalent:
(a) X®9) is superamenable.

Ny (X) has a bounded left approzimate identity.

)
() X2
(d) X®2) has a bounded left approximate identity.
)
) dim (X) = dim () < oo.

Throughout this article by X we will denote an infinite dimensional Ba-
nach space having a shrinking basis (see Section 3). The sets of all bounded
finite rank operators on X and of all bounded derivations on a Banach alge-
bra Y will be denoted as § (X) and D (U) respectively. As usual, the closure
in B(X) of §(X), the set of approximable operators on X, will be denoted
as A (X). We will be concerned about structure theorems of derivations on
Nz« (X). For previous related studies on which the underlying space X con-
sists of nuclear or Hilbert—Schmidt operators on a separable Hilbert space
the reader can see [1] or [2]. In Section 2 we will assume that X satisfies
the approximation property in the sense of A. Grothendieck, i.e., there is
a net {Sy},eq in F(X) such that limgeq Sq = Idyx uniformly on compact
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subsets of X (cf. [7], p. 165). Then there is an isometric isomorphism of Ba-
nach algebras between Nys (X) and X®X* (cf. [10], Theorem C.1.5). This
will allow us to transfer our investigation to the frame of the projective Ba-
nach algebra X®X* (see Remark 5). By Theorem 1 the determination of
structure theorems of derivations on X®¥* has its own interest when X is
infinite-dimensional. To this end we will focus on the case when X admits
a shrinking basis. So, in Section 3 we will consider an infinite-dimensional
Banach space X endowed with a shrinking basis and we will show briefly
how the basis may be used to construct a basis for ¥®X*. Our main results
rely on Theorem 7 in Section 4. In this theorem we will develop the precise
structure of general bounded derivations on ¥®%*. Later, we will introduce
the notion of Hadamard derivations and we will prove in Theorem 10 that
they constitute a Banach complementary subspace of D(X¥®X*). Finally, in
Proposition 12 and Theorem 13 we will investigate how bounded operators
on X induce bounded derivations on X@X*.

2. An isomorphism theorem

Proposition 2. Let 7 : XQ%* — Ny (X) be the unique bounded operator so
that T(z@a*) = x @™ for all basic tensors. If X satisfies the approximation
property then T is a Banach algebra isometric isomorphism.

Proof. Let u € X2X* — {0}, say u = >.°° | z, @z with S0 ||z, || |25 <
oo. Indeed, we can assume that z,, — 0 and Y 2, [jzf]| < co. Since
{xn}o2; U{0} is compact and X has the approximation property, we may
find S € F (X) so that

[l
23z =3l
foralln e N. If v =3 07 | Sz, @ a} then

|Szy, — xn|| <

[e.e]
le = vl < D 1520 — 2all I3l < llull, /2,

n=1

and so v # 0. Let S =>F | y,, ®y}, with y,, € X, yf, € X*. Since

00 P P 0o
0= (S i) 05 = o S i 5 40
n=1 \m=1 m=1 n=1

there is y* € X* so that > 7, (xn,y*) ), # 0 in X*. Consequently, there
exists y™* € X** so that

0+ < <xn,y*>x:,y**> = 5" @) (@5 y™) = (5 © ) (),
n=1

n=1
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~ v
i.e., u # 0 and the canonical map ¢ : XRX* — X ® X* is injective. But, if
w=731_12®z; in X®X" then

I () = |7 (w)™]
= sup @™ or(w)"]
Ja** e =1
= sup sup [{@" 2" o7 (w)")
la* e =1 lla* | ==y

= sup sup [{@" o7 (w),z™)|
e =1 [l oy

q
= sup sup Z (25, 2%) <z;, :17**>
=l gen =1 lz* ll 3=y |5

j
= sup sup [(z" @) (w)| = [uw]]

s =T ll2* |2+ =1

€

ie, T |xex: X®X" — F(X) is an isometry. Therefore 7 extends to an

v

isometric isomorphism 7 between X ® X* and A (X). Certainly, 7 = 7o
becomes isometric. Indeed, we already know that 7 is onto and by definition
of the nuclear norm it is an isometric isomorphism. Finally, since

7 (21 @ 21) (32 ® 33)) = (w2, 21) T (21 ® 73)
= (x9,x]) 11 O x5
= (z1 ® x7) o (22 ® x3)
=7(x1®2x]) o1 (2 ® x3)

if 21,20 € X, 27,25 € X* the assertion follows. O

3. Shrinking basis and tensor products

If {z,},2, is a basis of X there is {z}} 2, C X* so that (z,,z}) =
Onm with n,m € N, ie., {z}} 7| is the associated sequence of coefficient
functionals (a.s.c.f.) of {xn},o (see [12], Theorem 3.1, p. 20). Certainly,
{x}} 2| need not be a basis of X* since X* may be nonseparable and so
it may have no basis at all. However, {z}} 7 | is a basis if X is a reflexive
Banach space (cf. [9]). In the sequel, we will assume that {z,} -, is a
shrinking basis. This means, by definition, that the a.s.c.f., {z}°7,, is a

n=1>
basis for X* (cf. [3], [5]).

Proposition 3 (cf. [11], [12]). Let X be a Banach space, let {z,} - be a
shrinking basis of X and let {x}},2, be the a.s.c.f. Then the system of all
basic tensor products x, @ x} is a basis of XRX*, when arranged into a
single sequence as follows: if m € N let n € N so that (n — 1)2 <m < n?
and then write

Zm = Loy (m) ® Lo (m)>
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with

o(m) = (m—(m—-12%n) if(n—12+1<m<(n—1)>%+n,
(n,n2_m—|—1) if(n_1)2+n§m<n2'

Remark 4. In particular, ¢ : N — N x N becomes a bijective function.
Since X*@X — (X@X*)* we will also write 2z, = x7 () ® Tgy(m), m € N.
Thus {z},}-, becomes the a.s.c.f. of {z,} 2.

o0

Remark 5. A Banach space X with a shrinking basis {z,} -, satisfies the
approximation property. For, it suffices to observe that if {z}} ;| is the
corresponding a.s.c.f. the sequence {1, z, ® 2}~ in F (X) converges
uniformly on compact subsets of X to Idx (cf. [10], p. 255).

The proof of the following is straightforward.

Proposition 6. With the above notation, for n,m € N the following asser-
tions hold:

01_1({"}) = {"2 —k+ 1}1§k§n U {k2 + n}kzZn’
oy ({m}) = {(m— 12+ k}lgkgm U {k2 —m+ 1}k>m-

In particular

2 .
— 1 1<m<
(1) J_l(n,m): n m;— Z’f <m <n,
(m—=1)4+n ifm>n.

4. Some structure theorems

Theorem 7. Let X be an infinite-dimensional Banach space with a shrinking
basis {x,},~,. Given § € D(XQX*) there are unique sequences {h,}, oy and
{00} ven S0 that if u,v € N then

(2) 0 (Zo—l(u,v)) = (hu - bv) Zo=1(u,w) + Z (UZ “RZo—1(nw) T Uz ’ Za—l(u,n)) :
n=1
In the sequel we will say that they are the b and vy sequences of 9.

Proof. Let {hﬁyv}uvneN C C so that ¢ (zgq(u’v)) =3 bz ifu,v €
N. If w,v,t € N then z, ® 2} = (x4, @ z7) (2 ® ) and so
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(3) l‘u & ZL‘ Z hu v ( 0’1 02(n))
= 5(xu®xt)(mt®xv) + (g ® 27) 0 (2 @ )

= Z bty (mu®x02(n)>

nEal_l {th

Y (T @)

nEagl({t})

t
= Z {hz(f,t_l)Q—i_nzo—l(n,v) + bi,zv_n—i_lza—l(u,n)}

n=1
{hn AR o~ 1(n,v) + hn +t Zo— 1(u,n+1)} :
n=t

Therefore by (3) we get by, = 0 if n ¢ ot ({u}) U oyt ({v}) for all
u,v,n € N. Now, by evaluating hZ; ) from (3) the following assertions
hold:

v—1)%4u v—1)? u?—
(4) t<u<uv = bV = iv”“ﬂ) o

2 v
u<t<v = hry e = Evl h(tl

2 2 _
u<v<t = hr; e =) ”+1+hu7t u

t,v

. g_l(n,n) A . .
In particular, by, , = 0 if n € N. Likewise,

(5) t<u—v:>h(“1 +hu—t+1_07
t=u=0v = ht —t+1_0
u_v<t:>ht—u+1+h(t1 u_

Finally,

(6) E<v<u = bUU = (v 1)2 iy > i

v<t<u = h“ vl _ tv—v+1 + hit—t-i-l’
v<u<t = by, vl tU_UH n hgi;1)2+u

Consequently, from (4), (5) and (6) we deduce that
(7) hg;}l(uvv) — hg’j(u,t) i f)Z;l(t’U) if w0 €N,
By (7) we can write

- o (u o (1w o (u v
®) T = Y o] =T
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Let us write
o~ Y(n,1)
(9) bn - bn71 ,n e N.
Now, let n,u,v € N, n < u. By (3) we have
—1(

ifn<t = §5," r;(“

ift<n = f)uv (n.) = b _t+17
. o l(nw) _ o t(n,t) . .
ie., buw = byt . The same conclusion holds if © < n. Therefore
we deduce the existence of doubly indexed sequences {t)ﬁ}umeN, {5%}1)7 4eN SO

that i, = IJZ,_nl(pm) and 37 = h{vlmﬂ) if u,v,p,q,n € N. In particular, we
already know that ! = 3" = 0 if n € N. Thus

(10) 5(1‘u®ﬂj‘ ) h () Zo=1(u,v) +Z *Zo=1(n,v) +3v Ro— 1(u,n))

and
Oup - 0 (2, @) = 6 (24, ® ) (T @ ) + (2, @ T) 0 (T4 @ ) -
Hence

S (2 ©23)
) o0
= Oupw 2*)3,1; (o) Ro=1(u,v) Z " Zo—1(n,w) +3v CRo— 1(u,n))

+ (0 +30) - (Tu @ 13),
ie., vy +34 =0if u+# vin N. Finally, (2) follows from (8), (9) and (10). O
Remark 8. If n,m € N then

hal (m) — hog(m) ifm=n,
. 0ot if 01 (n) # o1 (m) and o5 (n) = o5 (M),
<5 (Zm) 7Zn> = o2(m) . .
—non if 01 (n) = o1 (m) and o3 (n) # o2 (M),
0 if 01 (n) # o1 (m) and o3 (n) # o2 (M)

and

o0 [e.9]

S(@) =Y <Z (6 (2m), 2)) <q,z;>) 2 if g € XX,
n=1 \m=1

Definition 9. With the notation of Theorem 7 and if X ={z,} -, is a

fixed basis of a Banach space ¥, a derivation § € D(X¥®X*) is called an X-

Hadamard derivation if its y-sequence is the null sequence. We will denote

the set of all those derivations by Dy (X&X*).

Theorem 10. Let X be a Banach space with a shrinking basis X ={xy},- 4
and let {zp}," | be the induced basis of X®X* as in Proposition 3. Then
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(a) Dx(X®X*) is a Banach subspace of D(X®X*).

(b) Dx(XBX*) — M(XDX*,{2,1°%,), i.e., there is an isometric isomor-
phism from the space of X-Hadamard derivations into the multiplier
Banach space of X®X* on the basis {2,}°° ;.

(c) The Banach space Dy (X®X*) is complementable.

Proof. (a) Observe that

D (X0X%) = (] {0 € D(XDX") : 0 (25-1(nm)) =0} -
n=1

(b) By Theorem 7 given § € Dy (X®X*) we can write

(11) o (q) = Z (hol(n) - haz(n)) <q7 Z;7,> ©Zn, Q€ 36(?9%*

n=1

So, the sequence hs = {f)al(n) — haz(n)}zo:l becomes a multiplier of X®X*.
Indeed, by (11) we have 6 = My,, where M is the usual isometric algebraic
isomorphism (cf. [13]) of M(X&X*, {2,}°2 ) into B(X®X*) given by

M ({Cn}zozl) (q) = ch (9,2y) -z if g € XX*.
n=1

(c) Let D (X®X*) be the set of bounded derivations on X®X* with null
h-sequences. Since

Dyx(X0X*) = [ {0 € D(XDX) : (6 (2,2) , 252) = 0}
n=1
we deduce that D}( (X®%*) is a Banach space and by Theorem 7 we have
D(X2X*) = Dy (X2X*) + Dy (XBX").
Finally, it is immediate that Dy (X®X*) N Dx(X2X*) = {0}. O

Proposition 11. Let X be an infinite-dimensional Banach space with a
shrinking basis {x,}or . Given § € D3 (X®X*) there are unique subsets
{yntory and {y;}>", of X and X* respectively so that

(12) 0 (Zo-1(uw)) = Yu @ Ty — Ty @ yy if u,v € N.
Proof. By Theorem 7 each series in (2) converges. Since

1 p+q
= e | [ 20 | @2
n=p

v

p+q

§ : n
Dy " Tn
n=p

limy g0

T
p+q

1 — N
= mhmp,q_)oo S ovp ()| =0
v n—p

s

the series Y 02 | ni’-x, converges to an element y,, € X if u € N. Analogously,
let y5 = > 0794 -2k, v e N. Now (12) holds and our claim follows. O
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The proof of the following is straightforward.

Proposition 12. Let X be a Banach space, T € B(X). There exists a
unique o7 € D(XRX*) so that

r(z@a”)=T(x)@x" —x@T" (%) ifv € X and 2™ € X*.

Theorem 13. Let X be an infinite-dimensional Banach space with a shrink-
ing basis {x,}°° . Let§ € D(X®X*) whose associated h-sequence established
in Theorem T is zero and let {yn}oo i, {yi} 2| be the unique sequences de-
terminated by 0 in Proposition 11. Then, if

n

(13) sup
neN

< o0

Y @ T
1

= T

there is a unique T € B (X) so that 6 = dr.

Proof. Write T (z,,) = yu, u € N. Then
n
= Z Yi © x]
=1 B(X)
n
=T (Z Y @ mf)
i=1
n
= Z Yi ® x]
i=1 -
n
D vioa

i=1

n

=1

sup
[lz]l <1

x

B(%)

< sup
neN

< o0

™

and by linearity T' becomes a bounded linear operator on X (cf. [4]). So, if
z € X and v € N we have

(2, T" (x3)) = (T (), zy)

= Z (@, 2y,) (T'(xy), x,)

n=1

= Z (T, 23) 9y = (T, Y5 »

o

ie, T (z}) =yy. Thus by (12) Ts (zn) =0 (2n) if n € Ny ie.,, T =T5. O
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Example 14. Assume that {p'}, .y € ' (N x N) and that {z,}2°, is a
bounded shrinking basis of X, i.e., assume that
0 < inf ||z,]| £ ¢ < 0 £ sup ||z, < 0.
neN neN
Then (13) holds. For, there exists M > 0 so that 1 < ||z, |z}] < M if
n € N (cf. [12], Theorem 3.1, p. 20). Thus,

doviewn|l <= vl <=3 loi|llzll
i—1 . i—1

i=1 j=1

< @ii‘nﬂ Vn € N.

i=1 j=1
Example 15. For q € X2X* we have

Ori0a; (4) = (4, 21) 21 — (4, 27) 22

+ i [<q’ Z?n—1)2+2> Fn—1)%41 ~ (a0, 22) Zn2—1}

= Z [<q, 20—1(2,71)> 1 ® T, — <qua_1(n,1)> ZTn @ 353] :

n=1
With the notation of Theorem 7, since p3 = 1 then
Opi0a5 € D(XRE") — Dy (XRX").
Indeed, it is easy to see that h,, =0 if n € N.
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