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On a symmetry of the category of
integrable modules
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ABSTRACT. Haisheng Li showed that given a module (W, Yw (-, x)) for
a vertex algebra (V,Y (-, z)), one can obtain a new V-module

W% = (W, Yw(A(2), 2))

if A(z) satisfies certain natural conditions. Li presented a collection
of such A-operators for V. = L(k,0) (a vertex operator algebra asso-
ciated with an affine Lie algebra, k a positive integer). In this paper,
for each irreducible L(k,0)-module W, we find a highest weight vec-
tor of W2 when A is associated with a minuscule coweight. From this
we completely determine the action of these A-operators on the set of
isomorphism equivalence classes of L(k,0)-modules.
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1. Introduction

Haisheng Li introduced his A-operators in a very general setting in [Lil].
These operators allow one to obtain new vertex algebra modules from old
ones by modifying the vertex algebra’s action on the module while leaving
the underlying vector space unchanged. Thus, given a vertex algebra V' and
a collection of A-operators, we obtain (usually quite interesting) symmetries
of the category of V-modules.

Consider the g-module L(k,0) = L(kAg) where k is a positive integer and
¢ is an untwisted affine Lie algebra. It is well-known that L(k,0) has the
structure of a vertex operator algebra (VOA), and that g-modules L(k, \)
for certain A are modules for this VOA. Define

A(H,x) = 21O exp <Z H(n) (—a:)‘”)

—n
n>1

where H is a coweight of g (the underlying finite-dimensional Lie algebra). If
(W,Y (-,x)) is an L(k,0)-module, then (W, Y (A(H,x)-,x)) (call this module
W) is also an L(k,0)-module. In fact, Li proved [Li2] that these two
modules are equivalent if H is a coroot. However, when H is not a coroot,
we may get a new (inequivalent) module. So, using Li’s A-operators we
can induce an action on the equivalence classes of L(k,0)-modules. In his
thesis [C] (see also [CLM]), the first author was able to use these operators
to obtain recurrence relations for characters of integrable highest weight g-
modules which in turn led to interesting combinatorial identities. These
recurrence relations were obtained by studying the effect of A(H,z) (for
H a coroot) on characters. If we consider a coweight instead of a coroot,
we obtain a relation between the characters of two different integrable g-
modules.

In this paper, we completely determine the action of A(H,x) on equiva-
lence classes of L(k,0)-modules for all coweights H.

First, recall that L(k,0) is a regular VOA. This implies (among other
things) that its modules are completely reducible. This means that we just
need to determine A(H, z)’s action on irreducible L(k,0)-modules (these are
precisely the integrable g-modules of level k).

Next, we know that the minuscule coweights provide a complete set of
coset representatives for the coweight lattice modulo the coroot lattice. So,
since the coroots give back equivalent modules, it is enough to study the
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action of A(H,z) on an irreducible L(k,0)-module L(k,\) where H is one of
the minuscule coweights. To determine which module L(k, \(*))) is obtained
from L(k, \) via the A(H, x)-action, it is enough to identify a highest weight
vector and “measure” its weight.

In this paper we explicitly determine a highest weight vector for L(k, )\)(H )
— that is, the module (L(k,\),Y (A(H,x)-,z)) — if L(k,\) is an L(k,0)-
module and H is a minuscule coweight (of g).

Recall that the g-modules L(k,\) are induced up from g-modules L(\)
and in fact L(\) (the “finite-dimensional part”) makes up the lowest confor-
mal weight space of L(k, ). Now let us change the action of L(k,\) from
Y(-,x) to Y(A(H,x)-,x) where H is a minuscule coweight. We get a new
L(k,0)-module action while leaving the underlying vector space fixed. It is
interesting to note that in each case, the highest weight vector stays inside
the lowest conformal weight space of L(k, ). Li in [Li2] considered the spe-
cial case, L(k,0), and found that the old highest weight vector (which is
the vaccuum vector) is also the new highest weight vector. This happens
because the lowest conformal weight space is 1-dimensional — that is, the
vector has nowhere to go. On the other hand, when we consider L(k,\),
A # 0, the lowest conformal weight space is bigger and so the highest weight
vector moves and thus is harder to find.

One rather interesting feature of the action of A(H,x) is that the restric-
tion on A so that L(k,\) is an L(k,0)-module shows up explicitly in this
action. We know that if L(k, \) is an L(k, 0)-module, then (\,8) < k where
0 is the highest long root of g. In each case, when acting on L(k,\) with
A(H,x) where H is the j** minuscule coweight, we see that the coefficent
of A; (the j" fundamental weight) is replaced by k — (X, 6).

Without making any changes, the calculations and proofs involved in
determining the new highest weight vectors of the L(k,0)-modules L(k, \)(H)
(H the j*" minuscule coweight) apply to any V (k,0)-module as well (V (k,0)
is a generalized Verma module which also has VOA structure). It is well-
known that L(k,\), where X is a dominant integral weight of g, is a V' (k, 0)-
module. However, if (\,0) > k (so that L(k,\) is not an L(k,0)-module),
then the A(H,x)-action will produce an (irreducible) weak V' (k,0)-module
Lk, ). But Lk, A1) is not a V(k,0)-module (as a VOA) since the
coffecient of \; in M) is negative (and thus not a dominant integral weight).
So for V(k,0)-modules, the A-action can send (strong) modules to weak
modules.

It is interesting to note that Li’s A-operators also allow one to create new
intertwining operators from old ones ([Li2], Proposition 2.12). In fact, since
the A-operators are invertible, they give isomorphisms between spaces of
intertwining operators. Therefore, using the results above, one can obtain
symmetries of fusion rules. This is the topic of a future project of the authors
with Sjuvon Chung and Yi-Zhi Huang.

The contents of the paper are organized as follows:
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In the second section, we begin by reviewing the definition of a vertex
operator algebra and its modules. Then, we set up all of the necessary nota-
tions related to finite-dimensional simple Lie algebras and untwisted affine
Lie algebras and conclude by introducing Li’s A-operators and performing
some preliminary calculations.

The third section illustrates our results in the most basic case — that of
g = sly. The fourth section tackles the general case where we must consider
the effects of the A-operators one type at a time. In the course of deriving
these results, we need to perform some tedious Weyl group calculations.
The calculations for types By, Cp, and D, are given in an appendix (the
fifth section). The appendix also contains a summary of results for types
Eg and Er. The calculations for types Fg and E7 were performed in Maple
using a modified version of a worksheet developed by the first author for
another project [CMS].

Acknowledgements. This paper grew out of the second author’s summer
research experience for undergraduates (REU) mentored by the first author
and Yi-Zhi Huang at Rutgers University during the summer of 2007. The
authors would like to thank Yi-Zhi Huang for his encouragement and advice
throughout this project.

2. Definitions and background

We will begin by reviewing the definition of a vertex operator algebra and
its modules. Further details can be found in [LL].

2.1. Vertex algebras. A vertex algebra is a complex vector space V equip-
ped with a linear map,

Y(,2):V — (EndV)[[z, 2]

v—Y(v,z) = Z vz
nez
and a distinguished vector 1 € V' (the vacuum vector) such that for u,v € V,
upv = 0 for n sufficiently large. The operator u,, is called the n"-mode of
U.

It is assumed that the vacuum vector behaves like an identity in that
Y(1,z) =1Idy and for v e V

Y(v,2)1 € V[[z]] and lin%] Y(v,2)1 =v (the creation axiom).

Finally, we also must require that the Jacobi identity holds: for all u,v €
174

) <m1 — m2> Y (u, 7)Y (v, 2) — 2516 <

To

T2 — X1

—— > Y(v,22)Y (u, 1)

S N <331m;2330> Y (Y (u, zo)v, x2).
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Please note that 6(z) = >, ., 2" is the formal delta function and we adopt
the binomial expansion convention, namely, (z + )™ should be expanded in
nonnegative powers of y.

The vertex algebras that we will consider have additional structure mak-
ing them vertex operator algebras. A werter operator algebra is a vertex
algebra V with the following additional data:

V is a Z-graded vector space V = [, c; V() (over C) such that dim V{,,) <
oo for all n € Z and V|;,) = 0 for n sufficiently negative.

Elements of V/,,) are said to have conformal weight n. The vacuum must
have conformal weight 0 (e.g., 1 € V{q)).

V has a second distinguished vector w € V(g) (the conformal vector),

where
Y(w,z) = an:r_”_l = Z L(n)z™ "2
nez neL
The modes of the conformal vector satisfy the Virasoro relations:

THB —m

12
The scalar ¢y € C is called the central charge (or rank) of V. Finally, we
must require that

(2.1) [L(m),L(n)] = (m —n)L(m+n)+ Om4nocy form,n e Z.

(2.2) Y(L(-1)v,x) = diY(v,at) forv eV,
x
Viny ={v € V|L(0)v = nv} forn € Z.

Let V be a vertex algebra. A V-module is a complex vector space W
equipped with a linear map

Yiw (-, z): V — (End W)([[z, 27 Y]

v—Y(v,z) = Zvn:p_”_l
nez

such that for v € V and w € W, vyw = 0 for n sufficiently large. Also,
Yw(1,z) = Idy and the Jacobi identity holds.

If V' is a vertex operator algebra, we say W is a (strong) V-module if W
is a module for V' thought of as a vertex algebra and in addition W is a C-
graded vector space W = [, c; W) where W) = {w € W|L(0)w = nw}
such that for all n € C, dim W,y < oo and W, ,) = 0 for r sufficiently
negative.

If W is a vertex algebra module for a vertex operator algebra V', we say
that W is a weak V-module.

2.2. Affine Lie algebras. Following [H] and [K], we now establish some
notation and review some basic definitions and facts concerning (untwisted)
affine Lie algebras.

Let g be a finite-dimensional simple Lie algebra of rank ¢ (over C). Fix
a Cartan subalgebra h C g, and let (-,-) be the standard form such that
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l||? = (v, @) = 2 for any long root a.. Let A be the set of roots of g. Fix a
set of simple roots {aq, ..., ar}, simple coroots {Hy, ..., Hy}, and Chevalley
generators {F;, Fj, H;|i = 1,...,¢}. Recall that o;(H;) = a;; where C' =
(az‘j)f,j:1 is the Cartan matrix of g Let AT C A be the system of positive
roots corresponding to the a’s. We have the triangular decomposition:

g=g; ®hdg.  where gi= ) gia
acAt

Let {\1,..., A} C b* be the fundamental weights and let {H(1), ... H©®}
be the fundmental coweights. Of course, the fundamental weights are dual
to the simple coroots (i.e., A\;(H;) = d;;) and the fundamental coweights are
dual to the simple roots (i.e., a;(HY)) = §;;). We should also note that
Hi =3 a;HY).

Let @ and P denote the root lattice and weight lattice of g, respectively:

Q=Zoy+ - +Zay and P=ZMN+---+ZN

and let Q¥ and PV denote the coroot lattice and coweight lattice of g,
respectively:

QV=ZH,+---+ZH, and PY=ZHY +...+ZHY.
Define the set of dominant integral weights by:
Py ={X e |\H;) € Z>p, 1 <i < /(]
For X\ € b*, define the Verma module of highest weight A by:

(2.3) V(A) =U(9) ®upegs) Crs
where C, is a 1-dimensional h & g-module given by:

h-1=X(h) for all h € b

g-1=0 for all g € g4.
Let J(A) be the maximal proper submodule of V(A). Then

LX) =V(A)/J(A)

is an irreducible (highest weight) g-module. Of course, L(\) is finite-dimen-
sional if and only if A € Py.
Let a be a root, then the map o, : h* — bh* defined by

2(a, A 2(a, A
iy oa 20N, 2
[lex] (o, )
is called the reflection associated with « (notice that o,(o) = —a and

o Idy-). The group W generated by these reflections is called the Weyl
group of g. Let 0; = 0, for each simple root ;. The o;’s are called simple
reflections. It is well-known that W is generated by simple reflections. The
elements of W are isometries (with respect to the standard form) of h*.
Note: we can (and do) transport the action of W on h* to an action on b
using the standard form.
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The (untwisted) affine Lie algebra associated with g is given by
(2.4) g=9g®C[t,t '] @ Cc,

where for a,b € g, m,n € Z,

[a @™, b® t"]

[9,c] =

[a,b] ® ™" + m(a, b)dm4n,0C,

For a € g,n € Z, let a(n) denote the action of a ® t" € g on a g-module.

Let 6 = Zle a;a; be the highest long root of g, and choose (nonzero) vectors
Ey € gg and Fy € g_y such that (Ey, Fp) = 1. Let Hy = [Ey, Fy|. Define

(2.5) ep = Fy &t fo=Eg@t !, and  hg = [eo, fo
and for i =1,...,/ define:
(2.6) e, =F;,®1, fi=F,®1, and h; = H; ® 1.

Then, by [K], {e;, fi,hi |0 <i < ¢} is a set of Chevalley generators for g.
Let g~o = g®tC[t] and go = g ® 1 & Ce. Also, let

950 = 08>0 D g0 = g ® C[t] ® Cc
and fix a scalar k € C. We can make L(\) into a g>g-module by extending
the action of g = g ® 1 as follows:

c-v=kv for all v € L(N),
z-v=0 for all z € g-o.

We now induce up to a g-module:
V(k,A) =U(8) ®u(gse) L(A)-

V(k, ) is a generalized Verma module.

Unless k is the negative of the dual Coxeter number of g, V' (k,0) has the
structure of a vertex operator algebra. For such k, V(k, \) is a weak V' (k,0)-
module for all A € h*. Moreover, V (k, \) is a (strong) V (k,0)-module if (and
only if) A € P;.

Let J(k,\) be the maximal proper submodule of V' (k, \), and define

L(k,X\) =V (k,\)/J(k,N).

If k£ is not the negative of the dual Coxeter number of g, then L(k,0) has
the structure of a simple vertex operator algebra, and each L(k,\) is an
irreducible weak (unless A € Py) V(k,0)-module.

If k£ is a positive integer, then:

Theorem 2.1 ([DL]). L(k,\) is an L(k,0)-module if and only if (\,0) < k,
where 0 is the highest long root of g.
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2.3. Li’s A-operators. Now, let Let H € PV. Set

n>1

(recall the H(n) is the action of H ® t" on a g-module).
Note that A(H,x) enjoys the following properties:

A(Hy + Ho,z) = A(Hy,2)A(Hs, x),
A(0,z) = 1d.
We fix the notation

(L, N, Y0 o)) = (L N, Yoy (A(H, @), 2)).

For v € L(k,0), set
(2.8) YL(gf?)\)(v,m) = Yran(A(H, z)v, 7) Zv L
nez

Let us take care of some preliminary calculations involving A(H, z). For
g €9, 0 € AU{0}, so that [h,g] = B(h)g for all h € b (Here, go = h), we
have:

[h(m), g(=1)] = [h, g](m — 1)1 + m(h, g)(m — 1)1 + 0yp—1,0k1
= B(h)g(m — 1)1 + (h, g) 6,1 k1
_Bmg-n1 m=o0

(h, 9)kbm11 m > 0.

Note that g(m — 1)1 = 0 for m > 0 by the creation axiom.
We also have (for any g € g):

(Z %Z?(—x)‘”ﬁg = (H,g)k1z™".

m>1

and for n > 2

n n—1
(29 (Z %’fb)(—xrm) g:k<H,g>x—1<Z %@(—mrm) 1

m>1 m>1
=0
(again using the creation axiom, H(m)1l =0 for m > 1).
Therefore,
(2.10) AH,z)g =270 g+ 7OV H ¢\ k1z7?

="My + (H,g)k1a™?
if g € a3
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Applying this to our vertex operator map, we have:

(2.11) YU(g,2) = Y(A(H, z)g,v)
= 2"Y (g, 2) + (H, g)k(1d)z~"

Let k be a positive integer and A € Py (a dominant integral weight). In
addition, assume that (\,0) < k so that L(k,\) is an (irreducible) L(k,0)-
module. It was proved in ([Li2], Proposition 2.9) that (L(k, X)), L((k))\))
carries the structure of an irreducible (weak) L(k,0)-module. However, since

L(k,0) is a regular vertex operator algebra, its weak modules are in fact
(strong) modules. So we have that:

Proposition 2.2. There exists a (unique) \') € Py such that (\H) 6) < k
and (L(k, X)) = L(k, X)) as L(k,0)-modules.

Also, Li established that:

Theorem 2.3 ([Li2], Proposition 2.25). For H € QV, (L(k,\)") and
L(k,\) are isomorphic as L(k,0) modules.

That is, in our notation, \(!) = X\ when H € QV.
Our objective is to see what happens when we allow H to be any element
of PV (not just Q).
Because A(H' + H",z) = A(H',x)A(H",x), we have the following:
Lk, N\ HHT)y o2 (e, \)(H+HT)
= (L(k, ) HOyHD)
L( ) H/l)
Lk <A<H’ )H).

1

I

12

Therefore, N\H'+H") — (\(H"))(H")

The coweights {H", ..., H®} form a basis for PV and so, by the ob-
servation above, all we need to find is action of A(H® z). Let us fix the
notation (L(k, \))® = (L(k:,)\))(H(l)) and A\ = XHY) for j = 1,... ¢ that
is L(k, \D) 2 (L(k, \))® = (L(k, \))H™),

Actually, since the operators associated with coroots act trivially, we only
need to consider one representative for each coset of PV/QV. This pares
down the list of coweights considerably.

We know that the irreducible L(k, 0)-modules are precisely the irreducible
integrable highest weight modules (i.e., standard modules) for g ([DL]).
Now, an irreducible highest weight module is completely determined by
its highest weight. Therefore, if we can locate a highest weight vector in
(L(k, X))@ and measure its weight, we have determined A®) and thus the
action of A(H®,z) on L(k, \).
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Now, for our Chevalley generators e;, f;, h; (0 < i < £), we define e; ),
fi(]), and h;) to be the actions of e;, fi, and h; on L(k:,)\)(j). Let us
calculate these actions:

YU (H;,z) = Y(AHY, 2)H;, )

2k
=Y (H; i !
( ,IL’)—F ”Oéz”2 7]:1:
and so we have that
- 2k
(2.12) (H:)9)(0) = H;(0) + Ta 0

For e;, 1 <1 </, we have
YO(E;,2) = YV(AHY), 2)E;, 2)
= xo‘i(H(j))Y(Ei x)
= 2% Y (E;, x)
and so
(2.13) ei) = B (0) = Ei(5).
Finally, for eg, we have:
YU(Fy,z) = Y(AHY), 2)Fy, x)
= 20 Y (Fy, 1)
=ux YY(Fy,x),
(recall that 6 = S°°_ | a;a;) and so

(2.14) eo") = Fy0)(1) = Fy(1 — ay).

3. The sl2(C) case

Before answering our question for all finite-dimensional simple Lie alge-
bras let us consider the simplest case — that of g = sly(C).

Let F = 01 , = 00 ,and H = o . We know that F,
0 0 10 0 -1

F, H are Chevalley generators of slo(C). Let a be the fundamental root
of sly(C) (that is, a(H) = 2), and A = ja be the fundamental weight of
sla(C). Since « is the only positive root, it is the highest long root — that
isa=240.

Then, H is the coroot corresponding to o and H1) = %H is the coweight
corresponding to A.

In the sly(C) case, we denote L(k,n\) by L(k,n). Let k be a positive
integer and n € Z such that 0 < n < k.
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Theorem 3.1. (L(k,n))") = L(k,k—n). Moreover, if v is a highest weight
vector for L(k,n), then F(0)"v is a highest weight vector for (L(k,n))™M)
(with weight A = (k, (k —n)\)).

Proof. Since —0 = —a, we have F' = Fy and so, recalling (2.5), we have
eo = Fy®t=F®t. By (2.14), we have that e -w = F(0) - w. Therefore,

eoM - F(0)"v = F(0) - F(0)"v = F(0)"™ -v =0

by the representation theory of siz(C).

Next, we have

et M- F(0)"w = E(1)F(0)".

Since L(k,n) is a vertex operator algebra module, we can consider conformal
weights. Notice that as operators wt F(0) = wt (F) —0—1 = 0 and
wt E(1) = wt (F) =1 —1 = —1. This implies that ;") - F(0)"v has
a lower (conformal) weight than v. However, the highest weight vector
occupies the lowest (conformal) weight space of L(k,n). Thus e; ) F(0)*v =
0. Therefore, F(0)"v is a highest weight vector for (L(k,n))™).

Now let us determine the weight of F'(0)"v. We will use the fact that
[H,F"] = —2nF™ (in Ul(sl)).

(H)Y . F(0)"v = H(0)F(0)"v + kF(0)™v
= F(0)"H(0)v + [H(0), F(0)"]v + kF(0)"v
=nF(0)"v —2nF(0)"v + kF(0)"v
= (k—n)F(0)"v.

Hence, (L(k,n))") = L(k,k — n). O

Remark 3.2. The lowest conformal weight space of L(k,n) is a copy of
L(nA) (the finite-dimensional slo-module with highest weight n\). The
highest weight vector of L(k,n) is located in this (lowest) conformal weight
space.

Observe that the new highest weight vector for (L(k,n))™) is also located
in this copy of L(nA). In fact, we can obtain the new highest weight vector
from the old one by applying the (only) reflection in the Weyl group of sls.

4. The general case

Recall that, given an irreducible L(k,0)-module W and coroot H, W)
and W are isomorphic as L(k,0)-modules. This, along with the fact that
WHH") ig isomorphic to (W(H,))(H”), implies that we only need to con-
sider one representative from each distinct coset of PV /QV. Tt is well-known
that H = 0 (which acts as the identity — W) = W), along with the mi-
nuscule coweights, give us a complete set of coset representatives. We give
a list of such coweights in Table 4.1.
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TABLE 4.1.

Type Ag Bg CZ Dg E6 E7
Coweights | HO, ..., HO | gO | O | gO g g© | g go®) | g

Types Eg, Fy, and G3 have no minuscule coweights, so the action of
A(H, ) is always trivial.

Given any coweight H from this list, we wish to determine A(*!) such that
(L(k, \))) is isomorphic to L(k, A()). To do this, we need to identify
a highest weight vector for (L(k,\))?) and then measure its weight. We
will see that in each case our “new” highest weight vector (for (L(k, A))#))
is located in the lowest (conformal) weight space. This lowest (conformal)
weight space is a copy of L(\) — the finite-dimensional g-module from which
L(k,\) is built. In fact, our “new” highest weight vector can be obtained
from our “old” highest weight vector by applying the Weyl group elements
given in Table 4.2. (For each type X, and coweight H (4) define an element

ng') as in the table.)

TABLE 4.2.
Type Weyl Group Element
Ay 1<) <Y, US)Z(moz--w)j
1
By 01(9) = 0102+ 0y_10¢0¢_1 """ 0207
4
Cy Jé) = (0¢0p—1---01)(0¢0¢—1---02) -~ (0000—-1)(0¢)
Dy US) = 0102 0¢0)_20¢_3"- 0201

{—1
{ even 053 ) — (0p_10¢—00p_3 - 0201)(0p0¢_204_3 "+ 0302)

(0¢—10¢0-200_3---03) - (0¢-1)

L
(7})) = (0602—206—3 T 0’20'1)(0'2—10'6—20'6—3 to 0'30'2)

(0¢o¢—20¢—3---03) - (0¢)

-1
¢ odd 053 ) — (00100200 3+ 0201) (00042003 - -~ 7303)

(0¢—100-20¢—3 - 0403) - - (0¢)

7
053) = (0¢0y—20¢—3 - 0201)(0¢—10¢—20¢_3 - - 0302)

(0¢0¢—20¢—3--0403) - (0¢-1)

1
E6 J(E) — 01030409205040301060504020304050¢
6
E6 U(E) — 060504090304050601030409205040301
7
E7 O'%) —= 0706050403090405060701030405060204050304010309204050607

Let w be a Weyl group element and v € L()), (a vector of weight p).

Then w(v) € L(A)y(u. We begin by calculating the effects of the Weyl
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group elements defined above on the fundamental weights and simple roots
of g. To simplify computations, we will use the following conventions:

Ao =0 Aj = Aj(mod(1+1))

oy = —0 Qj = Qj(mod(l+1))-

We will repeatedly use the fact that o;(\;) = \j — 0; ;.

4.1. The Weyl group elements’ actions. Let us begin by calculating

the action of 01(41) on the fundamental weights and then use that to determine

the action of our type A; Weyl group elements.
For A1, we have: o109+ 0p(A\1) = 01(A1) = —A1 + Ao
For A\;, with 1 < 5 < {:
o102 0¢(Aj) = o102+ 05(Nj)

= 0109 """ Uj—l()\j—l — )\j + )‘j-i-l)
= 0109 """ O'j_g()\j_g - )\j—l + )‘j-l-l)
=01(M — A2+ Aj1)
— —)\1 + Aj'f‘l'

Finally, for A,:

o102 0¢(Ng) = 0102+ 0p—1 (A1 — Ag)

= 0102 0p—2(M—2 — A1)

= 0'1()\1 - )\2)
= =\

Adhering to our above convention, we conclude that for 1 < j <:
(4.1) o102 0p(Aj) = =M1 + Ajpa.

Therefore, for 1 < j < ¢ (recall that A\g = 0),

o109 og(aj) = o102 o(=Nj—1 + 2N — Xji1)

= —(=A1+ Aj141) +2(=A1 + Aj1) — (A + A1)
= =N+ 20401 — Ajre = ajq

For ay, we have that

o102 og(ap) = o109 - og(—=Ae—1 + 2X¢)
= (=AM +M-=14+1)+2(=A1 + Aes1)
=-M— XA =-0 (= ).
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For oy = —6, we have:
0109+ 0¢(—0) = 0102 -+ - 7e(—=A1 — )
= —(—>\1 + )\2) — (—>\1 + )\4.,.1)
= 2)\1 — )\2 = Q1.

So we have found that for all 0 < i </, 01(41)(041-) = ;11 and therefore

(4.2) Jg)(ai) = (0102 - 00) () = Qi

The calculations for types By, Cy, and Dy are similar and can be found
in the Appendix. Calculations for types Fg and E7 were done with the help
of a Maple worksheet written and updated by the first author which was
orginally written for [CMS]. This worksheet is available at

http://dimax.rutgers.edu/~sadowski/LieAlgebraCalculations/index.html.

The Weyl group elements’ actions are summed up in Table 4.3 (recall that
o) = —9)

4.2. The main theorems. Now we can apply our Weyl group calculations
to determine the highest weight vector of (L(k,\))® (which is simultane-
ously an L(k,0) and g module). Suppose our underlying finite-dimensional
simple Lie algebra g is of type X;. Recall that 6 = ) ; ajoy s the highest
long root of g, k is a positive integer, A € P, with (\,0) < k, and H® g
one of the coweights appearing in Table 4.1. Also, note that for each valid
choice of index i, we have a; = 1.

The irreducible g-module L(k,\) was built up from the irreducible g-
module L(A). In fact, the lowest (conformal) weight space of L(k,\) is
merely a copy of L(A). In what follows, let us identify L(A) with this sub-
space of L(k,\).

Let v be a highest weight vector for L(k,\). Such a vector is also ho-
mogeneous vector of lowest conformal weight in L(k,A). So we have that
v e L(\) C L(k,\).

Theorem 4.1. ag? (v) is a highest weight vector for (L(k, X))@,

Proof. Let w = ag? (v) and p = ag?()\).

Since o\ is an invertible map, w # 0. The weight of v (as an element of
L(X)) is A, so the weight of w is pu. To establish that w is a highest weight
vector for (L(k,\))®, we need to show that (e;)® -w =0 for j =0,..., ¢

By (2.13), we have (¢;)® - w = E;(;;)(w) for 1 < j < £.

When j = i, (¢;)® -w = E;(1)(w). Now recall that the operator F;(1)
lowers (conformal) weights by —1. Since w is already a lowest (conformal)
weight vector, (e;)® - w = 0.

Next, when j # 4, (¢;)®) -w = E;(0)(w) which is a vector of weight y -+«
(in the g-module L(X)).
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TABLE 4.3.

Ay J%)(aj) = Qi (mod t+1) (0 < j<land 1 <i < /).

By : Jg)(ao) = a1, Ug)(al) = qp, and Jg)(aj) =a; (1<yj<o).

Cy: O'(C«Z)(ao) = ay, ag)(aj) =ap; (1<j<?), and Ug)(ag) = .
Dy : Jg)(ao) = a1, Ug)(al) = «ap, Ug)(aj) =a; (1<j<l-1),

ag)(ag_l) = ay, and ag)(ag) = Qy_1.

¢ odd Jg_l)(ao) = qay_1, Ug_l)(al) = ay, and

o) = ap_j (1< j<0).
oy () = oy, U%)(Oéj) =ap; (1<j<t-1),

O'g) (ap—1) = ap, and Ug) (ap) = .

(Z—l)(

/—1
{ even O'(D )(ao) =qy_1, O

Jg_l)(aj) =ap; (I1<j<l-1),

ag_l)(ag_l) = ap, and ag_l)(ag) = ;.

al) = Oy,

FEg : ag)(ao) = oy, ag)(al) = qg, ag)(ag) = a3, ag)(ag) = o,
(

0'1(51.)(044) = ay, UEl)(oz5) = g, and Jg)(ag) = qp.

o} (a0) = ag, o} (a1) = a0, o} (a2) = a5, o}y (a3) = as,
Ug)(%) = Quy, 0536)(045) = a3, and ag)(aG) = a1.

Br: o (a0) = ar, o (a1) = ag, 017 (az) = a3, o7 (a3) = as,
oW (ag) = au, 0w (a5) = a3, 0w (ag) = an, and o' (a7) = ag.

By (2.14), we have (eg)® - w = Fy(1 — a;)(w) = Fp(0)(w) which has
weight u — 6 = p + ap.

Therefore, we have reduced our problem to establishing that p + «; for
j #1i,0<j </{ are not weights of the g-module L(\).

Since Weyl group elements permute the weights of L(\), if u+ «; is a

weight, then (ag?)_l(,u +aj) =X+ (0’_()?)_1(04]') must be a weight as well.
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However, we can see by inspecting Table 4.3 that ag? permutes the set of

simple roots along with ap = —#. Notice that each case Ug? () = .
Therefore, (O'g?) ' maps each o where j # i, 0 < j < £ to some oy, where
1 < k < ¢ But A is a highest weight vector for L(\), therefore A + oy,
(1 <k <) is not a weight. This implies that p + o (for j #¢, 0 < j < /)
is not a weight. Therefore, w is annihilated by the action of each (e;)® (for
0 < j < /) and thus is a highest weight vector for (L(k,\))®. O

Remark 4.2. Elements of the Weyl group are linear transformations, so
they always send the linear functional A = 0 to itself. This implies that
a highest weight vector for L(k,0) (i.e., a nonzero scalar multiple of the
vaccuum vector) is still a highest weight vector for (L(k,0))®. This special
case was discussed in [Li2].

Theorem 4.3. Recall (L(k,\))% = L(k,A\V). Let A = Z§:1 mj\;. Then
we have the following for the displayed types:

J4
Ay AD =N "miAji+ (k= (A 0)\
j=1
l
By A = (k= (A 0)M + > mi),
j=2
J4
Cy AD = "miA = (k= (A 0)\
j=1
-2
Dy A0 = (k= (N 0)\ + Z miA; + My_1 ¢ + mpAp_1
j=2
0—2
(Codd) ATV =me i\ + > mides + (k= (A, 0) A1 +ma
j=2
-2
(€ even) AT =mphy +> mdej + (k= (A 0) A1 +mad
=2
-2
(Codd)  AD =mA +) midej +mide—t + (k= (X, 0)\
j=2
0—2
(Ceven) A =my i A+ midej +mades + (k= (A 0)A
j=2
Es AL = (k= (X, 0))A1 + msha 4+ mads + mudy + mads + midg

A6 — meA1 + mada + msAs + mgdy + mads + (K — (N, 0))Ag
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E; A = miAg + mada + mads + myAy + msAs + meAy
+ (k= (A, 0))A7.

Proof. Let g be of type Xy and let H® be a coweight from Table 4.1.
Consider a vector u € L(\)g C L(A) C L(k,A) (i.e., the h-weight of u is
). Consider u as a vector in (L(k,\))® (which is the same vector space
as L(k,\)). We have a new associated g-action and thus a new h-action. In
particular, by (2.12), (H;)®(0) = H;(0) + ﬁém. If we restrict ¢ to the
indices appearing in Table 4.1, we see that in each case ||o;||> = 2. Thus
(H;)®(0) = H;(0) 4 ké; j. Therefore, when u is thought of as a weight
vector under the new h-action, the (new) h-weight of u is g+ k\;.

Let v be a highest weight vector for L(k,\). Theorem 4.1 states that
w = O'E? (v) is a highest weight vector for (L(k,\))®. As an element of the
g-module L(\), w has h-weight p = a&?(A). Therefore, the h-weight of w
in terms of the new h-action is A% =y + k.

For Xy, = Ay, using (4.1), we have

)4 )4 )4
p= miAjri = A) = > mijpi - <Z mj) Ai
j=1 j=1 j=1

4
== ij)‘j—i-i — ()\,9>)\2
7j=1

Therefore, AV = Zﬁzl mjiNjyi — (A, )N + kX,
For type By, by (A.1) and (A.2), we have

-1
o= ij(—Q)\l + )\j) + Tng(—)\l + )\g)
j=1
L -1
= Z mj)\j -2 (Z mj) A1+ meA
Jj=1 Jj=1

¢
= ij)\j — ()\,9>)\1
j=2

Therefore, A1) = Z?:z mjiA; — (N, @)A1 + kAq.
For type Cy, by (A.3), we have
J4

4 J4
W= ij(kg_j — ) = ijkg_j — (Z mj) e
j=1 J=1

J=1

J4
= " mide—; — (X 0)A.
j=1
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Therefore, \(©) = Z§=1 mjide—j — (N, 0) Ao + k.
For type Dy and i = 1, by (A.4), (A.5), and (A.6), we have

-2
on = ij(—Q)\l + )\j) + Tng_l(—)\l + )\4) + Tng(—)\l + )\5_1)
j=1
£—2
= ij(—2>\1 + )\j) + mg_l(—)\l + )\g) + mg(—>\1 + )\4_1)
j=1
0—2
=—(\, 0\ + Z miNj + myg_1Ag + mgXe_1.
j=2

Therefore, A1) = —(X, 0)\; + Z§;§ miN; + mp_1 A + mgAe—1 + kg

Now, consider type Dy when ¢ is odd and ¢ = ¢ — 1. By (A.9), (A.10),
(A.11), and (A.12), we have

-2

n= ml(—)\g_l + )\4) + Zm]'()\g_j — 21+ Tng_l()\l — )\5_1)
j=2
+my(=Ae-1)

-2 -2
=Mmy_1 A + ij)\g_j — <m1 + Zij +my_1 + mg> Ae—1 +madg

=2 =2
-2

=my_1A1 + ij)\Z—j — (N O) N1+ my A
=2

Therefore, A1 = my_1 A\ + Zﬁ;g mjide—; — (N ) A1 + midg + kX1
Considering a Dynkin diagram symmetry (interchanging the roles of nodes
(—1 and ¢), we also have \(¥) = mg)\ﬁ—zg;% mjAe—j+mide—1— (N, O) Ae+kN.
When ¢ is even and i = ¢ — 1, by (A.14), we have
-2
p=mi(=A—1 + Ag) + Z mj(A—j —2Xe—1) +mp_1(—=Ao—1)
j=2
+me(A1 — A1)

0—2 -2
= myN\ + Z mjAg_j — <m1 + 2 Z m; +me—1 + mg) Ae—1 +miAg

J=2 J=2
-2

= myA\ + Z mj>\g_j — (N O)Ap—1 +miAg.
j=2

Therefore, A\—1) = mg)\ﬁ—zg;g mjAe—;— (N, O)Ae—1 +miXg+EkXe—1. Again,
considering a Dynkin diagram symmetry (interchanging the roles of nodes
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¢ —1 and /), we also have
—2
)\(f) = Mmy_1\1 + ij)\g_j + miie—1 — ()\,9>)\£ + kM.
j=2
Finally, let us consider types Eg and E7. For type Fg and ¢ = 1, by
(A.16), we have

p=mi(=A1 + Xe) + ma(—2X1 + A3) + m3z(—2A1 + As5) + ma(—3A1 + \s)
+ ms(—2A1 + A2) + me(—A1)
= —(mq + 2ma + 2ms + 3my + 2ms + mg) A1 + msAe + maod3 + mgdy
+ m3s + M1
= —(\,0)\1 + msAa + malg + myrg + m3ds + miAe.
Therefore, A(V) = — (A, DA +msAa+mads+mgrg+msAs+mire+kA. Now
we can use the symmetry of the Dynkin diagram of Fg (interchanging nodes
1 and 6 and also interchanging nodes 3 and 5). Therefore, for type Eg with
i = 6, we have A = mgA| 4+ mady +msAs + mads +mads — (X, 0)Xg + ke.
For type F; and ¢ = 7, by (A.18), we have
p=myi(—2 7 + Xg) + ma(—2 7 + A2) + m3(—3A7 + A5) + ma(—4N7 + A1)
+m5(—3A7 + A3) + me(—2A7 + A1) + mz(—A7)
= miAg + mada + msgAs + maAy + msA3 + meA1
— (2m1 + 2mg + 3ms + 4my + 3ms + 2me + m7) A7
= miAg + Moo + M35 + Mgy + msA3 + mgA; — (A, 9>)\7.
Therefore,

AT = mi X + mada +maAs + mads + msAz +meA; — (A, O A +kAr. O

Appendix A. Weyl group calculations

All of these calculations repeatedly use the fact that o;(\;) = A\; — 0; oy,
so in particular, oj_10j_2---0201(\;) = A;. In addition, if C' = (a;;) is the
Cartan matrix of our simple Lie algebra g, then «; = > j a;;A;. Also, recall
our conventions that A\g = 0, ap = —6 (the negative of the highest long root

of g), and A\j = Aj (mod ¢+1) for all j € Z.

A.1. Type By. Looking at the Cartan matrix of type By, we see that
;= —Ni—1+2X\ —Njpp fori #L—1 and ap_1 = —Ap_o+2Ap_1 —2Ap. Also,
recall that Jg) = 0109 0¢p_10¢0¢—1 " 0207.
For A\;, 1 <j </ —1, we have:
(A1) o5 ()
= 0102 0p—10¢0¢—1 - - 0201(A))

= 0102 0p—10¢04—1 - 0j+105(A))
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= 010200100001 0j120541(Nj1 — Aj + Ajy1)
= 0102+ 04100001 0j430+2(Nj—1 — Ajp1 + Ajy2) = -+
= 0102 0p0p—1(Nj—1 — A—2 + Ae—1)
= 0102 000p(Nj1 — A1+ 2)g)
= 010901 (Ajo1 + A1 — 2Xg)
= 0102 - 0p—2(Nj—1 + A—2 — A—1)
=0102- - 0p—3(Nj_1 + g — Np—a) = -+
=0102--0j(Nj—1 + Aj — Aj41)
=0102- - 0j—1(2Nj_1 — Aj)
=0102--0j—2(2Nj_2 = 2X\j_1 + Aj) = -+~
= 01(20 — 20 + Aj) = —2X; + ;.
For Ay, we have:
(A2 oW
=010+ 0410001+ 0201(\¢) = 0102 -+ 0g_10¢( )
= 010200 1(M—1— ) = 0102 0p_2(Ae—2 — A1+ Np)
= 0102 0p—3(Ae—3 — Ae—2+ ) = -+
= O'1(>\1 — Ao+ )\g) = =\ + As.

Applying these results to the fundamental roots and highest long root,
we have:

o (a0) = o) (=0) = o) (~De) =2 ~ o = n
o () = oW (2N = \j1) = =20 + 20 — Ay = —0 = 0y
o5 (aj) = a; for1 <j <V
A.2. Type Cy. Looking at the Cartan matrix of type Cy, we see that
Q= —No1 42N — g1 (L<i<0),
ap = —2X 1 + 2.
Also, recall that Ug) = (op---0o901)(0p-+-02) - (0p0p_1)(0%).
0001 01(Nj) = 0p0p—1 -0 (Aj) = 0001 ojr1(Njm1 — Aj + A1)
= 00001 0jqa(Njm1 — Njgp1 + Ajp2) = -+
=M1 = A—1 FA) = Ao+ o — N

where 1 < j < €. Also, opop—1---01(Xe) = o(Ag) = 2A—1 — Ay, so the above
formula works for all j. Applying this result multiple times, we have (for
1<j<¥):

o (N)

= (O’gO’g_l ce 0'1)(0'20'6—1 ce 0-2) e (0'60'2—1)(0'6)()\]') = ...
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= (0pop-1-+-01)(000p—1 - 02) -+ (0pop-1- - 04)(N\))
+ (000¢—1--01) (00041 02) - (0000—1-+- 05 — 1)(Aj—1 + Ade—1 — Ao)
= (0pop-1-+-01)(000p—1- - 02) - (000p—1- 05 — 2)(Nj—2 + A2 — \p)
== (opop_1--01) (M + N—j—1) — M) = Ae—j — Ae
For Ay, we have:

0 (\) = (04001 -+ 01) (04001 -+ 73) -+ (00001 (00) (M)

= (0poy—1---01)(000p—1 - 02) -+ (0400—1) (2N =1 — Ap)
= (000¢-1- - 01)(0000—1 - 02) -+ (0400-100-2) (2Ap—2 — \¢) = - -~
=0p0p_1--01(2A1 — Ap) = 2N -1 — 2Xp — 21 + Ap = =g
Adhering to our convention (i.e., A\g = 0), we have that
(A.3) LUCHEDYREDY
forall j =1,... ¢
A quick calculation now shows that

o (ap) = o (=0) = oy

U(C{)(aj) =ap; (for1<j <)
Jg)(ozg) =—0 = .

A.3. Type Dy (any rank). Looking at the Cartan matrix of type Dy, we
see that

o = —Ni_1+ 2N\ — >‘i+1 (1 <i<{l-— 2),
Qpo=—N—3+2 2 — N1 — Ay,
g1 = —Ap—2+2X1,
ap = —Ap_o + 2.
First, recall that ag) = 0109 0y0y_o0p_3+++0907].

As a first step, we determine that action of o102 ---0pon A;. For 1 < j <
¢ — 2 we have:

o102 0¢(Nj) = o102 - 05(Nj)
= 0109 """ Uj—l()\j—l - )\j + )‘j-i-l) =
= 0'1()\1 - )\2 + )‘j-‘rl) = —)\1 + )\j+1.
0102 - 0¢(A—2) = 0102 -+ 0p—2(A¢—2)
= 0102 0p-3(A\e—3 — A2+ A1+ Ap)
= 010200 4(MN—a — A3+ A1+ Ag) =+
=o1(M — A+ A1+ M) = =M+ Ao+ A

o102 0¢(M—1) = 0102 - 0p—1(N—1) = 0102 - 0p—2(Ae—2 — A1)
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= 0102 0p—3(A—3 — A2+ Ap)
= 0102 0p—a(N—a — Ng—3+ Np)
= .- 20'1()\1—>\2+)\g) = -\ + A\

0102 0¢(M\e) = 0102+ 0p_1( N2 — A\g) = 0102 - 0p_2(Ae—2 — Ap)
= 0109 0p-3(Ae—3 — Ap—2 + A1)
= 0109 0p_4(Ne—a — A3+ A1)
=--=01(Ad1 — A2+ A1) = = A1+ A—q.
For 1 < j </ — 2 we have:

(A1) o)
= 0109 000¢_20¢-3--0201(\j) = 0102+ 0¢0¢_2---0;(A\j)
= 0102+ 000¢—2- - 0j11(Nj1 — Aj + Ajp1)
= 0102 0¢0p—2 - 0j12(Njo1 — Ajp1+ Ajya) = -+~
= 0102 - 000p—2(Nj—1 — M3 + Ap—2)
= 0102 0p(Aj_1 — N2 + A1 + AD)
= (AL ) — (A At A+ (A A+ (SA - A)
= 2\ + A

(A5) o9 (M)
= 0102 0¢0¢_20¢_3 - 0201( A1)
=0109--0p(N—1) = = A1 + M.
(A6) o) (M)
= 010200042093 - 0201(\¢)
= 0109 -0p(Ng) = =M1 + A1

A quick calculation shows:

To help determine the actions of 0%—1) and ag) on each A;, we will first

consider oy_goy_3---071:

O¢_90¢_3-- 01 ()\j) = 0¢-20¢-3""" Uj()‘j)
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=04-200-3 - 0j11(Ajm1 — Aj + Ajt1)
=0p_90y_3""* O‘j+2(>\j—1 —Ajy1+ >\j+2) =
= op_a(Nj_1 — A=z + A—2)
=Nt — N2 F A+ A, (1K< 0-2),
0r—200-3 - 01(Me—1) = A1,
0p—200-3- - 01(Ag) = Mg
Next, we consider oy_10p_90¢_3---01:
(A7) 01002003 01(Aj) = 0p—1(Nj—1 — Ae—2 + Ae—1 + Ar)
=1 — A1+ A, (1<) </0-2),
001002003 01(Ae—1) = Ae—a — Ae—1,
001042003 - 01(M\e) = Ap.
Finally, consider oyop_90y_3---071:
(A.8) 00002003 01(Nj) = op(Nj_1 — Me—2 + Ae—1 + Np)
=XN_1+ N1 — A, (1<j<0-2),
0¢0p—200—3- - 01(Ae—1) = Ap—1,
00002043+ 01(Ag) = Mg — Ag.
A.4. Type Dy (odd rank). Now consider the case when ¢ is odd and
recall that
Ug_l) = (0¢—10¢—2---01)(000¢—20¢_3 -+ 02)(0p—10¢—2---03) - -~ (0¢).
First, consider the case of A;.
(A9 oY)
= (0¢—10¢—2 - 01)(0¢04—20¢_3 - - 02)(0¢—104—3 -+~ 03) - - (04) (A1)
= = (0p—100—2--01) (A1) = = A1 + A
(We obtain the last step by using (A.7) above.)
Next, consider the case of A\;, 1 < j < /—2 and j odd. By applying (A.7)
and (A.8) successively, we obtain the following:
o V() = (01002 01) (00012003 - 02) (001002 - 03) -+ - (00) (A;)
= o= (0p10pg 1) (Tr100—3 - 05)(N))
= (0p—10¢—2---01) - (0gop—2- - 0j—1)(Nj—1 — Ae—1 + Np)
= (0p—100—2---01) - (0p—10¢—2 - Tj_2)(Nj_2 + A—2 — 2X¢)
= (0p—10¢—2---01) - (0pop—2- - 0;5-3)(Nj_3 + Ap—3 — 2Xp_1)
== (0p_100-2 - 01)(M + A1) — 2\0)
= =M1+ A F A — A1+ A= 2
= Mo — 2\ 1.
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A similar calculation shows that the same holds for j even and 2 < j <
¢ — 3. Therefore, we have that
(A.10) AV =M =20y (forl<j<e-2).
This leaves the cases j =/¢ —1 and j = /.
(A11) o V()
= (04-100-2 -+ 01)(040¢—200-3 - 02)(0r-10¢-2 - 03)
o (00) (A1)
= (0¢-10¢—2- - 01) * (00-100-2)(Ae-1)
= (0¢-100—3 - 01) - (0000—200-3)(Ae—2 — Ae—1)
= (001009 01) (041002 00-4)( A3 — Ag) = -+~

(001002 --01) (A2 — Ap)
M— X1+ Xe—X = M — N1

(A12) ol V()
= (0p—10¢0—2 - 01)(000¢—20¢—3 - 02)(0¢—10¢—2---03) - (04)(N\¢)
) (gr-100-2) (A2 = A)
)+ (0000—200—3)(Ae—g — Ne—1)
) (0v—100—2 - Tp—g)(Np—g — Xg) = -+
Op—100—2 - 01)(A1 — Ag)
=XM1+t —A = =N

0¢p—-10¢—2":01

(
(

= (0p-100-2--- 01
(0p—100-2---01
(

A quick calculation shows:

oy Vao) = oy V(=0) = ars

o Var) =

Ug_l)(aj) =ap; (for2<j<t-1)
Ug_l)(aé) =—0 = w

Using a Dynkin diagram symmetry, we see that all of these results should
still hold if we interchange the labels ¢ — 1 and ¢. So we also have that

(A-13) o) (A1) = Aot — Ad
o (A) = Ay — 2\ (for2<j<-2)
Ug)()‘tf—l) =N
o5 (\) = A1 = Ap,

and also



SYMMETRY OF THE CATEGORY OF INTEGRABLE MODULES 157

0%)(%_1) =—0 = ap

Ug)(az) = 0q.

A.5. Type Dy (even rank). Almost identical calculations reveal that for
even £ we have the following:

(A.14) “‘”(Al) — N1+ N
(“( =22y (for2<j<f—2)
ol (Az 1) = =1
)( Ae) =AM — A

and it follows that:

b (ao) =l (=6) = ar
g_l)(fh) =
Ug_l)(aj) =ap; (for2<j<t-2)
ag_l)(ag_l) =—0 = o

Again using a Dynkin diagram symmetry, we see that all of these results
should still hold if we interchange the labels £ — 1 and ¢. So we also have
that:

(A.15) Ug)()\l) =X1— M
Ug)()\j) =X—j—2) (for2<j<0-2)
oD N1) =M — A

and it follows that (recall —0 = «y):
Ug)(%’) =ap; (for1<j5<0),

A.6. Exceptional types. Recall that if g is of type Eg, Fy or Gs, then g
has no minuscule weights and so PV = QV. Thus the action of A(H,x) is
always trivial. So we only need to consider types Fg and F7.

The following calculations for types Fg and E7 were done with the help
of a Maple worksheet which is available at

http://dimax.rutgers.edu/~sadowski/LieAlgebraCalculations/index.html.
For type Eg using HY), we have:

(A.16) o) = =M+ A


http://dimax.rutgers.edu/~sadowski/LieAlgebraCalculations/index.html
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oM (g) = —2)\ + As
Ug)o\g) =2\ + X5
Ug)o\z;) =—-3M+ )\
Ug)o\5) =2\ + X\
o) () = —Ai

and so
Jg)(ao) = Ug)(—H) =m
o) (a1) = ag
o) (a2) = as
oy (as) = as
Jg)(oq) =y
Ug)(as) = Q2
Ug)(aﬁ) = —9 = O

(A17) 0'1(56.)(>\1) = _)\6
O'(Eﬁ)(AQ) = —2)g + A5
o\ (Ag) = —2X + Mg
o) = =3+ M
A (Ns) = =226 + g
() = —A¢ + At
and so
o) (ap) = o) (=0) = o
Ugj)(al) = s
Ugj)(ag) =y
o (a3) = as
oW (o) = az
oW (as) =
Ug)(%) =—0 = «ag
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For type E7 using H(V, we have:
(A.18) oD (\) = —2) + Ag
o (A2) = —2X7 + Ag
o (As) = —3A7 + A5
Ug)(k4) = —4M 7+ N\
Ug)O\S) = -3\ 7+ A3
() = —2X7 + Ay
o0 (A7) = —Ar
and so
o (a0) = o (=0) = ar
o9 (1) = ag
o9 (ag) =
Ug)(a:s) = a5
o) () = au
o) (as) = as
o) (ag) = a1
Ug)(ow) =—0 = ao
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