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Continuity of ring *-homomorphisms
between C*-algebras

Mark Tomforde

ABSTRACT. The purpose of this note is to prove that if A and B are
unital C*-algebras and ¢ : A — B is a unital *-preserving ring ho-
momorphism, then ¢ is contractive; i.e., ||¢p(a)|| < |la| for all a € A.
(Note that we do not assume ¢ is linear.) We use this result to deduce
a number of corollaries as well as characterize the form of such unital
s-preserving ring homomorphisms.
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1. Introduction

In recent years there has been a great deal of interaction between ring
theory and the study of C*-algebras in functional analysis. Consequently,
one is often led to ask whether well-known results for C'*-algebras are really
consequences of their ring structure.

One of the first facts a student of C*-algebras learns is that a x-homo-
morphism between C*-algebras is contractive, and hence also continuous.
Specifically, if A and B are C*-algebras and ¢ : A — B is a *-homomorphism
(i.e., ¢ is linear, multiplicative, and preserves the x-operations) then

|lé(a)|| < |la|| for all a € A.

The purpose of this note is to show that the same conclusion holds when
the map is a *-preserving ring homomorphism that is not necessarily linear.
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We develop a new approach to prove this fact in Theorem 3.6 and deduce
a number of corollaries. Furthermore, we use these results to characterize
such homomorphisms in Proposition 3.9, where we show each is always a
direct sum of a linear *-preserving homomorphism and a conjugate-linear
x-preserving homomorphism.

We hope the results presented here will be of interest to algebraists as
well as functional analysts. Consequently, we will do our best to keep the
exposition accessible to readers outside of functional analysis and to provide
the necessary background on C*-algebras and their relevant properties.

2. Background

Recall that a C*-algebra is defined to be a Banach algebra A over the
complex numbers (i.e., A is an associative complex algebra with a submul-
tiplicative norm || - || for which A is complete) together with a x-operation
(i.e., an involution that is conjugate-linear and anti-multiplicative) satisfy-
ing the C*-identity: ||z*z| = ||z||? for all z € A. If A is a C*-algebra, the
Gelfand—Naimark Theorem states that there is a Hilbert space H and an
isometric *-preserving representation m : A — B(H). Thus C*-algebras give
an abstract characterization of closed *-subalgebras of bounded operators
on Hilbert space.

One of the fundamental results in the study of C*-algebras is that if
¢ : A — B is a map between C*-algebras that is linear, multiplicative, and
preserves the sx-operations, then |[¢(a)| < ||a|| for all @ € A. The standard
way that this is proven (see [2, Theorem 2.1.7], for example) is as follows:
One first realizes that by considering unitizations of C*-algebras, it suffices
to restrict to the case that A and B are unital C*-algebras and ¢ is a unital
homomorphism. Next one shows that if a € A is selfadjoint (i.e., a* = a),
then ||la|| is equal to the spectral radius

r(a) = sup{|A| : A € C and a — A\14 is not invertible in A}.

Then, using the properties of ¢, one can see that a — A1, is invertible
in A implies ¢(a — A14) is invertible in B. Since ¢ is linear and unital,
d(a—Aly) = ¢(a) — A\l p, and we have

() {|A\: A € C and ¢(a) — Alp is not invertible in B}
CH{IM\: A€ C and a — 14 is not invertible in A}

so that r(¢(a)) < r(a), and ||¢(a)|| < |la| for any selfadjoint a € A. For
a general a € A, we may use the result of the previous sentence and the
C*-identity to obtain [|¢(a)[2 = [(a)*¢(a)]| = [$(a*a)] < a*al| = [al,
so that ||¢(a)|| < ||a| for all a € A.

When ¢ is a unital *-preserving homomorphism that is not necessarily
linear, the proof above fails because one cannot conclude that ¢(a — A14)
is equal to ¢(a) — Alp, and thus cannot deduce the containment shown in
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(). Nonetheless, we are still able to prove the result by developing a new
approach that uses some elementary C*-algebra techniques.

3. The main result

Definition 3.1. Let A and B be C*-algebras. A ring homomorphism from
A to B is a function ¢ : A — B that is additive (i.e., ¢(a + b) = ¢(a) + ¢(b)
for a,b € A) and multiplicative (i.e., ¢p(ab) = ¢(a)p(b) for a,b € A). A ring
homomorphism is *-preserving if ¢p(a*) = ¢(a)* for a € A. When A and B
are unital with units 14 € A and 1 € B, respectively, we say ¢ is unital
when ¢(14) = 1p.

Remark 3.2. There are examples of unital *-preserving ring homomor-
phisms that are not linear (and hence not *-homomorphisms in the category
of C*-algebras). For example, the map ¢ : C — C given by complex conju-
gation, ¢(z) = Zz, is a ring homomorphism that is unital and x-preserving,
but not linear.

The proof of our main result will involve a common trick of relating the
value of the norm to positivity of certain 2 x 2 matrices. Recall that an
element a of a C*-algebra A is positive if a is selfadjoint and the spectrum
of a is a subset of the nonnegative real numbers. One can show that a
is positive if and only if @ = v*v for some v € A [2, Theorem 2.2.5]. In
addition, if A is represented as bounded operators on a Hilbert space H,
then an operator T in A is a positive element if and only if (T'z,z) > 0 for
all x € H.

Remark 3.3. If A is a C*-algebra, then M>(A) denotes the collection of
2 X 2 matrices with entries in A. If ¢ : A — B is a function we define

b2 Ma(4) — M(B) by 65 (¢4) = (50 50 1t As a C*-algebra,

then My(A) is a C*-algebra. If A is represented on Hilbert space via a
representation m : A — B(H), then Ms(A) is represented via my : Ma(A) —
M5(B(H)) =2 B(H @ H). Recall that the Hilbert space direct sum H @& H
has inner product ((y), (%)) = (z,2) + (y,w). Furthermore, note that if
¢ : A — B is a unital *-preserving ring homomorphism, then ¢ : My(A) —
M5(B) is a unital -preserving ring homomorphism. These notions and the
following lemma are found in [3, Ch. 1-3] and [3, Lemma 3.1].

Lemma 3.4. Let A be a unital C*-algebra and suppose that a € A. Then
llal| < r if and only if
<7“1;4 a > >0
a rlyg) —
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Proof. We represent A on Hilbert space 7 : A — B(H) and set T := 7(a).
If |T|| < r, then for any vectors x,y € H we have

<<;I 2) (;) ’ <§>> = riw @)+ {Ty,x) + (T2, 9) +r(y,4)

> rllel® = 21Tz llllyll + rlly* = o.

Conversely, if ||T'|| > r, then there exist unit vectors z,y € H such that
(T'z,y) < —r and the above inner product is negative. O

Lemma 3.5. If ¢ : A — B is a unital ring homomorphism between unital
C*-algebras, then ¢(ka) = k¢(a) for all k € Q.

Proof. Since ¢ is additive, ¢(na) = n¢(a) for all n € Z. In addition, since ¢
is a unital ring homomorphism, ¢(a~!) = ¢(a)~! whenever a € A and a is in-
vertible. For any m € Z, we see that m1,4 is invertible with inverse (1/m)14,
and ¢((1/m)14) = p((m14)~)) = d(mla)~t = (mo(1a))™! = (mlp)~" =
(I/m)lp = (1/m)¢(la). Thus for any k& € Q, we may write k = n/m
with m,n € Z, and then ¢(ka) = ¢((n/m)la)p(a) = no((1/m)la)p(a) =
n(1/m)é(14)6(a) = ko(a). O

Theorem 3.6. If A and B are unital C*-algebras and ¢ : A — B is a unital
x-preserving ring homomorphism, then ¢ is contractive; i.e., |¢(a)| < |lal|
for all a € A. Consequently, ¢ is also continuous.

Proof. Suppose ||a|| = r. Let & € Q with k& > r. Then |ja]| < k, and
Lemma 3.4 implies that <kalf‘ ka ) >0 and (k;;“ ka) = V*V for some V €
Ms(A). Since ¢ : A — B is a unital *-preserving ring homomorphism, we
see that ¢y : My(A) — My(B) is a unital *-preserving ring homomorphism.
Thus ¢ (M2 ,7,) = 62(VV) = 6a2(V)'6a(V), 50 6 (41248, ) > 0in
M>(B). However, using the definition of ¢ and Lemma 3.5 we have

o2 (M2 48, ) = (56 i ) = (e k) = (o 280)

so that ( Mo ¢(a)) > 0in My(B). It follows from Lemma 3.4 that ||¢(a)| <

¢(a)* klp
k. Hence we have shown that ||¢(a)| < k for all £k € Q with & > r. Thus
[p(a)]| <.
The continuity of ¢ follows from the fact that any bounded map between
metric spaces is continuous. O

Corollary 3.7. If A and B are unital C*-algebras and ¢ : A — B is a unital
x-preserving ring homomorphism, then ¢ is R-linear; i.e., ¢(ra) = r¢(a) for
allr € R and a € A.

Proof. Let a € A and r € R. Choose a sequence {k,}°2; C Q with
lim k, = r. Then lim k,a = ra, and using Lemma 3.5 and Theorem 3.6 we
have that ¢(ra) = ¢(lim kpa) = lim ¢(kpa) = lim k,¢(a) = ro(a). O
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Corollary 3.8. Let A and B be unital C*-algebras and let ¢ : A — B be a
unital x-preserving ring homomorphism. Then ¢ is injective if and only if
¢ is isometric (i.e., ||p(a)|| = |la|| for all a € A).

Proof. If ¢ is isometric, then it is easy to see that ¢ must be injective, since
¢(a) = 0 implies |la|| = ||¢(a)]| = 0 and hence a = 0. Conversely, suppose
that ¢ is injective. Define || - [|g : A — [0,00) by |lallo := [|¢(a)||. We see
that || - ||o is a seminorm because |[a + bl := [[¢(a + b)|| = ||¢(a) + ¢(b)]| <
llo(a)|l + lo(d)|| = ||lallo + ||b]|o, and using Corollary 3.7, for any a € A and
A € C, we have

INallf = lle(a)l* = [6(Xa)* d(Aa)|| = [6(Aa*)¢(Na)|| = [l¢(IA]*a*a)]
= [IAPé(a”a)ll = [APllg(a) " ¢(a)ll = AP [le(a)|* = [APall5
so that || Aallo = |A|[|allo- In addition, |- || is @ norm since whenever ||aljo = 0

we have ||¢(a)|| = 0, and ¢(a) = 0, and the injectivity of ¢ implies that a = 0.
Finally, | - o is a C*-norm on A because [la|3 = [[¢(a)| = ||¢(a)*6(a)| =

lp(a*a)|| = |la*allo. Since A is a C*-algebra, there is a unique C*-norm on
A (see, for example, [2, Corollary 2.1.2]), and hence || - [|p = || - ||. It follows
that |[¢(a)|| = ||al| for all a € A. O

The following proposition shows that any unital x-preserving ring ho-
momorphism between C*-algebras decomposes as a direct sum of a linear
x-preserving ring homomorphism and a conjugate-linear x-preserving ring
homomorphism.

Proposition 3.9. If A and B are unital C*-algebras and ¢ : A — B is a uni-
tal x-preserving ring homomorphism, then there exist projections P,(Q) € B
such that P and Q commute with im ¢, the projections satisfy P+ Q = 1p,
the map ¢ := P¢ is a linear *-preserving ring homomorphism from A to
B, and the map ¢o = Q¢ is a conjugate-linear x-preserving ring homomor-
phism from A to B. Thus
¢ =¢1+ @2

and ¢ is the direct sum of a linear x-preserving ring homomorphism and a
conjugate-linear x-preserving ring homomorphism.

Moreover, if the C*-subalgebra of B generated by im ¢ has trivial center
(i.e., the center is {\1p : A € C}), then either ¢1 =0 or ¢2 = 0, and ¢ is
either linear or conjugate linear.

Proof. Without loss of generality, we may assume that im ¢ generates B.
(If not, simply replace B by the C*-subalgebra of B generated by im ¢.) Let
T := —i¢(il4). Since im ¢ generates B, we see that T is in the center of B.
Using the properties of ¢ we have that T2 = ¢(14) = 15 and also T* = T.
Let P := %(T—i— 1), and Q :== 1 — P. Then T'= P — @, and P and Q
are orthogonal projections that are in the center of B. Define ¢ : A — B
by ¢1(a) = P¢(a), and define ¢ : A — B by ¢2(a) := Q¢(a). Then
¢1 and ¢ are x-preserving ring homomorphisms with mutually orthogonal
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ranges, and since P + @Q = 1p it follows that ¢ = ¢1 + ¢2. In addition,
¢1(ila) = Po(ily) = PiT = Pi(P — Q) = iP = i¢1(1la), and similarly
$2(ila) = Qélila) = QiT = Qi(P — Q) = —iQ = —i¢2(L4). Since ¢; and
¢9 are real linear by Corollary 3.7, it follows that ¢; is complex linear and ¢o
is conjugate linear. Finally, we see that if the C*-subalgebra of B generated
by im ¢ has trivial center, then because P and () are orthogonal projection
in this center, it must be the case that either P = 0 or Q = 0, and hence
either ¢1 = 0 or ¢ = 0. ]

Corollary 3.10. If A is a unital C*-algebra and ¢ : A — B(H) (respec-
tively, ¢ : A — M, (C)) is a unital x-preserving ring homomorphism that is
surjective, then ¢ is either linear or conjugate-linear.

Corollary 3.11. If ¢ : C — C is a unital *-preserving ring homomorphism,
then either ¢ is equal to the identity map (i.e., ¢(z) = z for all z € C) or ¢
is equal to the complex conjugation map (i.e., ¢(z) =Z for all z € C).

Remark 3.12. Readers familiar with the theory of C*-algebras will note
that Proposition 3.9 is reminiscent of a famous theorem of Kadison: any
Jordan x-isomorphism between von Neumann algebras is the direct sum of
a *-isomorphism and a #-anti-isomorphism [1, §10.5.26]. Note, however, that
Proposition 3.9 is different from Kadison’s result. Specifically, the Jordan
x-isomorphism, *-isomorphism, and *-anti-isomorphism of Kadison’s result
are all assumed to be linear. In addition, Proposition 3.9 does not require
the homomorphism to be an isomorphism or the C*-algebra to be a von
Neumann algebra.

Remark 3.13. If A and B are unital C*-algebras, then the kernel of a
unital x-preserving ring homomorphism ¢ : A — B is always a C*-algebra
ideal of A: To see that ker ¢ is closed under scalar multiplication note that if
a € ker ¢ and A € C, then ¢(Aa) = ¢p(Alaa) = ¢(Ala)p(a) = ¢p(Ala) -0 =0,
so Aa € ker¢. Thus the quotient A/ker ¢ is a C*-algebra. However, the
image of ¢ is not necessarily a C*-algebra. For example, the map ¢ : C —
M>(C) given by ¢(z) = (3%) has an image that is not closed under scalar
multiplication, and thus not a C*-algebra.

Remark 3.14. Suppose ¢ : A — B is a #-preserving ring homomorphism
between C*-algebras that is not necessarily unital. If A is a unital C*-
algebra, and if we let By be the C*-subalgebra of B generated by im ¢,
then the map ¢ : A — By obtained by restricting the domain is a unital *-
preserving ring homomorphism between C*-algebras. Thus, while all results
in this paper are stated for unital x-preserving ring homomorphisms between
C*-algebras, it is possible (by restricting the codomain) to apply the results
whenever one has a *-preserving ring homomorphism from a unital C*-
algebra into another C*-algebra.



CONTINUITY OF RING #%-HOMOMORPHISMS 167

Acknowledgements. The author thanks the referee for a careful reading
and insightful comments. The author also thanks Vern I. Paulsen for a con-
versation leading to the proof of Proposition 3.9. Furthermore, the author
is grateful to the referee who provided an improvement to Proposition 3.9
and also pointed out that there is an alternate way to prove Theorem 3.6:
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¢(sly) = slp and thus for all a € A we have ¢(Aa) = Ap(a). Hence
¢ is R-linear. Fix a € A. For any selfadjoint element x of A we have
|z|| = min{\ € R: =A\14 < 2 < Al 4}. Hence for A := |la*al| = ||a||? we have
—Alg < a*a < Aly, and because ¢ preserves order, —Alp < ¢(a*a) < Alp.

Thus [|¢(a)[* = [l¢(a)*é(a)|| = [|¢(a*a)|| < [la*al| = |lal* and [|¢(a)]| < [|a]-
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