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Crossed products of C*-algebras with the
weak expectation property

Angshuman Bhattacharya and Douglas Farenick

ABSTRACT. If o is an amenable action of a discrete group G on a unital
C*-algebra A, then the crossed-product C*-algebra A x, G has the weak
expectation property if and only if A has this property.
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1. Introduction

A weak expectation on a unital C*-subalgebra B C B(H) is a unital
completely positive (ucp) linear map ¢ : B(H) — B” (the double commutant
of B) such that ¢(b) = b for every b € B. A unital C*-algebra A has the
weak expectation property (WEP) if 7(A) admits a weak expectation for
every faithful representation 7 of A on some Hilbert space H. Equivalently,
if A C A* C B(H,) denotes the universal representation of A, where A**
is the enveloping von Neumann algebra of A, then A has WEP if and only
if there is a ucp map ¢ : B(H,) — A** that fixes every element of A. The
notion of weak expectation first arose in the work of C. Lance on nuclear
C*-algebras [4], where it was shown that every unital nuclear C*-algebra has
WEP. Twenty years later E. Kirchberg established a number of important
properties and characterisations of the weak expectation property in his
penetrating study of exactness [3].

A C*-algebra A has the quotient weak expectation property (QWEP) if A
is a quotient of a C*-algebra with WEP. The class of C*-algebras with QWEP
enjoys a number of permanence properties, many of which are enumerated
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in [6, Proposition 4.1] and originate with Kirchberg [3]. For example, if A is
a unital C*-algebra with QWEP and if « is an amenable action of a discrete
group G on A, then the crossed product C*-algebra A x, G has QWEP [6,
Proposition 4.1(vi)].

In contrast to QWEP, the weak expectation property appears to have few
permanence properties. For example, A @iy B may fail to have WEP if A
and B have WEP; one such example is furnished by A = B = B(H) [5]. In
comparison, if A and B are nuclear, then so is A @i, B, and if A and B are
exact, then so is A ®min B [1, §10.1,10.2].

The purpose of this note is to establish the following permanence result
for WEP (Theorem 2.1): if « is an amenable action of a discrete group G on
a unital C*-algebra A, then A x, G has the weak expectation property if and
only if A does. In this regard, the weak expectation property is consistent
with the analogous permanence results for nuclear and exact C*-algebras [1,
Theorem 4.3.4].

Before turning to the proof, we note that Lance’s definition of WEP re-
quires knowledge of all faithful representations of A. It is advantageous,
therefore, to have alternate ways to characterise the weak expectation prop-
erty. We mention two such ways below.

Theorem 1.1 (Kirchberg’s Criterion [3]). A wnital C*-algebra A has the
weak expectation property if and only if A @min C*(Foo) = A @max C*(Foo).-

The second description is useful in cases where one desires to fix a par-
ticular faithful representation of A.

Theorem 1.2 (A matrix completion criterion [2]). If A is a unital C*-
subalgebra of B(H), then the following statements are equivalent:

(1) A has the weak expectation property.
(2) If, given p € N and X1, Xo € M,(A), there exist strongly positive
operators A, B,C € My(B(H)) such that A+ B+ C =1 and

A X; 0
Y=|X' B X
0 X3 C

is strongly positive in Ms,(B(H)), then there also exist A, B,C €
My, (A) with the same property.

By strongly positive one means a positive operator A for which there is a
real 6 > 0 such that A > §1.

Chapters 2 and 4 of the book of Brown and Ozawa [1] shall form our
main reference for facts concerning amenable groups, amenable actions, and
reduced crossed products.
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2. The main result

Theorem 2.1. If a is an amenable action of a discrete group G on a unital
C*-algebra A, then A xo G has the weak expectation property if and only if
A does.

Proof. We begin with two preliminary observations that are independent
of whether A has WEP or not.

The first observation is that, because « is an amenable action of G on
A, the C*-algebra A x, G coincides with the reduced crossed product C*-
algebra A x4, G [1, Theorem 4.3.4(1)]. The second observation is that if
t: G — Aut(B) denotes the trivial action of G on a unital C*-algebra B,
then the action o @max ¢t of G on A ®max B is amenable. (The action ov®max ¢
of G on A®max B satisfies @ @max t(9)[a®@b] = ag(a)@bforall g € G, a € A,
b € B [8, Remark 2.74].)

To prove this second fact, using the properties that define o as an amenable
action [1, pp. 124-125], let {7;}; denote a net of finitely supported positive-
valued functions T; : G — Z(A) (the centre of A) such that > ¢ Ti(g)? =1

and
2
lim< ) —0

for all s € G. Define finitely supported positive-valued functions

> og(Ti(s™'9)) = Tilg)] " [ag(Ti(s™'g)) — Tilg)]

geG

Ti: G — Z (A @max B)

by Tl(g) = T;(9) ®max 1. Then degf}(g)Q = 1,8 and the limiting
equation above holds with 7} replaced with 7; and « replaced with o @max ¢-
Hence, the action & ®pmax ¢t of G on A Q@max B is amenable.

Assume now that A has the weak expectation property. By Kirchberg’s
Criterion (Theorem 1.1),

-A Qmin C*(Foo) = A ®max C*(Foo)
Let ¢ : G — Aut (C*(F)) denote the trivial action of G on C*(F,). Thus,
& ®max t 1S an amenable action. Hence,
(A Aoy G) @min C*(F ) = (A Na,r ) @min C*<]FOO)
(A ®m1n *(FOO)) NO/@maxL,T G

= (A ®max C*"(Fo)) Xa@maxer G
= (A ®max C*(Foo)) Xa@maxe G
= (A Xy G) Omax C*(Foo) ,

where the final equality holds by [8, Lemma 2.75]. Another application of
Kirchberg’s Criterion implies that A x, G has WEP.
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Conversely, assume that A x, G has the weak expectation property and
that A x4, G is represented faithfully on a Hilbert space H. Thus,

AC AxarG=Ax,G C B(H)

also represents A faithfully on #. Let £ : Ax, .G — A denote the canonical
conditional expectation of A X, G onto A [1, Proposition 4.1.9]. We now
use the criterion of Theorem 1.2 for WEP.

Suppose that p € N, X, Xo € M, (A), and A, B,C € M,(B(H)) are such
that A+ B + C =1 and the matrix

A X1 0
Y =| Xf B Xy | Ms(B(H)
0 X; C

is strongly positive. Because A C A %, G and because A x, G has WEP,
there are, by Theorem 1.2, A, B,C € M,(A x4 G) such that

) A X 0
Y= | X{ B X, |€Msz(Ax,G)
0 X; C

is strongly positive and A+ B+ C = 1. Because ucp maps preserve strong
positivity, the matrix

i EA) X1 0
E@idm)[Y] = | X7 E(B) Xy | € Mzy(A)
0 X3 &)

is strongly positive and the diagonal elements sum to 1 € Ms3,(A). Thus,
A C B(H) satisfies the criterion of Theorem 1.2 for WEP. O

3. A direct proof in the case of amenable groups

The proof of Theorem 2.1 relies on the criteria for WEP given by The-
orems 1.1 and 1.2, which seem far removed from the defining condition of
Lance and thereby making the argument of Theorem 2.1 somewhat indi-
rect. The purpose of this section is to present a more conceptual proof
in the case of amenable discrete groups using Lance’s definition of WEP
directly together with basic facts about amenable groups and C*-algebras.

In what follows, A shall denote the left regular representation of G on the
Hilbert space ¢2(G) and e denotes the identity of G. Two properties that
an amenable group G is well known to have are:

(i) Axq G = Axq, G, for every unital C*-algebra A.
(ii) G admits a Fglner net—mnamely a net {F; };c of finite subsets F; C G
such that, for every g € G,
i RN 9E] _
im———— =
o |F

(In fact the second property above characterises amenable groups.)

1.
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Theorem 3.1. If a is an action of an amenable discrete group G on a
unital C*-algebra A, then A %, G has the weak expectation property if and
only if A does.

Proof. Assume first that A x, G has the weak expectation property. To
show that A has WEP, it is sufficient to show that if A is represented
faithfully as a unital C*-subalgebra of B(K), for some Hilbert space K, and
if 74 A — B(H;) is the universal representation of A, then there a ucp
map w : B(K) — A** such that w(a) = 77*(a) for every a € A.

To this end, let A x, G C B(H{>2S) be the universal representation of
A X G. Because A is unital, A is a unital C*-subalgebra of A x, G. Hence,

AC AxyGC(Ax, Q)™ CBHPE)

and we therefore, on the one hand, consider A as a unital C*-subalgebra of
B(K), where K = H;*«S. On the other hand,

ACAxgG=Axq, G CBHMG) @pin CF(G)
C B(H™ @B ((4(Q))
CB(K®*(G)),
where ® denotes the von Neumann algebra tensor product, yields another
faithful representation of A x, G—in this case, as a unital C*-subalgebra of
B (K ®*(G)). Let (A xq G)” denote the double commutant of A x4 G in
B (K& 3(G)).

Using the vector state 7 on B (¢2(G)) defined by 7(z) = (6, dc) together
with the identity map idg(c) : B(Hz"=%) — B(Hz#=“), we obtain a normal
ucp map

¥ = idpoy @7 : B(K)® B ((*(G)) = B(K).
If £: Ax,r G — A denotes the conditional expectation of A x,,, G onto A
whereby & (Zg ag)\g> = a., then, using the identification Ax,G = Ax, G,

the restriction of ¥ to (A X, G)” is a normal extension of p o £, where
p: A = B(K) is the faithful representation of A C B(K @ (*(G)) as a
unital C*-subalgebra of B(K). That is, we have the following commutative

diagram:

Ax, G —f£5 4

| I
(A X, G)” T> B(K).
Because 1 is normal, the range of 1| 4x,q)” is determined by

Y (Axa G)) = W(Axa ) " = (A"

In other words, the range of | 4x,q)» is the strong-closure of the C*-
subalgebra A of A X, G in the enveloping von Neumann algebra (A x, G)**
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of A x4 G. Therefore, by [7, Corollary 3.7.9], there is an isomorphism

0 : (p(.A))SOT — A™ such that 77 = 0)p(4)-

Now let 7 : (A Xo G)* — (A X4 G)” be the normal epimorphism that
extends the identity map of A x, G. Because A X, G has WEP, there is a
ucp map ¢g : B(H>eG) = (A x4 G)*™ that fixes every element of A x4 G.
Hence, if w = 0 0 ¥4, q)” © 70 © do, then w is a ucp map of B(K) — A™
for which w(a) = 77}(a) for every a € A. That is, A has WEP.

Conversely, assume that A has the weak expectation property and that A
is (represented faithfully as) a unital C*-subalgebra of B(H) for some Hilbert
space H. Thus, we consider A and A x, G faithfully represented via

AC A%, G=Axa,;GCB(HEG)).

Note that u : G — B(H;>*%) whereby u(g) = m>%(1 ® ),) is a uni-
tary representation of G such that (1 ® \) x « is the regular (covariant)
representation associated with the dynamical system (A, a, G).

Let %G 0 A x, G — B(H{YG) be the universal representation of
A %, G and define 7 : A — B(H) by 7 = WUANQGMMG Because 7 is a
faithful representation of A and A has WEP, there is a ucp map

b0 : B(H) = n(A)" 7% (A %, G)”

such that ¢¢ (7(a)) = w(a) for every a € A.

As in [1, Proposition 4.5.1], if F' C G is a finite nonempty subset and
if pp € B({*(G)) is the projection with range Span{é; : f € F}, then
prB(F2(G))pr is isomorphic to the matrix algebra M, for n = |F|, and
so we obtain a ucp map ¢r : B(H ® (2(G) — B(H) ® M,, defined by
¢r(z) = (1@ pr)z(l @ pr). Next, let {efs}fner denote the matrix units
of M,, and define an action § of G on m(A)" by B4(y) = u(g)yu(g)*, for
y € m(A)". Observe that 7(A)” x5 G C 7 C(A x, G)".

The linear map ¢ : 7(A)” @ M,, = A xg G for which

by @epn) = [FI 7' Brly)u(fr),
for y € w(A)”, is a ucp map by the proof of [1, Lemma 4.2.3]. Hence,

Op := Ypo(pg®idpg, )odp is a ucp map B (7—[ ® EQ(G)) — G (A X, G)".
Hence, if {F};}; is a Fglner net in G and if

0;: B(H @ *(G)) - mC (A x, G)

is the ucp map constructed above, for each i, then the net {6;}; admits
a cluster point 0 relative to the point-ultraweak topology. Now, for every
i€A alg € Axa, G, and §,n € HANG

[{(0(ag) — m=C(arg)) € m)] < [{(B(adg) — OF,(arg)) &,m)]
+ [{(OF,(arg) — w2 (arg)) €, m)]

F;, N gF;
—| (1 e ’)wﬁ*w(}(wg)s,m.
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Because 6 is a cluster point of {6;};, we deduce that 8(a),) = 772G (a)).
Hence, by continuity, 6 : B (H ® (*(G)) — TG (A 1, G) s a ucp map
for that extends the identity map on m*«G(A x, G), which proves that
A X, G has the weak expectation property. [l

4. Remarks

The two proofs given in Theorems 2.1 and 3.1 of the implication A x, G
has WEP = A has WEP depend only on the equality A xo, G = A x4, G
rather than on the amenability of the action « or the group G itself.

The arguments to establish Theorems 2.1 and 3.1 depend crucially on the
fact that A is a unital C*-algebra, and it would be of interest to know to
what extent such results remain true for nonunital C*-algebras.
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