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Local Calabi and curvature estimates for
the Chern—Ricci flow

Morgan Sherman and Ben Weinkove

ABSTRACT. Assuming local uniform bounds on the metric for a solu-
tion of the Chern—Ricci flow, we establish local Calabi and curvature
estimates using the maximum principle.
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1. Introduction

Let (M, g) be a Hermitian manifold. The Chern—Ricci flow starting at §
is a smooth flow of Hermitian metrics g = g(t) given by
(1.1) %gij = —R,  gigli=0 = dij,
where R% := —0;0;5log det g is the Chern—Ricci curvature of g. If g is Kéhler,
then the Chern—Ricci flow coincides with the Kéahler—Ricci flow.

The Chern-Ricci flow was introduced by Gill [11] and further investi-
gated by Tosatti and the second-named author [25, 26]. This flow has many
of same properties as the Kéhler—Ricci flow. For example: on manifolds
with vanishing first Bott—Chern class the Chern—Ricci flow converges to a
Chern-Ricci flat metric [11]; on manifolds with negative first Chern class,
the Chern—Ricci flow takes any Hermitian metric to the Kéahler—Einstein
metric [25]; when M is a compact complex surface and § is d9-closed,
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566 M. SHERMAN AND B. WEINKOVE

the Chern—Ricci flow exists until either the volume of the manifold goes
to zero or the volume of a curve of negative self-intersection goes to zero
[25]; if in addition M is nonminimal with nonnegative Kodaira dimension,
the Chern—Ricci flow shrinks exceptional curves in finite time [26] in the
sense of Gromov—Hausdorff. These results are closely analogous to results
for the Kahler—Ricci flow [3, 10, 23, 20, 21].

In this note, we establish local derivative estimates for solutions of the
Chern—Ricci flow assuming local uniform bounds on the metric, generalizing
our previous work [18] on the K#hler—Ricci flow. Our estimates are local,
so we work in a small open subset of C™. Write B, for the ball of radius r
centered at the origin in C", and fix T" < co. We have the following result
(see Section 2 for more details about the notation).

Theorem 1.1. Fiz r with 0 < r < 1. Let g(t) solve the Chern—Ricci flow
(1.1) in a neighborhood of B, fort € [0,T]. Assume N > 1 satisfies

1
(1.2) N{] <g(t) < Ng on B, x [0,T7.

Then there exist positive constants C,«, 5 depending only on g such that:
(0%

A CN .
(i) |Vg|§ < —5— on B,y x[0,T], where V is the Chern connection of
r

g.
.. 5, CNP
(ii) [Rm|; < —5— on B,y x [0, T], for Rm the Chern curvature tensor
r
of g.

Note that the estimates are independent of the time T and so the results
hold also for time intervals [0,7") or [0, c0). The dependence of the constants
on ¢ is as follows: up to three derivatives of torsion of ¢ and one derivative
of the Chern curvature of § (see Remarks 3.1 and 4.1). We call the bound
(i) a local Calabi estimate [2] (see [29] for a similar estimate in the elliptic
case).

As a consequence of Theorem 1.1, we have local derivative estimates for
g to all orders:

Corollary 1.2. With the assumptions of Theorem 1.1, for any € > 0 with
0 <e<T, there exist constants Cp,, amy and Y, for m =1,2,3, ... depend-
ing only on g and € such that

CnNom

=m
IVE'g o

3 < on BT‘/8 X [€,T]7

where Vg is the Levi-Civita covariant deriwative associated to g.

Note that our assumption (1.2) often holds for the Chern—Ricci flow on
compact subsets away from a subvariety. For example, this always occurs
for the Chern—Ricci flow on a nonminimal complex surface of nonnegative
Kodaira dimension [25, 26]. It has already been shown by Gill [11] that local
derivative estimates exist using the method of Evans—Krylov [9, 14] adapted
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to this setting. The purpose of this note is to give a direct maximum princi-
ple proof of Gill’s estimates, and in the process identify evolution equations
for the Calabi quantity \@g@ and the Chern curvature tensor R, ;, which
were previously unknown for this flow. In addition, we more precisely de-
termine the form of dependence on the constants N and r. We anticipate
that this may be useful, for example in generalizations of arguments of [21].

In the case when g is Kéhler, so that g(t) solves the Kahler—Ricci flow, the
above result follows from results of the authors in [18]. The more general
case we deal with here leads to many more difficulties, arising from the
torsion tensors of g and §. For these reasons, our conclusions here are
slightly weaker: for example, we cannot obtain the small values (a = 3 and
B = 8) in the estimates of (i) and (ii) that we achieved in [18].

Acknowledgements. The second-named author thanks Valentino Tosatti
and Xiaokui Yang for some helpful discussions.

2. Preliminaries

In this section we introduce the basic notions that we will be using
throughout the paper. We largely follow notation given in [25]. Given a
Hermitian metric g we write V for the Chern connection associated to g,
which is characterized as follows. Define Christoffel symbols T, = g%, gy
Let X = Xl% be a vector field and let a = aj, dz* be a (1,0) form. Then

(2.1) Vin = 81'Xl + FérXr, Vz-aj = éh-aj — ngar.

We can, in a natural way, extend V to act on any tensor. Note that V makes
g parallel: i.e., Vg = 0. Similarly we let V denote the Chern connection
associated to g.

Define the torsion tensor 1" of g by

(2.2) T;* =T — T
We note that g is Kahler precisely when T'= 0. We write
sz—k = F%—F% ::F%—Ffi

for the components of the tensor T We lower and raise indices using the
metric g. For example, T, = g% g% g, /T 5.

We define the Chern curvature tensor of g to be the tensor written locally
as

(2.3) Riz! = —05Ty..
Then
(2.4) R = —0i039x7 + 97 0igrs039,7-

Again we have lowered an index using the metric g. Note that R, = R
holds.
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The commutation formulas for the Chern connection are given by

(2.5) Vi, Vj]Xl = Rz‘jlek7 [Vi, vj]ﬁ = _Ri]jgl_F

Vi, Viax = —Rigila, Vi, Vi@ = Ri*ax.

Because g is not assumed to be a Kahler metric the Bianchi identities will
not necessarily hold for R,z;. However their failure to hold can be measured
with the torsion tensor T' defined above:

(2.6) Riger — Ryzir = —Vilyg
Rijkl_ - Ril_kj = —Vile'k
Rigni — Bygig = —Vilyg — Vil = Vil — Vil
vaijkl_ - viRpjkl_ = _TpiTRrjkl_
VaRini — ViRigs = — 13" Rigip-
These identities are well-known (see [27] for example). Indeed, it is routine
to verify the first line, and the second and third lines follow directly from it.

Furthermore the fifth line follows directly from the fourth. For the fourth
line we calculate:

VpRign' = —Vp(0;Th) = =001, — T0, 0T, + T, 05T Ly + T, 05T,

T

Swapping the p and ¢ indices, subtracting, and combining terms, we find

VpRig! = ViRyp' = ~Tpi" R + 05 <<9z‘r§>k — 3Ly, + T}, Ty — Féﬁ%) :

Now one checks that the quantity in parentheses vanishes.
We define the Chern—Ricci curvature tensor Ricj- by

Note that / —1R%dzi Adz7 is a real closed (1,1) form. We will suppose that
g = g(t) satisfies the Chern—Ricci flow:

0 .
(2.8) 1% = R, gijli—o = dij;
for t € [0,T] for some fixed positive time 7. We will use Vv, fﬁk, T, Rijki?
etc., to denote the corresponding quantities with respect to the metric g.

Define a real (1,1) form w = w(t) by w = /—1g;;dz* A d2’ and similarly for
w. From (2.8) we have that

(2.9) w=w+n(t)
for a closed (1,1) form n. Hence
(2.10) T = Tug-

Here we raise and lower indices of 7 using the metric g, in the same manner
as for g above. Note that T;,; = g,/Ti" = 0;9,7 — Okg,; and Ty = g, Tik" =
9947 — OG-
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It is convenient to introduce the tensor ;! = Flik — Fék. We raise and

lower indices of ¥ using the metric g, and write \I/TEI for the components of
v, We note here that U can be used to switch between the connections V
and V. For example given a tensor of the form X,/ we have

(2.11) VX = VX = —0," X9 + 0,7 X;".

Observe that

(2.12) VWil = —Rigp' + Ripl.

We write A for the “rough Laplacian” of g, A = VIVg, where VI = g%V,
Finally note that we will write all norms | - | with respect to the metric g.

3. Local Calabi estimate

In this section we prove part (i) of Theorem 1.1. We consider the Calabi-
type [2, 28] quantity

(3.1) S = w2 = vyl

Our goal in this section is to uniformly bound S on the set B, /5, which
we will do using a maximum principle argument. First we compute its
evolution. Calculate

AS = g7,V (976" g1 T’
= 979" 9" g1V, (Vq\l’ijk\l’abc + \I’ijkvq\l’abc)

= (VUL + [P + 6" g g AW, T

+ U3 F (AW ¢ + g% Ryga™ V¢ + g% Ry W€ — gqup(jrC\I]abr)>
= VU2 + VT2 + 2Re ((A\pijk)qﬂjk)
+ (RyP "W 4+ RyP AU — RyP™ W )Wk,
From (2.12) we have

(3.2) AWF = —VIR* + VIR
For the time derivative of S, first compute (cf. [17] in the K&hler case),
0 0
(3.3) U = &rgfj = —Vi(RO);*.

ot
Then

9 9 s . . -
75':7( ai bj E\I;Z..kq;a c)

ot
9 i j 0 4 i
= (o) watwstcs (") v

9 ke 9w k) wis
+<8tgk5) Uk +2Re<(6t\11” Wi,
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— (Rc)aiqlijk\llajk + (RC)Ej\I/z‘jk\I/in
— (RO)4eWF 079 — 2Re ((vi(RC)jk)wijk) .

Therefore
0 _ . . )
(at - A) S= —|VU? — VU + (R™,P — RP™) 0" 0,

+ (R7P = RyPV) Wi Wiy — (Rigy” — RyPar) Wi P07
— 2Re [(ViR;",” + Aw*) W],
By (2.6) we can re-write the terms involving a difference in curvature using

the torsion tensor 7. For the term in square brackets we compute, using
(3.2) and again (2.6) that

ViR;" P + AT 7 =V, (Rppjk + VTP, + Vprjk) — VIRgi* + VIR;;*
= (VpR7}* = Ty P + ViV, T, + VivPT,*
— VIR;g;* + VIR,
= — T3, RP;F + V,V, TP, + V,VPT,;* + VIR .

Hence S satisfies the following evolution equation

B
(3.4) (& - A) S =
— VO] - |V

+ (VrTqiq 4 vqTqri) \Ilijk\prjk + (VTquq + VqTqu) \I’ijk‘lﬂrk
— (VT + VaT%") W;F 0,
— 2Re [(VNJTP by + ViVTF — Ty R F 4 g% VPRiqjk> Wi k} .

There are similar calculations to (3.4) in the literature which generalize
Calabi’s argument [2, 28]: in the elliptic Hermitian case [6, 29]; in the case
of the Kéahler-Ricci flow (see also [18]) in [3, 17]; and in other settings
27, 24, 22].

For the remainder of this section we will write C for a constant of the form
CN® for C and a depending only on §. Our goal is to show that S < C/r2.
The constant C' will be used repeatedly and may change from line to line,
and we may at times use C’ or C1, etc.

We would like to bound the right-hand side of (3.4). First, from (2.10)
and (2.11) we have, for example,

(3.5) VaTii* = g% (VaTjr — Vo Tijr).
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This and similar calculations show that the third and fourth lines of (3.4)
can be bounded by C(S%/2 4 1). Next we address the terms in the last line
of the evolution equation for S.

e Building on (3.5) we find
(3.6) VaVbejE = g" (Va(@bTAzjz - \Pberer)>
= gkl (@a@bi—‘iﬂ - \Ijabrﬁrj—‘ijl - ‘IjalT@bTijr
—(Va‘I’blr)szr — qulrﬁaﬁjr + \I/bqujarsj_%js> )

and hence |V;V;TP%,| can be bounded by C(S + |[V¥| + 1).
e Similarly,

(37)  VaVyT*

— U5 (VaTijg = Yai Tpjq — Vas” Tm)) ,
and so |V;V;T9,*| can be bounded by C(S + [V¥| + 1).
e Next, using (2.10) and (2.12):
TipTRrpjk = ggrgqp,fip§ (qujk - qulrjk> )

so we can bound |T;,"R,?;*| by C(|[V¥|+ 1).
e Finally, compute

vai(ij = @PRi(ijk - \Ilm'rerﬂk - ‘Ilpjr]:ziQTk + \I/prkRiqu‘
So |gqpva7jqjk’ can be bounded by C(S§'/2 4 1).
Putting this all together we arrive at the bound

1
(3.8) (gt —A) S < 0(33/2+1)—§(W\1:|2+|V\11|2).
We note here the bounds:
(3.9) |Vtrag®> < CS
(3.10) IVS|> < 28(VW|? + |[VI)?).

The first follows from V, (§7¢;7) = vV (979i7) = Qﬁ@pgzj and the second
follows from [V S|? = |V|U[?| |V|¥[?| < 2|¥|? (|V¥|?+|V¥|?). Furthermore
from [25, Proposition 3.1] (see also [6] in the elliptic case), we also have the
following evolution equation for tryg:
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(3.11) (8815 - A) trgg =
— 99" V19V " gpg — 2 Re (gﬁTAmp@’“gpf
+g” <@ﬂ}kq - Puikqj) 9kq — 9" (ﬁz Ajj + @szkj>
+ T3P (9 — 9)pa-
(Here vk = ng@; and we have raised indices on the tensor Rm using g).

This generalizes the second order evolution inequality for the Kahler—Ricci
flow [3] (cf. [28, 1]). Hence we have the estimate

(3.12) (gt - A) trgg < —go +C(SY? +1),
for a uniform positive constant Cy (in fact we can take Cp = N).

We now would like to show that the evolution inequalities (3.8, 3.12) imply
a uniform bound on S = |Vg|2 on B, /3 x [0,T]. Choose a smooth cutoff
function p which is supported in B, and is identically 1 on B, 5. We may

assume that |Vp|%,|Ap| are bounded by C/r?. Let K be a large uniform
constant, to be specified later, which is at least large enough so that

K
ESK—trgggK.

Let A denote another large positive constant to be specified later. We will
use a maximum principle argument with the function (cf. [5])

S

2

= p*—— + Atr;
/ pK—trgg+ te9

to show that S is bounded on B, .

Suppose that the maximum of f on B, x [0,7T] occurs at a point (g, o).
We assume for the moment that ¢ty > 0 and that zy does not lie in the
boundary of B,. We wish to show that at (x¢,%p), S is bounded from above
by a uniform constant C'. Hence we may assume without loss of generality
that S > 1 at (zo,tp). In particular, we have

1
(3.13) (gt - A> S <C83? - 5(|v\1f|2 + V),
d S
_ _ g < ——— .
(825 A)trgg_ 2CO+C'

We compute at (xo, to),
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(5-9)-

) s S
A <8t - A) trgg + (—A(p ))m

S 0 1 0
22 (9 ANVrg+ et (LA
TR 9 <8t > 9T g \ ot S

— 1 —
= 2p?S
- 2 Vitr;g- VS| — 2 |Virygl*.
e [p (K —trgg)? " 99 VS] (K — trag)® Vergs|

But since a maximum occurs at (zg, tg) we have Vf =0 at this point, and
hence

= Vs SVtryg
P pK—trgg+p K—trgg+p (K —trgg)
Then at (zo, to),

(-3
A <86t - A) tryg + (—A(p2))K _Strgg + p? ® —b‘;rgg)Q (8875 — A) trgg
+p2K—1trgg (gt — A) S —4Re [pK—ltrggvP'VS] + m.

Making use of (3.9, 3.10, 3.13) and Young’s inequality, we obtain at (z, to),

og(;—A>f§<bé§+CA>+(gi>+<béi%§+igs)

2 2
P g2 2 P 2 2
+< —2K(|V\py + |V )+4K2005 +Cp S>

5 + AVitrzg = 0.

2
P° = 9 C CA
L _vw U . z2
+(4K(\V |“+ |V |)+K1”QS>+ KS
A C’ CA
< = Z S+ 228
< ZCOS+CA+T2S+KS
Now pick K > 4CyC so that at (xo,tg),
A C’
< —8S.
0< 4COS+CA+T25
Then choose A = 8(’;# so that at (zg, to),
c’

—5 <04,
.
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giving a uniform upper bound for S. It follows that f is bounded from above
by Cr~2 for a uniform C. Hence S on ?/2 is bounded above by Cr—2.

It remains to deal with the cases when ¢y = 0 or x¢ lies on the boundary
of B,. In either case we have f(xg,to) < Atrgg(xo,to) < Cr~2 and the same
bound holds.

Remark 3.1. Tracing through the argument, one can see that the constants
only depend on uniform bounds for the torsion and curvature of g, and one

and two derivatives (with respect to V or @) of torsion and one derivative
of curvature.

4. Local curvature bound

In this section we prove part (ii) of Theorem 1.1. As in the previous
section, we write C' for a constant of the form C'N7 for some uniform C,~.
We compute in the ball B, /; on which we already have the bound S < C/ r2.

Let Ag = $9%(V,V; + V;V,,). First we need an evolution equation for
the curvature tensor. We begin with

0 0 0
ERU—,J =5 (—37F5k> = Oy, (Fﬁk) = —05(=Vi(R)) = V; ViR,
and therefore,
0
(41) aRijk‘[ = _quppRijkq + vjviRkpr'

Now, computing in coordinates where g is the identity, we find
1
ARRz‘jkl_ :i(vpvﬁ + vﬁvp)Rz’jkl_
1
=VpVpRui + B (RppigRygi — RppaiRigei + Bppra R
:vp(viRiﬁkl_ - Tﬁquitjkl_)

iggl — RppqrTiza )

1
+ §(Rpﬁi¢qujki — RypoRigit + Rppka Rzt — Rppoifiha)
=V; VpRz’ﬁk:Z — Rpjiq Rqﬁki + Rpj‘qﬁRiqki
- Rm‘kziRz'pql' + Rqul'Riﬁk‘z? - Vp(Tﬁquiqkl_)
1
+ §(Rpﬁi¢qujki - Rpﬁquiqki + RpﬁktiRz‘qu - Rpﬁq[ Ri]’ké)
=Vj (ViRpka - Tpiq’qukl' ) — Rpiiqqukl' + RquﬁRz‘qkl'
— RygegRipgr + Rz Ripkq — Vp(Tpze Rigir)
1
+ 5 (RppiqRogr — BoparRigrt + RopraPizer — Rppgrizwa)
=ViVi(Riipp — VLo — Vilprp) — Vi(TpigRepi) — RpsigRopri
+ RquﬁRz‘qkl' - Rpjdeiﬁql_ + Rqul_Riﬁkq - vp(TﬁJ’qu’qu)
1
+ §(Rpﬁicqujkz’ — Rppgg gt + Rpprg R R Rigkq)-

ijgl — *lpp
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Hence
0

- qu’pﬁRiJ‘ktI + Rp]’iqqukl_ - RquﬁRz‘qkl' + Rpidez‘ﬁql_ - Rqul_Riﬁkq
1
D) (Rpﬁicqujk;i - RpﬁqJ‘Rz‘qu + Rpﬁquijqi - RpﬁqZRijkci)
+ Vp(Tﬁquiqki ) + Vj (Tpirquﬁk:i ) + Vjvi(vaka + ViTpkﬁ)~
To estimate this, we first compute
Vp(TﬁJ‘qRiqu) = (VPT@_Q - ‘I’quTﬁJ‘r)Riqu + TﬁqupRiakiv
and this is bounded by C(|Rm|/r 4+ |[VRm|). Using the fact that

Rig! = =Vt + Rig!

we have
(4.3) IRm| < |[V¥|+C,
and hence
. VUl 1
(4.9 VTl < € (19Rml + 224 1)

Similarly for the term V;(TpiqRqﬁk;).
The last two terms of (4.2) involve three derivatives of torsion. We claim
that

— = VU|+ V¥ 1
(4.5) IVVVT|, [VVVT| <C (]VRm| + "r—’—’ + 7"3) .
Indeed, applying Vz to (3.6), we have
(4.6)
VEVaVbTijk = gkl (@E@a@bﬁﬂ - ‘l’aqﬁa@bfajl - ‘I’qu@a@bfml
- VE(‘I}abT@rTTﬂ) - v?(q’alrﬁbjﬁijr) - VE(\I’blT@aTijr>
_VE(Va\I]blTTijr) + VE(\Ijblr\parsTﬁs)> .
The first three terms on the right-hand side are bounded by C(v/'S +1) and
hence by C'/r. Next compute

- ‘IlabrlpéjaﬁTTEl:
which is bounded by C|V¥|+ Cv/S + CS and hence by C(|V¥| + 1/r?).

The same bound holds for the other two terms on the second line of (4.6).
For the third line, compute

VeVl Tizr) = (VaVelit + Roar” Upi” + Raa’ V" — Razp" W) Tz
+ (Valy") <@ETAW — Ve T — ‘PaquwT) ;
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and using the fact that Ve¥y," = —Rpg” + Rba’” we obtain
Ve(Valy Tipr) = (= VeRia" + VaRye" — U Rye” — WP Rig,”
+ Uop" Rict? + Raat? U + Ract? Vo™ — Razp" Vi) T
+ (Va¥u") (@ETW — U Ty — ‘Ifajqur) .
It follows that

P R vy 1
(4.8) \Ve(Va¥yTig)| < C <‘VRm‘ + ‘Tm‘ 4 ’r‘ + r) )
Finally,
VE(\I’I’ZT\I]“TST@S) = (_RbElT + RbElT)\IIarSTEjS + \I’blT(_Racr + Racr ) 2Js
+ U4 Vo (Velis — Vel — Vo Tigs),
giving

., Rm 1
(4.9) ‘V (\Pbl Uy, ® zys)| <C <| | + 7,3) :

r

Putting together (4.6, 4.7, 4.8, 4.9), and making use of (4.3), we obtain

- U]+ [V
|VVVT|<C<|VRm| m r3>

and the bound for |[VVVT]| follows similarly. This completes the proof of
the claim (4.5).

From (4.4) and the claim we just proved, since the second and third lines
of (4.2) are of the order |[Rm|?, we have the bound

v v
(4.10) <§t - AR) Rm' <C (]lez + |VRm| + w + r3>
Now
) y
(4.11) <8t - A> [Rm|* = ¢"¢* ¢ (RO)' R, iR ypea

+ 9"9% g (R)" Ry R
+9%g"g ld(Ro)CkRz]klRabcd
+g° g]bng(RC)ldRz]klRabcd
4 9Re [gazg]bgck:gld <(<’;9t _ AR)RZ-W> Rabcd]
— 2|VRm|%.
This together with (4.10) and (4.3) implies
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(4.12)
(i) o

<C (\Rm\Q + Rm[* + |VRm| - [Rm| + (

VU] + |V¥|)|Rm| ]Rm)
T3
r r

VU2 + VY2 |R
| V9P + [FOP | [Ru

1
<C <\Rm|3 +- ” =

> — |VRm/?.

To show |Rm|? is locally uniformly bounded we will use an argument
similar to the previous section. Let p now denote a cutoff function which is
identically 1 on m, and supported in B, 5. From the previous section we
know that S is bounded by C/r? on B, 5. As before we can assume |Vp]|?
and |Ap| are bounded by C/r?. Let K = C;/r? where O is a constant to
be determined later, and is at least large enough so that % <K-S<K.
Let A denote a constant to be specified later. We will apply the maximum
principle argument to the quantity

2
o [Rm|
f=r
K-S
As in the previous section, we calculate at a point (xg, t9) where a maximum
of f is achieved, and we first assume that tg > 0 and that zy does not occur

at the boundary of B, /. We use the fact that Vf =0 at this point, giving
us

+ AS.

0 0 9., |[Rm|? 5 |[Rm]?> 0
(at A)f—A(at A)S+ (A o + A gy — S
2 1 g_ 2 1 vl 2
+pK—S<8t A)|Rm|* — 4Re K_Spr V|Rm|
2A|VS|?
K-8

Our goal is to show that at (xg,%), we have |Rm|? < C/r*. Hence without
loss of generality, we may assume that 1/r + |Rm|/r® < C|Rm|? and hence
(4.12) becomes

(6 - A) Rm|? < C <|Rm|3 + Q) — |[VRm|?,
ot r

where for convenience we are writing Q = |V¥|?+|VV¥|2. For later purposes,
recall from (4.3) that |[Rm|? < Q + C and from (3.10) that |[VS|? < 25Q.
Also note that |V|Rm|?| < 2|Rm||[VRm|. By (3.8) we find that on B, )2

we have
0 c 1
_ < —Z0.
(825 A) §< r3 QQ
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Using these, we find at (zg,t),
2 2 2 2 2
(a—A>f§ ((JA_AQ> . <C|Rm| >+ (Cp [Rm[*  p*|Rm| Q>

ot rs 2 Kr? K293 2K?
Cp’lRm|*  Cp’Q p? 2

2 2 2
p°|VRm| |Rm)| 8ASQ
+( e 0 )t )

First choose C7 in the definition of K to be sufficiently large so that
845Q _ 4Q
K — 47
where we use the fact that S < C/r2. Next observe that
CpRmf* _ pRm*Q
K - 2K?

0 CA  AQ
RN [ i o :
(m )fﬂ 9 cnrc

+C'p?*[Rm|?,

and hence

Now we may choose A sufficiently large so that A > 8C” and we obtain at
(zo,t0),
C
Q<.
which implies that [Rm|? < C/r3 at this point. It follows that at (g, %),
f is bounded from above by C/r2. The same bound holds if xq lies in the
boundary of B,/ or if top = 0. Hence on B, /, we obtain

C
|]R/In|2 S 7717

as required. This completes the proof of Theorem 1.1.

Remark 4.1. In addition to the dependence discussed in Remark 3.1, the
constants also depend on three derivatives of the torsion of g, with respect

to @ or @

5. Higher order estimates

In this last section, we prove Corollary 1.2 by establishing the estimates
for |@ﬁ?g|g for m = 2,3, .... For this part, we essentially follow the method
of Gill [11] (cf. [4, 7, 8, 16] in the Ké&hler case), but since the setting here
is slightly more general, we briefly outline the argument. In this section, we
say that a quantity is uniformly bounded if it can be bounded by CN*r~—7
for uniform C, a;, 7.
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We work on the ball B, 4, and assume the bounds established in Theo-

rem 1.1. As in [25], define reference tensors (G¢)i; = iy — tﬁiicj, where R% is

the Chern—Ricci curvature of §. For each fixed x € M, let ¢ = ¢(x,t) solve
0 det g(t
= log = g(A ),
ot det g

Then gi7 = (g¢)i7 + 0;05¢ is the solution of the Chern—Ricci flow starting at

g.
Consider the first order differential operator D = %, where z7 is a real
coordinate. Applying D to the equation for ¢, we have

¢li=0 = 0.

9 7i AT (A 7i 7 (4 S5 1y
a(DSO) = 9" Dgi; — 9" D(9)i7 = 97 0;0;( D) + ¢ D(9¢)i7 — 9 Diz-

Hence, working in real coordinates, the function u = D(y) satisfies a linear
parabolic PDE of the form

(5.1) o = a9y dypu + f,

where A = (a®?) is a real 2n x 2n positive definite symmetric matrix whose
largest and smallest eigenvalues A and A satisfy

(5.2) Cl<A<A<C,

for a uniform positive constant C'.

Moreover, the entries of A are uniformly bounded in the C%/29 parabolic
norm for 0 < 6 < 1. Indeed our Calabi-type estimate from part (i) of
Theorem 1.1,

Vgl* < C,
implies that the Riemannian metric gr associated to g is bounded in the C*
norm in the space direction. On the other hand,

9 c T
% = By = —g" Ry

From the curvature bound of Theorem 1.1, we know that QZkRz‘jki is uni-

formly bounded for any fixed 7, 7. It follows that %(g}g)aﬁ is also uniformly
bounded for any fixed o, 8. Thus we see that each entry a®® in the matrix A
has uniform bounds in one space and one time derivative. This implies that
a®? is uniformly bounded in the C%/29 parabolic norm for any 0 < § < 1.

Next, note that u = 5% in (5.1) is bounded in the C" norm since g(t) is
uniformly bounded and hence |/—199¢|co is uniformly bounded. Moreover,
fin (5.1) is uniformly bounded in the C%/%9 norm.

We can then apply Theorem 8.11.1 in [15] to (5.1) to see that u is bounded
in the parabolic C'*%/22+9 norm on a slightly smaller parabolic domain:
[€/,T] x B, for any ¢’ and " with 0 < &’ < e and /8 < ' < r/4. Tracing
through the argument in [15], one can check that the estimates we obtain
indeed are of the desired form.
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Now apply D to the equality g;;(t) = (§¢)i; + 0;05¢. We get
Dgiz = D(gt)iz + 0:95u,

where we recall that D = 0/0z” for some ~. Since we have bounds for u
in C119/2.249 this implies that 0;0;u is bounded in C%/29. Since D(g;)i;
is uniformly bounded in all norms we get that Dg;; is uniformly bounded
in C%%9 for all i,j. Since D = 0/0xY and v was an arbitrary index, it
follows that (%aaﬁ is uniformly bounded in C%29 for all a, 8,7. We have
a similar estimate for d,f. Now apply Theorem 8.12.1 in [15] (with k£ = 1)
to see that, for any «, d,u is uniformly bounded in C119/2:249 o a slightly
smaller parabolic domain. This means that D%y is uniformly bounded in
C119/2249 for any multi-index o € R?" with |a| < 2.

We can then iterate this procedure and obtain the required C* bounds
for g(t) for all k. This completes the proof of the corollary.

Remark 5.1. In [18], we showed how to obtain higher derivative estimates
for curvature using simple maximum principle arguments (following [13,
19]). However, in the case of the Chern—Ricci flow, there are difficulties
in using this approach because of torsion terms that need to be controlled.
An alternative method to proving the estimates in this section may be to
generalize the work of Gill on the Kéhler—Ricci flow [12]. This could give
an “elementary” maximum principle proof, but the technical difficulties in
carrying this out seem to be substantial.
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