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On groupoids with involutions and their

ABSTRACT. We extend the definitions and main properties of graded ex-
tensions to the category of locally compact groupoids endowed with in-
volutions. We introduce Real Cech cohomology, which is an equivariant-
like cohomology theory suitable for the context of groupoids with invo-
lutions. The Picard group of such a groupoid is discussed and is given a
cohomological picture. Eventually, we generalize Crainic’s result, about
the differential cohomology of a proper Lie groupoid with coefficients in

cohomology
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a given representation, to the topological case.
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0. Introduction

A Real® object in a category € is a pair (A, f) consisting of an object
A € Ob(C) together with an element f € Isome(A, A), called the Real struc-
ture, such that f2 = 14. For instance, an Atiyah Real space (X,7) [2] is
nothing but a Real object in the category of locally compact spaces. We are
particularly interested in the category & [25] of locally compact Hausdorff
groupoids with strict homomorphisms [15, 16] as morphisms; we shall refer
to Real objects in & as Real groupoids. For example, let WP?%_._V%) be
the weighted projective orbifold [1] associated to the pairwise coprime inte-
gers ai, . . ., Gy; then together with the coordinate-wise complex conjugation,
WIP’?%M%) is a Real groupoid.

A morphism of Real groupoids is a morphism in &, intertwining the
Real structures. We may also speak of a Real strict homomorphism. Real
groupoids form a category R, in which morphisms are Real strict ho-
momorphisms. Moreover, they are the objects of a 2-category R&(2) de-

fined as follows. Let (G,p),(I,0) € Ob(RB,). A generalized homomor-

phism [7, 9, 16, 25] T’ Z, G is said to be Redl if Z is given a Real structure
7 such that the moment maps and the groupoid actions respect some co-
herent compatibility conditions with respect to the Real structures. A mor-
phism of Real generalized homomorphisms (Z,7) — (Z’,7') is a morphism
of generalized homomorphisms Z — Z’ intertwining the Real structures.
Henceforth, 1-morphisms in 9R®(2) are Real generalized homomorphisms
and 2-morphisms are morphisms of Real generalized homomorphisms. All
functorial properties we deal with in this paper are however discussed in the
category R® defined as RB(2) “up to 2-isomorphisms”.

In [21], a Cech cohomology theory for topological groupoids is defined
as the Cech cohomology of simplicial topological spaces, and it is shown
that the well-known isomorphism between S'-central extensions of a discrete
groupoid § and the second cohomology group [19, 11] of § with coefficients
in the sheaf of germs of S'-valued functions also holds in the general case;
i.e., Ext(G,S!) = H?(S,,S!). We define here an analogous theory HR*

INote the capitalization, used to avoid confusion with a module over R or a real
manifold.
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that fits well the context of Real groupoids. This theory was motivated by
the classification of groupoid C*-dynamical systems endowed with involu-
tions [17]. These can be thought of as a generalization of continuous-trace
C*-algebras with involutions. Specifically, it is known [20] that given such a
C*-algebra A, its spectrum X admits a Real structure 7, and its Dixmier—
Douady invariant 6(A) € H2(X,S!) is such that 6(A) = 7*5(A), where the
“bar” is the complex conjugation in S'. In fact, thinking of X as a Real
groupoid, we will see that all 2-cocycles satisfying the latter relation are
classified by HR?*(X,S'), where S! is endowed with the complex conjuga-
tion. HR* appears then to provide the right cohomological interpretation
of C*-dynamical systems with involutions.

We try, to the extent possible, to make the present paper self-contained.
We start by collecting, in Section 1, a number of notions and results about
Real groupoids most of which are adapted from many sources in the litera-
ture [15, 19, 25]; specifically, we define the group m(S, S) of (equivalence
classes of) Real graded S-central extensions over a Real groupoid G, by a
given Real abelian group S. In Section 2, we introduce Real Cech cohomol-
ogy, following closely [21]. While HR* behaves almost like a Zy-equivariant
cohomology theory, we will see that it is actually not. Geometric interpre-
tations of the cohomology groups HR'(S,,S) and HR?*(S,,S), for a Real
Abelian group S, are given. Finally, we generalize a result by Crainic [4] (on
the differential cohomology groups of a proper Lie groupoid) to topological
proper (Real) groupoid.

1. Real groupoids and Real graded extensions

Recall [19, 16, 25] that a strict homomorphism between two groupoids
G—=X and '—=Y is a functor ¢ : I' — G given by a map

Y — X on objects and a map ' — ¢ on arrows, both denoted
again by ¢, which preserve the groupoid structure maps, i.e., ¢(s(y)) =
s(p(7), w(r(v)) = r(e(), ¢(1y) = Ly and (ny2) = e(n)e(re)
(hence (v~ 1) = @(y)~1), for all (y1,72) € I'® and y € Y. Unless otherwise
specified, all our groupoids are topological groupoids which are supposed to
be Hausdorff and locally compact.

1.1. Real groupoids.

Definition 1.1. A Real groupoid is a groupoid §—= X together with
a strict 2-periodic homeomorphism p : § — §. The homeomorphism p is
called a Real structure on G. Such a groupoid will be denoted by a pair

(G, p).

Example 1.2. Any topological Real space (X, p) in the sense of Atiyah [2]
can be viwed as a Real groupoid whose the unit space and the space of
morphisms are identified with X; i.e., the operations in this Real groupoid

is defined by s(z) =r(z) =2, 2 -z =2, 27! = 2.
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Example 1.3. Any group with involution can be viewed as a Real groupoid
with unit space identified with the unit element. Such a group will be called
Real.

Lemma 1.4. Let G be an abelian group equipped with an involution T :
G — G (i.e., a Real structure). Set

R(r):={g€G|7(9) =g} =G, S(r)={geCG|r(g) =-g}.
Then,
(1.1) Coz m ~ (R(r) @ 3(r) © Z m

If 7 is understood, we will write ’G for S(1). We call R() and 3(7) the
Real part and the imaginary part of G, respectively.

Proof. For all g € G, one has g+ 7(g) € G, and g — 7(g) € ’G. Therefore,
after tensoring G' with Z[1/2], every g € G admits a unique decomposition

g_g+27(9)+g_27(9) czl/2 e (*¢a’c). 0
Example 1.5. Let n € N*. Suppose p is a Real structure on the additive
group R™. Then there exists a unique decomposition R"” = RP & R? such
that p is determined by the formula

plz,y) = (1p @ (=1g)) (2, y) := (2, —y),
for all (z,y) = (x1, - ,2p, Y1, -+ ,Yq) € RFSRI.

For each pair (p,q) € N, we will write RP? for the additive group RP*4
equipped with the Real structure (1, & (—1;)).

Define the Real space SP? as the invariant subset of RP? consisting of
elements u € RPT4 of norm 1. For ¢ = p, SP? is clearly identified with the
Real space S whose Real structure is given by the coordinate-wise complex
conjugation. Notice that "SP4 = SP:0,

Example 1.6. Let (X, p) be a topological Real space. Consider the fun-
damental groupoid 71(X) over X whose arrows from z € X to y € X are
homotopy classes of paths (relative to end-points) from x to y and the par-
tial multiplication given by the concatenation of paths. The involution p
induces a Real structure on the groupoid as follows: if [y] € m1(X), we set
p([7]) the homotopy classes of the path p(v) defined by p(v)(t) := p(y(¢))
for t € [0,1].

Two Real structures p and p’ on G are said to be conjugate if there exists
a strict homeomorphism ¢ : G — G such that p’ = ¢ o po ¢~!. In this case
we say that the Real groupoids (G, p) and (G, p’) are equivalent.
Definition 1.7. We write "G —="X (or ?G when there is a risk of con-
fusion) for the the subgroupoid of G —= X by p.
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Lemma 1.8. Let G and I' be Real groupoids, and let ¢ : ' — G be a Real
groupoid homomorphism, then ¢("T') is a full subgroupoid of "G —="X .
If in addition ¢ is an isomorphism, then "T' =2 "G —="X .

In particular, if p1 and ps are two conjugate Real structures on G, then
pg g,

Proof. This is obvious since ¢(5) = ¢(y) for all v € T. O

Remark 1.9. Note that the converse of the second statement of the above
lemma is false in general. For instance, consider the Real group S! whose
Real structure is given by the complex conjugation, and the Real group Zo
(with the trivial Real structure). We have "S! = {41} = Zy = "Z,.

The following is an example of groupoids with equivalent Real structures.

Example 1.10. Recall ([8, IV.3]) that a Riemannian manifold X is called
globally symmetric if each point x € X is an isolated fixed point of an
involutory isometry s, : X — X; i.e., s, is a diffeomorphism verifying
52 = Idx and s,(z) = x. Moreover, for every two points z,y € X, s,
and s, are related through the formula s; o sy 0 s; = s,,(y). Given such
a space, each point x € X defines a Real structure on X which leaves x
fixed. However, let z and y be two different points in X and let z € X
be such that y = s.(z). Then, we get s, 0 s, 0 s, = s, which means that
the diffeomorphism s, : X — X implements an equivalence s; ~ s,. But
since x and y are arbitrary, it turns out that all of the Real structures s,
are equivalent. Thus, all of the Real spaces (X, s,) are equivalent to each
others.

Now, recall [8, IV. Theorem 3.3] that if G’ denotes the identity component
of I(X), where the latter is the group of isometries on X, then the map
Oxo © § V> Sz09Sz, 1S an involutory automorphism in G, for any arbitrary
xg € X. It follows that all of the points of X give rise to equivalent Real
groups (G, 05).

From now on, by a Real structure on a groupoid, we will mean a represen-
tative of a conjugation class of Real structures. Moreover, we will sometimes
put g := p(g), and write G instead of (G, p) when p is understood.

Definition 1.11 (Real covers). Let (X, p) be a Real space. We say that
an open cover U = {U;}ier of X is Real if U is invariant with respect to
the Real structure p; i.e., p(U;) € U, Vi € I. Alternatively, U is Real if I is
equipped with an involution i — 7 such that U; = p(U;) for all i € I.

Remark 1.12. Observe that Real open covers always exist for all locally
compact Real space X. Indeed, let V = {Vjs};c;» be an open cover of the
space X. Let I := I’ x {£1} be endowed with the involution (¢, +1) —
(i',F1). Next, put Ugy 41y := pED V), where p(H1) (g) := g, and p(~)(g) :=
p(g) for g € §.
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Definition 1.13 (Real action). Let (Z,7) be a locally compact Hausdorff

Real space. A (continuous) right Real action of (G, p) on (Z,7) is given by

a continuous open map s : Z — X (called the generalized source map) and

a continuous map Z X; x, § — Z, denoted by (z, g) — zg, such that:
(a) 7(zg9) = 1(2)p(g) for all (z,9) € Z xgxr 9.

(b) p(s(z)) =s(7(z)) for all z € Z.

(c) s(zg) = s(g).

(d) z(gh) = (29)h for (2,9) € Z xs.x» G and (g,h) € §?.

(e) z8(z) = z for any z € Z where we identify s(z) with its image in G
by the inclusion X — G.

If such a Real action is given, we say that (Z,7) is a (right) Real G-space.

Likewise a (continuous) left Real action of (G, p) on (Z, 1) is determined
by a continuous Real open surjection v : Z — X (the generalized range
map of the action) and a continuous Real map § x5 x Z — Z satisfying
the appropriate analogues of conditions (a), (b), (c), (d) and (e) above.

Given a right Real action of (9, p) on (Z, 7) with respect to s, let

V:ZXexr§— 2 xZ

be defined by the formula ¥(z,g) = (z,zg). Then we say that the action
is free if this map is one-to-one (or in other words if the equation zg = 2
implies g = s(z). The action is called proper if ¥ is proper.

Notations 1.14. If we are given such a right (resp. left) Real action of
(G,p) on (Z,7), and if there is no risk of confusion, we will write Z * G
(resp. Gx Z) for Z x5 xr G (resp. for G xs x Z).

1.2. Real G-bundles.

Definition 1.15. Let (G, p) be a Real groupoid. A Real (right) S-bundle
over a Real space (Y, p) is a Real (right) G-space (Z, 7) with respect to a map
5:Z — X, together with a Real map 7 : Z — Y satisfying the relation
m(zg) = m(z) for any (z,9) € Z X4 x, G, and such that for any y € Y, the
induced map

Ty Zy — Zo(y)
on the fibres is G-antilinear in the sense that for (z,g) € Z, X, x,»  we have

Ty(ZQ) = Ty(z)p(g)
as an element in 7 o(y)-
Such a bundle (Z, 1) is said to be principal if:

(i) 7 : Z — Y is locally split (i.e., it is surjective and admits local
sections).

(ii) The map Z X5 x, 9 — Z xy Z, (2,9) — (2, 2g9) is a Real homeo-
morphism.
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Remarks 1.16.

(1) The unit bundle. Given a Real groupoid (9, p), its space of arrows
6 is a G-principal Real bundle over X. Indeed, the projection is
the range map r : §() — X, the generalized source map is given by
s and the action is just the partial multiplication on G. This bundle
is denoted by U(G) and is called the unit bundle of G (see [16]).

(2) Pull-back. Let

75X

;

be a G-principal Real bundle and f : Y/ — Y be a Real continuous
map. Then the pull-back f*Z := Y’ xy Z equipped with the invo-
lution (¢, 7) has the structure of a G-principal Real bundle over Y.
Indeed, the right Real G-action is given by the G-action on Z and
the generalized source map is §'(y/, 2) := s(2).

(3) Trivial bundles. From the previous two remarks, we see that if
(Z,7) is any Real space together with a Real map ¢ : Z7 — X,
then we get a G-principal Real bundle ¢*U(G) over Z; its total space
being the space Z x, x, 9. A Bundle of this form is called trivial
while a G-principal Real bundle which is locally of this form is called
locally trivial.

1.3. Generalized morphisms of Real groupoids.

Definition 1.17. A generalized morphism from a Real groupoid (T, o) to a
Real groupoid (G, p) consists of a Real space (Z,7), two maps

V+——27—>X,
a left (Real) action of " with respect to t, a right (Real) action of § with
respect to s, such that:
(i) The actions commute, i.e., if (2,9) € Zx, x G and (v,2) € I'Xsy Z
we must have s(vz) = s(z), t(zg) = v(z) so that y(zg) = (v2)g.
(ii) The maps s and t are Real in the sense that s(7(z)) = p(s(z)) and
t(7(2)) = o(¢(2)) for any z € Z.
(iii) v: Z — Y is a locally trivial G-principal Real bundle.

Example 1.18. Let f : I' — G be a Real strict morphism. Let us consider
the fibre product Zy :=Y xyx, G and the mapsv: Zy — Y, (y,9) — y
and s : Zy — X, (y,9) — s(g). For (v,(y,9)) € I' X5y, Z¢), we set
v.(y,9) = (r(7), f(7)g) and for ((y,9),9") € Zf x5 x,r G we set (y,9).¢" :=
(y,99"). Using the definition of a strict morphism, it is easy to check that
these maps are well-defined and make Zy into a generalized morphism from
I' to §. Furthermore, the map 7 on Z; defined by 7(y, 9) := (0(y), p(9)) is
a Real involution and then Z; is a Real generalized morphism.
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Definition 1.19. A morphism between two such morphisms (Z,7) and
(Z',7") is a I'-G-equivariant Real map ¢ : Z — Z’ such that s = &' o ¢
and v =t/ o . We say that the Real generalized homomorphism (Z,7) and
(Z',7') are isomorphic if there exists such a ¢ which is at the same time a
homeomorphism.

Compositions of Real generalized morphisms are defined by the following
proposition.

Proposition 1.20. Let (Z',7') and (Z",7") be Real generalized homomor-

phisms from (I, 0) to (9, p") and from (9, p") to (G, p) respectively. Then
7 = Z/ Xg/ Z” = (ZI X5/’9/(0)7t// Z”)/(zﬂz”)w(z’g’,g’*lz”)

with the obvious Real involution, defines a Real generalized morphism from

I—=Y to G—=X.

Proof. Let us first describe the structure maps
Ye—2Z—5X

and the actions.

For (2/,2") € Z we set v(2/,2") := ¥/(2') and s(2/, 2") := §"(2"). These
are well-defined and since

ﬁ(z/g/ gl—lzll) — 5//(g/—lzll) — 5//(2//)
t(Z/g/ g/—lzll) — t/( ) 5/(Z/
from Definition 1.17(i). The actions are defined by .
(2,2").g :== (<, 2"g) for (v, (2,2")) € T X5y Z and
while the Real involution is the obvious one:
(2, 21) = (P (), 7))

Now to show the local triviality of Z, notice that from (3) of Remarks 1.16,

7' and Z" are locally of the form U X .G1(0) v §" and V x .~ x G respectively,

);
(7, 2 ) = (y2/,2") and
(Z, )g)ezxs,X,rg

where ¢ : U — §(© and ¢” : V — X are Real continuous maps, U and
V subspaces of Y and §/(¥) respectively. It turns out that by construction,
Z is locally of the form W X, gi0) , § where W = U X gio) V. (]

Definition 1.21. Given two Real generalized morphisms (I, o) @) (9,0

and (9, o/ ) Z.7) (S, p), we define their composition
(Z'oZ,7): (T,0) — (G, p)
to be (Z xg Z',7 x 7).
Remark 1.22. It is easy to check that the composition of Real generalized
homomorphisms is associative. For instance, if

(Z1,p1) . (Za,p2) . (Z3,p3)
T 1 2
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are given Real generalized morphisms, we get two Real generalized mor-
phisms Z = Z; X, (ZQ X g, Zg) and 7' = (Zl Xg, ZQ) X g, Z3 between
(T, o) and (9, p); notice that here Z and Z’ carry the obvious Real invo-
lutions. Moreover, the map Z — 7', (21, (29,23)) — ((21,22),23) is a
I'-G-equivariant Real homeomorphism. Hence, there exists a category RS
whose objects are Real locally compact groupoids and morphisms are iso-
morphism classes of Real generalized homomorphisms.

Lemma 1.23. Let f1, fo : ' = G be two Real strict homomorphisms. Then
f1 and fa define isomorphic Real generalized homomorphisms if and only if
there exists a Real continuous map ¢ : Y — G such that

fo(y) = e(r(M) A e(s(y)

Proof. Le ¢ : Zy — Zy, be a Real I'-§-equivariant homeomorphism,
where Zy, =Y Xy, x» 9. Then from the commutative diagrams

soprg

pr1
Y2y —X

J/(b/
pri sopra

Zfz

we have ®(z,g) = (z,h) with s(g) = s(h); and then there exists a unique
element ¢(x) € G such that h = p(x)g. To see that this defines a continuous
map ¢ : Y — G, notice that for any = € Y, the pair (z, f1(z)) is an element
in Zy,, then ¢(x) is the unique element in G such that

O(z, fr(2)) = (z, p(x) fr(2)).

Furthermore, since ® is Real,

D(o(x), p(f1(2))) = (e(2), ple(x))p(f1(2))),

which shows that ¢(o(z)) = p(¢(x)) for any =z € Y; i.e., ¢ is Real.
Now for v € T, take x = s(7y), then from the I'-equivariance of ®, we have

(- (s(), fr(s(M) = ©(r(7), fr(7) = v 2(s(7), f1(s()));
so that
(r(), e(r(M)f1(7)) = (r(7), fa(V)e(5(7)))
and fo(7) - r(p(s(7))) = @(r(v) fr(v)e(s(7)); but r(e(s(7))) = s(f2(7)) by

definition of ¢ and this gives the desired relation.
The converse is easy to check by working backwards. O

1.4. Morita equivalence. Let (I', p) and (G, p) be two Real groupoids.
Suppose that f : (I, 0) — (9, p) is an isomorphism in the category R®;.
In this case, we say that (I", ) and (G, p) are strictly equivalent and we write
(T, 0) ~strict (9, p). Now, consider the induced Real generalized morphisms
(Zg,71) : (T,0) — (G,p) and (Zy-1,7p-1) : (G,p) — (I',0). Define the
inverse of Z; by Z;l = G X, x,f Y with the obvious Real structure also
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denoted by 7. The map Z;-1 — Z;l defined by (z,7) — (f(7), f(z))
is clearly a G-I'-equivariant Real homeomorphism; hence, (Z;-1,77-1) and
(Z;l,’Tf) are isomorphic Real generalized morphisms from (G, p) to (I, o).
Notice that Z;l is Zy as space; thus, (Z7,7¢) is at the same time a Real
generalized morphism from (I, ¢) to (G, p) and from (G, p) to (', o). Fur-
thermore, it is simple to check that Zy o Zj?l and Zyq, define isomorphic
Real generalized morphisms from (G, p) into itself, and likewise, Z;l o Zy
and Ziq,. are isomorphic Real generalized morphisms from (T', p) into itself.

Definition 1.24. Two Real groupoids (T, ¢) and (G, p) are said to be Morita
equivalent if there exists a Real space (Z,7) that is at the same time a Real
generalized morphism from I" to § and from G to I'; that is to say that

Y «—— 7 is a G-principal Real bundle and Z —— X is a I-principal
Real bundle.

Remark 1.25. Given a Morita equivalence (Z,7) : (I',0) — (9, p), its
inverse, denoted by (Z7!,7), is (Z,7) as Real space, and if b : (Z,7) —
(Z~',7) is the identity map, the left Real G-action on (Z~!,7) is given by
g-b(z) = b(z-g7'), and the right Real I'-action is given by b(z) - v :=
b(y~1 - 2); (Z71,7) is the corresponding Real generalized morphism from
(S.9) to (T’ 0).

The discussion before Definition 1.24 shows that the Real generalized mor-
phism induced by a Real strict morphism is actually a Morita equivalence.
However, the converse is not true. Moreover, there is a functor

(1.2) RO, — RO,

where SR®; is the category whose objects are Real locally compact groupoids
and whose morphisms are Real strict morphisms, given by

fr—Zj.

Definition 1.26 (Real cover groupoid). Let § —= X be a Real groupoid.
Let U = {U;} be a Real open cover of X. Consider the disjoint union
e, Ui ={(,2z) € Jx X : x € U;} with the Real structure p©) given by
p (4, z) :== (7, p(x)) and define a Real local homeomorphism given by the
projection 7 : Hj Uj — X, (j,x) — x. Then the set

SU = {(o,9,51) € I x G x J = r(g) € U, 5(9) € Uj },

endowed with the involution p(M(jo,g,51) = (jo, p(9),j1) has a structure
of a Real locally compact groupoid whose unit space is Hj U;. The range
and source maps are defined by 7(jo,g,71) := (jo,7(g9)) and 5(jo,g,71) :==
(j1,8(g)); two triples are composable if they are of the form (jo,g,71) and
(j1, h, j2), where (g,h) € @), and their product is given by (jo,g,71) -
(41, h, j2) == (jo, gh, jo). The inverse of (jo,g,71) is (41,971, jo)-
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It is a matter of simple verifications to check the following:

Lemma 1.27. Let §—= X be a Real groupoid, and U a Real open cover
of X. Then the Real generalized morphism Z, : G[U] — G induced from the
canonical Real morphism

L g[u] — 9; (jngajl) =g,
is a Morita equivalence between (G[U], p) and (G, p).

Definition 1.28. Let

7 —=X

Y
be a locally trivial G-principal Real bundle. A sections:Y — Z is said to
be Real if so p = 7 0s. Moreover, given a Real open cover {U;};es of Y, we

say that a family of local sections s; : U; — Z is globally Real if for any
J € J, we have

(1.3) S;00=TOSj.

Lemma 1.29. Any locally trivial G-principal Real bundle w# : Z — Y
admits a globally Real family of local sections {s;};ec; over some Real open
cover {U;}.

Proof. Choose a local trivialization (U;, ¢;)icr of Z; i.e., @; : Uy — X are
continuous maps such that 7=1(U;) =: Zy, = U; X, x,r § With 77, = (0,p).
It turns out that ZU(i,e) = Uie) X, xr 9, where

pi=popiog Vs — X
is a well-defined continuous map and U; .y := o°(U;) for (i,e) € I x Za.
However, for (i,€) € I X Zsg, there is a homeomorphism

(2.p)
U(i,e) X s, X,r g ’ Um Xgaf+1,X,T g.

Now, putting s ¢) : Uy — Z, © — (z,¢§(z)), we obtain the desired
sections. O

For the remainder of this subsection we will need the following construc-
tion.

Let (Z,7) be a Real space and (I',0) a Real groupoid together with a
continuous Real map ¢ : Z — Y. Then we define an induced groupoid
©*T over Z in which the arrows from z; to z9 are the arrows in I' from ¢(21)
to ¢(z2); i.e.,

gO*F =7 X, Y,r T Xs,Y,p VA s
and the product is given by (z1,71, 22).(22, 72, 23) = (21,7172, 23) Whenever
~v1 and 79 are composable, while the inverse is given by

(2,7, 2) 7 = (Z',77 1 2).
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Moreover, the triple (p, o, p) defines a Real structure ¢*p on ¢*I" making it
into a Real groupoid (¢*T', ¢*p) that we will call the pull-back of T' over Z
via .
Lemma 1.30. Given a continuous locally split Real open map ¢ : Z — Y,
then the Real groupoids I' and @*T" are Morita equivalent.
Proof. Consider the Real strict homomorphism

35 : SO*F > (2«'1,’7,22) Y € L.
Then by Example 1.18 we obtain a Real generalized homomorphism

T S0

Ls——Zdyg——Y

with Zz := Z X3y, I', m and w2 the obvious projections, and where Z —
©*I' by z — (2,¢(2), z). Now using the constructions of Example 1.18, it
is very easy to check that Z is in fact a Morita equivalence. ([

Proposition 1.31. Two Real groupoids (I', 0) and (G, p) are Morita equiv-
alent if and only if there exist a Real space (Z,T) and two continuous Real
maps ¢ : Z — Y and ¢' : Z — X such that ¢*T' = (¢')*G under a Real
(strict) homeomorphism.

Proof. Let Y «+—— Z —— X be a Morita equivalence. Let us define
I'x Z+xZxG:={(7,21,22,9) € (' Xsv+ Z) X (Z Xs.x+9) | 219 =722}
This defines a Real groupoid over Z whose range and source maps are defined
by the second and the third projection respectively, the product is given by
(7,21, 22,9) - (Vs 22,23, 9') = (77, 21, 23, 99),

provided that v, € I'® and g,¢' € @, and the inverse of (7, 21, 22, 9)
is (y71, 20,21,971). Now, for a given triple (21,7, 22) € t*T, the relations
t(z1) = r(y) and t(z2) = s(7y) give t(vz2) = t(z1); then since vt : Z — Y is
a Real G-principal bundle, there exists a unique g € G such that vz = z19.
This gives an injective homomorphism

U tv'l' —-I'x Z%xZ %G,
(21,7, 22) ¥ (7, 21, 22, 9),
which respects the Real structures. In the other hand, the map
P:I'xZxZ =G — T,
(v: 21, 22, 9) ¥ (21,7, 22),

is a well-defined Real homomorphism that is injective and Real. Moreover,
these two maps are, by construction, inverse to each other so that we have a
Real homeomorphism t*I' 2 I" X Z x Z x §. Furthermore, since s : 7 — X
is a Real I'-principal bundle, we can use the same arguments to show that
s*G =T x Z*x Z x G under a Real homeomorphism.
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Conversely, if ¢ : Z — Y and ¢/ : Z — X are given continuous Real
maps and [ : ¢*T' — (¢/)*X is a Real homeomorphism of groupoids, then
the induced Real generalized homomorphism

Z
T =5 ()9
is a Morita equivalence and Lemma 1.30 completes the proof. U

The following example provides a characterization of groupoids Morita
equivalent to a given Real space.

Example 1.32. Let (X, p), (Y, 0) be a locally compact Hausdorff Real spa-
ces, and let 7 : (Y,0) — (X, p) be a continuous locally split Real open

map. Form the Real groupoid Y2 =—=Y , where Y is the fibered-
product Y xr x Y equipped with the obvious Real structure; the groupoid
structure on Y& is:

s(y1,y2) = y2; r(y1,92) = y1;
(y1,92) " == (y2,91); (y1,92) - (Y2, 93) = (Y1, ¥3).

Then the Real groupoids Y[ —=Y and X —= X are Morita equiv-
alent. Indeed, we have 7*X ~j/0rita X, thanks to Lemma 1.30; but 7*X
clearly identifies with Y12 as Real groupoids.

Conversely, suppose (T, p) is a Real groupoids Morita equivalent to X.
Then in view of Proposition 1.31, there is a Real space (Z, 7), two continuous
locally split Real open maps s : Z — X,t: Z — Y such that s* X = ¢*I
as Real groupoids over Z. In particular, v : Z — Y is a principal Real
X-bundle, so that the Real space Y is homeomorphic to the quotient Real
space Z/X = Z. Thus, we have isomorphism of Real spaces

t*F:ZXyFXyZ%YXyFXngF.
Moreover, we have s* X = Z[2| as Real spaces. Therefore, the Real groupoids
I —=Y and Z[ —= 7 as isomorphic.

Proposition 1.33 (Cf. Proposition 2.3 [25]). Any Real generalized mor-
phism

Ye— 27— X
is obtained by composition of the canonical Morita equivalence between (T, o)

and (L[U], o), where U is an open cover of Y, with a Real strict morphism
fu:T[U] — G (i.e., its induced morphism in the category RS ).

Proof. From Lemma 1.30, there is a Real Morita equivalence Z; : ¢*I' — I
and the Real homeomorphism v*I' 2 I' X Z x Z x G induces a Real strict
homomorphism f : t*I' — G given by the fourth projection, and hence a
Real generalized homomorphism Z; : ¢*I' — §. Furthermore, by using the
construction of these generalized homomorphisms, it is easy to check that
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the composition Z;z xr Z is t*I’-G-equivariently homeomorphic to Z (under
a Real homeomorphism); i.e., the diagram

Z
T <T T

N

S

is commutative in the category R®.

Consider a Real open cover U = {U;} of Y together with a globally
Real family of local sections s; : U; — Z of v : Z — Y. Then, setting
(Jo,7501) 7 (8o (r()),7: 851 (s(7))) for (jo,7,J1) € I'[U], we get a Real
strict homomorphism § : T[U] — ¢*T" such that the composition T'[U] —
t*I' — I is the canonical map ¢ described in Example 1.26. Then, f os:
I'[U] — G is the desired Real strict homomorphism. O

This proposition leads us to think of a Real generalized homomorphism
from a Real groupoid (T, 9) to a Real groupoid (G, p) as a Real strict mor-
phism fy : (T[U], 0) — (G, p), where U is a Real open cover of Y.

To refine this point of view, given two Real groupoids (I, 0) and (G, p),
let © denote the collection of such pairs (U, fi1). We say that two pairs
(U, fu) and (W, fi) are isomorphic provided that Zg, o Z;il = Zp© ZL;},
where 1 : (T[U], 0) — (T, 0) and uy : (T[W], 0) — (T, 0) are the canon-
ical morphisms; this clearly defines an equivalence relation. We denote by
Q((T,0),(9,p)) the set of isomorphism classes of elements of €.

Let (U, fu) : (T, 0) — (9'.p") be an equivalence class in Q ((T', ), (9, ')
and let (V, fy) : (9,0) — (G, p) be an element in Q((9, '), (G,p)). Let
tg = §'[V] — 9’ be the canonical morphism, and let ZL_g/1 :(9,0) —
(§'[V], ') be the inverse of Z,,. Next, we apply Proposition 1.33 to the Real
generalized morphism Z,_ YoZs, : TU] — G'[V] to get a Real open cover W

of Y containing U and a Real strict morphism ¢y : (T[W], 0) — (§'[V], p').
Then, we pose

(1.4) "V, fv) o (U, fu) == (W, fuw),

with fiy = fy o ¢; thus we get an element of Q (T, 0), (G, p)). It follows
that there exists a category R®Gq whose objects are Real groupoids, and in
which a morphism from (I, p) to (G, p) is a class (U, fy) in Q (T, 0), (G, p))-

Example 1.34. Any Real strict morphism f : (I',0) — (G,p) can be
identified with the pair (Y, f), by considering the trivial Real open cover Y
consisting of one set, and by viewing the groupoid I' as the cover groupoid
I'Y]. In particular, R&; is a subcategory of RBq.

Example 1.35. Suppose that (Z,7) : (I',0) — (G, p) is a Real general-
ized morphism. Then, Proposition 1.33 provides a unique class (U, fy) €

QT 0), (S, p))-
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Remark 1.36. Note that a class (U, fy) € Q (T, 0), (G, p)) is an isomor-
phism in RS if there exists (V, fy) € Q((G, p), (T, 0)) such that

(1.5) Zp o2y oZs, = Z, and Zy, 0 2, o Zp 2 7

where  : (T'[U], 0) — (T, ) and vy : (G[U], p) — (G, p) are the canonical
morphisms.

Proposition 1.37. Define F: R& — RBq by
(16) F(Z7 T) = (u7 fU)7
where, if (Z,7) : (I';0) — (9, p) is a class of Real generalized morphisms,

(U, fu) is the class of pairs corresponding to (Z,T).
Then F is a functor; furthermore, F is an isomorphism of categories.

Proof. Suppose that (Z,7) : (I',0) — (§',0'), (2,7') : (§',0") — (G, p)
are morphisms in RG. Let

F(Z'oZ,mx7") = (U fu) € 2((T,0),(S,p))
F(Z,7) = (W, fw) € 2((T,0).(5,0))
F(Z',7) =V, fv) € Q((F,0).(S,p)) -
Consider a Real open cover U of Y containing U and a Real morphism
e ¢+ (T[U], 0) — (§'[V],p') such that Z, o zZ7l = Z; b o Zy,, as Real
generalized morphisms from (I'[U], g) to (§'[V], p'), where
i (C[U,0) — (P[W],0) and wy: (§'[V],p") — (F,0)

are the canonical morphisms. Note that if ¢f : (F[ﬁ], 0) — (T, 0) is the
canonical morphism, then ¢y = yy o; hence, Z;ll = ZZ._1 o ZLZL } by functori-

2Te)

ality.

On the other hand, F(Z',7") o F(Z,7) = (V, fv) o (W, fu) = (U, fy), where
Ji = Jv oy Henceforth,

Zyo 2, 1= Zp 020 02 02 = 2y 07, o Zy 07, ) =207

which shows that F(Z' o Z,7 x 7') =2 F(Z',7') o F(Z,7), and thus F is a
functor.
Now, it is not hard to see that we get an inverse functor for F by defining

(1.7) Z:R&q — RE, (U, fu) — (Zp, 0 Z. 1, 7),

AT
where 7 is defined in an obvious way. U

1.5. Real graded twists. In this section we define Real graded twists.

Definition 1.38 (Cf. [11, §2]). Let I —=Y be a Real groupoid and let

S be a Real Abelian group. A Real graded S-twist (f, ) over I' consists of
the following data:

(i) a Real groupoid I whose unit space is Y, together with a Real strict
homomorphism 7 : I' — T" that restricts to the identity in Y,
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(i) a (left) Real action of S on I' compatible with the partial product in
r making [ —— T a (left) Real S-principal bundle,

(iii) a strict homomorphism 0 : I' — Zy, called the grading, such that
5(5) = d(y) for any v € T.

In this case we refer to the triple (f, I',0) as a Real graded S-twist, and it is
sometimes symbolized by the “extension”

S— I —">T

s

Lo

Example 1.39 (The trivial twist). Given Real groupoid T', we form the
product groupoid I" x S and we endow it with the Real structure (v, \) :=
(7, A) for. Let S act on I' x S by multiplication with the second factor. Then
To := (I' x S,0) is a Real graded twist of I', where 0 : Zy — Zs is the zero
map. This element is called the trivial Real graded S-twist over T.

Example 1.40. Let Y be a locally compact Real space and {U; }icrx+1) be
a good Real open. Let us consider the Real groupoid Y [U] —= ][], U; , and

the space Y x S together with the Real structure (y, ) — (g, \) and the
Real S-action given by the multiplication on the second factor. We write x;,;,
for (i1,x,i1) € Y[U]. There is a canonical Real morphism ¢ : Y[U] — Zo
given by 0(z4yi,) := €0 + €1 for ig = (i, €0), 41 = (¢},e1) € I. Then, a Real

graded S-twist (I', Y[U],d) consists of a family of principal Real S-bundles
I';; = U;; x S subject to the multiplication

(Tigiy> M)+ (Tiyigs A2) = (Tigin, MA2Cigiyin (7)),

where ¢ = {c¢ji i, } is a family of continuous maps ¢yiyi, @ Uigiyia, — S
which is a 2-cocycle such that c;7,7,(Z) = cigiyip () for all x € Uiy, =
Ui, N Ui, NU;,. The pair (d,c) will be called the Dizmier—Douady class of
(T, YU],8) (see Section 2.12).

Example 1.41. Let T —=Y be a Real groupoid, and let J : A — Y
be a Real S-principal bundle. Then the tensor product r*A ® s*A, which
is a Real S-principal bundle over I', naturally admits the structure of Real
groupoid over Y, so that (r*A ® s*A,0) is a Real graded S-twist over T.

There is an obvious notion of strict morphism of Real graded S-twists. For
instance, two Real graded S-twists (I';,T",d1) and (T'9,T", d2) are isomorphic
if there exists a Real S-equivariant isomorphism of groupoids f : 'y — I'y
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such that the diagram

flLF

A

Ty
commutes in the category R®;. In particular, we say that (f, 9) is strictly
trivial if it isomorphic to the trivial Real graded groupoid (I' x S,0). By

m(F, S) we denote the set of strict isomorphism classes of Real graded
S-twists over I'. The class of (I',0) in TwR(T, S) is denoted by [I', d].

Definition 1.42 (Cf. [11, 23, 6]). Given two Real graded S-twists T; =
(T'1,01) and To = (I'g, 02) over G, we define their tensor product
T1&Ty = ([1&Fs, 6 + d2)

by the Baer sum of T1 and T, defined as follows. Define the groupoid &0
as the quotient
(1.8) Iy xpTo/S :={(71,72) € Tt Xy 0ymo T2} (51 50)~ (72 A-12)
where A € S, together with the obvious Real structure. The projection
1 ® o is just m; and 0 = &1 + d2 is given by () = d1(7y) + d2(7).
The product in the Real groupoid 'y &I is
(1.9) (1, 72) (71, 78) = (=1)2CDMOD (1], 7o),
whenever this does make sense and where v; = m(7;), i = 1,2.
Lemma 1.43 ([23, p.4]). Given [Ty, 6] € TwR(T,S),i = 1,2, set

[Ty, 61] + [Ta, 02 := [T1&T ', 61 + 6.

Then, under this sum, rF/w?{(F, S) is an Abelian group whose zero element
is given by the class of the trivial element Ty = (G x S,0).

Proof. The tensor product defined above is commutative in 'fWT%(F ,S).
Indeed, the groupoid I'y®I'y = F'ayxply /S is endowed with the multiplication

(2, 1) (9, 71) = (1) V20 (7], 5177).
Then the map
[ &Ly — To®T1 , (91, 72) — (—1)700%202) (55 4;)

is a Real S-equivariant isomorphism of groupoids.

Now define the inverse of (I',8) is (I°P, ) where I'P is T' as a set but,
together with the same Real structure, but the S-principal bundle structure
is replaced by the conjugate one, i.e., A3°P = (A\¥)°P, and the product x,, in
[P is

F#op 7 1= (=105,



746 EL-KATOUM M. MOUTUOU

Now it is easy to see that the map
['x8—TxpTP/S, (7,0) — (M) ,
where 4 € [ is any lift of v € I'; is an isomorphism. O

We have the following criteria of strict triviality; the proof is the same as
in [25, Proposition 2.8].

Proposition 1.44. Let (f‘, 9) be a Real graded S-twist over the Real groupoid
I —=Y . The following are equivalent:
(i) (I, 8) is strictly trivial.
(ii)) d(y) = 0,Vy € T, and there exists a Real strict homomorphism o :
I — T such that 7 oo = 1d.
(iii) 6(y) = 0,¥Vy € T',, and there exists a Real S-equivariant groupoid
homomorphism ¢ : I — 8.

Example 1.45. Let J : A — Y be a Real S-principal bundle with a
Real (left) I'-action that is compatible with the S-action; in other words

Y — A —— x is a Real generalized homomorphism from I' to S. Then,

the Real I'-action induces an S-equivariant isomorphism Ag,) > v — 7
v € Ay for every v € I'. Hence, there is a Real S-equivariant groupoid
isomorphism ¢ : 7*A ® s*A — T' x S defined as follows. If (v,b(w)) €
Ay ® KS(,Y), there exists a unique A € S such that v-w = v - A. We then
set

([0, b(w)]) := (7, A).
The inverse of ¢ is ¢'(7,A) == [vy,77! - v,], where for v € T, v, is any lift
of r(y) through the projection J.
Observe that the set of Real graded S-twists of the from (r*A ® s*A,0)
over I' (see Example 1.41) is a subgroup of T{WT%(F, S). By e/xi%(F, S) we
denote the quotient of rI{WT%(F, S) by this subgroup.

Let us show that e/xa%(-, S) is functorial in the category R&,. Let I', T
be two Real groupoids, and let f : I — T" be a morphism in RG;. Suppose
that T = (I, §) is a Real graded S-twist over I'. Then, the pull-back

f*f = f Xa,lf F/

of the Real S-principal bundle 7 : r — I', on which the Real groupoid
structure is the one induced from the product Real groupoid I" x I/, defines
a Real graded twist

(1.10) Fr=s— il

Jff*a

L
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where f*7(%,7") = «/, f*6(«") = 6(f(7y)) € Zs, and the Real left S-
action on f*I' being given by X - (¥,7") = (M,~/). Suppose now that
T; = (I',0;), i = 1,2 are representatives in extR(I",S). Then,
f(T10T2) = fFT1&f*Ts;
indeed,
f*(fléi)fg) = (fl X1 fg/S) X1 F/ = ((Fl X1 F/) X1 (fg X1 F/)) /S
= f T1&fTo.

Moreover, it is easily seen that if T7 and Ty are equivalent in e/xt?{(F,S),
then so are f*J7 and f*Ts. Thus, f induces a morphism of Abelian groups

£ &E{(F, S) — &‘E{(F’, S). We then have proved this:
Lemma 1.46. The correspondence
(1.11) extR(-,S) : R&, —» Ab,

T— extR(T,S), fr— f*

where Ab is the category of Abelian groups, is a contravariant functor. In
particular, extR(9,S) is invariant under Real strict isomorphisms.

1.6. Real graded central extensions. In this subsection we introduce
Real graded central extensions of Real groupoids, by adapting [11, 12, 6, 23]
to our context.

Definition 1.47. Let (fi,Fi,&),i = 1,2, be Real graded S-twists. Then a
Real generalized homomorphism Z : I'y — I's is said to be S-equivariant if
there is a Real action of S on Z such that

(M) -z T2e=71-(A2) T2 =712 (A),
for any (A, 71,2,72) € S X Iy x Z x 'y such that these products make

sense. We refer to Z : (I'1,I'1,61) — (fg, I'9, d2) as a generalized morphism
of Real graded S-twists. In particular, if Z is an isomorphism, the two
Real graded S-twists are said to be Morita equivalent; in this case we write
(1—‘1, 1—‘1, 51) ~ (FQ, ].—‘2, 52).

Lemma 1.48. Let 7 : (fl,Fl,él) — (fg,f‘g,ég) be a generalized mor-
phism. Then the S-action on Z is free and the Real space Z/S (with the
obvious involution) is a Real generalized homomorphism from I'y to T's.

Proof. Same as [25, Lemma 2.10]. O

Definition 1.49. Let § be a Real groupoid and S an abelian Real group.
A Real graded S-central extension of G consists of a triple (I',T', 0, P), where
(I,T,9) is a Real graded S-twist, and P is a (Real) Morita equivalence
I' —G.
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Definition 1.50. We say that (fl,I‘l, 91, P1) and (fg,I‘g, d2, Py) are Morita
equivalent if there exists a Morita equivalence Z : (I'1,T'1,01) — (I'2, ', d2)
such that the diagrams

(1.12) T 5Ty

and

(1.13) Iy ——1%

commute in the category R&. Such a Z is also called an equivalence bimodule
of Real graded S-central extensions. The set of Morita equivalence classes

of Real graded S-central extensions of G is denoted by Eﬁ(g, S).

The set m(g, S) admits a natural structure of abelian group described
in the following way. Assume that E; = (fi,Fi,(Si,Pi), 1 = 1,2, are two
given Real graded S-central extensions of G, then Y] +—— Z ——Y, is
a Morita equivalence between I'y and I'y, where Z = P; xg P». But from
Proposition 1.31 there exists a Real homeomorphism f : §¥I'y — t*I';. Now
one can see that the maps 7 : v*I'y — v*T'y, (2,71, 2') — (2, m1(71), #') and
7 6Ty — v*T1(2,72,2") — 7o f(2,72,2') define two Real S-principal
bundles and then (¢*I'1,8) and (s*T'y,§), where § := 8} o pry, define elements
of e/xa{(t*f‘l, S). Therefore, we can form the tensor product (¢*I'y @s*T'y, §®
) are Real graded S-groupoid over t*I';. Moreover, t*T'1 ~prorita '1; then,
if P:v*I'y — G is a Real Morita equivalence, we obtain a Real graded
S-central extension of § by setting

(1.14) Ei®Ey := (¢*T1&s*To, v*T'1, 8, P),

that we will call the tensor product of E1 and Eo. Thus, we define the sum
[E1] + [Eg] := [E1QEs],

which is easily seen to be Will—\deﬁned in E/Xt\R,<9, S). The inverse g’p\of E is

(I'°P, I, 6, P). Notice that extR(5,S) is naturally a subgroup of ExtR(, S)

by identifying a Real graded S-twist (I, §,0) with the Real graded S-central

extension (I', G, 6, 5). We summarize this in the next lemma.

Lemma 1.51. Under the sum defined above, ]gdc\R(S, S) is an abelian group
whose zero element is the class of the trivial Real graded S-central extension

(§x8S,9,0,9).
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When the Real structure is trivial, then we recover the usual definition of
graded central extensions (see [6] for instance) of § by the group Zs.

Proposition 1.52. Suppose that G —= X is equipped with a trivial Real
structure. Then

ExtR(G,S) 2 Ext(G, Zo).

Example 1.53. Suppose § reduces to a Real space X. Then following
Example 1.32, a Real graded S-central extension of X is a triple (I, vy, J),
where Y is a Real space together with a continuous locally split Real open
map 7:Y — X, and 6 : Y& — Z, is a Real morphism.

In particular, suppose p is trivial. Then, by Proposition 1.52, giving a
Real graded S'-central extension of X amounts to giving a real bundle gerbe

Zo *)f
X

in the sense of Mathai, Murray, and Stevenson [14], together with an aug-
mentation ¢ : Y2 — Z,.

1.7. Functoriality of m(, S). The aim of this subsection is to show
that ExtR(-,S) is functorial in the category PR®, and hence that the group

m(g, S) invariant under Morita equivalence. To do this, we will need the
following:

Proposition 1.54. Let G—= X be a Real groupoid. Then, there is an
isomorphism of abelian groups

(1.15) ExtR(S,S) 2 limextR(S[U], S).
u

Before giving the proof of this proposition, we have to describe the sum
in the inductive limit

1'%&5{(9[1@, S).

Let Uy and Us be two Real open covers of X, and let T; = (@z, G[WU;], ;) be
Real graded S-groupoids over G[U;], i = 1,2. Let (V, fy) € Q(G[U4], G[Uz])
be the unique class corresponding to the Real Morita equivalence Z; i °Zy,,
from G[U;] to G[Uz]. V is a Real open cover of X containing U, and

fo: §[V] — S[Ue]
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is a Real strict morphism. Denote by ¢yy, the canonical Real morphism
G[V] — G[U4]. Then, the tensor product of J; and Ty is

(1.16) T18T2 1= 134, T1® f3 T2,

which defines a Real graded S-groupoids over the Real groupoid §[V].

Proof of Proposition 1.54. For a Real graded S-central extension E =
(I,I,0,P) of G, let (V, fy) € Q(G,I') be the isomorphism in RBq corre-
sponding to the Morita equivalence P~! : § — I". Setting

(1.17) Tg = S £iE gy

Jisofv

Lo

we get a Real graded S-groupoid over G[V]. It is not hard to check that this
provides us the desired isomorphism of abelian groups; the inverse is given
by the formula

(1.18) Ey := (5, 5[, 6, Z),
for a Real graded S-twist T = (S, G[U], 0). O

From this proposition, it is now possible to define the pull-back of a Real
graded S-central extension via a Real generalized morphism. More precisely,
we have

Definition and Proposition 1.55. Let § and §’ be Real groupoids, and
let Z: G — G be a Real generalized morphism. Let E = (f,F,(S, P) is
be a representative in m{(g, S), and Tg = (f§f, G[V],d o fy) its image in
lige/X:cT%(S[U], S) (see the proof of Proposition 1.54). Let

u

(W, fw) € (9, S[V])

be the morphism in R6q corresponding to the Real generalized morphism
Z;1oZ:9§ — §[V]. Then

is a Real graded S-central extension of the Real groupoid §'; it is called the
pull-back of E along Z

Now the following is straightforward.
Corollary 1.56. There is a contravariant functor
(1.20) ExtR(-,S) : Re —> Ab,

which sends a Real groupoid G to the abelian group m(g, S). In particular,
ExtR(SG,S) is invariant under Morita equivalences.
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2. Real Cech cohomology

2.1. Real simplicial spaces. We start by recalling some preliminary no-
tions. For each zero integer n € N, we set [n] = {0,...,n}. Recall [21] that
the simplicial (resp. pre-simplicial) category A (resp. A’) is the category
whose objects are the sets [n], and whose morphisms are the nondecreasing
(resp. increasing) maps f : [m] — [n]. For n € N, we denote by AN) the
N-truncated full subcategory of A whose objects are those [k] with k < N.

Definition 2.1. A Real simplicial (resp. pre-simplicial, N -simplicial) topo-
logical space consists of a contravariant functor from A (resp. A/, A(N))
to the category RTop whose objects are topological Real spaces and mor-
phisms are continuous Real maps. A morphism of Real simplicial (resp. pre-
simplicial, ... ) spaces is a morphism of such functors.

More concretely, a Real (pre-)simplicial space is given by a family
(XH p') = (Xnv pn)neN

of topological Real spaces, and for every map f : [m] — [n] we are given
a continuous Real map (called face or degeneracy map depending which

of m and n is larger) f: (Xn, pn) — (X, pm) , satisfying the relation

—~—

fog=go f whenever f and g are composable.

Definition 2.2. Let (X,, ps) be a Real simplicial space. For any N € N, the
N -skeleton of (X, pe) is the Real simplicial space (X, p.)N “of dimension
N”; that is, (X, pn)N = (Xn,pn) for n < N, and (X, pn)Y = (Xn, pn)
forall n > N + 1.

Let €} : [n — 1] — [n] be the unique increasing injective map that avoids
i, and let 7! : [n + 1] — [n] be the unique nondecreasing surjective map
such that 7 is reached twice; that is,

k fk<i_1
9.1 nigy =4 st—5h
(2.1) ei (k) {k+1, if k> i,

K if k< iy
n(ky=14{" ="
i’ (k) {k—l, k>0t

We will omit the superscript n if there is no ambiguity.
If (X, pe) is a Real simplicial space, it is straightforward to check that
the face and degeneracy maps

=N

& ¢ (Xnapn) — (Xn—lapn—1)7
ﬁ? : (Xrupn) — (Xn+17pn+1)7

1=0,...,n satisfy the following simplicial identities:
(2.2) grler=alaifi<j—1,

“ntlon _ ontlan e o o s
niy =g it < g,
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””'Hn;l—nj" 11m1f2<]—1
~n+1 SN ~n—1~n
773 77] Ei— 11f12j+27

n+1 SN ~n+1=n
&y =gy = ldx,

Conversely, let (X, pn)nen be a sequence of topological Real spaces to-
gether with maps satisfying (2.2). Then thanks to [13, Theorem 5.2], there
is a unique Real simplicial structure on (X, pe) such that &; and 7; are the
face and degeneracy maps respectively.

Example 2.3 (Cf. [24, §2.3]). Consider the pair groupoid
[n] x [n] == [n;

that is, the product is (7, )(j, k)) := (i, k) and the inverse of (i, 7) is (j,1).
If (G, p) is a topological Real groupoid, we define

9n = Hom([n] x [n], 9)
as the space of strict morphisms from the groupoid [n] x [n] —=[n] to

G —= X . We obtain a Real structure on G,, by defining p,(¢) := p o ¢,
for ¢ € G,. Any f € Homa([m],[n]) (or f € Homa/([m],[n])) naturally
gives rise to a strict morphism f x f : [m] x [m] — [n] x [n], which, in turn,

induces a Real map [ : (Sn, pn) — (Sm, pm) given by f() :== 0o (f x f)
for ¢ € G,,. Hence, we obtain a Real simplicial space (G, pe)-
Notice that the groupoid

[n] x [n] == [n]

is generated by elements (i—1,7),1 < i < n; indeed, given an element (i, j) €
[n] X [n], we can suppose that i < j (otherwise, we take its inverse (j,1)),
and then (¢,7) = (¢,i+1)...(j—1,7). It turns out that any strict morphism
¢ : [n] x [n] — G is uniquely determined by its images ¢(i—1,4) € G; hence,
the well-defined Real map

9n — 9(%), 2 — (gla “e. 7gn)a

where g; :== ¢(i — 1,7), 1 < i <mn, and

G = {(h1,..., hn) | s(hi) = r(hi—1), i =1,...,n},
identifies (G, pn) with (G, p(™), where p(™ is the obvious Real structure
on the fibred product §(™. Therefore, using this identification, the face
maps 7' : (Gn, pn) — (Gn—1, pn—1) of (Ge, pa) are given by:
(23) 58(917927"'agn):(927"'7971)7
é?(glag%' . agn) = (glv"' 7gigi+17-"7gn)> 1 < { <n-— 17
éﬂn(gl’g% o agn) = (glv s 7gnfl)a
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and for n = 1, by &(g9) = s(g), €1(g9) = r(g); while the degeneracy maps

07 2 (Sn, Pn) — (Gn+t1, Pny1) are given by:
(2.4) 10 (915 92 - 9n) = (r(91), 91, - - gn),

i (91,92, - 9n) = (91, --,5(9), gi+15-- - 9n), 1 < i <m,
and ﬁg : G9 — G; is the unit map of the Real groupoid.

Now for n € N, we define the space (E9),, of (n + 1)-tuples of elements
of § that map to the same unit; i.e.,

(ES)n == {(10,---»7) € " | r(0) =r(m) = -+~ = (W)}

Suppose we are given (gi,...,9n) € Gn. Then we can choose an (n + 1)-
tuple (Y0, -..,7m) € (ES), such that g; = v; v, for each i = 1,...,n. If
(Y05 - - - 74, is another (n + 1)-tuple satisfying these identities, then

s(v1) = s((vi—) 1) = s(vishm) = s(n),
for all i = 1,...,n, and that means that there exists a unique g € G, such
that s(g) = r(v;) and 7, = g- ;. This hence gives us a well-defined injective
map
9n — (Eg)n/N7 (917 tee ,gn) — [’YO? cee 7771])

where (y0,.-.,v) ~ (9 Y0,---,9 - Yn). Moreover, this map is surjective,
for if (y0,...,7v) € (EG)n, one can consider morphisms g; from s(v;) to
s(vi-1), i =1,...,n, so that we have

Y1 = 7091, 72 = 7192 = 7091925 - - -, Vn = Y091 " " " Gn;
and then
[707 s a7n] = [r(gl)791791927 ceey g1 gn]
which gives the inverse (EG),/~ 3 [V0,---,V] — (91,---,9n) € Gn. It
hence turns out that we can identify G,, with the quotient (ESG),,. Note that
the quotient space (E9),/~ naturally inherits the Real structure p,4+1 and
that the isomorphism defined above is compatible with the Real structures.
Henceforth, an element of G,, will be represented by a vector

7 - (917"'7977»)7
where we view ¢ as a morphism [n] x [n] — G, and ¢; = ¢ (i — 1,4),
i=1,...,n,0r § =[0,...,7] as a class in (EG),/~. For the first picture,
if f € Homa([m], [n]), then the Real face/degeneracy map f:(Sn,pn) —
(Sm., pm) 1s given by:

(2.5) F(9) = (7 (f(0), (1)), F (f(m = 1), f(m))).

For instance, if f in injective, then

TG —1),f(@) =7 (fG—1), f(i — 1)+ 1)--- G (f(i) — 1, £(i))
for f(i) > 1, and thus

(2.6) f(9)= (s Grayr =3 Gsomoryan " Ipom)-
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However, the second picture offers a more general formula for the face and
degeneracy maps; roughly speaking, for any f € Homa ([m],[n]), we have
G (i, ) = ~; ' for every (i,5) € [n] x [n]. In particular,

?(f(k - 1)7 f(k)) = Vf(k_l)Vf(k)v
for every k € [m]; then (2.5) gives:
(2.7) FCT) = D)+ sy

2.2. Real sheaves on Real simplicial spaces. In this subsection we
closely follow [21, §3] to study Real sheaves on Real (pre-)simplicial spaces.
We start by introducing some preliminary notions.

Let € be a topological category. We define the category Cr by setting:

e Ob(CR) consists of triples (A4,04,A"), where A, A’ € Ob(C) and
o4 € Home(A, A);

e Home,, ((A,04,A4"),(B,0p, B')) consists of pairs (f, f) of morphisms
f:A— B, f: A — B’ in @ such that the diagrams

ALB

e

Al i> B/

commute.

Now, let ¢ : € — € be a functor. Then we define the subcategory Cy
of Cr whose objects are pairs (A, ¢p(A)), where A € Ob(C), and in which
a morphism from (A, ¢(A)) to (B,$(B)) is a pair (f, f) of morphisms f :
A— B, f: ?(A) — ¢(B) such that fop = ¢of. A fundamental example
of this is the category OB (X) of open subsets of a given topological Real
space (X, p). Recall that objects of this category are the collection of the
open sets U C X, and morphisms are the canonical injections V < U when
V C U. Given such a Real space (X, p), the map p induces a functor (which

is an isomorphism) p : OB(X) — OB(X) given by
(vets v ) <p(V)C—>p0LOp p(U) ) .

Definition 2.4 (Real presheaves). Let (X, p) be a topological Real space,
and let C be a topological category. A Real presheaf (§,0) on (X, p) with
values in C is a contravariant functor from OB(X), to Cr; a morphism of
Real presheaves is a morphism of such functors.

Specifically, from the fact that p : X — X is a homeomorphism and from
the canonical properties of the injections V < U of opensets V C U C X, a
Real presheaf on (X, p) with values in € assigns to each open subset U C X
a triple (§(U),o0,,8(p(U))), where F(U), F(p(U)) are objects of €, and
o, € Isome(F(U),§(p(U))), and for V. C U we are given two morphisms
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Py @ SWU) — F(V) and ¢, 0 @ F(pU)) — F(p(V)), called the
restriction morphisms, such that:

° @uU::IdMUY
® 0,00y, =0, °Ou-
® Pwu = Pwv 0 Prus A Py = Py o) © Py

A morphism of Real presheaves ¢ : (§,0%) — (&,0%) is then a family
of ¢, € Home(§(U),B(U)) such that, for all pairs of open sets U, V with
V C U, the diagrams below commute:

(2.8) 3(o(0) L F(U) 2 5 (V)
Jd’pw) ¢y ¢y

od ng
B(p(U)) +— &(U) —— &(V).

As in the standard case, if (§,0) is a Real presheaf over X, and if U is
an open subset of X, an element s € §(U) is called a section of (§,0) on U,
and for x € X. If V is an open subset of U, and s € §(U), one often writes

s, for ¢, (s).

Definition 2.5 ([10, Definition 2.2]). A Real sheaf over (X, p) with values
in C is a Real presheaf (§, o) satisfying the following conditions:

(i) For any open set U C X, any open cover U = |J;; U;, any section
se§U), S|, = 0 for all 7 implies s = 0.

(ii) For any open set U C X, any open cover U = |J;c; U;, any fam-
ily of sections s; € §(U;) satistying s;jy,, = sjju;; for all nonempty
intersection Uj;, there exists s € §(U) such that s, =s; for all 4.

A morphism of Real sheaves is a morphism of the underlying presheaves.
We denote by Cr(X) (or simply by Sh,(X) if there is no risk of confusion)
for the category of Real sheaves on (X, p) with values in C.

Notice that if (§,0) is a Real sheaf (resp. presheaf) on (X, p), then § is
a sheaf (resp. presheaf) on X in the usual sense. Recall that the stalk of
§ at a point x € X, denoted by §, is the direct limit of the direct system
(F(U), ¢y.;) where U runs along the family of open neighborhoods of z; i.e.,

zelU

The image of a section s € F(U) in §, by the canonical morphism
F(U) — Sa

(where z € U) is called the germ of s at = and denoted by s,.

Note that if U is an open neighborhood of x, p(U) is an open neighborhood
of p(x), and the isomorphism oy : F(U) 3 s — op(s) € F(p(U)) extends
to an isomorphism o : §» — Fp(y), defined by o.(sz) = (0,(S)) p(), Whose
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inverse is o We thus have a well-defined 2-periodic isomorphism, also

p(z):
denoted by o, on the topological ? space F := [,cx Sz, given by
(2.9) 0:F—F, (2,5) — (p(x), 02(sc))

which gives a Real space (F,0).

Example 2.6. Let (X, p) be a Real space. Then the space C(X) of continu-
ous complex values functions on X defines a Real sheaf of abelian groups on

(X, p) by (U, p(U)) — (C(U), py;, C(p(U))), where py, (f)(p(x)) := f().

Definition 2.7 (Pushforward, pullback). Let (X, p), (Y, 0) be topological
Real spaces, f : (Y,0) — (X, p) a continuous Real map. Suppose that
(§,0) and (&,¢) are Real sheaves on (X, p) and (Y, 0) respectively, with
values in the same category C.

(i) The pushforward of (&,<) by f, denoted by (f«®, f«s), is the Real
sheaf on (X, o) defined by the contravariant functor:

(2.10)  OB(X), — Cr, (U,p(U)) — (f+6(U), fesy, f8(p(U))),

where f,&(U) := &(f~HU)), fus, = Sj-1(y» and

FB(p(U) = &(fH(p(U))) = &(o(fH(V)))-
(i1) The pullback of (§F,0) along f, denoted by (f*F, f*0), is the Real
sheaf on (Y, o) associated to the Real presheaf defined by:
2.11)  O9B(Y), — Cr, (V,o(V)) — (f5(V), froy, [5(e(V)),
where f*§(V):= lim  FU), and froy : f*F(V) — f*F(e(V))

fVvycucx
U open

is the morphism in € extending functorially o, : F(U) — F(p(U))
along the family of open neighborhoods of f(V) in X.

It immediately follows from this definition that we have a covariant func-
tor

(2.12) RTop —r RGH,

f fx
(oL 000 ) (s L smx) ).
and a contravariant functor
(2.13) RTop — REH,

(i) ) s ((sha) L s ).

2Recall that if § is a presheaf over X, any section s € F(U) induces a map [s] :
U — 11,8z y+—>sy. Wegive J:= ][] x5 the largest topology such that all the
maps [s] are continuous. On the other hand, associated to §, there is a sheaf 3 given by
@(U) :=I'(U,¥), and we have that F(U) = T'(U, ¥F) if and only if § is a sheaf. Then, given
a Real presheaf (§,0), one can define its associated Real sheaf in the same fashion.
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where SRS} is the category whose objects are the categories of Real sheaves
on given Real spaces and morphisms are functors of such categories.
We will also need the following proposition.

Proposition 2.8. Let f : (Y,0) — (X,p) be a a continuous Real map.
Suppose that (F,0) and (&,<) are Real sheaves on (X, p) and on (Y, o) re-
spectively, with values in the same category C. Then

(214) HomShp(X) ((87 0)7 (f*®a f*§)) = HomShg(Y)((f*S7 f*g)v (67 §))

Proof. The proof is the same as in the general case where Real structures
are not concerned (see for instance [10, Proposition 2.3.3]). O

Definition 2.9. Given a continuous Real map f : (Y,0) — (X,p) and
Real sheaves (§,0) and (8,¢) as above, we define the set Hom(§, &), of
Real f-morphisms from (§,0) to (&,¢) to be

Homgy, ,(x) (8, 0), (f+®, f«s)) = Homgh, (v ((f*F, [70), (6,¢)).

Definition 2.10. Let (X,,ps) be a Real simplicial (resp. pre-simplicial)
space. A Real sheaf on (X,, pe) is a family (§", 0™),en such that (37, 0") is a
Real sheaf on (X,,, p,) for all n, and such that for each morphism f : [m] —
[n] in A (resp. A’) we are given Real f-morphisms f* € Hom ; (3’” ") gm on
such that

(2.15) fog = of,
whenever f and g are composable.

One can use the definition of the push-forward to give a concrete inter-
pretation of this definition. Roughly speaking, a sequence (§",0"),en is a
Real sheaf on a Real simplicial (resp. pre-simplicial, ...) space (X, pe), if
for a given morphism f : [m]| — [n] in A (resp. A/, ...), then for any pair
of open sets U C X,, and V C X, such that f(U) C V there is a restriction
map f*: F*(V) — F(U) such that the diagram

(2.16) () —— S’"‘(U
57 (V) L 5 (o(0)
commutes, and f*0§* = fog : & (W) — §*(U) whenever §(V) C W C

X} Morphisms of Real sheaves over (X, pe) are defined in the obvious way;
we denote by Sh,, (X,) for the category of Real sheaves over (X, pe).
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2.3. Real G-sheaves and reduced Real sheaves.

Definition 2.11.

(i) A Real space (Y, p) is said to be étale over (X, p) if there exists an
étale Real map f : (Y,0) — (X, p); that is to say, every point
y € Y has an open neighborhood V' such that f, : V — U is
homeomorphism, where U in an open neighborhood of f(y) in X.

(ii) A Real groupoid (G, p) is étale if the range (equivalently the source)
map is étale.

(iii) A morphism e : (Ys, 0s) — (X, pe) of Real (pre-)simplicial spaces
is étale if for all n, m, : (Yn, 0n) — (Xn, pn) is étale.

Example 2.12. Any Real sheaf (§,0) on (X, p) can be viewed as an étale
Real space over (X, p). Indeed, considering the underlying topological Real
space (F,0), it is easy to check that the canonical projection

F— X, (x,8;) —> x
is an étale Real map.

Definition 2.13. Let (G, p) be a topological Real groupoid. A Real G-sheaf
(or an étale Real G-space) is an étale Real space (Eg, 1) over (X, p) equipped
with a continuous Real G-action.

We say that (£o,1p) is an Abelian Real G-sheaf if in addition it is an
Abelian Real sheaf on (X, p) such that the action ag : (€0)sg) — (€0)r(g)
is a group homomorphism, for any g € G.

A morphism of Real G-sheaves (€g,1p) and (&f, 1) is a G-equivariant
continuous Real map ¢ : (€o,10) — (&, 1) such that p’ o) = p.

The category of Real G-sheaves is denoted by 95,5, and is called the
classifying topos of (G, p).

Examples 2.14.

(1) Considering a Real space (X, p) as a Real groupoid, a Real X-sheaf
is the same thing as a Real sheaf over (X, p); in other words we have
that B,X = Sh,(X).

(2) If (9,p) is a Real group, then a Real G-sheaf is just a Real space
equipped with a continuous Real G-action.

Lemma 2.15. Any generalized Real morphism (Z,7) : (I';0) — (9, p)
induces a morphism of toposes

Z*:B,(G) — B,(I).
Consequently, there is a contravariant functor
B RGE — RBG,

defined by

(o) Z7 (5,0)) — (8,5 -2+ B,T).
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where RBG is the category whose objects are classifying toposes of Real
groupoids.

Proof. As noted in [15, 2.2] for the usual case, any Real morphism f :
(T',0) — (S, p) gives rise to a functor f* : B,5 — B,I'. Indeed, if
(€0,1p) is a Real G-sheaf through an étale Real G-map p : (€o,10) — (X, p),
then we obtain a Real I-sheaf (f*&¢, f*10) by pulling back (€g,1) along
fiie, f*€ =Y xpxp €0, ffro =0 %1y, f*p(y,e) ;= y, and the right
Real T-action is v - (s(7),e) = (r(7), f(7) - e) when p(e) = s(f(v)). If
¥ : (&o,10) — (&), 1) is a morphism of Real G-sheaves, then the map
U (Feo, frre) — (f*&h, f*v4) defined by fp(y,e) i= (y,(e)) is
obviously a morphism a Real I'-sheaves. It follows that any (U, fy) €
Homgpe, ((I', 0), (9, p)) gives rise to a covariant functor ff : 8,5 — B,I'[U].
Now if (Z,7) corresponds to (U, fy), and if as in the previous chapter,
¢ : T'[U] — T is the canonical Real morphism, then we can push forward
(fii€0, fiivo) through ¢ to get a Real I'-sheaf (Z*Eq, Z*1p); i.e.,

(2.17) Z* &0 =t fi €0,
and the Real structure Z*1q is the obvious one. ]

Lemma 2.16. Let (G, p) be a topological Real groupoid. Then, a Real G-sheaf
canonically defines a Real sheaf over the Real simplicial space (Gn, pn)nen-

To prove this Lemma, we need some more preliminary notions.

Definition 2.17. [21]] A morphism 7e : (Ee, %) — (X, pe) of Real sim-
plicial spaces is called reduced if for all m, n and for all f € Homa ([m], [n]),
the morphism f induces an isomorphism

(Ensvn) = (Xn Xfx, o Em,Pn X V).

In this case, we say that (Ee,V) is a reduced Real simplicial space over
(Xe,y o).

Morphisms of reduced Real simplicial spaces over (X, ps) are defined in
the obvious way.

Definition 2.18 ([21]). We say that a Real sheaf (§°,0°) over a Real sim-
plicial space (X, pe) is reduced if for all m, n and all f € Homa ([m], [n]),

f* € Hom ((f*&m, f*am), (3", a")> is an isomorphism.

Lemma 2.19 ([21, Lemma 3.5]). Let (X, pe) be a Real simplicial space.
Then, there is a one-to-one correspondence between reduced Real sheaves
over (X, pe) and reduced étale Real simplicial spaces over (X, ps).

Proof. Suppose that we are given a Real sheaf (§*,0®) over the Real simpli-
cial space (X, pe ), and let (F,,, oy )nen be its underlying sequence of topolog-
ical Real spaces. We already know from Example 2.12 that each of the canon-
ical projection maps 7, : (F,,0n) — (Xn, pn) is étale. Now suppose that
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(3°,0°) is reduced; that is to say that for any morphism f € Homa ([m], [n]),
and every open set V C Xy, f*: F™(V) — F*(f~1(V)) is an isomorphism,
so that we have a commutative diagram

(2.18) (V) =—L=F"((V)
"YVRJ Jg;lm
F (V) =L 5 (0 (L)),
Let ¢ € Xy, y € X,,, such that f(z) =y, and let U C X,, and V C X,,, be

open neighborhoods of x and y respectively such that f (U) C V. Then, for
a section s™ € §™(V), we have an element (z, (y,sy")) € Xn X7y Fp to

which we assign an element (z,s?) € F,, as follows: since U C f~1(V), the
section s € F™(V) = F*(f~1(V)) has a restriction s” := s} € F*(U). In
this way we get a well-defined map X,, X F X oo Fm — F. Moreover, it
is easy to check that this map is an isomorphism; the inverse is the map

Fn 3 (@,57) — (2, (F(2), (F'S") jo) € Xn X F,

where if z € U C X,, and f(U) CV C X, f*s” is any section in §"(V) =
F(f~Y(V)) that has the same class as s” at the point z when restricted to
3"(U) through the restriction map §*(f~'(V)) — &*(U). Furthermore, for
every f € Homa([m], [n]), there is a face/degeneracy map f : (T, 0n) —
(Fm,om) given by f(z,s.) := (f(2), (f*s)f(m)); hence (F,,0,) is a reduced
étale Real simplicial space over (X, pe).

Conversely, if me : (Eo,v) —> (Xe,pe) is a reduced étale morphism
of Real simplicial spaces, we let §"(U) be the space C(U, E,,) of continu-
ous sections over U (where U is an open subset of X,,) of the projection
T (Ensvn) — (X, pn). Next we define o7 : F"(U) — §"(p"(U)) by
o (s)(p"(x)) := vn(s(x)). Notice that since the m,’s are étale, one can re-
cover the Real spaces (€,, ;) by considering the underlying Real spaces of
the Real sheaves (§",0™). Now for any f € Homa([m],[n]) and for any

open set V C X,,,, we have an isomorphism

Fgmv) — 3 (),

s f*s,

where (f*s)(z) = (z,s(f(2))) € X,, x .

frXm,mm

Em = Em. (]

Using the same construction as in the second part of this proof, we deduce
the following:

Lemma 2.20. Any reduced Real simplicial space over (Xa, pe), €tale or not,
determines a Real sheaf over (Xe, pe)-
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Proof of Lemma 2.16. Let (Z,7) be a Real G-sheaf, and let
m:(Z,7) — (X, p)

be an étale Real map. Put for all n > 0, &, := (§ % Z), := Gy, X4, x.x Z,
where 7, (g1, .-+, 9n) = Tn[Y0s - - - 0] = $(7n) = s(gn). Define v, := p,, X 7.
We thus obtain a Real simplicial space (€,,v,): the simplicial structure is
given by

for f € Homa([m], [n]). Furthermore, it is straightforward to see that the
projections m, : &, — Y, are compatible with the Real structures v,
and p,, and that they define a morphism of Real simplicial spaces. If f €
Homa ([m], [n]), then the assignment

([707 s 7’YTL]7 Z) — ([’YO) s 7’)/71]7 ([rYf(O)v s 7'7f(m)],’7;(}n)7n ’ Z))

obviously defines a Real homeomorphism &, 2 G,, x . &,n which shows

f,.9m,mm
that (&, ve) is a reduced Real simplicial space over (G, p,). It follows from

Lemma 2.20 that (€., vs) determines an object of Shy, (Ge). O

Remark 2.21. Notice that in the proof above we did not use the fact that
(Z,7) is étale. In fact, the Real G-action suffices for (Z,7) to give rise
to a Real sheaf over (G, ps). However, the property of being étale will be
necessary to show that the Real sheaf obtained is reduced (as it is mentioned
in the following corollary).

Corollary 2.22. Let (G, p) be a topological Real groupoid. Then there is a
functor

€ :9B,3 — redSh,, (Ge),
where tedSh,, (Ge) is the full subcategory of Sh,, (Se) consisting of all reduced
Real sheaves over (Ge, pe)-

Proof. Let us keep the same notations as in the proof of Lemma 2.16. Since
7 is étale, so is m, for all n. The reduced Real simplicial space (o, V) is
then étale over (G, vs). Now, it suffices to apply Lemma 2.19. O

2.4. Real G-modules.

Definition 2.23 (Cf. [21, Definition 3.9]). Let (G, p) be a topological Real
groupoid. A Real G-module is a topological Real groupoid (M, ~), with
unit space (X, p), and with source and range maps equal to a Real map
m: (M, 7) — (X, p), such that:

o M, (=M* =M%) is an abelian group for all z € X.

e For all x € X, the map (7) : Mz — M) is a group morphism.

e As a Real space, (M, 7) is endowed with a Real G-action

a: G Xgx M — M.
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e For each g € G, the map o, : M) —> M, () given by the action is
a group morphism.

By Remark 2.21, any Real §-module (M, ~) determines an abelian Real
sheaf (F°,0°) on (Y, pe) constructed as follows: consider the reduced Real
simplicial space (€e,ve) = ((G§ X M)yp, pr X (7)), where the Real simplicial
structure is given by:

f ([70a s ,’Yn],t) = ([’Vf(o)a s 77f(m)]7’7;(1n)'7n : t) ’

for any f € Homa([m],[n]). Next, (§°*,0°) is defined as the sheaf of germs
of continuous sections of the projections me : (e, %) — (Ge, pe)-

Example 2.24. Let (G, p) be a topological Real groupoid. Let M = X x S!
be endowed with the canonical Real structure (z,\)) := (p(x), \), and Real
G-action g - (s(g),A) = (r(g),A). Then (M, ™) is a Real G-module. The
corresponding Real sheaf is called the constant sheaf of germs of S'-valued
functions and denoted (abusively) S!. More generally, if S is any Real group,
X xS is a Real §-module, and the induced Real sheaf over (G, pe) is denoted

by S.
2.5. Pre-simplicial Real covers.

Definition 2.25 (Cf. [21, Definition 4.1]). Let (X.,ps) be a Real pre-
simplicial space. A Real open cover of (X, pe) is a sequence Ue = (U )nen
such that U, = (U}')je, is a Real open cover of (Xn, py).

We say that Ue is pre-simplicial if (Jo, ~) = (Jn, ~)nen is a Real pre-
simplicial set such that for all f € Homa/([m],[n]) and for all j € J,, one
has f (UJ") C U}'Zj). In the same way, one defines the notions of simplicial
Real cover and N-simplicial Real cover.

We will use the same construction as in [21, §4.1] to show the following
lemma.

Lemma 2.26. Any Real open cover Ues of a Real (pre-)simplicial space
(Xe, po) gives rise to a pre-simplicial Real open cover yU,.

Proof. For each n € N, let P, = J;_, P¥, where P% = Homa/([k], [n]). Let
P =U,, Pn, and let A,, (or A, (Je) if there is a risk of confusion) be the set
of maps

(2.20) A: P — | JJi such that A(P}) € Jg, for all k.

k
It is immediate to see that A, is non-empty; indeed, for each k € N, we fix
amap 7% : [n] — Ji which can be written as 7% = (j§,...,j¥). Next, we

define 7 = (7*)sen. Then the map A : P — Uy Ji given by A(p) == Fop
lies in A,,. Moreover, A, has a Real structure defines as follows: if ¢ € P~
then we set

(2.21) Ap) == Ap) € J.
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Now, for all A € A,,, we let
(2.22) U= ) ¢ 'UX,)
k<n pePk
Let € X,,. For each k < n and ¢ € P there is j]; € Ji such that
o(x) € UJ’?k C Xj. Define the map A, : P — U Ji by Aa(p) = (jf;)k.
®
Then, one can see that z € (V< Npepr @‘1(Ufz(¢)) = Uy . Furthermore,
pn(UY) = UY; hence, (UY)aen, is a Real open cover of (Xp, p,). If for any
f € Homa/([m], [n]), we define a map f : A, — A, by
(fA) (@) :== A(f o), forall A€ A,, and ¢ € P¥,
one sees that f(U}) C U

I
Real open cover of (X, pe). O

. Thus, yUe = ((UY)reA,, Jnen is a pre-simplicial

In the same way, for N € N and n < N, we denote by AY the set of all
maps
A: | Homa([k], [n]) — | &
k<n k<n
that satisfy A\(Homa ([k], [n])) C Jk, and we set

Ul := ﬂ ﬂ & (UR)-

k<n pcHoma ([k],[n])

Then we equip AY with the Real structure defined in the same fashion,
and we give it the N-simplicial structure defined as follows: for any f €
Homn ([m], [n]), the map f : AN — AN is given by (fA)(¢) == A(f o p).
We thus obtain a N-simplicial Real cover ;vUes = (;nUpn)nen of the N-
skeleton of (X, pe), where ;vUy, = (UL) rean-

We endow the collection of Real open covers of (X, pe) with the partial
pre-order given by the following definition.

Definition 2.27. Let U, and V, be Real open covers of a Real simplicial
space (Xo, po), with U, = (UT)jes, and V;, = (V")ier,. We say that Ve is

7

finer than U, if for each n € N, there exists a Real map

O : (Im _) — (Jm _)
such that V* C U9nn(i) for every i € I,. The Real map 0o = (6p)nen
is required to be pre-simplicial (resp. N-simplicial) if Us and V, are pre-
simplicial (resp. N-simplicial).
2.6. “Real” Cech cohomology.

Definition 2.28 (Real local sections). Let (§, o) be an abelian Real (pre-)
sheaf over (X, p) and let U = (Uj);jes be a Real open cover of (X, p). We say
that a family s; € §(U;) is a globally Real family of local sections of (§,0)
over U if for every j € J, s; is the image of s; in §F(U;) by oy, .
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We define CR,(U, §),,s to be the set of all globally Real families of local
sections of (§, o) relative to U; i.e.,

CRSS(U,E)/)J = {(Sj)jg] C HS(U]) S7 = 0y; (Sj), VJ € J}
jedJ
To avoid irksome notations, we will write C'Rgs(U, F) or CRss(U, F)o in-
stead of CRys(U,§)p,0. It is clear that CR,(U,§) is an abelian group.

Now let (X, pe) be a Real simplicial space, and let U, be a pre-simplicial
Real open cover of (X, pe). Suppose (§°*,0°) is a (pre-simplicial) abelian
Real (pre-)sheaf over (X, po).

Definition 2.29. We define the complex CR} (Us,§*)p,,00 by
(2.23) CRZ'S(U.,S.) = CRss(unagn)pn,U"a

for n € N. We will also write CR?,(U,,§*) if there is no risk of confusion.
A Real n-cochain of (X, pe) relative to a pre-ssimplicial Real open cover
Uo with coefficients in (§F*,0°) is an element in CRY, (U, F°).

Let us consider again the maps e : [n] — [n + 1] defined by (2.1),
for k = 0,...,n+ 1. We have Real maps &; : (Jpt+1, =) — (Jn, ),
&kt (Xna1, pnr1) — (X, pn), and & : (T o) — (3%, 0™); and
since ék(UJT.L'H) C Uy, (; for every j € Jny1, we have a restriction map

& 3 (UL;) — 3 Ut
such that a(’}ﬁl 0&) =€ 00m W’
J € (9)
Definition 2.30. Let U, be a pre-simplicial Real open cover of (X, pe).
For n > 0, we define the differential map
(2.24) d": CRY(Ue,F*) — CRI (Us, 3°)
also denoted by d, by setting for ¢ = (¢j)jes, € CRL(Us,F*) and for j €
Jn+1l
n+1

(2.25) (de)j ==Y (=1)*&(ee, ).

k=0

Remark 2.31. The differential d of (2.25) does indeed map CRZ,(Us,F*)
to CR% 1 (Us,F*); combining the fact that the &, are Real maps and the
discussion preceeding the last definition, one has

n+1 n+1
(de)y =D (~1)f&i(cap) = Z(—l)kéz((fﬁgk(j)cgk(j)) = ogrri((de);).
k=0 k=0

Lemma 2.32. The differential maps d are group homomorphisms that sat-
isfy d* od" 1 =0 forn > 1.
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Proof. That for any n € N, d" is a group homomorphism is straightforward.
Let (cjr)jres, , € CR% (U, F®). Then, for j € J,41 one has

n+1 n
(d"d" o)y =Y (=DHET) (Z(—l)k(fﬁ)*(Cekognﬂm))

1=0 k=0
n+l n
l k:
=2 > ()" )70 () (Czpozi )
=0 k=0
n n

~n+1 * ~
= Can_=n .
=2 > G ED (e, )
p=0 k=0,k<2p
n n

L .
_Z Z (Epi1—1)" 0 (ER)" (652°€3++1 )
p=0 k=0,k<2p+1
=0,

n+1 n+1
since g, oy =g} oey, for any 7,q¢ < n. U

We thus can give the following;:

Definition 2.33. A Real n-cochain c in the kernel of d" is called a Real n-
cocycle relative to the pre-simplicial Real open cover U, with coefficients in
(§°,0°); the Real n-cocyles form a subgroup ZR7, (U, §*) of CRY, (U, §*).
The Real n-cochains belonging to the image of d"~! are called Real n-
coboundaries relative to U, and form a subgroup BRZ (U, $*) (since d* =
0). The n** Real cohomology group of the pre-simplicial Real open cover U,
with coefficients in (§*,0*) is defined by the n® cohomology group of the
complex

n—2 dn— m+1

.. L> CRZ’S_I(U.,S.) 4) CRn (uhgo) 4) CR”+1(U.,S.) L>
That is,
ZR}(Us,F°%)  kerd"
BR™ (U, F®) =~ Im dn—1
Example 2.34 (Cf. [21, Example 4.3]). Let (X, pe) be the constant Real
simplicial space associated with a topological Real space (X, p); that is
(Xnspn) = (X,p) for every n > 0. Suppose U =: Uy = (U]Q)jejo is a
Real open cover of (X,p). Define J, := JJ*' together with the obvious
Real structure. Then (J,,, ~) is admits a simplicial structure by

HR} (U, 5°) ==

f@m.”,ﬁﬁ::(jﬂmw.wjﬂmﬂ,ﬁx:ﬂlféEHomA(WﬂJM)

Let Uj iy = U0 N« N U]Qn and W, = (U}')jes,. Of course U, is

a Real open cover of (Xn, pn) and for any f € Homa([m],[n]) one has
—Jn . 0

FWUGy 3 = Uiy € Uy 0 N Uy = U5 hemce Us is a

simplicial Real open cover of (X,, p.).
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Let (F,0) be an Abelian Real sheaf on (X, p) and let (§",0") := (F,0)
for all n > 0. Then, HR} (U, F*) can be viewed as the “Real” analogue of
the usual (i.e., when all the Real structures are trivial) cohomology group
H*(Up,§) and is denoted by HR*(U,§). A Real 0-cochain is a globally
Real family (s;);es of local sections. Given such a family, the differential
d® gives: (d%s) (o) = Si,,,, ~ Sy, it hence defines a Real 0-cocycle
if there exists a Real global section f € I'(X,§) such that s; = fy, for all
jed.

A Real 1-coboundary is then a family (cjy;,)jo,5ies of sections cjyj, €
1’~§’(Uj0]’1) = F(Ujojl’gj) verifying ¢z (p(z)) = U(cjojl (z)) for every z € Ujojns
and such that there exists a globally Real family (s;j);cs of sections s; €
I'(U;j,F) such that cj,;, =sj, —sj, over all non-empty intersection U, .

Finally, a Real 1-cochain ¢ = (cj,j,) € CRL, (U, §) can be seen as a family
of sections ¢jy;, € I'(Ujyj,, F) satistying cz7 (p(z)) = o(cjpj, (x)). Such a
cocyle is 1-cocyle if and only if one has (dc);yj,5, = 0 for all jo, j1, j2 € J; in
other words, ¢jyj, + ¢j,j, = Cjyj, Over all non-empty intersection Ujj, j,-

We can apply Lemma 2.26 to generalize the definition of the Real coho-

mology groups relative to pre-simplicial Real open covers to arbitrary Real
open covers of (X, pe).

Definition 2.35. Let (X,,ps) be a Real (pre-)simplicial space and let
(§®,0°) € Ob(Sh,, (X,)). For any Real open cover U, of (X,,§*), we let
(2.26) CR*(U.,$*) := CR,,(;U.,5°*),
and we define the Real cohomology groups of Ue with coefficients in (F*,0*®)
by
(2.27) HR*(Us,§°) = HRY,(;Us,3°).

We head now toward the definition of the Real Cech cohomology; roughly
speaking, given an Abelian Real (pre-)sheaf (§F°,0®) over a Real simplicial
space (X, pe) , we want to define the Real cohomology groups HR"(X,,F*)

as the inductive limit of the groups H R™ (U, F*) over some category of Real
open covers of (X, pe). To do this, we need some preliminaries elements.

Lemma 2.36. Let (X, pe) and (F°,0°) be as above. Assume Ue and Vo are
Real open covers of (X, pe), with U, = (U;L)jeJn and Vyp, = (V")icr,. Then

(3
all refinements Oe : (I, ~) — (Jo, ~) induces group homomorphisms

(2.28) 07 : HR"(Ue,5°*) —> HR"(Ve,5°).
Proof. In virtue of Lemma 2.26, one can assume that U, and V, are pre-
simplicial, and so that 0, is a pre-simplicial Real map. Define
0y : CR"(Ue,5*) — CR"(Ve,5°*)
as follows: for any ¢ = (¢;)jes, € CR"(Us,T*), we put

(0r0)i :=c, v
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i.e., (0,c); is the image of ¢y, (; by the canonical restriction
3" (g, ) — §"(V{").

A straightforward calculation shows that this does define an element in
CR"™(Ve,$*). Moreover, it is clear that 6 is a group homomorphism for
any n. Moreover, since 6, is pre-simplicial, &, o 6,41 = 6, o0 ;. Then, for
1 € Iny1, one has

n+1

_ k=
(@85(e))s = 3 (=140, o i)
k=0
n+1

k ~
= Z(_l) Ez(cék°9n+1(i))|%n+l
k=0

= (671d(0):
then d" o0 = 0y od" for all n € N. It turns out that 6, maps ZR" (U, §°)

into ZR™(V,,§*) and maps BR"(U,,§*) into BR"(V.,§*). Consequently,
6% passes through the quotients: 6 ([c]) := [0;;(c)], for c € ZR™(Uq,F*). O

As noted in [21], the map HR*(U,,§°*) — HR*(V.,F*) may depend on
the choice of the given refinement.

Definition 2.37. Let (X,, ps) and (F°*,0°) be as previously. Let U, and V,
be Real open covers of (X,, ps). Let ¢p, 1, : CR" (U, F*) — CR"(Ve,F°)
be two families of group homomorphisms commuting with d. We say that
(¢n)nen and (n)nen are equivalent (resp. N -equivalent, for a given N € N
such that the N-keleton of V4 admits an N-simplicial Real structure) if for
all n € N (resp. for all n < N), there exists a group homomorphism A" :
CR"(U,,F*) — CR"1(V,,3F*), with the convention that CR™(V,,F*) =
{0} (and A¥*! =AY in case of N-equivalence), such that

(2.29) bp —Yp =d" Lo h™ + K" o d®, ¥n € N (resp. Yn < N).

Observe that such N-equivalent families ¢, and 1 induces group homo-
morphisms
HR"(U,,§*) — HR"(V,.,5°),
also denoted by ¢,, and v, respectively, and given by ¢, ([c]) := [¢n(c)], and
Yn([c]) == [¢n(c)] for all c € ZR™(Ue,F*). Assume
A" : CR"(Ue,§°*) — CR" Ve, 5*)

is such that (2.29) holds for all n < N, then for all ¢ € ZR"(U,,J*), one
has

(6n — ) ([d]) = [ (W )] + [T (@) = 0
in other words, ¢, and 1, define the same homomorphism from H R"(U,, §*)
to HR™(Ve,§*) when n < N.
It is clear that (N-)equivalence of morphisms

¢n : CR"(Uq,F°*) — CR"(Ve,5°*)
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is an equivalence relation. We also denote by ¢, for the (N-)class of ¢.

Definition 2.38. Denote by 91 the collection of all Real open covers of
(Xe, pe). Let Us, Vo € M. We say that Ve is h-finer than U, if Ve is finer
than Ue in the sense of Definition 2.27, and if there exists N € N such that
the NN-skeleton of Vo admits an N-simplicial Real strucutre. In this case,
we will write Ue <N Vo or Ue =<3, Ve.

We refer to [21, Lemma 4.5]) for the proof of the following:

Lemma 2.39. Let Uy and Vo be Real open covers of (Xe,pe) such that
Ue XN Ve. If 64,0, : (Is, =) — (Js, ~) are two arbitrary refinements,
then their induced group homomorphisms 0% and (0,)* are N -equivalent.
Consequently, there is a canonical morphism

HR"(Us,§*) — HR"(V,,5°)
for each n < N.

Example 2.40. By Lemma 2.26, from anyy Real open cover U, of (X, pe)
and anyy N € N, one can form an N-simplicial Real open cover ;nUs of
the N-skeleton of (X, ps). Next, we define a new Real open cover ;UL by
setting

n, ifn<N,
(2.30) Ay = et A
Uy, ifn>N-+1.

It is clear that the N-skeleton of huﬁv admits an N-simplicial Real structure.
Recall that uuiV is indexed by I,, with I,, = Aflv ifn <N and I, = J, if
n > N + 1. Now we get a refinement n6, : (ls, =) — (Jo, ) by setting

AN 5 Juy A A(Idyy), ifn < N,

2.31 0, =
(2:31) N {Id:Jn—>Jn, ifn>N+1,

hence Us <p uuiV for all N € N. In particular, U, <¢ Us.

We deduce from the example above that “<}” is a pre-order in the collec-

tion 1. Suppose that Ue =<p, Ve =, W and K, 6% IR i> Je are refinements.
Then it is easy to check that the maps 67 and (0,)* defined by (2.28) verify
the relation (0, 0 6,)* = (0,,)* o 6% for all n € N.

For n € N, we denote by 9%(n) the collection of all elements U, € N
such that Ue <y Ue for some N > n + 1; ie, Uy € DN(n) if there is
N > n + 1 such that the N-skeleton of U, admits an N-simplicial Real
structure. It is obvious that “<3” is also a preorder in 91(n). Furthermore,
Lemma 2.39, states that if Us < Ve in U(n), there is a canonical map
HR"(Ue,§*) — HR™(Ve,5*). It follows that for all n € N, the collection

{HR"(Ue,T*) | Us € N(n)}

is a directed system of groups; this allows us to give the following definition.
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Definition 2.41. We define the n* Cech cohomology group of (Xe, pe) with
coefficients in (§®,0°®) to be the direct limit

(2.32) HR"(X.,3%):= lim HR"(U,F°).
Ue EN(n)

Lemma 2.42. For every Us € N, pre-simplicial or not, there is a canonical
group homomorphism

O, : HR"(U,,T*) — HR"(X.,T°*),
for all n € N.

Proof. For every U, € M (simplicial or not), and for every n € N, we define
the map

O, : HR"(Ue,T°*) — HR"(X,,3°)
by composing the canonical homomorphism
N0 HR™(Ue, §°*) — HR"(UY,3*)
with the canonical projection
pl, - HR"(US,8°) — HR"(X.,§°),
for some N > n+1; i.e, by, = pj, o n0; (recall that 6, is defined

by (2.31)). O

Let (§°,0°) and (&°,¢*) be Abelian Real sheaves on a Real simplicial
space (Xe,pe). Suppose that ¢e = (Pn)nen @ (§*,0°) — (B°,¢%) is a
morphism of Abelian Real (pre)sheaves, and that U, is a Real open cover of
(Xe, pe). Consider the pre-simplicial Real open cover U, associated to Us,.
Then for any n € N, and any A € A, there is a morphism of Abelian groups

(233) (571 . Sn(U/(L) — ®n(Ug\l)7s)\ — ¢n|U§L (S)\>,

satisfying g[’}f 0y = Gy © oyp. This gives a group homomorphism

¢t OR(1Ue, §°)oe — CRY, (1 Ue, B°)co.
Moreover, for any A € Ap41 and any k € [n + 1], one has a commutative
diagram

(bn\Ug‘k(/\)
_—

Uz ) &"(Uz, )

~x %
Ekl J{Ek
¢n+1\U"“

$n+1(U;\z+1) A ®n+1(U;\1+1).
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Thus, d" o ¢, = ¢p11 0 d"; i.e., one has a commutative diagram

(2.34) CRY (s, 3%)gr — s CRIFL( Uy, §°*) oo
Jqsn =

CR™ (s, &%) —2s CRIFL(U,, &%)
that shows that ¢ gives rise to a homomorphism of Abelian groups
(2.35) (d1y)« : HR"(Ue, §°)oe —> HR™ (Uq, B°)co,

(] — [bu(e));

and therefore a group homomorphism

by : HR"(Xe,§")oe — HR"(Xo, B*)co

defined in the obvious way. We thus have shown that HR* is functorial in
the category Shy, (X,).

Proposition 2.43. Suppose (X, pe) is a Real simplicial space such that
each X, is paracompact. If

0 —s ( / ,0_/.) &> (30700) A (%vno’o_no) —50
is an exact sequence of Real (pre-)sheaves over (X, ps), then there is a long
exact sequence of Abelian groups

0 — HRY(Xe,5*) 2 HRY (X4, 3*) 2 HRY(Xe,3°%)
O AR (X, 3) P
The proof of this proposition is almost the same as in [21, §4].

2.7. Comparison with usual groupoid cohomologies. In this subsec-
tion we compare our cohomology with the usual cohomology theory in some
special cases, especially with that developed in [21].

Proposition 2.44. Suppose S is an Abelian Real group. Let ™S be the fized
point subgroup of S. Let (G, p) be a Real groupoid. Then if p is trivial , we
have 5 i
HR*(Se,S) = H*(G,"S).
In particular, if S has no non-trivial fixed point, we have HR*(Q., S)=0.
Notice that this result generalizes easily to the Real cohomology with
coefficients in a Real sheaf induced from a Real §-module.

Proof. Let (c\) € ZR"(Us,S). Since p = Id, we may take the involution
on J, to be trivial. For every 7 € Uy, we have

an(d) =en(d) =ea(g) €.
Thus ¢y € ZR"(U,,"S).
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Conversely, we obviously have H "(Ge,"S) C H R™(9,,S) since p is trivial.
4

Corollary 2.45. If p and the Real structure of S are trivial, then
H*(S,,S) = H*(S.,9).

Focus now on the case where G reduces to a Real space (X, 7) and S = 701,
Then 7 induces an action of Zy on X by (—1) -z = 7(x), (+1) - z := .

Proposition 2.46. We have the following group isomorphisms:

(i) HR*(X,Z%') = HEkZQ (X, Z), where the sign “=" stands for the
Zo-equivariant cohomology with respect to the action of Zo on Z given
by (=1) -n:=—n, (+1)-n:=n.

(i) H*(X,Z) =g H(*ZQ,_)(X, Z) @ H, (X, Z), where the sign “+”
means the trivial Zg-action on 7.

Proof. (i) Let c € HR"(X,Z"') be represented on the Real open cover (U;)
of X. Then cj. 5,(7(x)) = —c¢jo...j, (x) implies 7¥¢cj,. j, (x) = —¢jo...5, (X),
Vz € X; in other words, ¢ is Zs-equivariant with respect to the Zs-action
“—” on Z. The converse is easy to check.

(ii) We define the involution 7 on H™(X,Z) by 7(c) := —7*c. Then it
is straightforward that the Real part "H™(X,7Z) = HR"(X,Z"%!), while the
imaginary part JH"(X,Z) is exactly H, Jr)(X, 7). O

2.8. The group HR®. We shall recall the notations of [21, Section 4] that
we will use throughout the rest of the section. Let U, be a Real open cover
of a Real simplicial space (X, ps) and let ;Uq be its associated pre-simplicial
Real open cover. Recall that any ¢ € PF is represented by its image in [n];
i.e., = {p(0),...,0(k)}. Then P, is nothing but the collection of all non
empty subsets of [n]. Henceforth, any subset S = {ig,...,ix} C [n], with
ig < --- < i}, designates the maps ¢ € P* such that ¢(0) = iq,...,p(k) =
k-

Notations 2.47. With the above observations, any element \ € A, is rep-
resented by a (2" —1) —tuple (As)gscin), where the subsets S are ordered
first by cardinality, then by lexicographic order; i.e.,

S e {{0},...,{n},{0,1},...,{0,n},{1,2},...,{1,n},
0 {0,1,2), ..., {0, ..., n} ),

and Ag := A(S). For instance, any element A\ € A1 is represented by a triple
()\0, )\1, )\01), with )\0 = )\({O}), /\1 = )\({1}) and )\01 = /\({0, 1})

Recall that if (F°,0°) is an abelian Real sheaf over (X, ps), we are given
two “restriction” maps on the space of global Real sections

&8, F(X0)po — FHX1) o1
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Let us set
Finv(g.)a' ::ker< SO(XO)O’O —i:“g:—; Sl(Xl)Ul )

={s € F(Xo)go | £5(s) = &1(s)} -

Proposition 2.48 ([21, Proposition 5.1)). Let (§*,0°) be an abelian Real
sheaf over (X, pe) and let U be a Real open cover of (Xe, ps). Then

(2'36) HRO(X.,S°)U- = HRO(U.,%")U- = FiHV(S.)o'-

Proof. One identifies Ag with Jy. Note that P, = {&}, 1, Idyy}, and that for
any A= (/\0,)\1, /\01) n A1 one has 50()\) = )\(Eo) = )\1, 51(/\) = )\(61) = )\0.
We thus have U} = Ul N7 (UL) Nnert(UY). Now, let (sx))xes €
ZR%(Uq, F*)oe- Then

(2.37) 0= (d5) (x.x1,001) = €0(Sx1) — €1(Sx,), on Uy,

Therefore, £i(sy,) = £7(s),) On égl(Ugl)ﬂél_l(Ugo), and £j(sy,) = €1(sy,)
on éal(Ugl) N 5;1(U§\)0), for all Mg, A\1 € Jo. Applying 75 to both sides of
the above identity, we get that s), = sy, and s5, = sy ; in other words,
S\o = S\, Onl USO N Uf\)l for all A\g, A\g € Jo. Since (FY, ) is a Real sheaf on
(X0, po), there exists a global Real sections s € F°(Xg),0 such that SUY = Sx

0

for all Ao € Jy. Now, equation (2.37) is equivalent to &i(s) = £5(s); t.e.,
s € Iiny(F°®)oe and this ends the proof. O

2.9. HR! and the Real Picard group. Let us consider the same data
as in the previous subsection. Let Ue be a Real open cover of (X, pe). For
A = (X0s A1, A2, Aot, Aoz, A12; Ao12) € Ag, one has

(2.38) Ui =
~—1 0 ~—1 0 ~—1 0 ~—1 1 ~—1 1 ~—1 1 2
S000 (U)\Q)ﬂgpol (U)q)mSOOQ (U)\2)m€2 (U)\Ql)mgl (U)\og)mgo (U)\lg)mU)\()lQ?
where @Yoo = 6% 9] 6%, $o1 = 6(2) o 6(1) and $o2 = 6% o 6(1).
Let ¢ = (cA)xen, € ZRY(Us,T®)oe. Then
(2‘39) 0= (dC)AO/\l)\Z)\Ol)\O2)\12>\Ol2 = é:(>§C)\1>\2>\12 - ENTC)\O)Q)\OQ + é:;C)\o)\l)\ow
on UZ, and of course we get a similar identities for (dC) XX XoRo1 Moz X1z hors OT
U3. Now applying 77} to (2.39), we obtain

Crox1dor = ChoAidoz — ChidaAiz

1 1 ~—1 __1 .
on & (Ugo) Né (Ugl) Né, (U)(\)Q) N U/{Ol N U>1\02 N U)l\12 N, (Ufm), which
means that for any Ao, A1, Ao1 € Jo, Saga, )\, does not depends on the choice
of A\p1. Therefore, there exists a Real family

(o) e TT 3 EHUR)NENUR))

AosA1€Ap
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such that fy 5 01 = Caxonm g fOr any (Ao, A1, Ao1) € A, Now, the

) 071201
cocycle relation (2.39) becomes

(240) gafAl)\Q - éff)\o)\Q + 5;]0)\0)\1
1 1 1
on U>\0>\1/\01 N U>\02 N U>\12‘

Let (G, p) be alocally compact Hausdorff Real groupoid. We are interested
in the 1% Real Cech cohomology group of (e, pe) with coefficients in the
Abelian Real sheaf (8°,0°) = (S, o) over (G, pe) associated to the Real G-
module (X x S,p x 7), where (S, 7) is an Abelian group endowed with
the trivial G-action. Note that in this case, for any pre-simplicial Real open
cover Us € N(n) of (G, pe), elements of the group C'R"(U,,8®) are of the

form (cy)xen,, Where ¢y € T(U},S) are such that c5(p, (7)) = ex(g) € S
for any ? e Uy C Gy.

Proposition 2.49. With the above notations, the Real Cech cohomology
group HR'(S,,S) is isomorphic to the group Homgpe(G,S) of isomorphism
classes of Real generalized homomorphisms (G, p) — (S, 7).

Proof. The operations in Hompe (G, S) are defined as follows. If
(Z,7),(Z,7) + (S, p) — (5, )

are Real generalized homomorphisms, their sum is

(2.41) (Z,7)+ (2,7 =Zxx 2"/~

where (z,2') ~ (z-t71,2/ - t) for all t € S, together with the obvious Real
structure 7 x 7. The inverse of (Z,7) is (Z7!,7), where Z~! is Z as a
topological space, and if b : Z < Z~! is the identity map, then the S-action
on Z~!is defined by b(z)-t := b(z-t71) and the G-action is defined as follows:
(9,b(2)) € G x Z71if and only if (g,2) € § x Z, in which case we set

g9-5(2) :=b(g- 2).
Finally, the Real structure on Z~! is 7(b(2)) := b(7(z)). Then we define
the sum in Homne (9, S) by [Z,7] + [Z/,7] = [(Z,7) + (Z',7')], and we
put [Z,7]7' := [(Z7',7)]. It is not hard to check that subject to these
operations, Homgpe (G, .S) is an Abelian group.

Now, suppose we are given a Real open cover Uy = (UJQ)]»G Jo of (X, p)
trivializing the Real generalized homomorphism (Z,7) : (9,p) — (S, 7).
Let (sj)jeJ, be a Real family of local sections of the S-principal Real bundle
v:(Z,7) — (X, p). Form a pre-simplicial Real open cover U, of the Real
simplicial space (G, pe) by setting J,, := Jg“, U, := (U(njo,...,jn))(jo,m,jn)GJn7
where

(2.42) U"

(j07'~~7jn) =

{(gl,...,gn) €5 | r(g1) €U, ... 1(gn) €UL_, 5(gn) € U? }
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Then, for all g € U(ljo,jl)’ t(g -s5,(s(9))) = r(g) = v(sj,(r(g))); hence, there
exists a unique element ¢;y, (¢) € S such that g-s;, (s(g)) = s, (7(9))-Cjos1 (9)-
We then obtain a family of continuous functions cjj, : U(lj0 i S such
that

(2.43) 9-551(5(9)) = 556 (r(9)) - jos (9), Vg € U, 51y

Note further that U, . = & (U)) N &7 (UY). Let (g1,92) € UG ;0.
Then

(9192) - 555 (8(92)) = 91 - 55, (7(92)) - ¢j1j2(92) = 91 - 55, (5(91)) - €)1z (92)
=55, (1(91)) * ¢jojr (91) - €j142(92);
hence ¢;jyj,(9192) = ¢jojr (91) - €14z (g2). In other words,
~ ~ 1 =~
é‘Scéo(jo,jhjz) ’ (ETCﬁ(jo,jl,jz)) ’ Echz:z(jom,jz) =1

over all U(Qj0 1

gives us a Real 1-cocycle (¢joj, ) (jo,jen € ZR (U, 8®).

Suppose f : (Z,7) — (Z',7') is an isomorphism of Real generalized
morphisms (see chapter 2). Up to a refinement, we can choose Uy in such a
way that we have two Real families (s;)je.z,, (8')jes, of local sections of the
Real projections v : (Z,7) — (X, p) and v/ : (Z',7") — (X, p) respectively.
Since for all j € Jo and = € Uy, ¥'(fu,(s;)(x)) = t(sj(x)) = = = V(s)(x)),
there exists a unique element ¢;(z) € S such that s’(z) = fu,(s;(z)) - p;j(z),
and this gives a Real family of continuous functions ¢; : U; — S. It follows
that if ¢ = (cjyj,) and ¢/ = (¢} ;,) are the Real 1-cocycle associated to (Z, 7)

)- Moreover, we clearly have cjo3, (p(9)) = ¢joji (9) € S. This

and (Z',7') respectively. Then, over U(ljO i
9 fuy, (551 (5(9)) - 05n = fu;, (50 (1(9))) - 25o (r(9)) - €y, (9);

But, since f is §-S-equivariant, we get

), one has

fu,4 (5 (r(a))) * Ciogn (9) - 951 (8(9)) = fuy, (550 (7(9))) - ©5o (1(9)) - €5, (9);

thus C;()Ji (g)'cj_oi'l (9) = SDjl(S(g))'QOjO (T(g))_l’ or (Cl'c_l)(jmjl) = 58@50(3'0’]'1)‘

éfgogll(jo i for all (jo,j1) € J1. This shows that ¢.c™t € BR'(U,,S). We
then deduce a well-defined group homomorphism
(2.44)

c1 : Homges (G, S) — HR'(Se,S), c1([Z,7]) := [¢joj] € HR' (U, S),

where U, is the Real open cover defined from any Real local trivialization
of (Z,7).

Conversely, given a Real Cech 1-cocycle ¢ = (cy,»,) over a pre-simplicial
Real open cover Ues € N(1), we let Z := [, e, Uro X S, together with the
Real structure v defined by v(z,t) := (p(z),t), and equipped with the Real
G-action g-(s(g),t) :== (r(g), cxpa, (g) - t) for any g € Uio)\l)\m, t € S, and the
obvious Real S-action. It is easy to see that the canonical projections define
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a Real generalized morphism (Z,v) : (9,p) — (S, 7). One can check that
if [¢] = [¢] then (Z,7) = (Z',7') by working backwards. O

Remark 2.50. Suppose that (S,o) is a non-abelian Real group. Then we
still can talk about Cech Real 1-cocycles on (G, pe) with coefficients on the
non-Abelian Real sheaf (8°,¢*), and then form in the same way HR'(S,, 8*)
as a set. However, there is no reason for HR'(S,,S) to be an Abelian group,
it is not even a group since the sum of a Real 1-cocycle is not necessarily
a Real 1-cocycle. Nevertheless, the result above remains valid in the sense
that there is a bijection between the set Homgp (G, S) of isomorphism classes
of generalized Real morphism (G, p) — (S, o) and the set HR'(S,,S).

A particular example of Proposition 2.49 is when S = S! together with
the complex conjugation as Real structure; in this case, the associated Real
sheaf is denoted by S' as mentioned earlier. It is well known that the Picard
group Pic(X) of a locally compact topological space X is isomorphic to the
15¢ sheaf cohomology group H'(X,S'y) (see for instance [3, Chap. 2]). In
the Real case, we shall introduce the Real Picard group PicR(9) of a Real
groupoid, and we will apply Proposition 2.49 to get an analogous result.

Definition 2.51 (Real line §-bundle).

(1) By a Real line G-bundle we mean a Real G-space (£, v), and a contin-
uous surjective Real map 7 : (£,v) — (X, p) such that 7 : L — X
is a complex vector bundle of rank 1, and such that for every x € X,
the induced isomorphism v, : Ly — L) is C-anti-linear in the
sense that vy (v - 2) = v, (v) - 2.

(2) A homomorphism from a Real line §-bundle (£,v) to a Real line
G-bundle (£’,7') is a homormophism of complex vector bundles ¢ :
L — L' intertwining the Real structures and which is G-equivariant;
i.e., ¢(g-v) =g-¢(v) for any (g,v) € G x L.

(3) We say that a Real line G-bundle (£,v) is locally trivial if there
exists a Real open cover U of (X, p), and a family of isomorphisms
of complex vector bundles ¢; : U; x C — Ly, such that:

o p5(p(x),2) = vy, (pj(x,2)) for all x € U;j and (x,2) € U; x C.
e If r(g) € Uj, and s(g) € Uj,, then one has

905, (5(9), 2) = @jo(r(9), 2)-

Example 2.52. The trivial action § on X x C (i.e., g-(s(9), 2z) := (r(g9), 2))
is Real; moreover, the canonical projection X x C — X defines a Real line
G-bundle that we call trivial.

Definition 2.53 (Real hermitian G-metric). Let (£,v) be a locally trivial
Real line G-bundle. A Real hermitian G-metric on (£,v) is a continuous
function h : £ — Ry such that:

e h(v(v)) = h(v), and h(v - z) = h(v) - |2|?, for all v € £, z € C.

e h(g-v)=h(v), for all (g,v) € §x L.
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e h(v) > 0 whenever v € L1 := £ \ 0, where 0 : X — £ is the
zero-section.

If such h exists, (£,v,h) is called a hermitian Real line G-bundle (we will
often omit the metric).

Definition 2.54 (The Real Picard group). The Real Picard group of (9, p)
is defined as the set of isomorphism classes of locally trivial hermitian Real
line G-bundles. This “group” is denoted by PicR(G).

Theorem 2.55. (compare with [3, Theorem 2.1.8]). Let (G, p) be a locally
compact Hausdorff Real groupoid. Then PicR(G) is an Abelian group. Fur-
thermore,

PicR(S) = HR'(S.,S").

Proof. Associated to any hermitian Real line §-bundle 7 : (£,v) — (X, p),

there is a Real generalized morphism (£%,v) : (G, p) — (S, ~) obtained

by setting

(2.45) Ll:={vel|hw) =1}.

7 (LYv) — (X,p) is indeed an S!-principal Real bundle, and £! is
invariant under the action 0~f G. Hence (Ll, v) is indeed a Real generalized
morphism. Conversely, if (£,7) : (G,p) — (S, 7) is a Real generalized
morphism, define £ := £ xg C, where S! acts by multiplication on C;
v(v,2) == (7(v),2), g- (v, 2) := (g-v, 2) for (g,v) € Gx L, and h(v, 2) := |2|?.
Then (£,v,h) is a hermitian Real line §-bundle. Moreover, it is not hard
to check that if (£,v,h) and (£,7/,h) are isomorphic hermitian Real line

G-bundles, then their associated Real generalized homomorphisms (£!,v)
and ((£)1,') are isomorphic. We then have a map

(2.46) PicR(G) — H(G,SY),, [(£,v,h)] — [L1, 1]

which is clearly an isomorphism of Abelian groups. Now, applying Proposi-
tion 2.49, we get the desired result. ([

2.10. HR? and ungraded Real extensions. Let us consider the sub-
group e/Xa%Jr (T",S) of ungraded Real S-twists of the Real groupoid I'; that is
(f, Ql\s ungraded if § = 0. Similarly, we define the subgroup m+(9, S)
of ExtR(SG,S) of ungraded Real S-central extensions over §. Elements of
ExtR (G,S) will then be denoted by pairs of the form (T, T).

Let T= S——G§—"G[Uy| € e/XE%+(9[uo], S) be an ungraded Real

S-twist, for a fixed Real open cover Uy = (UJQ)]E Jo- Consider again the

pre-simplicial Real open cover Ue of (G, pe) defined by (2.42). Recall that
the groupoid G[Up] is defined by

S[Uo] = {(jo,g7j1) €Jox§xJolge U(ljo,jl)}'
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Suppose that the S-principal Real bundle 7 : (G, 5) — (S[Uo], p) admits
a Real family of local continuous sections s;,;, relative to the Real open
cover V1 of (G[Up], p) given by V; = (‘/(;Ohjl))(jmjl)e‘]l’ where

1 S 1 .
V(jo,jl) = {Jo} x U(jo,jl) x {71}

2
Then, for any (g1,92) € Uliojn.do)

, we have that
Tr(stjl (jOa glv.jl) : Sj1j2 (jlv g27j2)) = ﬂ-(st]'l (jOv gl)jl)) : 7T(Sj1j2 (jl’ 927j2))
= (Jo, 9192, J2) = 7(Sjoj> (Jo; 9192, J2));

thus, there exists a unique element w(jo,jl,jz)(glv g2) € S such that

(247)  sjo42(Jo, 91925 J2) = W(jojrjo) (915 92) * Sjosa (J0s 91, J1)-Sj152 (J15 G2, J2)-

This provides a family of continuous functions wy — S

determined by (2.47) and that clearly verifies

. . . M 2
Jo,J1,42) - U(jo,jmé)

Wio,1,72) (P(91)5 P(92)) = Wijo v o) (915 92), V(91, g2) € U(2j0,j1,j2) C 9a.

It is straightforward that the family (w(j, ;, j,)) Verifies the cocycle condition;
hence we obtain a Real Cech 2-cocycle

(2.48) w(T) = (w(jo,jl,jz))(j07j17j2)€J2 S ZRQ(U.,S)

associated to 7.
In fact, this construction generalizes to arbitrary Real open covers U, of

(Ses ps)-

Lemma 2.56 (Cf. Proposition 5.6 in [21]). Let (G, p) be a topological Real
groupoid. Given a Real open cover Ue of (G, pe), let @Z(S[UO], S) denote
the subgroup of all twists S —— G —" G[Ug] € &E{JF(S[UO], S) such that

m admits a Real family of local continuous sections
syt {o} x Uy x I} — §
relative to the Real open cover
V1= ({Ao} X Uy ainon) X A D oo ens
of (S[Uo], p). Then the canonical map
(2.49) oxtRy, (S[Uol, S) — HR2(Us,S), [T] — [w(T)],

s a group isomorphism.

Proof. First, we prove e/xtT%:Z(S[uo],S) is a subgroup of &E{JF(S[UO],S).
Let

T=(S——G5—" 39U ), ‘I’:(S—>§’i>9[uo])
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be representatives in e;t?{;; (S[Up],S). Then their tensor product (see (1.8))
is
TRT = (85— §&F —
where G&G' = G X o] 9’/8. Let
Fri{dot x UL x {\} — G,
ol x U x fu} — 9

be Real families of continuous local sections of © and 7" respectively. Then
we get a Real family of continuous local sections

syt {0} x Ut x {\} — G&Y

9[u0] 70)7

for 7 by setting
S)\(A07gv)\1) = [(fA(A07gaAl)’f;\()\07gv)\l))] 3

which implies that T&T € oxtRy (S[Uo], S-

Now let T be an (ungraded) Real twist of (G[Uo], p) such that 7 verifies
the condition of the lemma. Assume that 7’ is any Real twist of (G[Uo], p)
isomorphic to T. Let f : G — G be a Real S-equivariant isomorphism that
makes the following diagram

(2.50) G — S[Uo]

lf /

g/
commute. Thus, given a Real family sy : {A\} x Uy x {\} — G, the maps
fosy:{X} x Ul x {\} — ¢ define a Real family of local continuous

—F
sections for 7'; hence the class [T] € extRy (G[Uo], S).
Suppose we are given a representative

T = S—>§—ﬂ>9[uo]

in oxtRy (S[Uol, S). Recall that for (Ag, A, Ao1) € Ai,
Unoriror = Ung, N7 HUR) Ns™HUR),
and for A = (Ao, A1, A2 Ao1, Ao2s A12, Ao12) € Ag, we have from (2.38) that
Ui =&t or H (UL )Nyt os  (UY ) NET 0 s7HUY,)
NE (Ung) NETH (U3) NG (Uny) N Uy
Then, for all (g1,92) € UZ, one has:
e 192 =¢1(91,92) € r‘l(Uf\]O) N s‘l(Uf\)2) N U}m = U/%O/\W\OQ;
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o g1 =&x(g1,92) € Uy, s 92 = €0(g1,92) € s~ (UY,) N Uy ,, and hence
g1 €r 1 UR) Ns™HUR) N UL, = Usoannr
g2 € 1 HUR) NsHUR,) N UL, = Us o
Then as in the discussion before the lemma (see (2.48)), there exists a Real

family of functions wy : U f — S such that
(2.51)

SXoA2 02 ()\07 9192, )\2) — w)\(glv 92) *SXoAi o1 ()\Ua g1, )‘1) *SAi A2 M2 ()\17 92, )‘2)
and wy (p(g1), p(g2)) = wrlg1, g2), for all (g1, g2) € Ufo/\l/\Q)\Ol)\OQ/\m)\Olz. More-

over, it is easy to verify by a routine calculation that (wx)aea, verify the
cocycle condition on

3 .
U)\O)\l A2A3X01 A02 203 A 12A13A23X0123 o

thus, we have constructed a Real Cech 2-cocyle (wx)aer, € ZR?*(Us,S)
associated to T.

Assume that (S))xea, is another Real family of continuous local sections
of 7, and that (@x)acr, € ZR?(Us, S) is its associated Real Cech 2-cocycle.
Then for any (Mg, A\1,N\o1) € A and g € U>l\0>\1>\01’ there exists a unique
CrxoMho1 (9) € S such that

(2'52) §)\0)\1)\01 (g) = CxoA1h01 (g) *SAoA1 o1 (g)?

where we abusively write, for instance, sx,axg;(9) fOr Sxganes (Ao, g5 A1)-
Since (Sxoxa;n0;) a0d Sxga;ng, are Real families, we have that

Chodior (P(9)) = againo (9) for all g € Uy 5,1, -

It turns out that the cy,x )z, s define an element in CR!(Us, S). Moreover,
for A € Ay as previously, and for (g1,92) € UZ, we obtain from (2.51)
and (2.52)

Sxorar02 (9192) = Croraro2 (9192)_1 " Croriror (91) Cx1rorin (92) - @x(91, 92)

"Sxor1ro1 (g91) - Sx1AoA1n (92);

and

(LU)\ : @;1)(917 92) = CpAa)o2 (9192)_1‘0/\())\1)\01 (gl) *Ch1 A2\ 12 (92)
= (de)a(91, 92);

hence ((w- @ 1)))aer, € BR*(Us,S'). Le., the class in HR?(U,,S) of the
Real 2-cocycle (wy) does not depend on the choice of the Real family of local
sections of .

We want now to check that the map (2.49) is well-defined. To do so,
suppose that T and 7’ are equivalent in @u(Q[UO], S), and that (Sxoa;r;)
and s) y ., are Real family of local continuous sections of 7 and 7’. Let
us keep the diagram (2.50). Let (wx)xen, and (w))rea, be the associated
Real 2-cocycles in ZR?(U,,S) of T and T’ respectively. Then we define an



780 EL-KATOUM M. MOUTUOU

element (ba,x,xp,) € CR'(Us, S) as follows: for any g € Uy 5 1o, Proriro: (9)
is the unique element of S such that
(2'53) Sl/\o)\l)\m (g) = b)\o>\1>\01 (g) “fo SXoA1 o1 (9)

This is well-defined since

7TI(5/>\0>\1)\01 (g)) = W(S)\OMAM (g)) = ﬂ-/(f © SXoA1)o1 (g))
Furthermore, the functions f o sy a;xs (Aos A1, Ao1) € A1, defines a globally
Real family of local continuous sections of w. Then, for all A € Ay and all
(91,92) € U3, we can write

fosaonane (9192) = wa(g1,92) - f o Sagrine: (91) * f O Sxa0012(92),

up to a multiplication of wy by a Real 2-coboundary. It then follows that

w/\(91792> . wﬁ\(gth)_l - b>\0/\2)\02 (.9192)_1 ' b/\0>\1)\01 (91) ’ bz\l)\2>\12 (92)
= (db)x(91, g2)-

Consequently, (wyx)xep, depends only on the class of T in @u(g[uo], S).
The fact that (dx,x,10,) @lso depends only on the class of T is straightforward.

We then have proved that any element [J] in e/xt\Ru(S[uo], S) determines a
unique cohomology class

(2.54) [w(T)] € HR*(U, S).

Conversely, given a pair (wy)aea, € ZR?(Us,S), we want to construct an
ungraded Real extension of (G[Uo], p) which is in &E{ﬁ(g[uo], S). For this
we proceed as in the proof of Proposition 5.6 in [21]. For A € Ag, put

o1 := (Ao, Aot A1),
o2 := (Ao, Aoz, A2),
pa2 := (A1, A2, A2).

Let ¢u01 00012 := wa- We have Vi = (Vulm)ielu where I consists of triples

po1 = (Mo, Ao1, A1) and Vulm = { Ao} X U)\lo)q)\01 x {A1}. I is equipped with

the obvious involution, so that V; is a Real open cover of §[Up]. We set

“:= J] {t.g.n01) |t €S, g€V, }/ ~,
po1€ly
subject to the product law
[t1, 91, poa] - [t1, 92, pa2) = [t1 - 2+ gy poapma (915 92)5 9192, fro2],

where

(2'55) (ta 9, :u12) ~ (CM01M01/L01 (T(g)v r(g))_l -t Cro1poz2p12 (T(g),g),g, M02)'

The projection 7 : [ — G[Ug] is defined by 7([t, g, pu01]) := g, and the
Real structure is

[t7ga MOI] = [Ev p(g)vm]
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It is straightforward to see that these operations give I'“ the structure of
ungraded Real S-twist of §[UoJ; what is more, the maps s,,, : V, — I
defined by s, (9) := [0, g, f101] are a Real family of continuous sections of =,

so that the Real extension

T=8——T¥—"5G[U
is in &E{E(S[UO], S). It is also clear that [w(T)] = [w]. O

Corollary 2.57. We have E/XE{JF(S, S) = HR?(S.,S).

2.11. The cup-product HR'(-,Zs) x HR(+,Z3) — HR?(-,S'). Let
6,6’ € HR'(Se,Z5), and let L and L' be representatives of their corre-
sponding classes in Homme (G, Z2) (see Proposition 2.49). Then by viewing
Zy = {F1} as a Real subgroup of S (identifying —1 with (—1,0) and +1
with (1,0)), we define the tensor product 7*L ® s*L’ — G, and and using
the same reasoning as in Example 1.45, we see that this is clearly a Real
Zo-principal bundle; thus we have an ungraded Real Zs-central extension

Zo —s "L @ s*L/ — G.

Therefore, we get an ungraded Real S'-central extension (L — L’,G)
given by

(2.56) L—L':=0"L®sL)xgS,
together with the evident Real structure and Real S'-action.
Definition 2.58. We define the cup product
— : HRY(S4,Z3) x HRY (S, Zy) — HR?*(S.,S")
by
§— ¢ =w(L - L,
where L — L’ is determined by equation (2.56).

Lemma 2.59. The cup product — defined above is a well-defined bilinear
map; i.e.,

(61 + 02) — (51—1—5’2):51 \J(Sll—l—(sl V5é+52\J(31+52v{sé.
Proof. If §; is realized by the generalized Real homomorphism
Li:§ — Za,

then d1 + d9 is realized by L1 4+ Lo. The result follows from the easy to
check bilinearity of the tensor product r*L ® s*L’ with respect to the sum
in Homgpe (G, Zs2). O
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2.12. Cohomological picture of the group m(g, SY). Let
T = (§,8) € extR(S[Uo], S,

where as usual Uy is a Real open cover of X. Let U, be the pre-simplicial
Real open cover of (e, ps) defined as in (2.42).

: TS| 1
Define a continuous map 6;,;, : U(jo,jl) — Zo over all U(jo,jl)

3joir (9) == 0(jo, g,71). Then, over all U(ijhj?
8joj2(9192) = 6((Jo, 91, 41) - (415 92, J2)) = Gjoja (91) - Gj1js (g2)-

Moreover, since ¢ is a Real morphism, we have that 857 (p(9)) = 6o, (9);

hence T determines a Real Cech 1-cocycle

(257) 5(7) = (5j0j1)(j0,j1)€J1 € ZRI(HO’ZQ)a

Then, (2.57) gives a Real Cech 1-cocycle (Ox,an;) € ZR'(Us,Zo) defined
by Oxoahor (9) == 0(Xo, g, A1) for any g € U){O/\l)\01; this does make sense, for

€ Uy by

0J1
) We have that

we know from Section 2.9 that Real Cech 1-cocycles do not depend on Ag;.

If J' is another Rg Sl—centralﬁxtension over §, we may suppose it is
represented by a Rg S!-twisted (§,8") of G[Up]. Then by definition of the
grading of T®T’, we have 6(T®T') = 6(T) + 6(T").

Theorem 2.60 (Cf. [6, Proposition 2.13]). Let (G, p) be a locally compact
Hausdorff Real groupoid. There is a set-theoretic split-exact sequence

(2.58) 0 — HR%(S.,S") < ExtR(S,S") - HR'(Se,Zs) — 0
so that we have a canonical group isomorphism
(2.59) dd: ExtR(S,S") = HRY(Ss, Z3) x HR%(S.,8"),

where the semi-direct product HR'(Se,Z2) X HR?(Se,S') is defined by the
operation

(0, w) + (8", =0+, —08) w-o).
The image of a Real graded extension E by dd is called the Dixmier-Douady
class of E.

Proof. The first arrow is the canonical inclusion
— + —
ExtR (9,S') ¢ ExtR(S,S"),
and hence is injective. The exactness of the sequence (2.58) is obvious, by
— +
definition of 6 and ExtR (G,S!).
The map § is well-defined; indeed, if T ~ T’ in extR(SG[Uo],S!), they
differ from a twist coming from an element of PicR(G[Uo]), and hence by
construction of 4, one has §(T) = §(7’). Moreover, 4 is surjective, for if

L € Homwe(G,Z2) represents the Real 1-cocycle (gj5,) € ZR'(Us,Zs),
then L — L is graded as follows:

L— L:=(S!' — ("L ®s*L) xz, S' — G[Ug], "),
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where

8'((Jo, 75 41)) = €joja (7)-
We see that §(L — L) = e. Finally, note that the operation law comes from
the definition of the sum in Eﬁ(g, Sh. O

2.13. The proper case. In this subsection, we are interested in some par-
ticular Abelian Real sheaves on (G, pe), where (G, p) is a proper groupoid.
More precisely, we aim to generalize a result by Crainic (see [4, Proposition
1]) stating that for a proper Lie groupoid G, and “representation” E of G
([4, 1.2]), the differentiable cohomology H}(G, E) = 0 for all n > 1. Let us
first introduce some few notions and properties.

Definition 2.61 (Real Haar measure). Let (G, p) be a locally compact Real
groupoid, and let {u”},ex be a (left) Haar system for G (see [19, §.2]).
Define a new family {,uﬁ }rex of measures fy, With support §* for all z € X,
defined by

(2.60) pp(C) := 1”@ (p(C)), for all measurable subset C' C G7.
We say that {u”},ex is Real if
(2.61) W= py, Vo € X.

Lemma 2.62. Any Haar system for G gives rise to a Real one.

Proof. Assume {u”} is a Haar system for §. For every = € X, we set

~T 1 X xr
(2.62) at =5 + ).

It is clear that {fi"},cx is a Haar system for G; measurable subsets for i*
being exactly those for yu*. Moreover, one has

1 1
iy =5 (W opt g op) =5 (i + ) =, Yo e X O
Remark 2.63. From the lemma above, we will always assume Haar systems
for G to be Real.

In what follows, the Real group K is either the additive group R equipped
with the Real structure t — ¢ := —t, or the additive group C equipped with
the complex conjugation z — Z as Real structure.

Definition 2.64. Let (G, p) be a locally compact Real groupoid. A Real
representation of (G, p) is a locally trivial Real K-vector bundle

m: (E,v) — (X,p)

endowed with a (left) continuous Real G-action; that is a Real open cover
(Uj) of (X, p) and isomorphisms ¢; : U; x K" — Ejy, such that

v(gj(z, (ar,...,a))) = ¢3(p(2), (a1,...,a,)), Ve € Uj,(ai,...,a,) € K",

and
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e Vx € X, the induced isomorphism v, : E; — E, ;) is K-antilinear:
ve(€-a) =v,(§)-a, V€ € By a €K

e Vg € G, the isomorphism Fy) — E
is linear.

g)» induced by the SG-action,

Note that such a Real representation (E,r) can be viewed as a Real G-
module in the following way: E is the groupoid E—= X with rg(§) =
sg(&) = m(§) for every £ € E, for any x € X, E, = E* = E? is isomorphic
to the group K, then the product in E is defined by the sum on the fibres.
The Real sheaf on (G, pe) associated to the Real G-module (E,v) will be
denoted (E°,v*).

Remark 2.65. More generally, we define a Real representation of of type
RP-? as a locally trivial real vector bundle £ — X of rank p + ¢, together
with a Real structure v : E — FE, and a Real G-action on E with respect to
the projection map, such that locally, the Real space (F,v) identifies with
RP4; that is there is a Real open cover (Uj) of X and commutative diagrams

(z).
Uj x RP4 34> E|Uj

Jpxbar ly

¢_
U; x RP4 N E|U]—
where bar : RP9 — RP? is the Real structure defined in the first section.

Definition 2.66 ([25, Definition 2.20]). A locally compact Real groupoid
(G, p) is said to be proper if either of the following equivalent conditions is
satisfied:

(i) The Real map (s,7): § — X x X is proper.

(ii) For every K C X compact, 9% is compact.

Proper Real groupoids can be characterized by the following (we refer to
Propositions 6.10 and 6.11 in [22] for a proof).

Proposition 2.67. Let (G, p) be a locally compact Real groupoid with a Haar
system {u*}pex. Then (G, p) is proper if and only it admits a cutoff Real
function; that is, a function x : X — Ry such that:
(i) Vz € X, c(p(x)) = c(x).
(ii) Vo € X, [4. c(s(9))du®(g) = 1.
(iii)) The map r : supp(c o s) — X is proper; i.e., for every K C X
compact, supp(c) N s(G%) is compact.

Theorem 2.68. Suppose (G, p) is a locally compact proper Real groupoid
with a Haar system. Then, for any Real representation (E,v) of (S, p), we
have

HR"(S.,E*) =0, Vn > 1.
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To prove this result, we shall recall fundamentals of vector-valued inte-
gration exposed, for instance, in [26, Appendix B.1], and then adapt them
to the case when we deal with Real structures. Let X be a locally compact
Hausdorff space, and let B be a separable Banach space. Let i be a Radon
measure on X. Then measurable functions f : X — B are defined as usual,
and such function is integrable if

1f1h ZZ/XHf(a:)]du(a:) <o

The collection of all B-valued integrable functions on X is denoted by
LY(X, B), and the set of equivalence classes of functions in £!(X, B) is a
Banach space denoted by L'(X, B) (|26, Proposition B.31]). Furthermore,
C.(X, B) is dense in L'(X,B). The B-valued integration of elements of
LY(X, B) is defined as a linear map I : C.(X, B) — B given by

(2.63) I(f) = /Xf(fv)du(l‘% and [[I(f)]| < [[f]]1-
Moreover, this integral is characterized by the following:

Proposition 2.69 (Cf. Proposition B.34 [26]). Let p be a Radon measure
on X, and let B be a Banach space. Then, the integral is characterized by:

(a) For all f € C.(X,B) and ¢ € B,

(/ F @) du( ) [ otr@)duta).

(b) If L : B — B’ is any bounded linear map between two Banach
spaces, than

L ([ s@an) = [ L@t

Now suppose (X, p) is a locally compact Hausdorff Real space, u is a Real
Radon measure; i.e., u(p(C)) = p(C) for every measurable set C' C X. Let
(B,s) be a separable Real Banach space. Then from the above, we deduce
the

Lemma 2.70. Let C.(X,B) be equipped with the Real structure denoted
by : Co(X, B) —> (X, B), and given by p(f)(x) = s(f(p(x))). Then,
under the above assumption, the integral f : Ce(X, B) — B is Real, in that
it commutes with the Real structures ¢ and p; i.e.,

eony [ c(f(p(w)))dﬂ(ﬂf)=€< /. f<x>du<x>),\ffeec<X,B>.

Proof. For any ¢ € B*, define ¢ € B* by ¢(b) := ¢(s(b)). Then, from
Proposition 2.69(a) and the definition of ¢, one has

< </ f@)dp(z )) /Mdu(x)z/)(SO(c(f(w)))du(x).
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o (<( [ s@an)) = [ etstronano).

Again from (b) of Proposition 2.69 and from the fact that u is Real, we then

get
o (s( [ 1@an)) =¢ ([ sttomiu ) v e 5

and the result holds. O

Thus,

Let us investigate the case of a Real groupoid (G, p) together with a
Real representation (E,v). Let p = {u*}zex be a Real Haar system for
(G, p) For any x € X, we can apply (2.63) to E, and get the integral
fgz : E.) — E,. Further, it is very easy to check that

2. 65)
Ve ( f(v)du”‘"(v)) =/ Ve (f(p())dp”' D (), Vf € C.(G, Ey).
[ gr(z)

Proof of Theorem 2.68. Fix a Real Haar system {u” },ex for (9, p) and a
cutoff Real function ¢: X — R,. Let Ue be a Real open cover of (G, pe)-
Let A := (Ao, A1,---5A01.m) € Ay and UY € yU,. Denote by A, )y the

subset of A,i1 consisting of those )€ Ap41 such that /\(S) = Mg for all

0 # S C [n]. Then, if for any z € U} , we denote

(UF % §%) Nsupp(c o s)

= {(g1,---,9n,7) € UX x (§" Nsupp(cos)) | s(gn) = r(7) =z},
we have that
(2.66) (U x G%) Nsupp(cos) C U U/Z\H'l.
5\€/\n+1\,\

Notice that for A running over Apy1pn, only its images As € Ayg_q, for
S C [n + 1] containing n + 1, are led to vary. On the other hand, since
§¥Nsupp(cos) is compact in G (by (iii) of Proposition 2.67), the union (2.66)
is finite. In particular, for every S € S(n+1) := {S C [n+1] | n+1 € S # 0},
where elements of S(n + 1) are ranged in cardinality and in lexicographic
order, there is )\fg? € Aus_1,1ls =0,...,mg, such that
(2.67) (UY xG%) Nsupp(cos) C U U;LZH,

1=(ls)ses(n+1)

where for any | = (Is)seg(n+1) € N2 written as

U= (Lngaps Loty Lanstys - - Lnnts -5 bt 130 10,1, g1} )



CECH COHOMOLOGY OF REAL CROUPOIDS 787

the element \ € Ap 1)y 1s given by the following

{)\Z(S) = MAg, forany S C [n];

2.68
(2.68) A(S) = N, forany S € S(n+1).

Now for each S € S(n + 1), et = eg : [#S — 1] — [n + 1] denotes the
unique morphism in Homa/([#S — 1], [n + 1]) whose range is exactly S. It
is then clear that

(2.69) Es((UR » §%) Nsupp(cos)) C | JURS ™, vS € S(n+1).
ls

AS
Next, choose for every S € S(n + 1), a partition of unity
¢ys Es((Uy = §*) Nsupp(cos)) — Ry
S

mg
subordinate to the open covering (Uﬁ§_1> .
s ls=0
For all n > 1, we define the map

h": CR™M (U, E®) — CR™,(U,, E®)
by

(2.70) (" f)x(g1,--- . gn) ==
(—1)n+1 /gs(gn) | Z f (915, Gny7)

=(ls)ses(n+1)
IT Tlegs@slor . ngm7) - c(s(7)dps) ().
SeS(n+1) ls s
Observe that
(Uy * 67(®)) N supp(cosop) C U U/—(LZH,
I=(ls)ses(n+1)

where the X'’ s are defined in the obvious way. Hence, we get a partition of
unity of Es((U * G#@)) N supp(c o s 0 p)) subordinate to the open covering

mg
S— . - -
(T457) o setting iy Bl 00000 = s Colans - 0).
S ls=0

Next, using (2.65), it is straightforward that

(" f)x(p(g1)s- - p(gn)) = v © (B f)x(g1, - - -, gn),

which means that ((A"f)x)xen, € CRL(Ua, E®).
Assume now that (fy)xea, € CRY(Us, E®). Then, for every Uy € U,
and (g1,...,9n) € UYL, one has
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(271) (hndnf))\(gl, e 7gn)
— (-1 /9 Y @ Dalan)

(lS)SES(n+1)
H H@Als gl,-..,gn"y)) -C(S(fy))dus(gn)(ry)
SeS(n+1) ls
= f/\(gl, R ,gn) — A>\(gl, - 7911),

where
A)\(glv"'agn)
— DY [ & g0
k=0 getan (Is)ses(n+1)

[T Ileus@ 0 mmm) - cls()duse)().

SeS(n+1) s
We want to show that

(272) A,\(gl, e 7gn) = (dn_lhn_lf)/\(gl, e ,gn).
One has
(273) (dn 1hn 1f))\(gl>"'7.gn)
n—1
Y[ s ERars 90,
e Gs(gn)

*(Tk T)Tes(n)

I T eapoer EER 91 90).7) - els(0)dpa9) (7)

TeS(n) Tk, T

+ En(\)Tn go ey —1,
/33(9711) Z fgn()‘) (gl In—1 ’Y)

rni=(rn, T)TES(n)

AL I eaoymr Eor - n1.7) - els ()9 (3)

TES( )TnT
= Bx(91,---,9n) + CA(91,- - -, Gn)-

Notice that by the left-invariance of {u”},cx, the second integral C) in
the right hand side of (2.73) can be written as

C)\(glu “e. 7gn)

= / / f{::%()\)?“n(gl,...7gn_17gnfy)
gs(gn ,,.n T)TGS(n)
H H soan(/\) n,T €T g1,--- ,gn_l,gn'-}/)) . C(S(")/))d,u,s(gnfl)(f)/)

T€S(n) T™n,T
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= /Ss(g ) Z fég(x)rn(ggﬂ(gh,..,gn,fy))

(Tn,T)TES(n)

H H sogz(/\);n,T (é’?“(éz+1(gl7 ---y9n—1,9n, ’Y))) : 0(8(7))d/l8(gn71)(7)

TES(’VZ) Tn,T
On the other hand, for all k =0,...,n — 1, one has

(EM Gty 0n),7) = g1, Gns V)

hence
B (917"'19 )
n—1
— (1) (=D / ST Faors GG g07)
Gs(gn)
k=0 (Tk,T)TeS(n)

[T ooy e (BHET (01 g 1)) - els()) a9 ().
TeS(n) 'k, T

Thus, (2.73) becomes
(2.74) ("R )a(g1s- -5 9n)

- (_1)” (_l)k fé"()\)rk(éz—i_l(gl’--'7gn77))
k
— 95(9n>
k=0 (Tk,T)TesS(n)
T T enoyr GHET (010 g0 1)) - els() a9 ().
TeS(n) Tk,T

Now, for any k = 0,...,n, 7% = (k,7)7es@n), let 7 € G5(9n) such that
n+1(glﬂ e ,gn,’}/) € U%L()\)T‘k

Then, there exists | = (Is)secg(n+1) such that (g1,...,9x,7) € Uj\llﬂ, so that

~’n+1(gl’ . ’gnj’y) c Ug’;()\)’"k UU%Hrl()\l).

One can then suppose that for any k € [n] and any family r, = (rr,17)resm),
there exists a family | = (Is)seg(n+1) such that & (\)™* = éZH(Al). More-
over, in virtue to the identities (2.2), it is straightforward that for each
k € [n] and any T € S(n), there exists a unique S € S(n + 1) such that
et = el oel, so that 4! = &% o&)t!. Therefore, we obtain from (2.74)
that
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(dnilhnilf))\(gla tee 7971)
— Y
2

H H S0/\25 (éngl(gla <oy 9n; ’7))0(3(7))(1#5(971)(7)

f5n+1()\l)(5~2+1(917 -+ -5 8n, ’7))

(Us)ses(n+1)

= A)\(gla s 7gn)
Combining with (2.71), we thus have shown that
(2.75) h'od" +d" ot =1dcpn au,pe), ¥ > 1;

i.e., h* defines a contraction of C R}, (U, E*) for any Real open cover U, of
(e, pe) and this ends our proof. O

Remark 2.71. It is straightforward, using the same arguments, that The-
orem 2.68 remains true for a Real representation of type RP'? (see Re-
mark 2.65).

Corollary 2.72. Let G be a proper groupoid. Let E — X be a represen-
tation of G in the sense of Crainic [4]; that is, a real G-equivariant vector
bundle of rank p. Then H™(SGe, E®) = 0,Vn > 1.

Proof. Let § be endowed with the trivial Real structure. Form the Real
representation (F,v) of type RPP of (G,Id) by F := E @ E endowed with
the diagonal G-action and the Real structure v(ej,es) := (e1, —ez). Then
by Theorem 2.68, we have HR™(Ge, F®) = 0 for all n > 1. But since
the Real structure is trivial, we have FIR”(S., F*) = ﬁ”(S., "F*), thanks
to the discussion following Proposition 2.44. Moreover, we obviously have
"F* = E°. O
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