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groups of finite Prifer rank

Sean Cleary and Conchita Martinez-Pérez

ABSTRACT. General arguments of Baumslag and Bieri guarantee that
any torsion-free finitely generated metabelian group of finite Priifer rank
can be embedded in a metabelian constructible group. Here, we con-
sider the metric behavior of a rich class of examples and analyze the

distortions of specific embeddings.
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1. Introduction

Though the set of all metabelian groups is quite varied, there are some
good restrictions on metabelian groups of particular types. The class of
constructible groups are those which can be built from the trivial group
using finite extensions, finite amalgamated products and finite rank HNN
extensions where all the attaching subgroups involved are themselves con-
structible. Such constructible groups are naturally finitely presented and
further of type FP,. Baumslag and Bieri [3, Theorem A’/ Theorem 8]
proved that any finitely generated torsion-free metabelian group of finite
Priifer rank (see Section 3) can be embedded in a metabelian constructible
group, showing the richness of possible subgroups of constructible groups.
Moreover, since metabelian constructible groups have finite Priifer rank, this
hypothesis can not be dropped (however, there are some embedding results
for arbitrary metabelian groups in less restrictive groups, see for example
[7] or [14]).

Our motivation in this paper was to find conditions that guarantee that
the Baumslag—Bieri embedding is undistorted. There are some results in
the literature about distortion in metabelian groups defined using wreath
products (see for example [11] or [13]) but in our case, we are looking at
a very different type of metabelian groups. A possible way to attack the
problem is via an estimation of geodesic word lengths in finitely generated
metabelian groups of finite Priifer rank. If the group is split (that is, of the
form G = @ x B with @, B being abelian), this reduces to the problem
of estimating G-geodesic word lengths for elements in B; moreover one can
assume that B lies inside a finite dimensional rational vector space.

In the polycyclic case one has B = Z", in fact finitely generated, so it
has its own geodesic word lengths (which, upon fixing a generating system
are quasi-equivalent to the usual 1-norm ||(v1,...,v,)|| = > iy |[vi]). Then
one can estimate the geodesic word length in the whole group in terms of
| - |I- This is what Arzhantseva and Osin do in Lemma 4.6 of [1] where they
obtain a bound for geodesic word lengths in some metabelian polycyclic
groups which they use later to show that certain embedding is undistorted.

In order to be able to do something similar but in the most general case
when B is isomorphic to a subgroup of Q" (note that we do not assume
G finitely presented) we introduce in Section 2 what we call the g-norm in
@ and its obvious component-wise extension to Q™ which we denote ug.
Although the explicit definition of u below is different, it is easy to see that
for any nonzero o € Q,

In(p(a)) = Z [ In ||

where | - |, is the p-adic norm. If G is torsion-free we may also represent the
action on B of any element of G/G’ using a rational matrix. The eigenvalues
of this matrix are referred to as the eigenvalues of the element acting and in a
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similar way we talk about semi-simple actions when the associated matrices
are semi-simple. Using the norm pg we get our first main result:

Theorem A. Let G be finitely-generated torsion-free metabelian of finite
Priifer rank and let B < G <G be subgroups such that:
(i) B is abelian.
(ii) Fither B=G" or G < B and G = Q x B.
(iii) G is finitely generated and acts semi-simply on B.

) There is some g € G acting on B with no eigenvalue of complex
norm 1.

Then for any b € B,

(iv

1bllg ~ In(ue(b) +1).

This result applies for example to the solvable Baumslag—Solitar groups,
lattices in Sol (cases for which the result was known) and to many general-
izations of these groups. In fact, it applies to any finitely presented group
of the form

miq

<QI7"' y Qs A1y - -« 5 Qp ’ [Qth] - 17 [aiaa/j] - 17(1;’” - a/l o'tz .

ay'? . aptind).

where 1 < [, ¢t < k, 1 < 4,7 < n and the my;; are integers such that the
actions of ¢; and ¢; commute. It also applies to possibly not finitely presented
groups as before but with relators of the form

d; i i ni
lgi,q5] =1, [a?,at] =1 for any ¢ = ¢7",. ..q,‘:’“, (a;*)" = aT” ay™ . oaptne

As a particular case we have groups G = B x Q where L : Q is a Galois
extension, B = Oy, [qfcl, ey q,fl] with Op, the ring of algebraic integers of L,
Q = (q1,...,qx) a free abelian multiplicative subgroup of L — {0} and the
action of (Q on B is the obvious one.

Using an old result in elementary number theory due to Kronecker we
check that the hypothesis in Theorem A about the eigenvalues of the action
holds true in the following special circumstances.

Theorem B. Let G be a torsion-free group with G = (g) x B with B abelian.
We assume that there is no finitely generated subgroup of B setwise invariant
under the action of g and that G is finitely presented. Then g acts on B
with no eigenvalue of complex norm 1.

As it was pointed out by the referee, it is possible to describe explicitly the
groups that satisfy the hypothesis of Theorem B. Using Theorem A in [6],
one can see that such a group must be a strictly ascending HNN-extension
over Z" where the map Z™ — Z" is given by multiplication by an integer
matrix M (this M is precisely the matrix encoding the action of g).

Finally, using the estimation of word lengths for elements in B, we show
that in the split case of the hypothesis of Theorem A the Baumslag—Bieri
embedding is undistorted.
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Theorem C. Let G = @ X B be finitely generated torsion-free of finite
Priifef rank with Q@ and B abelian. We assume that there is a subgroup
B < G < G such that:

(i) G is finitely generated and acts semi-simply on B.
(ii) There is some g € G acting on B with no eigenvalue of complex
norm 1.

Then G can be embedded without distortion in a metabelian constructible
group.

The particular case when the group G is a solvable Baumslag—Solitar
group is part of [1, Theorem 1.4]. This last result of Arzhantseva and Osin
also shows that Dehn function of the group in which we are embedding is
at most cubic and this was later improved to quadratic by de Cornulier and
Tessera in [12]. We have not done any attempt to look at the Dehn function
of the group that one gets in the embedding but it seems plausible that the
following question has an affirmative answer.

Question 1.1. Let G be a group satisfying the hypothesis of Theorem C
(or some variation). Can G be embedded without distortion in a metabelian
constructible group with quadratic Dehn function?

Acknowledgements. Both authors thank the referee for many helpful sug-
gestions for improvements.

2. Norms and quasi-equivalences

Notation 2.1. Let X be a set and let f,g: X — R™ be maps. If there are
constants C' > 0, M > 1, such that f(x) < Mg(x)+ C for any x € X, then
we put f <g. If f < g and g < f, then we denote f ~ g and say that both
functions are quasi-equivalent.

Let G be a group generated by a finite set Q. Denote by || - ||¢ the
geodesic word metric on G with respect to 2. This is well-defined up to
quasi-equivalence and since we also work up to quasi-equivalence we do not
need to be very explicit about which particular generating system we are
using. Let H < G be a finitely generated subgroup and || - ||z its geodesic
word metric. We say that H is undistortedin G if ||-||¢ ~ |||z where the first
function is restricted to H. Note that since for any h € H, ||h|lc = ||h||m,
this is equivalent to || - ||z < || - [|&-

As mentioned in the introduction, if A is a finitely generated free abelian
group then, upon fixing a basis, A can be identified with Z". Then || - ||4
is quasi-equivalent to the restriction to Z™ of the usual 1-norm in R” which
we just denote || - ||

n

ar- - an)ll =) lail.

=1
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It will also be useful at some point to work with matrix norms, we define
the in the usual way: For an n X n-matrix M, let

M
|M\|:maX{HUH|O#UER”}.

o]

To get a somewhat analogous norm (which is not a norm in the classical
sense) but for B C Q™ we introduce what we call the g-norm: Let v/a € Q.

We set
u(l) _ Dl
a/ " ged(y,a)?

We extend this to Q™ in the obvious way: Let B = {v1,...,v,} be a basis
of Q™ and (f, ..., [,,) the coordinates of b € Q" in B. We put

() =Y u(B)).

The following easy properties will be useful below:

Lemma 2.2. Let X be a set and f,g,h: X — RT U{0} be maps.

(i) If f X h, then f +g < h+g.

(ii) If f ~ h, then f+g~h+g.

(iii) For a,b € R, |al,|b] > 1, In(|a| + |b]) ~ In|a| + In |b].
(iv) ForceR, |c| > 1, In|c| ~ In(|c| + 1).

(v) Foray...,an €Z,

In <Z |a;| + 1) ~ > In(ja;| + 1)
i=1 i=1
where the relevant constants depend on n.
(vi) If f < h, then In(f + 1) < In(h + 1).
Proof. (i) Let C >0, M > 1 with f(z) < Mh(z)+ C for any x € X. Then
f(@) + g(x) < Mh(z) + Mg(z) + C.

(ii) Follows from (i).
(iii) We have

1 1

iln la] + 3 In|b| +1n(2) <In(|a| +1b]) < Inla| + In|b| + In(2)

(iv) This is a particular case of (iii).
(v) Use induction, (iii) and (iv).

(vi) By (i) (or by (iv)) it suffices to show that In(f) < In(h) if f < h and
f(z),h(x) > 1 for any x € R. Let C > 0, M > 1 with f(z) < Mg(z)+ C
for any z € X, note that we may assume C' > 1. Taking In and using (iii)

In(f) <In(Mg+ C) ~In(Mg) +1In(C) =1n(g) + In M + In C. O
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2.1. Properties of || - ||. The norm || - || in R™ is well known to be quasi-
invariant up to change of basis. As a consequence, if we have a splitting
R"=U; ®&Us ® ---® Us, then for any family of vectors u; € U;, i =1,...,s

(1) lall -+ fusl] ~ flun + - - 4 usl,

where the relevant constants depend on the particular subspaces Uy, ..., Us.
On the other hand, it follows from Lemma 2.2 that for a € Z",

In(|lall + 1) ~ > In(ja;| + 1).
=1

2.2. Properties of pg. In general, the function p behaves badly with
respect to sums, and this has the unpleasant consequence that it is not quasi-
invariant upon change of basis. However, things get better with logarithms,
thanks to the following property:

Lemma 2.3. For (81,52 € Q arbitrary,
In (ju(81 + B2) +1) < In (u(B1) + 1) +In ((B2) +1).

Proof. We may assume that 0 # (1, 82, 51 + P2 thus since all the numbers
inside In are integers by Lemma 2.2 it suffices to check that

In (u(B1 + 82)) =t (1) + I ((B2)).

We put ; = k;/m; with k; and m; coprime integers for both ¢ = 1,2. Let d
be the greatest common divisor of m; and mgy and we put m; = mld again
for i = 1,2. Then

(o) 2 o (2t

< In|(kimy + ko )mimid|
= In [kymy (mh)? + kama(m})?|

< In |kymy| 4 21n [mb| + In |kama| + 21n |m]|

<31 (u(81)) +3In () ).
where we use Lemma 2.2 to split the sum inside the logarithm. (]
Lemma 2.4. With the notation above,
In(pE(b) + 1) ~ n(up(b) + 1),
Proof. Note that by Lemma 2.2 it suffices to show that for 0 # b € Q",

n(uE(5)) =< In(up(b)).

The coordinates of b = (81, ..., 5,) in B can be obtained from (f1,. .., 5,)
by a successive application of one of these operations:

(i) Bi — i + B; for some i, j,
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(ii) Bi — 75; for some ¢ and certain 0 # 7 € Q belonging to certain set
depending on B only.

Any 7 as in (ii) belongs to a prefixed set so we have

p(m8) < p(r)p(B) ~ pu(B).
So we only have to check that for 0 # (1, 82, 51 + B2,

Inp(B1 + B2) +1Inp(B2) < Inp(Br) + Inpu(B2).

But this is an obvious consequence of Lemma 2.3. O

As a consequence, we have the ppg-version of the sum formula (1) but
after taking logarithms: Let Q" = U; @ --- @ Us and for i = 1,...,s fix
an isomorphism U; — Q3™Ui  TLet ugi denote the obvious version of the
pe-norm in U; defined using this isomorphism. Then for u; € U;, 1 =1,...,s

2) In (,uE(ul +---+u5)+1) ~1n (Mgl (u1)+1> ot ln (Mgs(ug) +1)
and in particular for U = Uy and u € U,
(3) In () + 1) ~ In(uG(u) + 1),

(here the relevant constants depend on the particular subspaces Uy, ..., Us).
We will omit in the sequel the over indices U; from the notation.

3. The lower bound

Notation 3.1. Recall that a group is said of finite Priifer rank if there is a
bound on the number of elements needed to generate any finitely generated
subgroup. We let GG be a finitely generated group of finite Priifer rank
with a normal subgroup B such that B and G/B are abelian. Then by
[8, Proposition 1.2], the torsion subgroup T'(B) of B is finite. Therefore,
in order to estimate word lengths in B, we can just pass to the torsion-
free group B/T(B). Something analogous happens with the group G/B.
However to avoid unnecessary complications, we will just assume for now
that both B and Q = G/B are torsion-free. Let k be the rank of @ and
n = dimgB ® Q. We choose ay,...,a, € B to be a maximal linearly
independent family generating B as G-module and q1, ..., q; € G such that
{@1B,...,qxB} is a generating system for Q). Then

+1 41
X ={q a0 h<i<ki<jcn

is a generating system for G. Using this generating system, we get an
embedding ¢ : B — Q" so that for A = (a1,...,a,), p(A) =Z". We use ¢
to extend the definition of pg to A and of the norm || - || to A. Explicitly,
we set, for b € B, a € A:

pe(b) == pp(e(b)),
lall = lle(a)ll-
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In particular in the case when n = 1 we have u(b) := u(p(b)) and |a| :=
|o(a)|. By Lemma 2.4, the function In(ug(b) + 1) is independent, up to
quasi-equivalence, on the choice of {ai,...,a,}. The same fact for || - || is
well known.

We are going to get a bound for word lengths in G by means of the
collecting process used by Arzhantseva and Osin in [1, Lemma 4.9].

Theorem 3.2. Let G = Q) X B be a finitely generated torsion-free group
with Q and B abelian of finite Prifer rank. With Notation 3.1 and for any
be B,

In(pe() +1) < [|bll6-

Proof. (Collecting process). As mentioned in the introduction by the em-
bedding result of Baumslag and Bieri ([3]), G embeds in a constructible
metabelian group G; = @1 X By so that B embeds in B, () embeds into
@1, Bj is abelian of the same Priifer rank as B and ()1 is free abelian of
finite rank. Moreover, we may choose a basis of )1 such that the action of
each basis element in Bj is encoded by an integer matrix. As ||bl|¢, < ||blla
for any b € B, we may assume that G itself fulfills these conditions.

Recall that we use Notation 3.1. For each 1 < i < k, let M; be the integer
matrix representing the action of ¢; on B (M; depends on ¢). All those
matrices commute pairwise. Note that the j-th column of M; determines

a?i as linear combination of {ay,...,a,}. Let n; = detM;, then n; € Z and

there is some integer matrix N; with Ml-_l = niNl
For a word w on X put

0;(w) := number of instances of ¢; in w,

a;(w) := number of instances of a]il in w.

Then
n k
length(w) = Z aj(w) +2 Z oi(w).
j=1 i=1

We let b € B, and note that we may assume that b # 1 and show the result
but for In(ug(b)). We choose a geodesic word wy representing b, therefore
Ib]l¢ = length(w,). We claim that there is some word w. in a%, ..., a;F only
and some ¢ € () such that

—1
Wy =G 4 Wc{q-

To see that, we only have to use the equations a;g; = qja?i

a;].i q; 1 to move all the instances of ¢; with positive exponent to the left and
all the instances with negative exponent to the right. In this process we
do not cancel g; with ¢; L we just apply the commutativity relations in Q).

and q{laj =



Since these equations do not change the number of ¢;’s, we have
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k

g=[Ja""

i=1

Let ¢ € A be the element represented by w.. Let

and Mq_1 = n—quq. With additive notation we have b = Mq_lc =

Put

- ﬁn?i(w), N, = [ 57
i=1 )

Ky = max{||N;]| | 1 <i <k},
Ky = max{| M) | 1< i < k),

K3 =max{n; | 1 <i<k}.

With K;, K2 and K3, positive integer numbers and we have

k (w
IN|| < K== ),

1035

N,c.
. Va

Now, let us look at how is ¢ constructed. Multiplicatively, it is the product

+1

of elements of the form (a;tl)z where j = 1,...,n, a; " is one of the a;(w)

instances of a*!

in w and z is a certain product of the ¢;’s all of them with

positive exponent. Again with additive notation this corresponds to certain
product of some of the matrices M; with the vector having all its coordinates
zero but for a single 1. The norm of such vector is obviously bounded by
K2 Z ", 0i(w). So we get

and

2 ]_ci o;lw -
lef| < K3 == )(Z aj<w>)

J=1

pE(b) < ngl||Nyc|| < ngl|Ngllllel] < (K1 K3K3)>i= b ooi(w (ZO‘J )

where the first inequality follows from the fact that b = ninqc where Nyc is

an integer vector. Thus

k
In(up() < In(K1K3Ks) Z +1n<zaj )
k n
<2 oi(w) + Y aj(w) = [bllg-
=1



1036 SEAN CLEARY AND CONCHITA MARTINEZ-PEREZ

Corollary 3.3. Let G be finitely generated torsion-free metabelian of finite
Priifer rank. Then for any b € G’,

In(ug(b) +1) < [Iblle

where pg(b) is the pu-norm obtained from some embedding of G' into Q™ for
n = dimQ G/ & Q

Proof. Using [2, Lemma 3] one can construct an embedding ¢ : G — G
for GG; a finitely generated group of the form G = Q) x B with ) free abelian
of finite rank and B abelian so that /(G’) < B. The proof of [8, Theorem
3.2] implies that as in our case G’ is torsion-free of of finite Priifer rank,
then we may assume that also B is. Therefore (G satisfies the hypothesis of
Theorem 3.2 which implies that for any b € G’

n(pg () +1) S 100)]le < bl
By Lemma 2.4, In(ug(¢(b)) + 1) ~ In(ug(b) + 1). O

4. The upper bound

We assume that G is torsion-free finitely generated of finite Priifer rank with
a normal subgroup B such that B and G/B are normal. The objective of
this Section is to show that if moreover G acts semisimply on B and there
is some g € G acting on B with no eigenvalue of complex norm 1 (recall
that by eigenvalues of this action we mean eigenvalues of the rational matrix
representing the action of g), then the opposite inequality to Theorem 3.2
holds true; that is, for any b € B

(4) 1bllg = In(ug(b) +1)

(here, up is defined using the generating system X of Notation 3.1). To
show this we can not use the strategy that worked fine in Section 3, namely
to embed our group in a larger, nicer group. But we can do the opposite:
reduce the problem to a suitable subgroup G; > B since then ||b||¢ < [|b]|q, -
For example, we may go down a finite-index subgroup and assume that
Q) = G/B is torsion-free (in this case, in fact, one has ||b||¢ ~ [|b||lq, for
be B).

4.1. Reduction to abelian-by-cyclic groups. We are going to use Bieri—
Strebel invariants in the proof of the next result. Recall that the Bieri—
Strebel invariant of a finitely generated group G is a subset denoted 31 (G)
of the set S(G) of group homomorphisms from G to the additive group R
having the following property: for any subgroup H with G’ < H < G, H is
finitely generated if and only if x(H) # 0 for any x € £(G) = S(G)\21(G)
(see Bieri, Neumann and Strebel [4, Theorem B]). The reader is referred to
Bieri, Neumann and Strebel [4] and Bieri and Renz [5] for notation and
further properties of these invariants.



UNDISTORTED EMBEDDINGS OF METABELIAN GROUPS 1037

Proposition 4.1. Let G be a finitely generated torsion-free metabelian group
of finite Priifer rank with G' < B < G abelian. Then there is some t € G
such that the group H = (t, B) is finitely generated. If there is some g € G
acting on B with no eigenvalue of complex morm 1, then t can be chosen
having the same property.

Proof. As G has finite Priifer rank, by [17, Theorem 2.5] the complement
of the Bieri-Strebel invariant 3;(G)¢ is finite.

{x1,- o0 = {x € B1(G) | x(B) = 0}.

If » = 0, then B itself would be finitely generated and we may choose any
t € B so we assume r # 0. For an arbitrary ¢t € G, the subgroup H = (¢, B)
is finitely generated if and only if x;(¢) # 0 for i = 1,...,7. So it suffices to
choose any t € G with t & UleKer Xi, this can be done as each Ker y;/B is
a subgroup of G/B of co-rank at least 1.

Now, assume that there is some g € G acting on B with no eigenvalues
of complex norm 1 (in particular, this implies ¢t ¢ B). Let ¢ be the element
chosen above. We claim that there is some integer n such that t; := t™"g
has the desired properties. Note that x(t1) = xi(t 7 "9) = —nx:(t) + xi(9)
thus n # xi(g)/xi(t) implies x;(t1) # 0.

Also, as [g,t] € B, the matrices representing the action of g and ¢ on B
commute thus the eigenvalues of ¢; are of the form A] "y for \; eigenvalue
of t and Ay eigenvalue of g. As XXy # 1, we see that for all except at
most finitely many values of n, the eigenvalues of ¢1 also have complex norm
# 1. So we only have to choose an n not in that finite set and distinct from
Xi(9)/xi(t) for i =1,... .7 and we get the claim. O

As ||bl|¢ < ||b]| g for any b € B, from now on we may assume the following:

(5) G = (t) x B torsion-free with B C Q" and ¢ acting on B via

a semisimple matrix with no eigenvalue of complex norm 1.

4.2. The case when B has Priifer rank 1. The result in this case can
be obtained by embedding B in a product of local fields as in [1] and [12],
but we have preferred to include the rather explicit proof below because it
models the proof of the general case with some of th technicalities removed
so it might be helpful to follow the general argument. But it can be skipped
completely because the results here are not going to be used in the paper.
In this case we have B C, Q and A =, Z (but we note that the precise
identification depends on the chosen generating system {t*' a*'} ). The
element ¢ acts on B by multiplication by some 0 # A = z/y € Q and up
to swapping ¢ and t~! we may assume |A| > 1. The group G is finitely
presented if and only if A € Z, but note that we are not assuming that.
Note also that B =, Z[A*1].
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Proposition 4.2. Let A € Q and G = (t) x B with ¢ : B — Z]M\*'] and
|A| > 1, an isomorphism and t acting on B via ¢ and multiplication with A.
Then for a € A = ¢~ 1(Z),

lalle < In(la] + 1)
where the relevant constants depend on .

Proof. By going down to a finite-index subgroup if necessary, we may as-
sume that A = z/y with coprime integers z,y > 0. We claim that there is a
minimal A-adic expression of any m € Z, i.e., that there is s > 0 such that

m== <i ci/\i>
i=0

with ¢; € Z and 0 < ¢; < x for each 0 < ¢ < s. To see it, we assume m > 0
and use the Euclidean Algorithm to determine c¢,r with m = xzc + r such
that 0 <r < x and 0 < ¢ < m. Then we have

m = Necy) +r

and Acy = m —r < m thus cy < m. This means that we can repeat the
process and obtain an expression as desired. Now,

A <o+ A+ .. csA = |m)|

thus

sln A < In(jm|+ 1) = In(Ja| + 1).
On the other hand, writing the A-adic expression of a = a]* multiplicatively
using the generating system {t*, aF!} we get

a=al=aft et aSe s
SO

S
lalle <25+ e < s(2+2) 2In(la| + 1). O
i=0

Lemma 4.3 (Bounded Bezout’s identity). Let 0 # z1,y1 € Z coprime
integers. Then for any d € Z there are a,c € Z such that |al, |c| < |d||z1]|y1]
and

d=x1a+ yic.

Proof. Obviously it suffices to consider the case d = 1 and we may assume
x1,y1 # £1. From Brunault [9] in an answer to a question by Denis Osin
on mathoverflow:

We take first a1,c; € Z arbitrary with 1 = z1a1 + y1c1. We let b,c € Z
with ¢; = 2104 c and 0 < ¢ < |z1|. Then putting a = a1 + y1b,

1 =101 +y101 = w101 + 2110 + Y1 = T10 + Y10
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Wehavewla:1_ylcthusa:%_y1?c1 and
1 1
lal < | =]+l |—| < |[=]| + w1l
4o I T
and as a,y; € Z we deduce |a| < |y1]. O

Proposition 4.4. Let A € Q and G = (t) x B with ¢ : B — Z[ ] an
isomorphism and t acting on B via @ and multiplication with \. Then for
be B,

[blle < In(u(b) + 1)

where the relevant constants depend on .

Proof. Let Bf =, A\*Z+ A\*T1Z + M\Z +--- + A*"1Z + A*Z, then
B= |J B
0<s,k€Z
For any 1 # b € B we may choose 0 < s, k smallest possible so that b € Bj.
Then ¢(b) € ﬁZ and using the classical version of Bezout’s identity it

is easy to see that s,k are also the smallest possible nonnegative integers
satisfying this. So we have

d
o(b) = o

for 0 # d € Z such that =,y t d. Now take dj,dy € Z such that
d = a*dy + y"d;
and |d1], |da| < |d|(|z]|*|y|¥), we may find them using Lemma 4.3. We have
_ 4 _d b
sk T gk s

Using again Lemma 4.3, we find r1, ¢1, 72, co such that
di = 2"+ yber,
dy = y°ro + x°cy
and [r1], [e1] < |du|(Jz|*[y[*), [72], |ez] < |da|(J]*|y|*). Now
p(b) = Zi + % = N f e Fea+ A0
Multiplicatively b = (a?)tk ai'af?(aj?)!”" which yields
bllg < 2k +2s + [[ay'[la + [lat' [l + [lat* la + [la1*[la-
Consider for example r; and assume 71 # 0. By Proposition 4.2
lai'l¢ = In([r1]) = Inldi| + k(In|z] + Infy])
<In|d|+ (s+ k) In|z| + 2k 1n |y|
< (s+k)3(In|z| +In|y|) + In|d|
<s+k+Inld|.
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The same holds for ¢y, co, 79 SO we get
Ibllc = s+ k+1n|d|.
Now we let | = ged(x*y¥, d). Obviously, I < z®y* thus
s+k+In|d =s+k+mn|l|+In|d/l| <s+k+In(z*") +In|d/]|
= s+ k+In|d/l|.

Finally, as z,y { d, there is some prime p | z with p { d and some prime ¢ | y
with ¢ 1 d. Then p*¢"* | (x°y* /1) thus

s,k
s+k =< In| =2
and we get
d Sk d
s+k+ln|d\js+k+lnl‘jln$ly +lnl’
S,k
oy~ d
=In B ‘:ln(u(b)). O

4.3. The upper bound for elements in A. We proceed now to the proof
of the upper bound in the case when the Priifer rank of B is an arbitrary
positive integer. We follow the same strategy as before: we check it first for
elements in A, then for any b € B.

Proposition 4.5. Let G = (t) x B finitely generated with a monomorphism
@ : B —= Q" and t acting on B via ¢ and a semisimple matriz with no
eigenvalue of complex norm 1. Then for any a € A = o~ (Z") we have

lalle < In([lall + 1).

Proof. Let M be the matrix encoding the action of ¢ on B. We let M act
on the vector space R™. As M is semisimple, we may split R” = U &V with
U and V both M-closed and so that for any u € U, ||Mul| > ||u||, whereas
for any v € V, ||[Mv] < |jv|]|. To see it, we let U = Uy @ --- ® U, with
each U; either a 1-dimensional eigenspace associated to a real eigenvalue
IAi] > 1 or a 2-dimensional M-closed real space associated to a pair of
complex eigenvalues \;, \; with A\;\; > 1. We do the same for V with those
eigenvalues such that \;\; < 1. If U; is a subspace of the first kind associated
to a real eigenvalue, then || M ~'u;|| = |Xi|~Y|ws]| for any w; € U;. And if U;
is associated to a pair of complexes eigenvalues \;, \; then for any u; € U;
we may find complex vectors v;, v; with Mv; = A\;v; and u; = v; + v;. Then
M=k, = )\;kvi + (X\i)"*w; is just half of the real part of A=¥v;. This means
that for u € U
limy o0 | M Ful| = 0
and analogously one sees that for v € V|

limy, o0 || M*0|| = 0.
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We put
pla)=u+wv
with w € U, v € V. We claim that there is a bound K (not depending on
a) such that for some k,1 > 0 and r;,p, s; € Z" with ||r;]|, ||l ||s;]| < K,

(6) ¢(a) =M+ M+ M+ p+ M s -+ M

(In particular, there are only finitely many possible choices for 7}, p, s;).

There is an integer m € Z such that both mM and mM ! are integer
matrices, we fix m from now on. The set mZ" is a lattice in R™. For any
J > 0let u; € mZ" be as close as possible (with respect to the norm || - ) to
M~Iu. We have |luj — M Ju| < mn/2. If ug = 0, let k = 0, in other case
take k such that upy; = 0, up # 0. Let r; := u; — Mujiq for 0 < j < kK,
then r; € Z" and

uy = —Mk'HukH + M*uy, — MFuy + M g — -+ Mug — Mug + ug
= MFrp+ M* 1y + 4 Mry 410,
Now
rj =u; — Muji1 = (uj — M 7u) — M(ujpq — M7 )
thus

75l < mn.
Next, we repeat the process with v but this time we choose elements v; € mZ
that approximate M7v. If vg = 0, put [ = 0, in other case we get

vy = Mﬁlsl +Mfl+lsl,1 + - —i—M*lSl + sp

with ||s;|| < mn. Finally, note that by construction for w := u — ug, v’ :=

v — vy we have [Jw|, [|[w'|| < nm/2 and
ola)=u+v=up+vy+w-+w.

Let p = 79 + sg +w +w’. The equation above implies that p € Z" and since
lpll < 3mn we get the claim with K = 3nm.

Now, we may use (6) to write a word in G with multiplicative notation
representing a. Every instance of M7r; with r; = (rj1,...,7j,) will be
substituted by t_ja;j’1 .. a;y"t7 and the same for the s;’s. This means that
if we put

C =max{|o~(c)llc | c € Z" [lc]| < K}
(this is a finite set, so C' < 00), then we have
lallg <2k + )+ Ck+1+1)=2+C)k+1)+C <k+1.
Next, we are going to prove that
(7) k< In([lull +1).

Obviously, we may assume k # 0. Let v := M *u, then v = M*v and
v € U. Using the splitting U =U; ®--- B U, we get v = vy + - - - + 1, with
v; € U;. We observe that the closest element to v in mZ"™ is u; and that
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ug, # 0. This implies ||v|| > m/2. Take A be the eigenvalue \; of smallest
complex modulus, (which we denote |- |). Then

m m

m

F IS I IAE Y fall < D7l
i=1 i=1

For each i = 1,...,m, if \; is a real eigenvalue, we have |[M*y;| =
I\i|¥||vi]|. Otherwise, we let || - ||2 denote the Euclidean norm, then, choosing
a suitable basis of U;

IXilFllwall = lFlvill2 = (1M P2 = (1M P

Therefore
m m m
k k k k
S A= S Xl el =) 1M | < M) = lull.
i=1 i=1

Thus k£ < In(Jjul]] + 1). One can prove that [ < In(||v|| + 1) by proceeding
analogously using M~ and v, V instead.
Finally all this implies the lower bound

k41 = In([lul| + 1) + In([|v][ + 1) ~ In([Jul| + [Jo]]) ~ In([la] +1). O

4.4. The upper bound for elements in B: reductions. We will show
now that we may reduce the problem of bounding above word lengths for
elements in b to a special situation. Recall that we have G = (¢) x B finitely
generated with ¢ : B — Q" injective so that t acts semi-simply on B and
A < B free abelian of rank n.

4.4.1. We may assume that B ® Q is simple as Q(t)-module. The
fact that t acts semi-simply implies that B ® Q can be split as a sum of
irreducible Q(t)-modules. If we had B ® Q = Wy @ Wy with Wi, Wy # 0
then we could choose A7 C Wi and As C Wy subabelian groups of the
maximal possible rank and so that A C A; & Ay. Let B; = Z(t)A,; for
i =1,2. We have B; C W; and B C By ® By. Set G = (t) x (B ® Ba),
obviously G < G. Moreover as both a free abelian groups of the same (finite)
rank, the index of A in A; & A is finite. Then one easily checks that the
index of B in By @& By and therefore also the index of GG in G is finite.
This means that we may assume that G = G, equivalently that B =
B1® By with By and Bs t-invariant. We put G = (t) x By and Gy = (t) X Ba.
For b € B, let by € By and by € By be the elements with b = b; + by. Then

Iblle = [brlle, + l[b2llG.
and
In(pp(br) + 1) + In(up(bz) +1) ~ In(ug(b) +1).
Therefore if we had
[1billa; = In(pe(bi) +1)
for i = 1,2, the we would deduce the same for G and b.
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4.4.2. We may assume B = Op[A*!] and A = O where L : Q is
a finite field extension and A € L (Op is the ring of integers in
L) and that t acts on B by multiplication with A. At this point we
have G = (t) x B with B® Q irreducible as Q(t)-module. Therefore for any
z € B®Q, B®Q = Q(t)z and the annihilator I of z in Q(¢) is generated by
an irreducible monic polynomial p(x) € Q[z] which is precisely the minimal
polynomial of the matrix M representing the action of t on B. We choose
z = a; ® 1/m for a; one of the generators of A and a suitable m € Z that
we determine below. Let A be a root of p(¢) and L = Q(X) = Q(t)/I. Then

Q C L is a finite field extension and we have an isomorphism B ® Q =4y
mapping z to 1 € L and 2! to A\. So we have an embedding of B into L so
that aq is mapped to m. For each of the other generators a; withi =2,...,n
there is some polynomial ¢;(t) € Z(t) and some integer n; with a;" = a(fi(t),
so if we take as m the smallest common multiple of all those n;’s we deduce
that a; is mapped to ¢;(\) for some integer polynomial ¢;(t), in other words,
we have that the image of A lies inside Or. We also use A and B to denote
its images in L. We obviously have B = A[A*'] C B = O [A\*!]. As both
A C Oy, are free abelian subgroups of the same (finite) rank in L, the index
of A in Oy is finite. From this one deduces that also B has finite index
in B and the same happens for G in G = (t) x B. This means that we
may assume G = G. Note that we may also assume that A = O, and that
the basis {a1,...,a,} corresponds to a Z-basis of Or, in particular that a;
corresponds to 1.

4.4.3. We may assume that A = z/y with x,y € O such that
O = 2O + yOy. As A € L which is the field of fractions of Oy, we
deduce that A = z1/y; for some z1,y; € Op. By Lemma 4.8 below, if r is
the ideal class number of Op, then \" = z/y for some z,y € Of, such that
O +yOp = Or. Finally we observe that the group G = () x B has finite
index in G.

4.5. The lower bound for elements in B: final proof.

Theorem 4.6. Let L : Q be a finite field extension, A\ = x/y € L with
z,y € O such that Op = 2O +yOr, and G = (t) x B with B = O[A\*]
and t acting on B by multiplication with X\. Then for any b € B,

bl < In(ugp(b) + 1).

Proof. We let A =0, 1 =a,...,a, an integer basis of O, and observe
that out group is generated by X = {t*!, ali, ...,at}. We follow the same
proof that we have already seen in Proposition 4.4. We assume b # 0. As
b € B, there are some 0 < s,k € Z so that

1
Ty

be

k
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Thus d := bz*y* € O and we may take s and k each smallest possible
satisfying that. Therefore z,y t d.

We use Lemma 4.10 to find di, ds € Op, such that for certain K depending
on x and y only,

d = 2d; + y*ds,

(8) dall, lldal| < ||l K*HF.
Then

po 4 _d ®

xsyk yk 1.5'

We use again Lemma 4.10 to find ry, ¢q, 79, co € Of, such that
dy = 2Fr1 + e,
dy = y°ra + 2°cy,

such that (here we are taking (8) into account)

el llexll < llda [l 2% < [l 5528 < ]| (52)**F,
2l lleall < lldefl K2 < )| E*+E < ]| (K2)***.

Thus
In([|r1]l + 1), In(fler || + 1), In([[r2f| + 1), In([[e2]| + 1) = s+ &k + In([[d]| +1).

We have
i dy

b L= )\kh +c1 e+ A"y
Yy x

which written multiplicatively is
(o) o af? (a?)"
so using the bound for elements in A that we have seen in Proposition 4.5
we get
blle < 2k +2s + [[rille + [[eille + llealla + [I2lla
= s+k+In(lr1] +1) +In(ler || + 1) + In([[e2]| + 1) + In(([r2]| + 1)
< s+ k+In|d|| < max{s, k} + In(||d|| + 1).

Finally, we note that the choice of s, k implies that the hypotheses of Lem-
ma 4.11 hold true thus

max{s, k} +In||d|| < In(ud)g +1). O
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4.6. Technical lemmas. In this section we collect some lemmas in ele-
mentary number theory that were used above. Some (or all) of these results
might be well known to experts, however we have not found them anywhere
in the literature. We fix the following notation: L : Q is a field extension of
degree n and Oy, is the ring of integers in L. We fix also an integer basis
{1 =-e1,...,en} of L over Q. Associated to this integer basis we have an
isomorphism 7 : L — Q™ mapping Op, onto Z™. The ring Oy, is a Dedekind
domain so although we can not use ordinary factorization as we did when
we dealt with the case of Priifer rank 1, we may use factorization of ideals
in Op. We may also speak of fractionary ideals of L and use the ordinary
divisibility notation when talking about them. We denote by r its ideal
class number of Op, recall that this means that for any ideal I of O, I" is
a principal ideal.

Lemma 4.7. Let I, J be ideals of O, such that I + J = Or. Then for any

s,k>1,IF+J%=0y.

Proof. If k > 2, assume by induction that I*~1 4 J* = Or. Then
Op=I"YI4+J)+J =1+ 1*1T+ J*

Now, I*=1J = I*=1 (1%t 4 J*) C I* + J°. O

Lemma 4.8. Let A € L. Then \" = x/y for some x,y € O, such that

O +y0Or = Or.

Proof. Put A = z1/y; with z1,y1 € Op and let I = 2101 + y1 0, so that
I is the greatest common divisor of the ideals 1O and y;Ofr. Therefore
I|2100,y10L so J =210 /I andT = y;Or /I are ordinary coprime ideals
in Oy, thus O = J + T. Looking at the fractionary ideal AOj, we have
NOL = (10L)/(10L) = J/T.

Moreover there are x’,y € Of, such that J" = 2’Op and T" = yOp. Thus
NOp=J)T" = %’(’)L and A" = %’u for some unit v € O. Set x = 2u.
Then \" = xz/y. As J+ T = O, by Lemma 4.7 we have

mOL+yOL:JT+TT:OL. ]
Lemma 4.9. There is a constant C1 > 1 such that for any u,v € L,
Juv[] < Crllull - [|v].

Proof. Recall that we had an integer basis {ej,...,e,} and an associated
isomorphism 7 : L — Q™. Here we see the elements of Q" as column vectors.
Let m; : L — Q be the composition of m with the projection onto the [-th
coordinate. Let D be the Op-matrix with e;e; in the entry (4, j) and for
Il=1,...,nlet

Dy = (m(eie;))
(it is a rational n x n-matrix). For any u,v € L we have

uv = 7(u)' Dr(v)
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where the overscript ¢ means transpose. If we set w; = 7(u)!D;, then
|mi(uv)| = |7 (u) Dym ()| = | < wy,w(v) > | < Jwlll|o]] < [lulll| Di[[[}v]-

Therefore
n n
luol] = |m(uv)| < [lulllo]l Y 1]l
i=1 i=1

and the claim follows with

n
Ch ZZHDM O
=1

Lemma 4.10. Let x,y € O with xOp, + yOr, = Oy,. There is a constant
K depending on x,y such that for any d € Of, and any s,k > 0 there are
a,c € Op with d = ax® + cyk and

lall, lle]| < [l &=+~

Proof. First Lemma 4.7 implies 2°Op, + kaL = Op,. We take r1,c1 € Oy,
with 1 = rz% + clyk. Then

C1 . 1 71
s zsyk Yk
Let )
1
= ~— €L
styk yk

and take w € Oy, so that ¢ := z — w has smallest possible norm, observe
that |le]| < 5. Then

O o gl =l g el < e

n
[+ el < 3 el + 5
n
2

2 = [ e <] -
s

a = d(r1 +y*w),
b:=d(c; — z°w).

QHxSyk H
But by Lemma 4.9 (recall that C > 1)

1 1IN?®
11 <|(Ci||l— C
el =z (o

with K7 = max{C1 |||, ClHi”: 1}. Now, let

We have
d = dz®ri + dy¥e; = da®r + dyFer + datyFw — datyFw = 2%a + y*b
and using again Lemma 4.9,

Jall = |las* (w + 75 )|| < Nl o + 5 [lF
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So taking into account (9) and (11) we deduce
lall < lldlllly[|*(K7+* +n)Cr .

If we use (10) instead of (9) we get an analogous bound for ||b|| and letting
K be the largest of the relevant constants we get the result. ([

Lemma 4.11. Fiz z,y € O with xOr, + yOyr, = Oy,. For any
1
b
= U xskaL
s,k>0
let s,k > 0 be the smallest values so that d := x°y*b € Or. Then
max{s, k} + In(||d|| + 1) < In(||b]|g + 1)

where the corresponding constants depend on x,y only.

Proof. First, we may assume that b and d are nonzero. We also assume
that k > s, for the case when k£ < s one only has to swap s and k. Let
F be the normal closure of L in C so that F': Q is a Galois extension and
let H = Gal(F : Q) be its Galois group. For any a € F, we denote by
N(a) = [[ ez a” the norm of a in F' (in the particular case when a € L,
N(a) is a power of the norm of a in L). We put

N(z
u = H 20 = ()’

1#0€eH r
N
RES H Yy’ = 7y)’
1#0c€H Y

and observe that u,v € L. Let also ¢ := du®v¥. Note that all the elements
x?, y? are integers over Z thus u,v,c € Of, and that

_da duv® B c

zsyh - N(x)*N(y)*  N(@)*N(y)*
We want to relate ||d|| and ||c|. To do that note that from d = (u~1)*(v=1)¢c
we get using Lemma 4.9

ldll < CFFllu Pl [ Flle]l < (CLD)**¥le]

for D = max{1, ||[u~!|, v} (the value of |[u~!|| and ||v~!]| is well defined
because ! and v~ lie in L). This implies

In||d|| < (s+ k) In(C1D) + In ||
The value of In(C} D) could be negative but adding (s+ k)| In(C1D)| at both
sides we get

k+In(|d| +1) ~s+k+In|d]| <s+k+ne| ~k+n(|e] + 1).

This means that it suffices to prove the assertion in the lemma for the
element ¢ instead of d. Now, recall that we have fixed an isomorphism 7 :
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L — Q" and denote 7(c) = (71,...,7m) € Z". Put also ; = v;/N(z)*N(y)*
fori=1,...,n.

We claim that there is some ¢ depending on z and y only and a prime
integer p such that for some of 7q,...,7, which we may assume is v; we
have v # 0 and

p** divides N(2)°N(y)*/ ged(y1, N(2)*N(y)").
Assume that the claim is true. Lemma 4.12 below implies:

If7 70, In(lnl) < kCs + In(u(Bi)),
k+In(j7|) < Caln(p(Bbr)).
Therefore if we set C5 = (n — 1)C5 + 1,

E+In(lle +1) ~k+Infyl+ > In(jv)
i=2,7;70

<kCs+hnly|+ Y In(u(B))
1=2,8;7#0
< (k+1In|y])Cs + Z In(p(8:))
i=2,8;7#0
<In(u(B1)CiCs+ > In(u(B)
i=2,8;7#0
= In(ugr(b) +1)

and we would get the result.

So we have to prove that the claim above holds true. To do that, we let
P be an arbitrary prime ideal of O and take p the prime integer such that
P lies over p. We want to compute which is the highest power of p dividing
c and N(x)*N(y)*. We use vp to denote the highest power of P dividing a
given ideal in Op. The ramification index of p in Oy, is e, = vp(pOr). The
Galois group H of F' : Q acts on the set of prime factors of pOyp, and if we
put T' = Staby (P) and take {o1,...,0:} coset representatives of T in H,

then
t p
pOL = (H Pgi> .

i=1
We set

¢i :==vpoi (zOF), 1 :=vpo;(yOr), v :=vpes(dOF),

fori=1,...,t and

t t
A =D glITl, Ap=> rlT].
j=1 j=1
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We observe that Op and yOp are coprime ideals, so if ¢; # 0 for some 4,
then r; = 0 and conversely. For [ > 0 we have p' | ¢ = du®v* if and only if
(Poi)erl | cOp for i = 1,...,t. This is equivalent to

(12) epl < vpei(cOp) = vpei (AdOF) + svpei (uOF) + kvpe; (VOF)

fori=1,...,t. As w and v are a product of H-conjugates of x and y resp.,
we deduce
vpoi (VOp) = Z vpoi (Y7 OF) = Z Vo1 (YOF)
1#0c€H 1#0c€H
t
= Z Vpo(yOF):Z’I“j|T|—7“7;:A2—7“i.
o, #0€H j=1

and analogously,
vpei (UOF) = Ay — ¢;.
Thus (12) is equivalent to
(13) epl < v+ sA1 —sq +kAy —kr; fori=1,... ¢t
This means that the highest power of p that divides ¢ in Op is p! with
- ’Uj—i-SAl—qu—l—k)Ag—k??“j
€p

where j is the index so that the value of

v; + sA1 — sq; + kAy — k?"j

€p

is smallest possible (we fix this j from now on). On the other hand, p™
divides N(x)*N(y)* if and only if

¢ ¢
epm < qui\T] + kzmﬂ = sA1 + kAs.
i=1 i=1

Thus the highest power of p dividing N(x)*N(y)* is p™ with
\‘SAl + k‘AgJ

€p

(note that N(x) and N(y) might not be coprime). At this point we are
going to fix €. Set

= nin { Lip | NN G) |

The hypothesis that y 1 d implies that we may choose a prime ideal P
so that, reordering the indices if necessary, 0 < vy < r1. In particular, this
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implies 71 > 1 thus ¢; = 0 and also r{ —v; > 1. Then

sA1 + kAo Y + sAy — 5q; + kAo — kr;

€p €p
S sA1 + kAo v1 +sA1 —squ + kA — kry

€p €p
_kn—o (=Dt (n-w) k

€p €p €p
And from this one easily deduces that

m—1]— \‘/{?AJ _ \‘SAl—Sq]'—f—kZAQ—k?T‘j-FUjJ >i

k > ck.
~ 2 ¢

€p €p

Obviously, as p' | ¢, we have p! | v; for any 4. And the fact that p'
is the highest power of p dividing ¢ implies that there must be some of
Y1, ---,Yn Which reordering we may assume is y; which is not a multiple
of p!*! (in particular, 41 # 0). Then p! is the highest power of p dividing
ged(y1, N(@)*N(y)*) thus p™~! divides N(2)*N(y)*/ ged(y1, N ()N (y)").
As m —1 > ek we get the claim. O

Lemma 4.12. Let N, M € Z and € > 0. There are constants C5,Cy > 0
depending only on N, M, € such that for any 0 £~ € Z, 0 < s,k € Z and
B :=~v/M*N* we have

In|y| < Csmax{s, k} + In(u(B))

and if there is a prime p such that pe ™%} divides M*N* / ged(~y, M N*),
then

max{s, k} +In 7| < Cy In(u(8)).
Proof. Assume s < k the other case being analogous. Let
I = [ged(y, M*N")|.
Obviously I < |[M*N*| < |MN|* thus
In|l| < kln|MN].
We have v = I(v/1) and u(B) = |v/1||M*N*/i|. Therefore

M5 Nk
l

In|y| =1In|l| —I—IDI%’ <kln|MN| —I—ln‘%’ +In

< kIn|MN|+1n|u(B),

so we get the first assertion with C5 = In |M N|. Now, assume that there is
some prime with

psk | Mst
] .
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Then ekln|p| <In| M=NE | and therefore

l
k—i—ln]y\zk—i—ln]l!—i—ln‘%’

Sk(1+1nyMN|)+1nm

1+In|MN] n M3N*
eln|p| l

—Hn’%‘.

So if we let

C4 = max < max M;p divides M N 3,1
¢ln [p|

we get
s Nk

M*N
E+1In|y| < Cy (ln i

+1nm> = Culn(u(B)). O

5. Proofs of the main results

Proof of Theorem A. If we have G = @ x B in (ii) use Theorem 3.2 and
if we have B = G’ use Corollary 3.3 to deduce

In(pg(b) +1) = [bllc-

For the converse, note that the group G is as in the hypothesis of Propo-
sition 4.1 so there is some ¢ € G such that H = (¢, B) is finitely generated
and t acts on B with no eigenvalue of complex norm 1. Moreover the action
of t on B is semisimple. Moreover, by Subsection 4.4 be may assume that
H is as in the hypothesis of Theorem 4.6. Therefore

1blle = lblle = Mlbllz = n(up(d) + 1). O

Before we proceed to the proof of Theorem B we state the result by
Kronecker that was mentioned in the introduction. For an easily accessible
explicit proof, see the argument of Chonoles [10].

Lemma 5.1 (Kronecker, [15]). Let q(x) € Z[z] be an irreducible monic
polynomial of degree m. If q(x) has some root A with complex norm 1, then
m is even and q(x) = q(1/x)z™.

Proof of Theorem B. As G is abelian-by-cyclic, the hypothesis that G
is finitely presented implies that it must be constructible (see for example
Corollary 11.4.6 in Lennox and Robinson [16]). So we deduce that G has
finite Priifer rank and also, up to swapping g and g~!, that g acts on B
via an integer matrix M. Let p(x) € Z[x] be the minimal polynomial of
the matrix M (p(x) is also a generator of the annihilator of B in Q(g)).
We assume that p(z) has some root A of complex norm 1 and choose some
q(z) € Zlz] irreducible factor of p(z) having A as root. We observe that
there must be some 1 # b € B with 579 = 0 and from Lemma 5.1, we
deduce that if m is the degree of q(), ¢(x) = q(1/x)z™ thus b2 9™ = 1
and therefore 599" ") = 1. This implies that the free abelian subgroup of B
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generated by the finite set b9, ..., b9" " is setwise invariant under the action
of both g and ¢g~' which contradicts the hypothesis. U

Finally, in the proof of Theorem C we will use the next result:

Proposition 5.2. Let G = Q x N with Q finitely generated and N finitely
generated as Q-group. Then G is finitely generated and

lglle ~ llalle + [Inlla

where ¢ € Q and n € N are elements with g = gn for nontrivial q.

Proof. Let S be a finite generating system of ) and T a finite generating
system of N as @-group. Obviously, S UT is a finite generating system of
G. Let w be a geodesic word in (S UT)* representing g = gn. Let p(w) be
the number of instances of elements of S U S™! in w and let v(w) be the
number of instances of elements of TUT ™!, so that ||g|lc = p(w) +v(w). Let
wg be the word obtained from w by deleting all the instances of elements of

TUT™, then wg =¢ ¢ thus |¢|l¢ < p(w). Moreover, if we denote by wél

the inverse word of wq, then the word wélw represents an element in N and
since g =¢ waélw, we see that n =g wélw thus ||n|la < 2p(w) + v(w).
So we have:

3llglle = 3p(w) + 3v(w) = llqlle + lInlle-
On the other hand, from g = gn we get ||g]l¢ < |l¢lle + |nllc- O

Proof of Theorem C. Choose a basis q; ..., g of Q. Choose rational ma-
trices M1, ..., M, which encode the action of each ¢; on B and let m be an
integer such that mM; is integer for ¢ = 1,...,k. Let 8 : G — B be the
group homomorphism induced by 6(g;) = i, 6(b) = mb for b € B. In the
proof of [3, Theorem 8], Baumslag and Bieri show that the HNN-extension

Gl = G*g

is constructible. Then G7 = @1 X By where Q embeds in Q1 and B embeds
in Bi, moreover this last group has the same Priifer rank as B has. Then
Theorem A and Proposition 5.2 imply that for any g € GG such that g = ¢b
forg=¢qb,qe Q,be B,

gl ~ llallq + [Ible = llall + n(ue®) ~ lalo, + lblle, ~ llglle,- O
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