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A note on tetrablock contractions

Haripada Sau

ABSTRACT. A commuting triple of operators (A, B, P) on a Hilbert
space H is called a tetrablock contraction if the closure of the set

E= {(an,agz,detA) CA = (““ Z”) with [|A| < 1}
22

az1

is a spectral set. In this paper, we construct a functional model and
produce a set of complete unitary invariants for a pure tetrablock con-
traction. In this construction, the fundamental operators, which are the
unique solutions of the operator equations

A— B*P = DPXIDP and B — A*P = DPX2DP7

where X1, X2 € B(Dp) play a pivotal role. As a result of the functional
model, we show that every pure tetrablock isometry (A, B, P) on an
abstract Hilbert space H is unitarily equivalent to the tetrablock con-
traction (MGT+G2Z,MG§+G1Z,M,Z) on H%P* (D), where G1 and G2 are
the fundamental operators of (A", B*, P*). We prove a Beurling-Lax—
Halmos type theorem for a triple of operators (Mpy 4,2, Mry+ 5 2, M2),
where & is a Hilbert space and Fi, F> € B(£). We also deal with a nat-
ural example of tetrablock contraction on a functions space to find out
its fundamental operators.

CONTENTS

1. Introduction 1348
2. Relations between fundamental operators 1351
3. Beurling—Lax—Halmos representation for a triple of operators 1355
4. Functional model 1357
5. A complete set of unitary invariants 1360
6. An example 1362

6.1. Fundamental operators 1362

6.2. Explicit unitary equivalence 1366
References 1368

Received December 2, 2014.

2010 Mathematics Subject Classification. 47A15, 47TA20, 47A25, 47A45.

Key words and phrases. Tetrablock, tetrablock contraction, spectral set, Beurling—Lax—
Halmos theorem, functional model, fundamental operator.

The author’s research is supported by University Grants Commission Center for Ad-
vanced Studies.

ISSN 1076-9803/2015
1347


http://nyjm.albany.edu/nyjm.html
http://nyjm.albany.edu/j/2015/Vol21.htm

1348 HARIPADA SAU

1. Introduction

The set tetrablock is defined as

— LA (011 a12 :
E = {(an,agg,detfl) A= <CL21 a22> with HAH < 1} .
This domain was studied in [1] and [2] for its geometric properties. Let A(E)
be the algebra of functions holomorphic in F and continuous in E. The
distinguished boundary of E (denoted by b(E)), i.e., the Shilov boundary
with respect to A(E), is found in [1] and [2] to be the set

bE = {(au, agg,detA) : A = <a11 a12> whenever A is unitary} .
a1 a2

The operator theory on tetrablock was first developed in [7].

Definition 1.1. A triple (A, B, P) of commuting bounded operators on a
Hilbert space H is called a tetrablock contraction if E is a spectral set for
(A, B, P), i.e., the Taylor joint spectrum of (A, B, P) is contained in FE and

1f(A, B, P)I| < [|flloo 7 = sup{| f(z1, 22, 23)| : (21,72, 23) € E}
for any polynomial f in three variables.

It turns out that in case the set is polynomially convex as in the case of
tetrablock, the condition that the Taylor joint spectrum lies inside the set,
is redundant, see Lemma 3.3 in [7]. There are analogues of unitaries and
isometries.

A tetrablock unitary is a commuting pair of normal operators (A, B, P)
such that its Taylor joint spectrum is contained in bE.

A tetrablock isometry is the restriction of a tetrablock unitary to a joint
invariant subspace. See [7], for several characterizations of a tetrablock
unitary and a tetrablock isometry.

Consider a tetrablock contraction (A, B, P). Then it is easy to see that
P is a contraction.

Fundamental equations for a tetrablock contraction are introduced in [7].
And these are

(1.1) A—-B*P = DPF1DP, and B — A*P = DngDp

where Dp = (I — P*P)% is the defect operator of the contraction P and
Fy, Fy are bounded operators on Dp, where Dp = RanDp. Theorem 3.5 in
[7] says that the two fundamental equations can be solved and the solutions
Fy and F; are unique. The unique solutions F; and F; of (1.1) are called the
fundamental operators of the tetrablock contraction (A, B, P). Moreover,
w(F) and w(F») are not greater than 1, where w(X), for a bounded operator
X on a complex Hilbert space H, denotes the numerical radius of X, i.e.,

w(X) = {|(Xh, h)| : where h € H with ||h] = 1}.
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The adjoint triple (A*, B*, P*) is also a tetrablock contraction as can
be seen from the definition. By what we stated above, there are unique
G1,Gy € B(Dp+) such that

(1.2) A" — BP* = DP*Gle* and B*— AP* = DP*GQDP*.

Moreover, w(G1) and w(G2) are not greater than 1.
In [7] (Theorem 6.1), it was shown that the tetrablock is a complete
spectral set under the conditions that F} and F5 satisfy

(1.3) [Xl,XQ] =0 and [Xl,Xik] = [_XQ,X;]

in place of X; and X respectively. Where [X;, X5], for two bounded oper-
ators X7 and Xs, denotes the commutator of X7 and Xo, i.e., the operator
X1X5 — X9X7. In Section 2, we show that if the contraction P has dense
range, then commutativity of the fundamental operators F; and F5 is enough
to have a dilation of the tetrablock contraction (A, B, P). In fact, under the
same hypothesis we show that G; and G2 also satisfy (1.3), in place of X
and Xy respectively. This is the content of Theorem 2.6.

For a Hilbert space &, H2(D) stands for the Hilbert space of E-valued
analytic functions on D with square summable Taylor series co-efficients
about the point zero. When € = C, we write HZ(D) as H?(D). The space
HZ(D) is unitarily equivalent to the space H?(D) ® € via the map z"¢ —
2" ®¢&, for all n > 0 and ¢ € £. We shall identify these unitarily equivalent
spaces and use them, without mention, interchangeably as per notational
convenience

In [6], Beurling characterized invariant subspaces for the 'multiplication
by 2’ operator on the Hardy space H?(D). In [11], Lax extended Beurling’s
result to the finite-dimensional vector space valued Hardy spaces. Then
Halmos extended Lax’s result to infinite-dimensional vector spaces in [10].
The extended result is the following.

Theorem 1.2 (Beurling-Lax—Halmos). Let 0 # M be a closed subspace of
Hg(]D)) Then M is invariant under M, if and only if there exist a Hilbert
space Ex and an inner function (E,,E,0) such that M = ©HZ (D).

In Section 3, we prove a Beurling—Lax—Halmos type theorem for a triple
of operators, which is the first main result of this paper. More explic-
itly, given a Hilbert space £ and two bounded operators Fy, F» € B(E), we
shall see that a nonzero closed subspace M of HZ(D) is invariant under
(MFl*+F2z> MF2"+F1Za Mz) if and Only if

(F + F52)0(2) = O(2)(G1 + G52),
(F5 4+ F12)0(2) = 0(2)(G2 + G12),

for all z € D for some unique G1,Gy € B(E:), where (&,,E,0) is the
Beurling-Lax—Halmos representation of M. Along the way we shall see
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that if /1 and Fy are such that (Mg 4 p,-, Mgz 4Pz, M) on H?(€) is a tetra-
block isometry, then (Mg, +aG5z, MG, +Gizy M) is also a tetrablock isometry
on H?(E,). This is the content of Theorem 3.1.

A contraction P on a Hilbert space H is called pure if P*" — 0 strongly,
ie., |[P*"h||> — 0, for all h € H. A contraction P is called completely-
nonunitary (c.n.u.) if it has no reducing sub-spaces on which its restriction
is unitary. A tetrablock contraction (A, B, P) is called a pure tetrablock
contraction if the contraction P is pure.

Sz.-Nagy and Foias developed the model theory for a contraction [13].
There have been numerous developments in model theory of commuting tu-
ples associated with domains in C™(n > 1) [4, 3, 8, 9, 12]. Section 4 gives a
functional model of pure tetrablock contractions, the second main result of
this paper. In this model theory, the fundamental operators play a pivotal
role. We shall see that if (A, B, P) is a pure tetrablock contraction on a
Hilbert space H, then the operators A, B and P are unitarily equivalent to
Py, (IQGT+M.®G2) |4, Prp(IRG5+M.@G1) |1, and Py, (M. ®Ip,. )3,
respectively, where G and G9 are fundamental operators of (A*, B*, P*) and
Hp is the model space of a pure contraction P, as in [13]. This is the con-
tent of Theorem 4.2. As a corollary to this theorem, we shall see that every
pure tetrablock isometry (A, B, P) on an abstract Hilbert space H is uni-
tarily equivalent to the tetrablock contraction (MGHG2 o MG§+G1 ., M) on
H%P* (D), where G; and G2 are the fundamental operators of (A*, B*, P*).

Two equations associated with a contraction P and its defect operators
that have been known from the time of Sz.-Nagy and that will come handy
are

(1.4) PDp = Dp-P
and its corresponding adjoint relation
(1.5) DpP* = P*Dp-.

Proof of (1.4) and (1.5) can be found in [13, ch. 1, sec. 3].
For a contraction P, the characteristic function ©p is defined by

(1.6) Op(2) = [P + 2Dp+(Iyy — 2P*) ' Dp]|p, for all z € D.

By virtue of (1.4), it follows that, for each z € D, the operator ©p(z) is an
operator from Dp into Dp-.

In [13], Sz.-Nagy and Foias found a set of unitary invariant for c.n.u. con-
tractions. The set consists of only one member, the characteristic function
of the contraction. There are many beautiful results in this direction, see
[8, 9, 12] and the references therein. In Section 5, we produce a set of unitary
invariants for a pure tetrablock contraction (A, B, P). In this case the set of
unitary invariants consists of three members, the characteristic function of
P and the two fundamental operators of (A*, B*, P*). This (Theorem 5.4)
is the third major result of this paper. The result states that for two pure
tetrablock contractions (A, B, P) and (A’, B’, P’) to be unitary equivalent,
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it is necessary and sufficient that the characteristic functions of P and P’
coincide and the fundamental operators (G1,G2) and (G, G%) of (A, B, P)
and (A’, B', P') respectively, are unitary equivalent by the same unitary that
is involved in the coincidence of the characteristic functions of P and P’

It is very hard to compute the fundamental operators of a tetrablock
contraction, in general. We now know how important the role of the funda-
mental operators is in the model theory of pure tetrablock contractions. So it
is important to have a concrete example of fundamental operators and grasp
the above model theory by dealing with them. That is what Section 6 does.
In other words, we find the fundamental operators (G1,G2) of the adjoint
of a pure tetrablock isometry (A, B, P) and the unitary operator which uni-
tarizes (A, B, P) to the pure tetrablock isometry (Mg:+G,z, Mag+Gyzs Mz)
on H%P* (D).

2. Relations between fundamental operators

In this section we prove some important relations between fundamental
operators of a tetrablock contraction. Before going to state and prove the
main theorem of this section, we shall recall two results, which were proved
originally in [7].

Lemma 2.1. Let (A, B, P) be a tetrablock contraction with commuting fun-
damental operators Fy and F. Then

A*A— B*B = Dp(F}'F, — F;F5)Dp.

Lemma 2.2. The fundamental operators Fy and Fy of a tetrablock contrac-
tion (A, B, P) are the unique bounded linear operators on Dp that satisfy
the pair of operator equations

DpA = X1Dp+ XiDpP and DpB = XyDp + X:DpP.

Now we state and prove three relations between the fundamental opera-
tors of a tetrablock contraction, which will be used later in this paper.

Lemma 2.3. Let (A, B, P) be a tetrablock contraction on a Hilbert space H.
Let Fy, Fy and G1, Ga be fundamental operators of (A, B, P) and (A*, B*, P*)
respectively. Then

DpF), = (ADp — Dp-GoP)|p, and DpFy = (BDp — Dp-G1P)|p,.

Proof. We shall prove only one of the above, proof of the other is similar.
For h € H, we have

(ADp — Dp+G3P)Dph = A(I — P*P)h — (Dp-GyDp+)Ph
= Ah — AP*Ph — (B* — AP*)Ph
= Ah — AP*Ph — B*Ph+ AP*Ph
= (A— B*P)h = (DpF;)Dph. O
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Lemma 2.4. Let (A,B,P) be a tetrablock contraction on a Hilbert space H.
Let Fy, F» and Gy, G4 be fundamental operators of (A, B, P) and (A*, B*, P¥)
respectively. Then

PF; = G;P|p, fori=1,2.

Proof. We shall prove only for ¢ = 1, the proof for ¢ = 2 is similar. Note
that the operators on both sides are from Dp to Dp«. Let h,h' € H be any
two elements. Then

(PFy — G{P)Dph,Dp-1')

— (Dp-PF,Dph, 'y — (Dp+GEPDph, ')

= (P(DpF1Dp)h, ) — ((Dp+G1Dp+)Ph, I')

= (P(A— B*P)h,h')y — ((A— PB*)Ph,h)

= ((PA— PB*P — AP + PB*P)h,I/) = 0. O
Lemma 2.5. Let (A, B, P) be a tetrablock contraction on a Hilbert space H.

Let Fy, Fy and G1, G2 be fundamental operators of (A, B, P) and (A*, B*, P*)
respectively. Then

(FyDpDp+ — FoP*)|p,. = DpDp-G1 — P*G5,
(F5DpDp+ — F1P*)|p,. = DpDp-Gy — P*GY.
Proof. For h € H, we have
(F{DpDp+ — F3P*)Dp«h
= FDp(I — PP*)h — FoP*Dp-+h
= FDph — FfDpPP*h — F»DpP*h
= F{Dph — (F{DpP + F>Dp)P*h
= F{Dph — DpBP*h [by Lemma 2.2]
= (ADp — Dp«GoP)*h — DpBP*h  [by Lemma 2.3]
= DpA*h — P*G5Dp«h — DpBP*h
= Dp(A* — BP*)h — P*G5Dp+h
= DpDp-G1Dp+h — P*G5Dp+h
= (DpDp-Gy — P*G5)Dp+h.
Proof of the other relation is similar and hence is skipped. [l

Now we prove the main result of this section.

Theorem 2.6. Let Fy and Fs be fundamental operators of a tetrablock con-
traction (A, B, P) on a Hilbert space H. And let G1 and Gy be fundamental
operators of the tetrablock contraction (A*, B*, P*). If [F1,F5] = 0 and P
has dense range, then:

(i) [F1, Y] = [Fo, F3].

(i) [G1,G2] = 0.
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(ili) [G1,G7] = [G2,G5].

Proof. (i) From Lemma 2.2 we have DpA = F1Dp + F5DpP. This gives
after multiplying by F5 from the left in both sides,

F2DpA = FoFyDp + FoF5DpP
= DpF3;DpA = DpFyF1Dp + DpFyFy DpP
= (B— A*P)A = DpF,F\Dp + DpFyF5 DpP
= BA— A"AP = DpF;F\Dp + DpFyF5 DpP.
Similarly, multiplying by F; from the left in both sides of
DpB = F»Dp + FDpP
and proceeding as above we get
AB — B*BP = DpF\F>,Dp + DpF1F{ DpP.
Subtracting these two equations we get
(A*A— B*B)P = Dp[F1, F»|Dp + Dp(F\Fy — Fo F5)DpP.
Eliminating A and B by Lemma 2.1, we have
Dp(F{Fy — F5F5)DpP = Dp|Fy, F5]Dp + Dp(F1F} — F2F5)DpP
= Dp([F1, F| — [F2, F5])DpP = 0 [since [F}, F5] = 0.]
= Dp([F1, F}] — [F2, F5])Dp = 0 [since Ran P is dense in #.]
= [F1, FY] = [F2, F3].

(ii) From Lemma 2.4, we have that PF; = G} P|p, for i = 1 and 2. So
we have

PF\F;Dp = GIPF>Dp
= PFyF1Dp = GiPF,Dp [since F and F commute]
= G5G1PDp = G1G5PDp [applying Lemma 2.4]
= [G7,G5]Dp+P =0 = [G1,G2] = 0 [since Ran P is dense in #|.
(iii) From Lemma 2.3, we have DpFy, = (ADp — Dp-G2P)|p,, which
gives after multiplying FoDp from right in both sides
DpFiFsDp = ADpFyDp — Dp+GoPFyDp
= DpF1FsDp = A(B — A*P) — Dp«G2G5PDp [applying Lemma 2.4]
= DpF1FsDp = AB — AA*P — Dp-G2G5PDp.
Similarly, multiplying by F1Dp from the right on both sides of
DpFy = (BDp — Dp-G1P)|p,,

we get
DpFyFi1Dp = BA— BB*P — Dp«G1G1PDp.
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Subtracting these two equations we get
Dp[Fy, F5]Dp = Dp«(G1G] — GoG5)Dp+P — (AA* — BB*)P.

Now applying Lemma 2.1 for the tetrablock contraction (A*, B*, P*) and
re-arranging terms, we get

Dp[Fy, F2]Dp = Dp-([G1, G1] — G2, G5]) Dp- P
= DP*([Gl, GT] — [GQ, G;DDP*P =0 [since [Fl, FQ] = 0.}
= [G1,G]] = [G2, G5] [since Ran P is dense in H]. O

We would like to mention a corollary to Theorem 2.6 which gives a suf-
ficient condition of when commutativity of the fundamental operators of
(A, B, P) is necessary and sufficient for the commutativity of the fundamen-
tal operators of (A*, B*, P*¥).

Corollary 2.7. Let (A, B, P) be a tetrablock contraction on a Hilbert space
H such that P is invertible. Let Iy, Fy,G1 and G be as in Theorem 2.6.
Then [F1, F5] = 0 if and only if [G1,G2] = 0.

Proof. Suppose that [Fy, F5] = 0. Since P has dense range, by part (ii)
of Theorem 2.6, we get [G1,G3] = 0. Conversely, let [G1,G2] = 0. Since
P is invertible, P* has dense range too. So applying Theorem 2.6 for the
tetrablock contraction (A*, B*, P*), we get [F1, F3] = 0. O

We conclude this section with another relation between the fundamental
operators which will be used in the next section.

Lemma 2.8. Let Fy and F> be fundamental operators of a tetrablock con-
traction (A, B, P) and G1 and G2 be fundamental operators of the tetrablock
contraction (A*, B*, P*). Then

(2.1) (Ff + F22)0p+(2) = Op+(2)(G1 + G32),
(2.2) (F2* + Flz)@p* (Z) = Op= (Z)(GQ + GTZ),
for all z € D.

Proof. We prove Equation (2.1) only. The proof of Equation (2.2) is similar.
By definition of © p« we have

(o.¢]
(Ff + Fy2)0pe(2) = (Ff + Fy2) (—P* +) z"“DpP”Dp*) ,
n=0

which after a re-arrangement of terms gives

o
—F{P* + 2(—FyP* + F{DpDp-) + Y _ 2"(F{ DpP + F,Dp)P""*Dp-,
n=2

which by Lemma 2.2, 2.4 and 2.5 is equal to

00
—P*Gy + Z(DPDP*Gl — P*Gz) + Z ZnDpBPn72Dp*.

n=2
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On the other hand

Op-(2)(G1 + G3z) = (—P* +y z"HDpP"Dp*) (G + Gi2),

n=0

which after a re-arrangement of terms gives

[o¢]
—P*Gy+ 2(DpDp-Gy — P*G3) + Y _ 2"DpP" *(PDp-G1 + Dp-G3),

n=2

which by Lemma 2.2 is equal to

00
— P*Gq + Z(Dpr*Gl — P*GE) + ZZnDan_2BDP*

n=2

o0
= —P*G1+ 2(DpDp-Gy — P*G3) + > z"DpBP" *Dp-.

n=2

Hence (F} + F»z)Op«(2) = Op«(2)(G1 + G5z) for all z € D. O

3. Beurling—Lax—Halmos representation for a triple of
operators

In this section we prove a Beurling—Lax—Halmos type theorem for the
triple of operators (Mpy 4,2, Mpy 1 Fy 2, M:) on HZ(D), where € is a Hilbert
space and Fy, Fy» € B(E). The triple (MF;+F22,MFQ*+F1Z,M,Z) is not com-
muting triple in general, but we shall show that when they commute an
interesting thing happens.

Theorem 3.1. Let Fy, Fy € B(E) be two operators. Then a nonzero closed
subspace M of H3(D) is (MFy 4 Fyzy MEg 1+ Fy 25 M) -invariant if and only if
(Ff + F52)0(2) = 0(2)(G1 + G52),

(Fy + F12)0(2) = 0(2)(G2 + G12),
for all z € D, for some unique G1,Ga € B(E,), where (E,,E,0) is the

Beurling—Laz—Halmos representation of M.

Moreover, if the triple (Mps 4 Fyz, Mg+ 1y 2, M) on HZ(D) is a tetrablock
isometry, then the triple (Mg, yGy2, My +ay2y M) is also a tetrablock isom-
etry on H%(E,) .

Proof. So let {0} # M C HZ(D) be a (Mps 4,2, Mps4F, 2, M )-invariant
subspace. Let M = MgHZ (D) be the Beurling-Lax-Halmos representation
of M, where (&,,&,0) is an inner analytic function and &, is an auxiliary
Hilbert space. Since M is Mg+ p,. and Mgy F . invariant also, we have
Mg 5, -MeoHZ (D) C Mo HZ (D),
MF2*+F12M6H3* (D) C MpHZ (D).
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Now let us define two operators X and Y on H?(&,) by the following way:

Mps 4 p,- Mo = Mo X,
Mp;4r Mo = MeY.

That X and Y are well defined and unique, follows from the fact that © is an
inner analytic function, hence Mg is an isometry, (see [13, ch. V, prop. 2.2].)

Mpy+mMe = Mo X = MgMp:,p,. Mo = X" [as Me is an isometry]
= MMM, Mo = M:X*
= M§Mje . Mo M? = M;X*
= X*M=MX".

Hence X commutes with M. Similarly one can prove that ¥ commutes with
M,. So X = My and Y = My, for some ®,¥ € H*(B(E,)). Therefore we
have

(3.1) Mps+p-Mo = Mo Ms,
Mp;+r Mo = MeMy.

Multiplying M¢ from left of (3.1) and (3.2) and using the fact that Mg is
an isometry, we get

(3.3) MM gy Mo = M,
(3.4) M&ME; 1+, -Mo = My.

Multiplying M} from left of (3.3) we get, MeMpy Mo = M; Mg, here
we have used the fact that Mg and M, commute. Hence

My = M§MoMy = Mg My p.Mo = MiM..

Similarly dealing with Equation (3.4), we get Mg = MyM,. Considering
the power series expression of ® and ¥ and using that Me = Mg M, and
My = MiM,, we get ® and ¥ to be of the form ®(z) = G; + G5z and
U(z) = G2 + Giz for some G1,Gy € B(E,). Uniqueness of G and Ga
follows from the fact that X and Y are unique. The converse part is trivial.
Hence the proof of the first part of the theorem.

Moreover, suppose that (Mgz 4,2, Mpy 4+ F, 2, M) is a tetrablock isometry.
To show that (Mg, 16352, May+632, M=) is also a tetrablock isometry we first

2
show that they commute with each other. Commutativity of Mg, 3. and
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Me,+cr. with M is clear. Now

Me,+cz-May+6r2

= MéMFHFZZM@MgMF;JFFlZM@ [using Equations (3.3) and (3.4)]

= MéMFf+F22MF5+F13M9 [by Equation (3.2)]

= MgMF;+F12MFf+F2zM9 [since Mgy pyz and Mgz p - commute]

= MgMFpy 4 -MeMgMp; Mo [by Equation (3.1)]

= Ma,+ci2Ma,+G32-
Since (MFy 4+ ryz, MFy 4+ F 2, M) is a tetrablock isometry, we have by part (3)
of Theorem 5.7 in [7] that |[Mpg; 1 p .|| <1, . From the operator equation

Mgyarz = MEMFEy 4+ - Mo

we get that ||[Mg,iq;.|| < 1. From the proof of the first part, we have
that Mg = My M, Hence (Mg, G52, MG,y+G72, M) is a tetrablock isometry
invoking part (3) of Theorem 5.7 in [7]. O

Now we use Lemma 2.8 to prove the following result which is a conse-
quence of Theorem 3.1.

Corollary 3.2. Let Fi, F» and G1, G2 be fundamental operators of (A, B, P)
and (A*, B*, P*) respectively. Then the triple (Mg, G5z, MGytGyz, M) is a
tetrablock isometry whenever (MF{‘+F2Z7 MF2*+F127 M) is a tetrablock isom-
etry, provided P* is pure, i.e., P* — 0 strongly as n — oo.

Proof. Note that while proving the last part of Theorem 3.1, we used the
fact that the multiplier Mg is an isometry. Since P* is pure, by virtu of
Proposition 3.5 of chapter VI in [13], we note that the multiplier Mg, is
an isometry. From Lemma 2.8, we have

(Ff + F52)Op=+(2) = Op=(2)(G1 + G52),

(F5 4+ F12)Op«(2) = Op=(2)(G2 + G1 2),
for all z € D. Invoking the last part of Theorem 3.1, we get the result as
stated. O
4. Functional model

In this section we find a functional model of pure tetrablock contractions.
We first need to recall the functional model of pure contractions from [13].

The characteristic function as in (1.6) induces a multiplication operator
Mg, from H?(D) ® Dp into H*(D) ® Dp+, defined by

Mo, f(2) = ©p(2)f(2), for all f € H*(D)® Dp and z € D.
Note that Mg, (M, ® Ip,) = (M. ® Ip,.)Me,. Let us define
Hp = (HA(D) ® Dp-) © Mo, (HA(D) @ Dp).
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In [13], Sz.-Nagy and Foias showed that every pure contraction P de-
fined on an abstract Hilbert space H is unitarily equivalent to the opera-
tor Py,(M, ® Ip,.)np, where the Hilbert space Hp is as defined above
and Py, is the projection of H?(D) ® Dp+ onto Hp. Now we mention
an interesting and well-known result, a proof of which can be found in [8,
Lemma 3.6]. There it is proved for a commuting contractive d-tuple, for
d > 1. We shall write the proof here for the sake of completeness. Define
W :H — H*(D) ® Dp+ by

oo

W(h) = z"@Dp-P*"h, for all h € H.

n=0
It is easy to check that W is an isometry when P is pure and its adjoint is
given by

W*(2" ® &) = P"Dp+&, for all £ € Dp« and n > 0.
Lemma 4.1. For every contraction P, the identity
(4.1) WW?* + Mo, Mg, = I2m)epp.
holds.
Proof. As observed by Arveson in the proof of Theorem 1.2 in [5], the
operator W* satisfies the identity
W*(k, ® &) = (I — ZP) "' Dp-«£ for z € D and € € Dp-,
where k,(w) := (1 — (w, z))~! for all w € D. Therefore we have
(WW* + Mo, Mg ) (k: © ), (kuw ®1n))

= (W*(k. @ &), W*(kw @ 1)) + (Mg, (k2 ® §), Mg, (kw ® 1))

(I = 2P)™'Dp+&,(I = wP)™ Dpen) + (ks @ Op(2)"€, kuw ® Op(w)*n)
Dp+(I —wP*) "I = 2P) "' Dp-&,n) + (kz, k) (Op(w)Op(2)*¢, 1)
k,®& ky @n) for all z,w e D and £,n € Dp-.

=
=
Here, the last equality follows from the following well-known identity

I —0p(w)Op(2)* = (1 —wz)Dp«(I —wP*)"Y(I — zP) "' Dp-.

Now using the fact that {k, : z € D} forms a total set of H?(ID), the assertion
follows. g

The following theorem is the main result of this section.

Theorem 4.2. Let (A, B, P) be a pure tetrablock contraction on a Hilbert
space H. Then the operators A, B and P are unitarily equivalent to

Pyp(I® Gl + M ® Go)lup,

Pyp(I @Gy + M: ® G1)lap,

Py (M, ® Ip,.)

respectively, where G1,Ga are the fundamental operators of (A*, B*, P*).

Hps
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Proof. Since W is an isometry, WW™* is the projection onto Ran W and
since P is pure, Mg, is also an isometry. So by Lemma 4.1, we have

W(Hp) = (H*(D) ® Dp+) © Mo, (H*(D) ® Dp).
For every £ € Dp+ and n > 0, we have
WHI @ GY + M. ® G2)(2" ® §) = W* (2" ® Gi&) + W' (2" © Ga¢)
= P"Dp-GiE 4+ P Dp.Goé
= P"ADp-¢ [by Lemma 2.2]
= AP"Dp-£ = AW*(2" ® €).
Therefore we have W*(I ® G} + M, ® G2) = AW™ on the set
{z"®¢&: wheren >0 and £ € Dp-},
which spans H2(D)®Dp+ and hence we have W*(I®Gi+M,Go) = AW*,
which implies W*(I @ G7 + M, ® Ga)W = A. Therefore A is unitarily
equivalent to Py, (I ® G7 + M, ® G2)|y,. Also we have for every £ € Dp-
and n > 0,
WHI @ Gy + M. ® G1)(2" ® §) = W' (2" ® G3¢) + W' (2" © G1¢)
= P"Dp«G35¢ + P" ' Dp.G1€
= P"BDp-{ [by Lemma 2.2]
= BP"Dp-& = BW* (2" @ €).
Hence by the same argument as above, we have
W (I ® G5+ M, ® Gy) = BW™.
Therefore B is unitarily equivalent to Py, (I ® G5+ M, ® G1)|y,. And
finally,
W* (M, ® )(=" ® €) = W*(z"*1 @ ¢) = P Dpe€ = PW* (2" ©€).

Therefore P is unitarily equivalent to Py, (M, ® Ip,.)|#,. Note that the
unitary operator which unitarizes A, B and P to their model operators is
W:H— Hp. O

We end this section with an important result which gives a functional
model for a special class of tetrablock contractions, viz., pure tetrablock
isometries. This is a consequence of Theorem 4.2. This is important because
this gives a relation between the fundamental operators G; and G of adjoint
of a pure tetrablock isometry.

Corollary 4.3. Let (A, B, P) be a pure tetrablock isometry. Then (A, B, P)
is unitarily equivalent to (MGTJFGQZ,MGS_,_GN,MZ), where G1 and Go are
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the fundamental operators of (A*, B*, P*). Moreover, G1 and Gy satisfy
FEquation (1.3).

Proof. Note that for an isometry P, the defect space Dp is zero, hence the
charateristic function ©p is also zero. So for an isometry P, the space Hp
becomes H?(D) ® Dp+. So by Theorem 4.2, we have the result. From the
commutativity of the triple (Mg G,z MG3+G,2, M), it follows that G and
G4 satisfy Equation (1.3). O

Remark 4.4. In [7] (Theorem 5.10), it was shown that every pure tetrablock
isometry (A, B, P) on H is unitarily equivalent to (MTI«JFTQZ,MTQ@HZ,MZ)
on HZ(D) for some 71,75 in B(E). Corollary 4.3 shows that the space £
can be taken to be Dp+ and the operators 7,7 can be taken to be the
fundamental operators of (A*, B*, P*).

5. A complete set of unitary invariants

Given two contractions P and P’ on Hilbert spaces H and H’ respectively,
we say that the characteristic functions of P and P’ coincide if there are
unitary operators u : Dp — Dp: and us : Dp» — Dpi+ such that the
following diagram commutes for all z € D,

Dp Srl), Dp-~

Dpr ———— Dpr=.
P Opi(z) P

In [13], Sz.-Nagy and Foias proved that the characteristic function of a c.n.u.
contraction is a complete unitary invariant. In other words,

Theorem 5.1. Two completely nonunitary contractions are unitarily equiv-
alent if and only if their characteristic functions coincide.

In this section we give a complete set of unitary invariants for a pure
tetrablock contraction.

Proposition 5.2. If two tetrablock contractions (A, B, P) and (A, B', P")
defined on H and H' respectively are unitarily equivalent then so are their
fundamental operators.

Proof. Let U : H — H’ be a unitary such that UA = A'U,UB = B'U and
UP = P'U. Then we have

UD% =U(I - P*P)=U — P""PU = D%U,

which gives UDp = DpU. Let U = Ulp,. Then note that U € B(Dp, Dpr)
and UDp = DpU. Let Fi,Fy and F|, F) be fundamental operators of
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(A, B, P) and (A', B', P’) respectively. Then
DpUF,U*Dp = UDpFDpU* = U(A — B*P)DpU*
=A' - B"*P = Dp/Flle/.
Therefore we have UF,U* = FJ. Similarly one can prove UF,U* = F}. [

The next result is a sort of converse to the previous proposition for pure
tetrablock contractions.

Proposition 5.3. Let (A, B, P) and (A’, B', P') be two pure tetrablock con-
tractions defined on H and H' respectively. Suppose that the characteristic
functions of P and P’ coincide and the fundamental operators (G1,G2) of
(A*, B*, P*) and (G, GY%) of (A™, B™, P™) are unitarily equivalent by the
same unitary that is involved in the coincidence of the characteristic func-
tions of P and P'. Then (A, B, P) and (A’, B', P') are unitarily equivalent.

Proof. Let u : Dp — Dp:r and uy : Dp» — Dp+ be unitary operators such
that

uG1 = Glug, uGo = Ghu, and u,Op(2) = Op/(2)u
hold for all z € . The unitary operator uy : Dp» — Dp+ induces another
unitary operator U, : H?(D) ® Dpx — H?(D) ® Dps+ defined by

Ui(z" ® &) = (2" @ uik)
for all £ € Dp+ and n > 0. Note that
Ui(Mep f(2)) = us©p(2) f(2) = Op/(2)uf(z) = Mo, (uf(2)),

for all f € H*(D)®Dp and z € D. Hence U, takes Ran Mg, onto Ran Mo,
Since U, is unitary, we have

U.(Hp) = U((Ran Mg, )") = (U.Ran Mg, )" = (Ran Mg, )= = Hp'.
By definition of U, we have
U(I®GT+ M, ®G)" =1 @u)(I® G+ M ®G3)

=1 Q@ u.G1 + M @ u, G5
=1 ® Glu. + M} @ G5u,
=T @G+ MGy (I ®u,)
= @G} + M, ®Gy)U,.

Similar calculation gives us

U(I®Gy+ M, 2G)" =(1®G5+ M, G))*U.

Therefore Hpr = U,(Hp) is a co-invariant subspace of (I ® G} + M, @ GY)
and (I ® G + M, ® G). Hence

Py (I ® G+ M, @ Go)layp = Py, (I @ G+ M, @ Gy) |y,
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and
Pyp(I® G5+ M, @ G)lap = Py, (1@ G5+ M, @ GY) oy,

and the unitary operator which unitarizes them is Uy|y, : Hp — Hpr.
And also by definition of U, we have

Us(M, @ Ipp.) = (I @ us) (M, @ Ipp,.) = (M, ® Ip,,. ) (I @ ux)
= (M, ® Ip,,.)Us.

So Py, (M. ® Ip,.)|sp = Py, (M. ® Ip,,.)|#, and the same unitary
Uilpp : Hp — Hpr unitarizes them. Therefore (A, B, P) = (A", B',P’). O

Combining the last two propositions and Theorem 5.1, we get the follow-
ing theorem which is the main result of this section.

Theorem 5.4. Let (A, B, P) and (A’,B’, P") be two pure tetrablock con-
tractions defined on H and H' respectively. Suppose (G1,G2) and (G}, GY)
are fundamental operators of (A*, B*, P*) and (A, B™, P™) respectively.
Then (A, B, P) is unitarily equivalent to (A', B', P') if and only if the char-
acteristic functions of P and P coincide and (G, G2) is unitarily equivalent
to (G}, GY) by the same unitary that is involved in the coincidence of the
characteristic functions of P and P’.

6. An example

6.1. Fundamental operators. Consider the Hilbert space

o o0
HXD*) ={f:D?>=C: f(z1,22) = Z a;; 7123 with Z |a;;|* < oo
i,j=0 1,j=0

with the inner product

) 00 oo 00
Z iJ E: iJ _E :E : T
Aj52125, bij2122 = aijbij.

4,5=0 1,j=0 i=0 j=0

Consider the commuting triple of operators (M,,, M,,, M,,,,) on H?*(D?).
It can be easily checked by Theorem 5.4 in [7], that (M,,, M.,, M,,,,) is
a tetrablock unitary on L2(T?). Note that (M,,, M.,,, M,,.,) on H?(D?)
is the restriction of the tetrablock unitary (M,,, M,,, M,,.,) on L?(T?) to
the common invariant subspace H?(D?) (naturally embedded) of L?(T?2).
Hence by definition, (M,,, M,,, M,,.,) on H*(D?) is a tetrablock isometry.
In this section we calculate the fundamental operators of the tetrablock
co-isometry (M}, Mz M} . ) on H?(D?). For notational convenience, we

z17? 227 2122

denote M, ,M,, and M,, ., by A, B and P respectively.
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Note that every element f € H?(D?) has the form Z?E’:O aijzizg where
a;; € C, for all 4,7 > 0. So we can write f in the matrix form

apo Qo1 ao2
aijp ail a2
((aij)ﬁ;:o “laog ao1 asn ... |>

where (ij)-th entry in the matrix, denotes the co-efficient of 2% zé in the series
> ii=0 aijziz}. We shall write the matrix form instead of writing the series.
In this notation,

(6.1) A((@)35s) = (aa-1,)
(6.2) B (((ai)352) = (aig1))
(6.3) P (((@ii)352) = (aG-16-1)
with the convention that a;; is zero if either i or j is negative.
Lemma 6.1. The adjoints of the operators A, B and P are as follows:
A <((ai]~))§j.:0> = (aG+1)) »
B* (((Gij))f,'}:o> = (aig+1)) »
P* (((a)35o) = (asnyen) -
Proof. This is a matter of easy inner product calculations. O
Lemma 6.2. The defect space of P* in the matrix form is
oo 4ol ao2

aijg O o ... 9 e ) > )
D=3 lase 0 0 .. |:laol®+D_ laoi*+ lajol* < oo
) . . j=1 j=1

The defect space in the function form is span{1, 2}, z% :1,j > 1}. The defect
operator for P* is

Gopo aopr ap2 - -- apo apr ap2
aip ai1p a2 ... aio 0 0
D p=

asg as1 a2 ... | — lasg O 0

Proof. Since P is an isometry, Dp+ is the projection onto the orthogonal
complement of Ran(P). The rest follows from the formula for P in (6.3). O
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Definition 6.3. Define G1,Gs : Dpx — Dp+ by

app aplr aop2 ... aio 0 0
aio 0 0 PN a0 0 0 ...
G1 a0 0 0 = asp 00 ...
apo G@o1 ap2 - -- aplr @2 @o3
aio 0 0 N 0 0 0 N
Galag 0 o0 ...[=lo0o o o .|

for all ajo,ap; € C,j=0,1,2,... with Z?io |lag;|? + Z]oil lajo|? < oo.

Lemma 6.4. The operators G1 and Go defined in Definition 6.3 are the
fundamental operators of (A*, B*, P*).

Proof. We must show that (G; and G satisfy the fundamental equations.
Using Lemma 6.1, we get

app Aol Qo2
ajp ailz ai2

* *
(A" = BP7) azp a1 G2

aijp ai; a2 .. ai; a2 ai
asp a1 a2 .. B as a2 a3
~las a3 asx ... | a3zl as2 ass
ayp a1 a2 ... 0 a1 a2
azp a1 a2 ... 0 a1 ag
“lazx a3 aze ... 7|0 a3z a3
aio 0 0
a0 0 0
= aso 0 0




and
apop apr ao2
ajp a1 @12
* *
(B* — APY) a0 a21 @22
aplr ap2 Qo3 ailp a2 ais
ail a2 a3 4 a1 G2 23
— | a21 a22 asg3 o azy az2 ass
apglr ap2 Aags 0 0 0
ail a2 a3 ail a2 a3
— | a21 a2z asg3 T | a1 az2 ags
ap1r ap2 Qo3
0 0 0
=10 0 0
Using Lemma 6.2 and Definition 6.3, we get
apo  apl  Go2 apo Aol
Do G D alp a1l a2 DoeCo aro O
PP L agg a1 ago =Pl lagy 0
aio 0 0
a0 0 0
aso 0 0
app  aopl  Go2 apo Aol
Do oD alp a1 a2 Do aip O
P2 Pr | agg  az1  ago —HP2 Lagg 0O
apr  Gp2 o3
0 0 0
=10 0 0

Therefore, G; and G9 are the fundamental operators of (A*, B*, P*).
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0
0

ap2
0
0
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6.2. Explicit unitary equivalence. From Corollary 4.3, we now know
that if (A, B, P) is a pure tetrablock isometry, then (A, B, P) is unitarily
equivalent to (MgyyG,z, Mas1Gy2y M:), where G1 and G are the funda-
mental operators of (A*, B*, P*). The operator M,,,, on H?(D?) is a pure
contraction as can be checked from the formula of P* in Lemma 6.1. In
the final theorem of this section, we find the unitary operator which imple-
ments the unitary equivalence of the pure tetrablock isometry (A4, B, P) on
H?(D?).

Theorem 6.5. The operator U : H?(D?) — H%P* (D) defined by
(6.4) Uf(z) = Dp«(I — 2zP*)7"'f, for all f € H*(D?) and z € D
is a unitary operator and satisfies

U*(Mas 4Gz Mas4Gr2o M2)U = (A, B, P).

Proof. We first prove that U is one-one. Expanding the series in (6.4), we
get,

(6.5) Uf(z) = Dp+f + 2Dp-P*f + 2*Dp« P**f + -+ - .
Therefore
U713 @) = 1D Fby. + D2 P* {1y, + D P2 .+
= £~ tim [P £> = | fll32pe)- [since P is pure

From the explicit series form of U (Equation 6.5), we see that U in matrix
form is the following.

app ap1 ap2 .- apo ap1 aop2
aip a1l a1z ... aig O 0

U ap a21 A2 ... = aQ 0 0

ayilp a2 ais
asy 0 0
t2lay; 0 0

G2 Q23 Aa24
9 as2 0 0

T2 law 0 0 .|t
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From this representation, it is easy to see that U is onto H%P* (D). It can
be easily checked by definition of G; and Ga (Definition 6.3) that

apo aopr ao2
ailg O 0
G*
11 ago 0 0
apo aop1 ao2
G* aio 0 0
2laypg O 0

0
ago
aio
a20

OO OO

00

O OO
o O O

To prove U* (Mg +Gyzs MGy+Gy2, M2)U = (A, B, P), we proceed by proving

U*M.U = P first. Note that

app apr o2
MU alp ailp ai2
Z a0 a1 a2
Therefore
apo  aol
. aip ail
UM, U

G20 a21

app Aol Qo2
aio 0 0
=z a0 0 0
a1 a2 a3
9 a1 0 0
+z a3zl 0 0
azy a3 a4
5 | @32 0 0
T2 law 0 0 T
a 0 O 0 0
02
a1s 0 ago a1 ao2
- — |0 app a1 a2
0 ag a1 ao
app aolr ao2
alp a1l a2

a0 a2

a22

Now to prove M, = U* Mgy 4.6,U, we first calculate Mg .c,U. Using the
definition of G1, G2 and U, it is a matter of straightforward computation to
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obtain
app ap1 4ap2 .- 0 0 0
aijp ai;1 aig ... apo 0 0
MGT+ZG2U asp G221 a2 ... - aio 0 0
ap1r  ap2 ap3
all 0 0
+2z asi 0 0
a2 a3 a4
9 ago 0 0 e
+z aza 0 0o ...| 1t
Therefore
a a a 0 0 0 0
00 01 02
app aop1r ap2 4aop3
* 10 i @2 ajp a1 a2 a3
u MGT"‘ZG?U azg Qo1 G2 ... | =
i a20 a1 a2 a3
apo ap1  aop2
M aijp ail1 a2
T A aze ag1 422
The proof of M,, = U*MG§+zG1U is similar. U
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