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On numerical diameters and linear maps

Niel de Beaudrap and Christopher Ramsey

ABSTRACT. This paper studies the diameter of the numerical range of bounded
operators on Hilbert space and the induced seminorm, called the numerical
diameter, on bounded linear maps between operator systems which is sensi-
ble in the case of unital maps and their scalar multiples. It is shown that the
completely bounded numerical diameter is a norm that is comparable but not
equal to the completely bounded norm. This norm is particularly interesting
in the case of unital completely positive maps and their sections.
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1. Introduction

The numerical range and its maximum distance from the origin, the numeri-
cal radius, are widely studied mathematical objects, originating with Hausdorff
and Toeplitz, see [2] for a thorough treatment of the subject. Numerical ranges
have also been widely studied in quantum information theory [6, 18] and in
other applied settings as the numerical range can be a reasonable approxima-
tion for the spectrum.

This paper concerns the related concept of the numerical diameter which
is the diameter of the numerical range. This is especially well-behaved in the
context of normal operators as the numerical diameter is equal to the spectral
diameter, the diameter of the spectrum. This concept also has motivations from
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quantum information theory, where for a bounded Hermitian operator H, it
represents the minimal norm of an operator H + c1 > 0, essentially taking
the minimum eigenvalue of H as a reference point for all other eigenvalues.
However, the numerical diameter has been studied far less than the numerical
radius, appearing only a few times in the literature over the years [12, 19, 7, 3]
with different results from what we are presenting here.

Section 2 introduces the spectral and numerical diameters of an operator and
establishes that the numerical diameter is a seminorm that is invariant under
translations of scalar multiples of the identity. In particular, the relationship to
the operator norm and the numerical radius are worked out.

Section 3 introduces the main consideration of the paper, which is the in-
duced seminorm (again called the numerical diameter) of linear maps between
operator systems given by the numerical diameter. We describe an application
for numerical diameters, on operators and on linear maps, to quantum infor-
mation theory. Recall, that a (concrete) operator system is a self-adjoint, unital,
closed subspace of bounded operators on a Hilbert space, 8 C B(J() . That is,
E* € Sfor every E € 8. The self-adjoint operators will be denoted S,,. In
this context, the bounded linear maps with a bounded numerical diameter are
precisely those which are scalar multiples of unital maps, here called parauni-
tal maps. As is typical with linear maps of operators much can be learned by
considering their complete structure. To this end, we introduce the completely
bounded numerical diameter. This turns out to be a norm comparable to, but
distinct from, the cb-norm for paraunital maps, Theorem 3.12.

Section 4 studies unital completely positive maps and their sections (that
is, their right inverses), and their behaviour with respect to the numerical di-
ameter. It is shown that a ucp map has a contractive cb-numerical diameter,
Proposition 4.7. This is used along with the rest of the section to prove that a
section of a ucp map is an isometry if and only if the cb-numerical diameter is
equal to 1, Theorem 4.13. The rest of the section explores the best that can be
said of approximately isometric maps.

Section 5 considers translating finite-dimensional self-adjoint maps by mul-
tiples of the trace. There is always such a translation that makes the map com-
pletely positive, Theorem 5.2. One needs additional conditions, namely scaled
trace-preserving, to ensure that there is a translation that is a section of a com-
pletely positive map. These translations fit in with the rest of the paper as they
do not change the numerical diameter of the map. However, translations by
scalar multiples of the trace usually change the completely bounded diameter
so it does come at a cost.

2. Spectral and numerical diameters of operators

We begin by introducing the main concepts of this paper.
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Definition 2.1. For a (possibly infinite-dimensional) Hilbert space J( and for
E € B(H), the spectral diameter of E is

IIE|odiam = sup{|A — u| : A, u € o(E)}
where o(E) is the spectrum of eigenvalues of E; and the spectral radius of E is
p(E) = sup{|A| : 1 € o(E)}.
In the case where E is self-adjoint this is more simply given as
||E||c7diam = AmaX(E) - Amin(E) and P(E) = max {Mmax(E)ls Mmm(E)l} .

The spectrum of an operator is of course compact, so these suprema are ac-
tually maxima. These two quantities impart some useful information for self-
adjoint operators, and more generally for normal operators. Specifically, for the
spectral radius we have Gelfand’s formula:

p(E) = lim [[E"|[1/%.
n—oo

By functional calculus this implies that for E € B(#() normal
pP(E) = ||E]|,

a result which one can also obtain from the Spectral Theorem. However, the
spectral diameter and spectral radius become trivial for many non-normal oper-
ators, e.g., anything with o(E) = {0}. One can sensibly extend these definitions
to non-normal operators through the numerical range.

Definition 2.2. For a Hilbert space } and an operator E € B(H') the numeri-
cal range of E is

%:ve}(,v;éo}.

The numerical range is a convex set (the Toeplitz-Hausdorff theorem, [23,
14]) and is easily seen to be bounded, living in the disk of radius ||E||. (That is,
we have W(E) C ||E||D, where D = {z € C : |z| < 1}, and D is its closure.
It will occasionally be useful to describe applications of the numerical range to
self-adjoint bounded operators which are related to a given bounded operator
E:

W(E) = {

Lemma 2.3. IfE € B(¥), then
W(Re(E)) =1{Re(1) : 1 € W(E)} and W(Im(E)) ={Im(4) : 1 € W(E)}.
Proof. Let v € A with ||v|| = 1. Then
Re ((Ev,v)) = % ((Ev, v) + (Eu, v))
= %((Ev, V) +(E*v,0)) = (Re(E)v,v).

The imaginary calculation follows similarly. (]
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Recall that the states over a C*-algebra are the positive linear functionals
with norm 1. (This coincides in finite dimensions with maps of the form E +—
Tr(Eq), for an arbitrary positive-semidefinite operator g with unit trace.) In
particular, states are related to the numerical range since E — (Ev,v) for any
v € H,||v|| = 1is a state.

Proposition 2.4. For E € B(H)
W = {¢(E) : ¢ isastate on B(F )}
= {¢(E) : ¢ isastate on C*(E)}
= {¢p(E) : ¢ isastate on S}
for any operator system S C B(H() such thatE € 8.

Proof. The first result can be found recorded in [1] but is certainly older. Note
that the second equality follows from the third.

Now, every restriction of a state on B(¥) to 8 is clearly a state on 8. Con-
versely, by Arveson’s Extension Theorem, cf. [20, Theorem 7.5], every state on
8 can be extended to a state on B(). O

Identifying the closure of the numerical range with the image of the state
space allows us to be vague about the concrete context of our operator systems.
In particular, the closure of the numerical range is preserved by completely iso-
metric order isomorphisms of the operator systems. One should note that W(E)
is also equal to the images under the unital completely contractive linear func-
tionals on a unital operator space M' C B(H) with E € M. Many of these ideas
are pursued further in [10].

Proposition 2.5 (Theorem 8.14 [22]). For every normal E € B(H)
W(E) = conv(c(E)),

the convex hull of the spectrum.

This highlights that the closure of the numerical range is a better object of
study than the spectrum since it allows us to be context-free.

Example 2.6. As an operator system C(T) embeds completely isometrically into
C(D) by the identity map z" — z" for all n € Z, just not multiplicatively. Then
ocm)(z) = Tand ac(ﬁ)(z) = D, which of course both have the same convex hull.

The upshot of the previous proposition is that if E € 8 is a self-adjoint ele-
ment in an operator system then A,,,,(E) and A,;,(E) are well-defined regard-
less of how 8 is embedded into a specific B(F).

One can then extend the definitions of the spectral diameter and radius to
something better behaved on non-normal operators, as follows.

Definition 2.7. For a Hilbert space } and an operator E € B(H) the numeri-
cal diameter of E is

”EHdiam = Sup{l/1 - ,Ll| : /qu € W(E)}
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and the numerical radius of E is
r(E) = supf|1| : 1 € W(E)}.
By Proposition 2.5 for any normal E € B(J() we have
|Ellodiam = [|Ellgiam and  p(E) = r(E).

Remark 2.8. The width of the numerical range has also been considered, that is,
the smallest distance between parallel lines that touch the boundary of the numer-
ical range [5, 7]. As well, [4] studies the inner diameter of the numerical range,
the diameter of the largest disk that the numerical range contains.

We now prove many elementary properties of the numerical diameter.
Proposition 2.9. For any E € B(¥(), ||E||giam < 2||E|| and ||E||giam < 2F(E).
Proof. As we noted above, for every v € H,v # 0, one has

(Ev, ) (v,v)|
) ool = IE]|-

< |E]]

Thus,
IElldiam = sup {|1 —u| : 4, u € W(E)}

= sup{ {Ev,0) _ {Ew, w) v, weH,v,w# 0} < 2||E]|.
(L,v)  (w,w)
The second inequality follows more simply from the triangle inequality. ]

Proposition 2.10 ([2]). The numerical radius is a norm on B(H) with
r(E) < ||E|| £2r(E) and r(E*)=r(E)
forevery E € B(J().
Proposition 2.11. Let E € B(J(). Then
Eldiam = mcax ||Re(CE)||diam

= mcax”Im(cE)Hdiam = max %||aE+bE*

diam
where the maxima are taken over a,b,c € C such that |a| = |b| = |c| = 1.
Proof. For an arbitrary c € C with |c| = 1, we clearly have
Re(cE) = %(CE +C*E*) = éc(E + ¢c72E%).
Letting s = ¢2, we then have
Ry = 3B + B
- %”c(E +SE) giam = %”E +SE| g

For an arbitrary a € C with |a| = 1, let b = as. We then also have
%HE + SE* a*(aE + bE*) = %“aE + bE*

1
diam E| diam °

diam
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Conversely, any such choices of a, b, s € C determine a value of c € C up to a
factor of +1. As ||Re(1—cE)H diam = “Re(cE)” diam® the range of the expressions
%k

“Re(CE)”diam and of E”aE + bE dia
units a,b,c € C. Taking ¢/ = —ic, we obtain similar results for Im(cE) =
—%i(cE — ¢*E*) = Re(¢'E).

It then suffices to show that ||E||gjam 1S the maximum value of these quantities
over a,b,c € C with |a| = |b| = |c| = 1. We may show that ||E||giam is indeed
an upper bound:

., are the same, as functions of complex

é“aE + DE® < é(HaE”diam + ||bE>k

diam)
1 *
= ~(IBlldiam + IE* lgiam ) = 1B llgarm -

diam

To show that this bound can be achieved, let 4, u € W(E) be such that [1—u| =
IE || giam- If4 = w, it follows that E o 1p4() , in which case the proposition holds.
Otherwise, consider

B /1*_#*
12 —ul’

so that cA —cu = |2 — u|. Thencd = p + ir and cu = q + ir for some real
values p, q,r € R, where furthermore p > q. Hence, by taking closures in the
previous lemma, p = Re(cA) and g = Re(cu) are both elements of W(Re(cE)),
from which it follows that ”Re(cE)“ dam =P 4= IIE || diam - O

Proposition 2.12. The numerical diameter is a seminorm on B(J(), but not a
norm, with ||[E*||giam = ||E||giam for every E € B(J(). Moreovet, ||E||giam = O if
and only if E = cl4 for somec € C.

Proof. The numerical diameter is not positive definite since, ||c1¢||giam = O-
However, it is evidently positive semidefinite and homogeneous, and it satisfies
the triangle inequality:

E + F||giam = su
|| ”dlam p <U, U> <w’ w>

‘((E+F)v,u)_((E+F)w,w> co,w E J,v w;éog

(Ev,v)  (Ew,w)
(v, V) {(w, w)

< sup

< ||E||diam + ||F||diam .
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The adjoint preserves the numerical identity quite simply since

(E*v,v) (E*w )'

IE* || giam = sup 3 fo,w E F,o,w # 0}

(v, V) (w, w)
= sup (v, Bv) — (w, Ew) v,we H,v,w # 0}
(v, V) (w, w)
_ ) (Ev,v) B (Ew, w)
= sup w.0) (W) v,wef%(,v,w;é0§
= ”E”diam .

Lastly, suppose ||E||giam = 0. Thisimplies that the numerical range is a single
point, the only convex set with diameter 0. Hence, say W(E) = {c} for c € C.
This implies that W(E — c14.) = {0} and so

((E = clgp)v,0) =0, YU € H.
Therefore, E = cly4. (]
Corollary 2.13. IfE € B(¥() and c € C then

||E + Cl?(”diam = ||E||diam-

We can use this translation invariance to get some lower bounds of the nu-
merical diameter.

Proposition 2.14. Let E € B(K).
(1) Thereexists a cp € Csuch thatr(E — cglyy) < %HEHdiam.

(2) ForE self-adjoint, thereexistsaky € Csuchthat||[E—kglq|| = %||E||diam.

(3) ForanyE, < |IE|ldiam:

Proof. For the first inequality, Jung’s Theorem [16] gives that every bounded
convex set in the complex plane of diameter d lies within (and on the boundary
of) a circle of radius Td This is an optimal bound as the equilateral triangle of

side length 1 has diameter 1 and circumradius —. In our case, choose a circle of
radius — NG ||E ||giam centred at cg that encircles W(E ). Thus, the operator E—cp1ly,
has numerical range inside a circle of radius \/_||E ||lgiam centred at the origin.

This then gives the desired bound, which is saturated for the diagonal unitary
matrix E = 1 @ w @ w? € M;(C) for w = exp(27i/3).
For the second result, where E is self-adjoint, define

= ~(Amax(E) + Amin(B)) € R.
This implies that,
/lmax(E - kElﬂ) = /‘lma.x(E) - kE = %(AmaX(E) - /lmin(E))
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and
Amin(E = kgls) = Amin(E) = kg = = (Amax(E) = Ammin(E))

Hence,

IE — kglgl|

’

max{|/1maX(E —kglso)| s [(Amin(E — kEl}[)'}

= (B = Amin(E)) = 3 1Ellgiam.-

Finally, using Proposition 2.11, for any E € B(H) we have

“E — (kre) +1i kIm(E))lﬁL(H
||Re(E) - kRe(E)I}(” + ||Im(E) - kIm(E)lﬂ'H

V/A

= %HRe(E)”diam—i_ %”Im(E)”diam
< 3 1Ellsiam + 31Ellgiam = [1Eldiam 0

We prove one final lemma in this section giving a taste of what numerical
diameter calculations are like.

Lemma 2.15. Let E € B(J() be given by E = uv*, for unit vectors u,v € 7.
Then ||E||giam = 1.

Proof. Both E and E* are 0 when restricted to span{u, v}* and so without loss
of generality we can just consider the case H = C2.

If cu = v, the result is evident, as then E is proportional by a unit scalar to a
rank-1 self-adjoint projection. Otherwise, let c € C with |c| = 1, such that s =
cv*u € [0,1). Let w = ¢v, so that w*u = s: then F = ¢cE = uw™* has the same
numerical diameteras E. Leta = (u + w)/|lu + w||and b = (u — w)/|ju — w||.
Then {a, b} is an orthonormal basis, and

u=,/%(1+s)a+\/%(1—s)b, w=,/%(1+s)a—w/§(1—s)b.

We may then express F as
F = -(1+s)aa* +/ (1 —s)[ba* — ab*] — (1 - s)bb*.

Consider an arbitrary unit vector x = x;a + x,b € C?. We then have

1 1
x*Fx = 5(1 +8)|x;|> — 5(1 —8)|x,|?

which is a convex combination of l(1 +s) and —1(1 —§), and attains these two
extrema for x = a and x = b respectively. Thus, ||E||giam = ||F|ldiam = 1- O
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3. Numerical diameters of linear maps

One can apply the notion of numerical diameter to the problem of opera-
tionally distinguishing quantum states on a given system. Consider a UCP map
Y, taken as an action on quantum observables. We may consider an operator
E with spectrum o(E) = {1} to represent an observable, which plays a role in
a procedure to distinguish some pair of states q and q’, essentially playing the
role of a linear classifier, with the spectral diameter representing some notion of
maximum capacity to distinguish pairs of states. In this case, W(E) represents
an observable with a potentially degraded distinguishing capacity, precisely ac-
cording to how much smaller the spectral diameter of W(E) is from E itself.
Considering a unital section ® of ¥, the degree to which ¥ may diminish the
distinguishing capabaility of such observables, is in inverse proportion to how
much ® may dilate the spectral diameters of its arguments. This serves as a
practical motivation to consider the induced seminorms.

Definition 3.1. Let® : § — §' be a linear map between operator systems where
8 # C - 1. The numerical diameter ||®D||4jam € [0, 0] is

”(IJ(E)”diam
||E ”diam
Similarly, the self-adjoint numerical diameter ||?||s4iam € [0, 0] is

”q)(E)”diam
||E||diam

In the above definition of ||®||giam, the restriction of the supremum to E € S,
is significant only if @ is not self-adjoint:

”(I)Hdiam:Sllp{ : EESandE¢C-15}

”q)Hsdiam -

:EessaandEg(C-lS}

Proposition 3.2. For ® : § — § a self adjoint map between operator systems,
1P| giam = P ]lsdiam -

Proof. Let x € 8 with ||x||giam # 0, noting that if there is no such x then
8§ = Clg and the result is immediate. Now for any s € C, we have

®(Re(sx)) = d)(ésx+%s*x*) = %sd)(x)+§s*¢(x)* = Re(s®(x)) .

Using Proposition 2.11, there is then ¢ € C with |c| = 1 such that ||X||gjam =
||IRe(cx)]|giam» Which in particular maximises the value of ||Re(sx)||giam fOr |S| =
1; and there is ¢/ € C with |¢’| = 1 such that

||q)(x)||diam = ||Re(c,<p(x))||diam

||(D(Re(c,x))||diam
”q)”sdiam : ||Re(c’x)||diam
”q)”sdiam : ||Re(cx)Hdiam

”q)Hsdiam : ”x”diam .

Thus, ||P||giam < ||P||sdiam fOr such a map @, with the other inequality following
from the definitions of these quantities for arbitrary maps. O

NN



ON NUMERICAL DIAMETERS AND LINEAR MAPS 1273

The results below show that the induced numerical diameter (whether re-
stricted to self-adjoint arguments or not) tells us interesting things about linear
maps.

There is a natural dichotomy between those maps with finite and infinite
numerical diameter. This depends on what happens to the unit. For the sake
of brevity, we introduce the following terminology:

Definition 3.3. We say that a map ® : 8§ — 8§ between operator systems is
paraunital if there is some ¢ € C for which ®(1g) = clg.

Theorem 3.4. Let ® : 8§ — 8’ be a bounded linear map between operator sys-
tems such that 8 # C - 1g. The following are equivalent:

(1) @ is paraunital;

(2) ||®||diam < ©0;

(3 [|Pllsdiam < o0
Furthermore, if ® is paraunital, then ||D||giam < 2/|P|| and ||P||sgiam < ||P]I-

Proof. Suppose @ is not paraunital, that is ||®(1g)||gam > O- Let E € S, be
independent of 1g, for which ||®(E)||giam > 0. Note that if no such E existed,
there would exist ¢, d € C such that

a contradiction. Let a = ||<I>(E)||diam/||<l>(13)||diam > 0. Then

1
|®(1s + ;E)Hdiam

\%

lim -
e 1g + ;EHdiam

”q)”diam > ||(I)||sdiam

1
||CD(18) + ;q)(E)”diam
= lim

1
O B i

1
12 aiam = ~IPEaiam
lim

> ir T
e ~[IE lgiam
|07 = &) [2(L6) |atar
= lim
h—o00 ”EHdiam
. ”q)(lS)Hdiam
= lim |n — o] ——dB o,
h—o00 ”EHdiam

where the the second inequality follows from the properties of the seminorm.
Conversely, let ®(15) = clg for c € C. Suppose E € 8 with ||E||giam = 1. By
Proposition 2.14 there exist kg g, ki g € R such that

|IE — (krep + i kimp)1sl| < [|E]lgiam = 1.



1274 NIEL DE BEAUDRAP AND CHRISTOPHER RAMSEY

Hence, by letting k = kgeg + i kimg

||(D(E)||diam

= [|P(E)|lai
”E”diam e

= |®(E) — cklg||diam

= ||®(E — k1s)|ldiam

< 2||P(E — k)|

< 2[|@|E — k|| < 2[|D]|-

Therefore, if @ is paraunital then ||®||giam < 2||P|| < o0.

Lastly, if E is self-adjoint then Proposition 2.14 gives that there exists k =
kr € R such that ||E — klg|| = §||E||diam = é Inserting this into the above
sequence of inequalities yields that if ® is paraunital then ||®||sgiam < ||| <
0. U

The following example shows that the numerical diameter can indeed be
strictly bigger than the norm.

Example 3.5. Let ® : M,(C) - M,(C) be defined as

—(a+b) 0
q)([ccl Z]) - ﬁao+ %(d—b)

. If

a b
[c d]” =1, then

1 2 1 2 5 _
‘%(a + b)' < E(Ial + |b| +2|Re(ab)|) <1

e )

With a similar calculation, we may see that < 1, with equal-

, |1 i
ity for the matrix [0 ol
» By contrast: by Lemma 2.15, we have [8 (1) = 1,and
Jlldiam
- 0
o -5 ] e
00 . 0 ——
diam \/E
diam

Therefore, @ is a paraunital linear map with ||®|| =1 < \/E < 19| giam-

The theorem above singles out the paraunital maps as the ones to which the
numerical diameter is a property of interest. In particular,
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Proposition 3.6. Both || - ||giam @74 || * ||sdiam Q¥e Seminorms on paraunital maps
between two fixed operator systems, but are not norms. In particular: for® : § —
8’ we have ||®||giam = O if and only if there exists a linear functional ¢ : § - C
such that ® = ¢ - 1g. Furthermore, ||®||sgiam = 0 if and only if ||®||giam = O-

Proof. The numerical diameter is evidently real-valued, positive semidefinite,
and homogeneous. It also satisfies the triangle inequality:

|P(E) + W(E)||dgiam

|® + ¥l giam =
T pes\Cis IE || diam
|P(E)|diam II¥(F)ldiam
< WA Jldiam AT ldiam
res\C1s  IE|ldiam res\C1s  IF|ldiam

= [|®lgiam * [¥]ldiam -
The restriction to the self-adjoint operators is a seminorm for exactly the same
reasons.
Now, suppose ® = ¢-1¢ for some linear functional ¢. This then implies that
||¢'(E)”diam = ||§0(E) Lglldiam = lp(E)| - s llgiam = O

That is ||®||giam = 0. Conversely, suppose ||®||gam = 0. For every E € § one
has ||®(E)||giam = 0 and so by Proposition 2.12 there exists a scalar ¢y € C such
that ®(E) = cglg. It is straightforward to conclude that ¢ : § — C defined by
@(E) = cg is the required linear functional.

Lastly, suppose 8 is an operator system. Suppose ||®?||sgiam = 0. Then for any
E € 8, we have

||CD(E)Hdiam < ”q)(Re(E))”diam + “q)(Im(E))“diam =0
since Re(E), Im(E) € S,. The converse follows from the definitions. O

Lemma 3.7. The numerical diameter is submultiplicative with respect to com-
position of paraunital maps. In particular, if ® : 8 > 8§ and¥ : 8 — 8" are
linear paraunital maps between operator systems then

”lpoq)”diam < ”lPHdiam”(D”diam-

Moreover, The self-adjoint numerical diameter is submultiplicative with respect to
composition of paraunital self-adjoint maps between operator systems.

Proof. If ||¥o®||4iam > Othen there exists E € S\ C-1g such that || ¥o®(E)||giam
> 0. If it was the case that ||®(E)||gam = O then there exists ¢ € C such that
®(E) = clg, which gives that for some d € C
[¥oP(E)||giam = [[¥(cls)lgiam = llcd1ls|lgiam = O,
a contradiction. Thus, ||P(E)||giam > 0 and
”lpoq)(E)“diam _ “q’ocD(E)”diam ||®(E)||diam
”E“diam ”q)(E)”diam ”E”diam

< ”lP”diaqu)”diam-
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The self-adjoint numerical diameter argument follows identically for self-
adjoint maps. O

One can extend these results to some cases of non-paraunital maps but there
will be problems when composing 0 and co numerical diameter maps.

In the application of numerical diameters of linear maps, to the question
of procedures to distinguish pairs of quantum states, we should consider the
possibility that @ may represent a section of the evolution on only one part, of a
composite quantum system on which the observable E is supported. We might
then ask whether the numerical diameter is stable under tensor product with
identity maps: that is, for unital ®, whether ||® ® id,||giam = ||®P||giam for any
finite-dimensional Hilbert space C". This framework has been used to study
super-operators and the Schatten p-norms [25]. In analogy to the completely
bounded norm, we may define:

Definition 3.8. Fora paraunitalmap ® : 8 — 8’ between operator systems, the
completely bounded numerical diameter of ® is given by

||q)||cb—diam = sup ||d) ® idn”diam >
n

taking the supremum over all finite-dimensional Hilbert spaces C". Similarly, the
completely bounded self-adjoint numerical diameter is defined to be

||q)||cb—sdiam = sup ||<I) ® idn”sdiam-
n

Theorem 3.9. For paraunital linear maps between two fixed operator systems,
“'”cb—sdiam and ||'||cb—diam are norms.

Proof. Thatthe completely bounded numerical diameter is homogeneous, pos-
itive semidefinite, and satisfies the triangle inequality all follow from Proposi-
tion 3.6. We show that the completely bounded numerical diameter is in fact
definite. If ® is non-zero, let F be such that ®(F) # 0, and consider G # c1,, for
any n > 1. For E = F ® G, we then have

(P®id,)E) =2F)QGC

which is not proportional to the identity, and in particular non-zero. It follows
that ||®(F) ® G||giam > 0, so that ||®||cp—giam > 0. Similar remarks apply to
the completely bounded self-adjoint numerical diameter by choosing F and G
self-adjoint. O

We can strengthen this observation, by describing how these norms relate to
the completely bounded norm.

Theorem 3.10. Let ® : S — 8’ be a paraunital map between operator systems.
Then:

N1 . . . .
@ EHCI)” < ||CI) ®ld4||sdiam < ||CI) ®1d4||diam . in particular,

1 1
E”q)llcb < ||CD||cb—sdiam < ”(D”cb and Ellq)ch < ”q)”cb—diam < 2||q)||cb'
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(ii) If® isself-adjoint then ||®|| < ||P®id4||sgiam = ||PRids]|giam - in particular,
1Pllco = l1Pllco—sdiam = |Plcb—diam-

Proof. Let E € 8 be self-adjoint. Then E @ (—E) € M,(8) has symmetric
spectrum around the origin. Hence,

|IE @ (=E)lldgiam = 2||E & (=E)|| = 2||E||.
This implies that for a general E € §
2|lE|| < 2||Re(®)|| + 2|[Im(B)||
= ||Re(E) ® (_ Re(E))Hdiam + ||Il’1’1(E) ® (_ Il’n(E))“diam
||Re(E @ (_E))”diam + ||Im(E @ (_E))“diam
< 2||E 8% (_E)”diam
Now to the main argument, first calculate
(® ®id,)(E & (—E))|| ,.
||(I) ® idZ”sdiam ; sup || ’ ( )”dlam
B85, E#0 HE ® (_E)Ndiam
||(I)(E) ® [_q)(E)]”diam
E€S0,E#0 HE D (_E)Hdiam
[e®] lo@®)]
EES,,,E40 2|'E @ (—E)” EES,,,E40 2||EH

where the numerator inequality of the second last step is given by the first argu-
ment of this proof and the denominator inequality is given by Proposition 2.9.
Next, we have

=z

. o ®id
@ @ id)@)| _ o] 5])
EEM,(8),0,E£0 IE]| 7 Aes A0 H ]H
max{®(A), P(A*)}
= sup = [|9]|.
AES,A%0 1Al

Combining these two step yields %||CI>|| < [|® ® idyl|sgiam DY replacing ® with
® @ id, in the first set of calculations. Combining this with Theorem 3.4 gives
foranyn € N

1 . . .
SIP®idy || < |2 @ idaplgiam < 2[|P ® idynl|  and

1 . . .
E”q) ® 1dn || < ||(I) ® 1d4n||sdiam < ”q) ® 1d4n|| .
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This proves part (i). For (ii), we add the further assumption that ® is self-
adjoint, and obtain

| (@ ® id)(E @ (=B))| ..,
||CI) ® 1d2||sdiam > sup
E€84q,E#0 ”E ® (_E)“diam

||(D(E) ® [_q)(E)]”diam
sup
E€8,q,E#0 ||E ®(-E )”diam
2@

>
EeS,,,E+0 2“E”

since ®(E)® [—CD(E)] is self-adjoint, which allows us to use the very first equal-
ity of this proof. Thus, ||®|| < ||® ® id4]|sgiam, Which by Proposition 3.2 is also
equal to ||®®id,||giam- Therefore, using the upper bounds of the general version
yields the last required result. (]

Note that the (completely bounded) self-adjoint numerical diameter can in
fact be strictly smaller than the (completely bounded) norm, for non-self-adjoint
maps. This is seen in the following example.

Example 3.11. Consider the map ®(C) : M, - M,(C) defined by
[a b [0 D]

q)<_c d]) [0 o]
Consider the analogous map ®,, : M,(M,(C)) - M,(M,(C)) defined by

A B 0 B] .
e (e ol)=lo o)
observe that there exists a permutation P,, € M,,(C), called the canonical shuffle,
which defines an isometry U(E) = P, EP, such that

Uo(®®id,) =o,.

It follows that ||®|| = ||®||, = 1.
To contrast, we may show that ||P||cp—sqiam < 1. Consider a self-adjoint matrix

A B

E=lg« p

| e o,

Without affecting ||E||giam » We may restrict our interest to the case A,,;,(E) = 0 (so
that E > 0), as we may otherwise consider the operator E' = E — Ain(E) - 1,,.
From E > 0, it follows that for x,y € C", we have

x 0] .[x O x*Ax Xx*By
< =
0< [0 y] E[O y] [y*B*x y*Dy]EMZ(C)'
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The non-negativity of the determinant gives that | x*By|? < (x*Ax)(y*Dy), which
in turn implies that | x*By| < x*Ax +y*Dy. If we consider unit vectors x,y € C"
for which x*By = ||B||, we obtain

<E B] , [;D = x*Ax + x*By + y*B*x + y*Dy > 4||B||.

As the norm of the block vector above is \/E it follows that 2||B|| € W(E). We also
assumed that 0 € W(E) and s0 ||E||giam = 2||B||- On the other hand, extending
the proof of Lemma 2.15 to block matrices gives us

W@, = w(|o o|) = frec: 1zl < Lim)

This gives that ||®,(E)||giam = ||B]| and so ||®,||sgiam < 1/2. Considering E =
[ I 0] as an argument to ®, we may see that this bound holds with equality. As
unitary similarity doesn’t change numerical diameters,

1Q]lsgiam = [|Pleb—sdiam = 1/2 <1 = ||@|| = [|P||cp-
This gives us the following conclusion:

Theorem 3.12. For paraunital linear maps between fixed operator systems, || -
|| cb—diams || * llcb—sdiams @A || - || are all comparable yet distinct norms, but which
coincide on self-adjoint maps.

Proof. The previous theorem gives the comparability of the norms and the pre-
vious example demonstrated that ||®||,_sdgiam can be strictly smaller than ||®||,-

Now consider the map ® of Example 3.5: as it maps into a commutative C*-
algebra, we can apply [20, Theorem 3.9], that the cb-norm of ® is not larger
than its operator norm. Then

19]]cb—saiam < [[@lleb = [B]] = 1 < V2 < [|®lgiam < |D]lep—aiam -

Therefore, all three norms are distinct. The statement regarding the application
of these norms to self-adjoint paraunital maps immediately follows from The-
orem 3.10 and from the definition of the self-adjoint numerical diameter. [

An important consequence of Theorem 3.10 is that we now have examples of
linear maps whose completely bounded numerical diameter is strictly greater
than its numerical diameter and this can be achieved without having to actually
calculate any specific diameters.

Example 3.13. Consider the transpose map ® : M,(C) — M, (C), ®(A) = AT.
Since ||A" ||giam = I All, because W(AT) = W(A), then ||®||giam = 1 = ||| It
is a well-known result of Tomiyama [24] that ||®||, = n. Therefore, the previous
theorem gives us that ||®||cp—giam = [|Plleo =1 > 1 = || Pl gjam-
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4. Unital (completely) positive maps and their sections

Among the paraunital maps, we are most interested in maps which are ac-
tually unital, and specifically with those which are either completely positive
(‘ucp’ maps), or which are (bounded) sections (i.e., right-inverses) of ucp maps.
Itis clear that results on unital maps will often yield related results for parauni-
tal maps; below we describe how, for injective paraunital maps @, and for maps
® whose null-space is spanned by 1, we may to an extent reduce properties of
the numerical diameter to the case of maps ® which are unital completely pos-
itive maps, or sections of such maps.

4.1. Preliminaries on (completely bounded) expansive maps. It is good
to first look at what is and is not possible for unital positive maps.

Proposition 4.1 (Corollary 2.8, Proposition 2.11 [20]). Let® : § —» 8 bea
unital linear map between operator systems. If @ is contractive then it is positive.
Moreover, if § is a C*-algebra and @ is positive then it is contractive.

Definition 4.2. Suppose ® : 8§ — §' is a linear map between operator systems.
We say @ is expansive if || ®(A)|| > ||A|| for every A € S. Moreover, we say ® is
completely expansive if ® ® id,, is expansive on 8 @ M,,(C) for every n € N.

Proposition 4.3. Let ® : S — B be a unital bounded map from an operator
system to a C*-algebra. If ® is the section of a positive map then it is expansive.

Proof. If @ is the section of a positive map ¥ : B — 8, then ¥ is itself a unital
map, and so is contractive by the Proposition 4.1. For any E € 8§ with ||E|| = 1,
let E = E/||®(E)||, and F = ®(E). By construction, we have ||F|| = 1, so that

1
PE)|
so that ||®(E)|| > 1. 0

= [IEll = ¥ < 1,

There is no converse to the previous proposition in general. To see this, sup-
pose one has a unital bounded expansive map. Then, it is injective and its in-
verse on the range operator system will be unital and contractive, and therefore
positive by Proposition 4.1. However, unital positive maps on operator systems
need not extend to positive maps on the whole algebra. There are a number
of examples of this failure of extension. Below we see an example of this in
matrices.

Example 4.4 (Paulsen [21]). Consider the operator system

_{lalz B .
S = {[ ! dlz] : a,de@,B,CeMz(C)}gM4(q:)

and consider the map ® : 8 —» M,(C) defined by

(b(alz B )_ al, BT
Cc dL|) ~ |cT dLn|"
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Any nondiagonal positive element of S must have a,d > 0. Hence,
1

al, B o L, -B o
>
B* dL|”~ g 4|7
a a
1 d
—B*B<L =1,, by [20, Lemma 3.1]
a? a
= ||B"|| =|B|| < Vad
1 d
=

T\« T
E(B )*BY < Efz
al, B\ _[al, BT
= q)([B* dIZD = [(B*)T drz]”'

Thus, ® is unital and positive. Suppose that ® had a positive extension to all of
M,4(C). We may calculate:

s> (¢ o = (s of)= (%" o)+ ("5 3
- zl+ e Z]

with both of these latter matrices positive. This meansthatZ, = —Z,and Z,,Z, >
0 which implies that Z, = Z, =0and Y; =Y, = 0. Hence,

¢<[E1,1 El,l]) — [Xl El,l] >0 and

Ein D Ein I
E E X, E

q)<[ 2,2 2,1]) _ [ 2 1,2] >0
Ei, I Eyy L7

since the matrix outside of the upper left-hand corner is in 8. This implies that
Ey X By, B XGE ) 2 1

and so

1=FE 1 LLE1 1 = E1p X B + B XoE ) 22
a contradiction. Therefore, @ is a unital positive linear map of an operator system
that does not extend to a positive map on a C*-algebra.

We now repeat the previous discussion, but in the completely positive con-
text, since the complete structure is very powerful. In particular, the assump-
tion about mapping into a C*-algebra can be weakened.

Proposition 4.5. Let ® : 8 — §' be a unital linear map between operator
systems. Then ® is completely positive if and only if it is completely contractive
(|®|lc, = 1). Moreover, if it is the completely bounded section of a completely
positive map then it is completely expansive.
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Proof. The first statement is [20, Proposition 3.5-3.6]. The second statement
follows from adjusting the proof of Proposition 4.3 to this complete context. [

Proposition 4.6. Let ® : B(H) — 8’ be a unital completely bounded linear
map into an operator system. If ® is completely expansive then it is the section of
a completely positive map.

Proof. First, concretelyembed 8’ C B(#('). Suppose @ is completely expansive
which gives that it is injective. Let 7/ = ®(B(#()) C &', an operator system.
Define 3 : I’ — B(J() to be the inverse of ®. It is immediate that % is unital
and completely contractive which means that it extends to a unital completely
positive map ¥ on all of B({’) by Arveson’s Extension Theorem. Therefore, ®
is a section of this ¥|g. (|

We are really only interested in sections of unital positive maps, that are
themselves unital, and self-adjoint. These properties are not automatic, as for
instance ® : C —» M,(C) defined by

o[

is neither unital or self-adjoint but is a section of the normalized trace which is
unital and positive.

4.2. Diameters of bounded sections of unital positive maps. We turn now
to a discussion of the numerical diameter under unital positive maps and their
bounded sections, with an aim to characterise isometries.

As positive maps W are self-adjoint, we have ||¥||sgiam = ||¥]|diam bY Propo-
sition 3.2 in this case; and similarly for any self-adjoint section that ¥ admits.
We make use of this relationship without further comment for the remainder
of this Section.

Proposition 4.7. Let® : 8§ — § be a unital (completely) bounded map between
operator systems such thatdim 8§ > 1. If @ is positive, then ||®||giam < 1. Moreover,
if @ is completely positive then ||P||cp—diam < 1-

Proof. First assume @ is positive. Concretely, and non-degenerately, embed
S C B(H)and 8’ C B(H").

Let E € 8 such that it is not a scalar multiple of the identity. By definition,
for each z € W(®(E)) there is a state f of C*(14, ®(E)) such that f(®(E)) =
z. This implies that on span {14, ®(E), ®(E)*} we have that f is unital and
positive . Hence, fo® is unital and positive on {14, E, E*} and so completely
positive [20, Proposition 3.8]. This extends to a ucp map g on all of C*(14, E)
by Arveson’s Extension Theorem. Thus, g is a state and z = fo®(E) = g(E) €
W(E).

We have therefore proven W(®(E)) € W(E). The first result follows from

this, and the second result follows by considering ® ® id,, for arbitrary n >
1. O
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To illustrate the differences of Proposition 4.1 and the previous proposition

consider the following example.
Example 4.8. Let S = span{l, z,z} C C(T) and define ® : S - M,(C) by
_ a 2b
d(a+bz+cz) = [2c a]'

It can be shown that @ is unital and positive but not contractive [20, Example
2.2), in particular ||®|| = 2. However, by the last proposition, ® is still contractive
with respect to the numerical diameter. In particular, W(z) is the convex hull of
o(z) = T and so

W([g (2)]) —yx: P4 yP=1}=D = W)

Corollary 4.9. If® : § — &, dim8 > 1, is a bounded section of a unital
(completely) positive linear map, then ® is (completely) expansive with respect to

“ ’ ”diam-
We can get a little finer detail by adding the assumption that the map is self-
adjoint.

Proposition 4.10. Let® : 8§ —» §',dim 8 > 1, be a unital self-adjoint bounded
section of a unital positive map between operator systems, concretely embedded in
B(#() and B(H') respectively. Then for all self-adjoint A € 8,

Amin(q)(A)) < Amin(A) < Amax(A) < lmax(q)(A))-

Proof. Let¥ : 8 — Sbeaunital positive map for which ® isa section. Let A €
8 be self-adjoint and E = A — Apin(A)1g. Then Ain(E) = 0. If A, (P(E)) > 0
then ®(E) — A,in(®(E))1g is a positive operator but
Aunin (¥(@(E) = Apyin(PEN133)) = Armin(E = Aimin(P(E)Ls) < O
which contradicts the positivity of ¥. Hence, A, (®(E)) < 0 = A,;n(E) and so
Amin(q)(A)) = Amin(cD(E + Amin(A)ls))

= Amin(q)(E)) + lmin(A)
< Amin(A) .
Lastly,
lmax(A) = _Amin(_A) < _Amin(_(b(A)) = Ama.x(q)(A)) . O

Proposition 4.11. Let ® : 8 — § be a unital self-adjoint section of a unital
positive map between operator systems. Then

”q)”sdiam < ||(D'55a|| < 2||CI)||sdiam_1

and
1 < ||Pflsgiam < Q]| < 4{|P]lsgiam — 2-
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Proof. Let||®||sgiam = 1+¢, fore > 0, since we know @ is expansive. ForA € §
self-adjoint with ||A||giam = 1 We know by the previous proposition that

Amin(P(A4)) € Anin(A) < Aax(A) < Aoy (P(A)) .
Since Ayay(A) — Apin(A) = 1 and A, (P(A)) — Ayin(P(A)) < 1 + € then
Amin(A) = € € Apin(P(A))  and Aoy (P(A)) < Apax(A) + .
Thus,
|P(A)|| = Max{Apax(P(A)), —Amin(P(A))}
< max{dg . (A) + &, —Amin(A) + €} = [|A|| +¢€
which implies e
g
A S Ay sttE

since % < ||A|| € 1. Therefore,

‘|c1>|5m|| <1+2 =2(1+¢)—1 = 2||P||sgiam — 1-
Lastly, forany A € §
[PCA]| < [|[P(Re )| + [|P(Im A))|
< [[@ls, Il - [[Re Al + [[®]s,, [ - [[ Tm Al

N

2 ls, || - Al
22| ®]lsciam — DIAI < @I llgiarm — DALl

This along with Corollary 4.9 and Theorem 3.4 establish the last set of inequal-
ities. ]

N

We can now reach our main conclusions of this section.

Theorem 4.12. Let ® : A — B be a unital self-adjoint bounded section of a
unital positive map between unital C*-algebras. Then ||®||sgiam = 1 if and only if
@ is an isometric map.

Proof. Suppose ||P||sgiam = 1 Which means that ||®(A)||giam = ||Alldiam fOr
every A € U self-adjoint by Corollary 4.9. More specifically, Proposition 4.10
proves that 1, (P(A)) = A, (A) and A,;n(P(A)) = A (A). Hence, @ is a
positive map and since it is also unital then & is contractive by Proposition 4.1.
Therefore, ® is expansive and contractive, that is isometric.

On the other hand, suppose @ is isometric. ® is unital contractive and so it is
positive. By Proposition 4.7 ||®||giam < 1. Combining this with the expansive-
ness of the numerical diameter we get ||?||giam = ||P||sdiam = 1- g

In the complete case we can loosen our context to operator systems.

Theorem 4.13. Let ® : S — § be a unital self-adjoint bounded section of a
unital completely positive map between operator systems. Then ||P||cp—sdiam = 1
if and only if @ is a completely isometric map.
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Proof. Suppose ||®?||cb—sdiam = 1- By Theorem 3.10 this implies that |||, < 1,
thatis completely contractive. By Proposition 4.5 ® is also completely expansive
and thus & is completely isometric.

On the other hand, suppose @ is completely isometric. By Theorem 3.10
the numerical diameter of ® is completely bounded and so by Proposition 4.7
|P||cb—diam < 1. Lastly, Corollary 4.9 gives that ||®||p—sdiam = 1, Which finishes
off the proof. O

4.3. Approximately isometric sections. It is desirable to have approximate
versions of the above results, that having a (completely bounded) numerical
diameter close to 1 implies that the map is close to an (completely) isometric
map. This seemingly has not been studied except for the bijective case, which
could indicate that it is difficult, which is hardly surprising since whole books
have been written about isometric maps (cf. [11]). As such we summarize what
is known and give some partial results in our context.

A Jordan homomorphism ¢ : A — B between C*-algebras is a linear map
such that

Y(ab + ba) = Pp(a)(b) + P(b)p(a), Va,b € A.

In particular, homomorphisms and anti-homomorphisms are Jordan homo-
morphisms. A Jordan x-homomorphism is additionally a self-adjoint map and
a Jordan isomorphism is additionally bijective.

Theorem 4.14 (Theorem 7, Kadison [17]). Lety : A; — A, be an isometric
bijective linear map with A, C B(J(,). Then there exists a Jordan isomorphism

¢ . A, = A, and a unitary u € B(J(,) such that ) = ug.

Theorem 4.15 (Theorem 10 and Corollary 11, Kadison [17]). An isometric self-
adjoint bijective linear map p : A; — A, between C*-algebras is the sum of a
x-isomorphism and a *-anti-isomorphism.

Moreover, if A, = B(H(;) and A, = B(H,) then there exists a unitary u €
B(H,, H,) such that

¥(a) = uau*,Va € B(};) or P(a)=ua'u*,Va € B(¥(;)

Note that the second conclusion is true for the broader class of factors, but
we use the version above for its more relevant context.

Corollary 4.16. A completely isometric self-adjoint bijective linearmap : A; —
A, between C*-algebras is a x-isomorphism.

Moreover, if A, = B(H;) and A, = B(H,) then there exists a unitary u €
B(H,, H,) such that

Y(a) = uau*, Va € B(H;).

Now we can turn to the approximate versions of Kadison’s results. An e-
approximate Jordan homomorphism is a linear map ¢ : A — B such that

¥ (ab) +p(ba) — Y(a)p(b) — p(b)p(a)ll < ellalll|b]|
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for all a,b € A. It is called an e-approximate Jordan #-homomorphism if it
additionally satisfies

¥(a™) — p(a)*|| < ellall

for all a € A. As usual, isomorphism will indicate bijectivity.

Theorem 4.17 (Theorem 2.12, IliSevi¢ and Turnék [15]). Let A;,.A, be C*-
algebras such K(3(;) € A; C B(J),i = 1,2. Ifp : A, — A, isane-
approximate Jordan *-isomorphism with ¢ € [0,107°] and ||| < i (with
the bound o if € = 0), then there exists a unitary u € B(¥,, H,) and a bound

2 1
e(e) = (V5 +V10) (3+20) (7= (20 + 506 + 5662 + 24¢?))’
23 ,

49
1 —g? 4+ =
+ 3£+2£+2£

such that
l¥(a) — uau®|| < c(@)lall, Va € Ay, or
[$(a) — ua'u*|| < c(e)l|all, Va € A; .
Theorem 4.18 (Theorem 3.4, Christensen [9]). Let ¢ : B(H,) — B(¥,) be

a completely positive, bijective linear map. Ift € [0,1/84] with ||| < 1 and
1071l < 1+ ¢, then there exists a unitary u € B(J(;, I(,) such that

l(a) — uau*|| < (8.5t/2 + 7t)||a||, Ya € B(H(,).

Note that Christensen’s original result says “isomorphism” but this automat-
ically implies *-isomorphism, which are all inner in the situation above. This
theorem also holds for a more general class of von Neumann algebras but we
have reduced to the most significant case for our paper.

Corollary 4.19. Let ® : B(H) — B(J() be a unital self-adjoint bounded section
of a unital completely positive map. Ife € [0,1/84] and ||P||cp—sdiam < 1+¢, then
there exists u € B(H) and a map U(x) = uxu™ such that

|® = Ullep < 8.5¢/2+7¢.

NN

Proof. Thisis an immediate consequence of Christensen’s Theorem, Theorem
3.10, and Proposition 4.11. O

The reader will notice that the previous corollary has many unneeded words,
® automatically is unital, self-adjoint, and bounded by virtue of being an in-
verse of a ucp map. However, the main goal is to formulate the type of general
result that we would hope for.

We conclude this section with a complementary bound, using the self-adjoint
numerical diameter of the inverse of a bijective UCP map W, to establish a
bound for ¥ away from all isometries:

Proposition 4.20. Let ¥ : B(7) — B(J() be a UCP bijection, and let ® = ¥~
Suppose that ||P®||sgiam = 1 + € for e > 0. Then for all maps U(x) = uxu* for
u : 3 — I unitary, we have ||¥ — U||y, = 2e(1 +¢)~L.
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Proof. Let ¥ : B(J¥() — B(J() be a unital completely positive bijection, with
inverse ®. Letu : H — H be unitary, U(x) = uxu®,and § = ||® — U||y,. De-
fine¥’ = U o®Wand @' = ®oU : then¥ od’ = idp(s), and § = ||idpcge) ~¥'||cp -

Let A = idg(y) — ¥, so that ||A||, = 8. We also define the maps idy,, ¥y,
®,, and Ay, representing the restrictions (respectively) of idps), ¥’, @', and
A, to self-adjoint operators as arguments.

As A is a difference of unital maps, we have A(14) = 0. By the Wittstock-
Paulsen decomposition [13], for any y > 0, we may decompose A = A, — A_
as the difference of two completely positive maps, for which A, (14,) = A_(14)
and

1Alleb = 1A+ +A_|l = 7.
As A, (14) = A_(14.), it then follows that

47 = 8 +7 = [paut10] = 2]

We also have
—A_(E) < AE) < A(E)
for all self-adjoint operators E, from which it follows that if ||[E|| = 1 as well,

Ja®) < max{fla. @)} [a-®f < 2| = 56+
thus, ||Asa|| < %(5 + ). Since this is true for every y > 0 we have HASGH < %5.
Note that
idyg = Wsq0®@y, = (Idgg —Agq)oPyq = Dy — (Agq0Py,).
Applying the triangle inequality, we then obtain
L2 o] = Auca] | > 0= [aa]|ou] > @ =302l
Suppose that ||P||sgiam = 1 + € for € > 0. By Proposition 4.11, we then have

12 (=30 [@ldiam > (1= 36)1+2),

from which it follows that § > 2¢(1 +¢)~L. O

5. Translating finite-dimensional self-adjoint maps by the trace

We now turn to some finite-dimensional results about complete positivity
and translations by the trace.

Proposition 5.1 (Choi [8]). For n € N the linear map ¥,, : M,(C) - M,(C)
defined by

Y, (A)=ntr(A)I - A
is completely positive.

Theorem 5.2. If® : M, (C) - M,,(C) is a self-adjoint linear map then there
exists a scalar 8 > 0 such that

A = B(A) + B tr(A),,

is a completely positive map.
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Proof. By the Choi-Kraus decomposition we know that ® = &, — ®_, that is,
® is the difference of two completely positive linear maps. Define

P(A) = m tr(P_(A)),
which is positive as it is the composition of two positive maps. Hence,
A~ DA) + oAy,
= & (A)+mtr(P_(A)) —D_(A)
D, (A) + ¥y (P_(A))

is a completely positive linear map. Now, for ||A|| = 1 such that A > 0, we have
tr(A) > 1 and

el = ) = mte(@_(1,)) < mt(|O_||I,,) = m?||P_||

Thus,
A s m? 0| - tr(A) — o(A)

is a positive linear functional, and so is completely positive. Therefore, defining
B = m?||®_|| we get that

A ®(A) + f tr(A)
= ®(A) + p(A)l,, + B tr(A) — p(A)l,,

is a completely positive map. O

Suppose ® : M, (C) —» M, (C)is aself-adjoint linear map. Let 8 > 0 be such
that ® + 81, - tr be completely positive. Combining this with Theorem 3.10 we
get

||q)||sdiam = ||CI) + 5Im : tI'”sdiam < ”(I) + :BIm : tr” = (D(In) + an-

One can work this out to an explicit constant which depends on n by following
through the previous proofs. It will be far from optimal but a bound is nice to
have.

Remark 5.3. The previous proposition and theorem do not have infinite-dimen-
sional equivalents. While one could replace the trace with a faithful state (norm
1, positive linear functional that is injective on the positive operators) the difficulty
arises from the fact that this state is not bounded below on the positive operators.
That problem aside we also have the additional problem that the constant in the
proposition goes to infinity as n increases (not that we claim that this constant is
optimal).

Definition 5.4. A linear map ® : M,(C) - M,,(C) is called scaled trace-
preserving if there exists c € C such that tr(®(A)) = ctr(A) forevery A € M,,(C).

Lemma 5.5. Let ® : M,(C) - M,,(C) be a linear map. Then ® is scaled trace-
preserving if and only if ® takes trace-zero matrices to trace-zero.
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Proof. The forward direction is trivial. Conversely, let ¢ = ltr((I)(In)). There-
n
fore, for any A € M,,(C) we have that

tr(®(A)) = tr (@(A — %tr(A)In + %tr(A)In»

—tr (d)(%tr(A)In)) - %tr((l)([n)) r(A) = ctr(4). O

Corollary 5.6. If® : M,(C) - M,,(C) is a linear scaled trace-preserving map
thensois® + atr-1,

Theorem 5.7. Let ® : M,(C) - M,,(C) be a self-adjoint paraunital map, for
which null(®) C I,,,-C. If ® is scaled trace-preserving, then thereis a scalary € R
for which

A O(A)+ytr(A,
is the section of a completely positive map.

Proof. Letc € Rgive ®(1,) = cl,,. Ifc < 0then replace ® with ®+(|c|+1)tr I,
which is still self-adjoint, paraunital and scaled trace-preserving. Thus, we may
assume that @ is injective with ¢ > 0. Let k € R be such that tr(®(A)) = ktr(A)
forall A € M,,(C).

Now 8§ = ®(M,(C)) is an operator system in M,,,(C) and so we can define
¥ : 8 — M,(C)by¥ = & L. Hence, ¥ is paraunital, ¥(I,,,) = %In, and self-
adjoint. We can extend W to a self-adjoint map on all of M,,,(C). In particular,
we can choose a basis for M,,(C) made of self-adjoint matrices such that the
first k form a basis for 8. Extend ¥ by sending the remaining basis elements to
0. Thus, @ is a section of a paraunital self-adjoint map.

By Theorem 5.2 there exists 8 € R such that W+Str-I,, is completely positive.
For y € R and any A € M,(C) we have that

(W+pBtr-I)o(®+ytr-I,)(A)
= Wod(A) + V(y tr(A),,) + B tr(®(A)I,, + B tr(y tr(A),,)I,

—A+y tr(A)%In 4 Bk tr(A)L,, + Bym tr(A),
=A+ (y (% + ﬁm) + [3k> tr(A)I,

which used both paraunital and scaled trace-preserving. Note that Tt pm > 0.
C

-1
Therefore, for y = —fk (l + ,Bm) € R we have that ® + y tr - I,,, is a section
c
of ¥ + Btr - I,,, a completely positive map. O

Creating sections of positive maps by translating by multiples of the trace
map turns out to be impossible in general if one does not assume scaled trace-
preserving as the following example shows.
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Example 5.8. Let ® : M,(C) » M,(C) be defined as
a b a—d b
CD([C d>_[ c a+d]
which is unital, self-adjoint, and injective, but not scaled trace-preserving. Now
foranyy € R we have that

worenfy 2)-f 9

that is, it takes a non-positive to a positive. Therefore, for every choice of y € R,
any section of ® + y tr - I, is not positive.

It is important to note that such translations by scalar multiples of the trace
do not change the numerical diameter of these maps. However, it does usually
change the completely bounded numerical diameter.

Example 5.9. Consider the identity map id : M,(C) — M,(C). It is clear that
|| id +tr(-)I5||giam = || id ||diam = 1. But consider
=2

[ o
IZ 02 diam

a+uon([; g diam_'l[yz o]

Therefore, || id +tr(-)5|cb—diam > |1 [|diam-

while

=6.

diam

We end this paper with an example of a section of a completely positive map
that has many nice properties and exhibits a completely bounded numerical
diameter that is strictly larger than the numerical diameter.

Example 5.10. Forn > 2, consider the map ¥ : M, (C) —» M, (C) given by

W(A) = %AT i L, .
We can then calculate that
D, = SIE D+ e 0
because the non-diagonal part of [ ﬂ] | has norm at most ——. Hence, by

Choi’s Theorem [20, Theorem 3. 44] Y is completely positive. Notlce as well that
W is unital and trace-preserving.

It is straightforward to see that the inverse, and so the section, of ¥ is @ :
M,,(C) » M,(C) defined by

n?—1

®(A) = n?AT — tr(A)I,,
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which is a unital self-adjoint map. By Example 3.13 and the fact that the numer-
ical diameter ignores scalar multiples of the identity we see that ||®||giam = 1>

Therefore,

”(D”cb—diam 2 ”(I)”cb 2 w-n*+1>n*= ||¢'||diam
forn > 2.
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