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Existence and UH-Rassias stability for
fractional quantum Duffing problem with

sequential 𝒒-fractional derivatives

Abdul Hamid Ganie, Mohamed Houas,
FatemahMofarreh and Shahram Rezapour

Abstract. Thepresentmanuscript is concernedwith the existence andunique-
ness of solutions alongwith theUH-Rassias stability for fractional 𝑞-differential
Duffing problem having sequential fractional 𝑞-derivatives. Wemake use Ba-
nach’s and Schaefer’s fixed point theorems to prove the uniqueness and the
existence of at least one solution for the introduced problem. Also, we discuss
the UH-Rassias stability for the mentioned problem. Finally, we give some
examples to illustrate the proposed main results.
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1. Introduction and 𝒒-fractional calculus
In recent years, difference equations with 𝑞-fractional (𝐪𝐅) derivatives have

aroused great interest, these classes of equations have many applications in
different fields and thus have evolved into multidisciplinary subjects as can
be seen in [4, 12, 13, 14, 15, 16]. Also, the differential equations involving
fractional 𝑞-difference calculus have been investigated by several scientific re-
searchers, see for instance [2, 22, 23, 26, 27, 28, 30, 40]. Many researchers have
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considered the existence, uniqueness and stability of solutions, fractional 𝑞-
differential equations, see for example [1, 6, 17, 18, 24, 29, 35]. Recently, con-
siderable attention has been given to the existence of solutions for sequential
fractional 𝑞-differential equations, the reader can consult [3, 11, 20, 32], In this
work, the existence and stability of solutions for sequential Caputo fractional
Duffing 𝑞-Difference (𝐪𝐃) problem have been discussed. The Duffing problem
is considered to be an excellent example of a dynamical system that is used to
model certain driven-damped oscillators; for more details and applications on
Duffing problem, we refer the works [7, 8, 9, 25, 38]. The classical form of the
Duffing equation [7], is given by

⎧

⎨
⎩

𝐷2𝑢 (𝑡) + 𝑑𝐷1𝑢 (𝑡) + 𝜑 (𝑡, 𝑢 (𝑡)) − 𝜙 (𝑡) = 0, 0 ≤ 𝑡 ≤ 1, 𝑑 > 0,

𝑢 (0) − 𝐵1 = 0, 𝐷1𝑢 (0) − 𝐵2 = 0, 𝐵𝑖 ∈ ℝ, 𝑖 = 1, 2,

where 𝜑 and 𝜙 are given continuous functions. Many scientific researchers
have discussed the fractional types of the above equation, for instance see [5,
10, 19, 31, 33, 39] and references therein. In [10] the authors considered the
fractional version of the Duffing problem

⎧
⎪

⎨
⎪
⎩

𝐷𝜗𝑢 (𝑡) + 𝑑𝐷𝛿𝑢 (𝑡) + 𝜁𝑢 (𝑡) + 𝜉𝑢3 (𝑡) − sin (𝜇𝑡) = 0,

𝑢 (0) − 𝐵1 = 0, 𝐷𝛿𝑢 (0) − 𝐵2 = 0, 𝐵𝑖 ∈ ℝ, 𝑖 = 1, 2,

0 ≤ 𝑡 ≤ 1, 1 < 𝜗 < 2, 0 < 𝛿 < 1, 𝑑, 𝜁, 𝜉, 𝜇 > 0,

where𝐷𝜗 and𝐷𝛿 are theCaputo fractional derivatives. As in [33], the fractional
Duffing problem is given as

⎧
⎪

⎨
⎪
⎩

𝐷𝜗𝑢 (𝑡) + 𝑑𝐷𝛿𝑢 (𝑡) + 𝜑 (𝑡, 𝑢 (𝑡)) − 𝜙 (𝑡) = 0,

𝑢 (𝑣0) − 𝑢0 = 0, 𝑢′ (𝑣0) − 𝑢1 = 0,

0 ≤ 𝑡 ≤ 1, 1 < 𝜗 < 2, 0 < 𝛿 < 1, 𝑑 > 0,

where 𝐷𝜗 and 𝐷𝛿 are the Caputo fractional derivatives. The notion here is to
consider with the existence, uniqueness and Ulam-stability (𝐔𝐒) of solutions
for the following sequential Caputo fractional Duffing 𝐪𝐃 problem

⎧
⎪

⎨
⎪
⎩

𝐷𝜔
𝑞
[
𝐷𝛾
𝑞𝑢 (𝑡)

]
+ 𝜃𝜑

(
𝑡, 𝑢 (𝑡) , 𝐷𝛿

𝑞𝑢 (𝑡)
)
+ 𝜓

(
𝑡, 𝑢 (𝑡) , 𝐼𝛼𝑞𝑢 (𝑡)

)
− 𝜙 (𝑡) = 0,

𝑢 (0) = 0, 𝛽1𝑢 (1) − 𝛽2𝑢 (𝜂) = 0, 𝐷𝛾
𝑞𝑢 (0) − 𝐷𝛾

𝑞𝑢 (1) = 0, 𝜂 ∈ (0, 1) ,

0 ≤ 𝑡 ≤ 1, 1 < 𝜔 < 2, 0 < 𝛾, 𝑞 < 1, 𝛿 < 𝛾, 𝜃 > 0, 𝛼 > 0, 𝛽𝑖 ∈ ℝ, 𝑖 = 1, 2,

(1)

where 𝐷𝜗
𝑞 is the Caputo 𝐪𝐅 derivative of order 𝜗 ∈ {𝜔, 𝛾} , 𝜑, 𝜓 ∶ [0, 1]×ℝ→ ℝ

and 𝜙 ∶ [0, 1] → ℝ are continuous maps. The operator 𝐷𝜗
𝑞 is the 𝐪𝐅 derivative
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in the sense of Caputo [4, 34], defined by

𝐷𝜗
𝑞𝑢 (𝑡) = 𝐼𝑛−𝜗𝑞 𝐷𝑛

𝑞𝑢 (𝑡) , 𝜗 > 0,

𝐷0
𝑞𝑢 (𝑡) = 𝑢 (𝑡) ,

where smallest integer 𝑛 is such that 𝑛 ≥ 𝜗. As in [4, 34], define 𝐪𝐅 integral of
the Riemann-Liouville type as

𝐼𝛼𝑞 [𝑢 (𝑡)] =
1

Γ𝑞(𝛼)
∫ 𝑡0 (𝑡 − 𝑞𝑠)(𝛼−1) 𝑢 (𝑠)𝑑𝑞𝑠, 𝛼 > 0,

𝐼0𝑞 [𝑢 (𝑡)] = 𝑢 (𝑡) ,

where the 𝑞-gamma function is given by Γ𝑞 (𝜗) =
(1−𝑞)(𝜗−1)

(1−𝑞)𝜗−1
, and satisfies

Γ𝑞 (𝜗 + 1) = [𝜗]𝑞Γ𝑞 (𝜗) , [𝑎]𝑞 =
1 − 𝑞𝑎

1 − 𝑞 , 𝑎 ∈ ℝ.

Using [4, 34], we have.

Lemma 1.1. Let 𝜗, 𝜅 ≥ 0 and define a function 𝑢 in [0, 1], then

𝐼𝜗𝑞 𝐼𝜅𝑞𝑢 (𝑡) = 𝐼𝜗+𝜅𝑞 𝑢 (𝑡) and 𝐷𝜗
𝑞 𝐼𝜗𝑞𝑢 (𝑡) = 𝑢 (𝑡) .

Lemma 1.2. For a positive integer 𝜅 and 𝜗 > 0 , we have

𝐼𝜗𝑞𝐷𝜅
𝑞𝑢 (𝑡) = 𝐷𝜅

𝑞𝐼𝜗𝑞𝑢 (𝑡) −
𝜅−1∑

𝑗=0

𝑡𝜗−𝜅+𝑗

Γ𝑞 (𝜗 + 𝑗 − 𝜅 + 1)
𝐷𝑗
𝑞𝑢 (0) .

Lemma 1.3. If 𝜗 ∈ ℝ+∖ℕ, then

𝐼𝜗𝑞𝐷𝜗
𝑞𝑢 (𝑡) = 𝑢 (𝑡) −

𝑛−1∑

𝑗=0

𝑡𝑗

Γ𝑞 (𝑗 + 1)
𝐷𝑗
𝑞𝑢 (0) .

Lemma 1.4. For 𝜗 ∈ ℝ+ and𝜛 > −1, we have

𝐼𝛼𝑞
[
(𝑡 − 𝑢)(𝜛)

]
=

Γ𝑞 (𝜛 + 1)
Γ𝑞 (𝜗 +𝜛 + 1)

(𝑡 − 𝑢)(𝜗+𝜛) .

By choosing 𝑢 = 0 and𝜛 = 0, it yields

𝐼𝜗𝑞 [1] =
1

Γ𝑞 (𝜗 + 1)
𝑡(𝜗).

Lemma 1.5. [36] Let 𝑍 ∶ 𝑆 → 𝑆 be a completely continuous operator and define
the bounded set

{𝑢 ∈ 𝑆 ∶ 𝑢 = 𝜁𝑍 (𝑢) , 0 < 𝜁 < 1} ,

where 𝑆 is a Banach space. Assuming this set is bounded, 𝑍 has a fixed point in 𝑆.
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Now, we introduce the following space

𝑈 =
{
𝑢 ∶ 𝑢 ∈ 𝐶 ([0, 1] ,ℝ) and 𝐷𝛿

𝑞𝑢 ∈ 𝐶 ([0, 1] ,ℝ)
}
,

endowed with the norm

‖𝑢‖𝑈 = ‖𝑢‖ + ‖‖‖‖𝐷
𝛿
𝑞𝑢
‖‖‖‖ = sup

𝑡∈[0,1]
|𝑢 (𝑡)| + sup

𝑡∈[0,1]

||||𝐷
𝛿
𝑞𝑢 (𝑡)

|||| .

Then it is well known that
(
𝑈, ‖.‖𝑈

)
is a Banach space [37].

Lemma 1.6. Let 𝛽1 ≠ 𝛽2𝜂𝛾 and 𝑔 ∈ 𝐶 ([0, 1] ,ℝ). Then the unique solution of
the problem

⎧
⎪

⎨
⎪
⎩

𝐷𝜔
𝑞
[
𝐷𝛾
𝑞𝑢 (𝑡)

]
= 𝑔 (𝑡) , 0 ≤ 𝑡 ≤ 1, 1 < 𝜔 < 2, 0 < 𝛾, 𝑞 < 1,

𝑢 (0) = 0, 𝛽1𝑢 (1) = 𝛽2𝑢 (𝜂) , 𝐷
𝛾
𝑞𝑢 (0) = 𝐷𝛾

𝑞𝑢 (1) ,

0 < 𝜂 < 1, 𝜆 ≥ 0, 𝛽𝑖 ∈ ℝ, 𝑖 = 1, 2,

(2)

is given by

𝑢 (𝑡) =
1

Γ𝑞 (𝜔 + 𝛾)

𝑡

∫
0

(𝑡 − 𝑞𝑠)(𝜔+𝛾−1) 𝑔 (𝑠)𝑑𝑞𝑠 (3)

+
𝛽2𝑡𝛾

(𝛽1 − 𝛽2𝜂𝛾) Γ𝑞 (𝜔 + 𝛾)

𝜂

∫
0

(𝜂 − 𝑞𝑠)(𝜔+𝛾−1) 𝑔 (𝑠)𝑑𝑞𝑠

−
𝛽1𝑡𝛾

(𝛽1 − 𝛽2𝜂𝛾) Γ𝑞 (𝜔 + 𝛾)

1

∫
0

(1 − 𝑞𝑠)(𝜔+𝛾−1) 𝑔 (𝑠)𝑑𝑞𝑠

+

(
𝛽1 − 𝛽2𝜂𝛾+1

)
𝑡𝛾

(𝛽1 − 𝛽2𝜂𝛾) [𝛾 + 1]𝑞Γ𝑞 (𝜔)

1

∫
0

(1 − 𝑞𝑠)(𝜔−1) 𝑔 (𝑠)𝑑𝑞𝑠

− 𝑡𝛾+1

Γ𝑞 (𝛾 + 2) Γ𝑞 (𝜔)

1

∫
0

(1 − 𝑞𝑠)(𝜔−1) 𝑔 (𝑠)𝑑𝑞𝑠.

where 𝛽1 − 𝛽2𝜂𝛾 ≠ 0.

Proof. On taking the operator 𝐼𝜔𝑞 to both sides of (2 ), and using Lemma 4, it
yields

𝐷𝛾
𝑞𝑢 (𝑡) = 𝐼𝜔𝑞 [𝑔 (𝑡)] + 𝑑0𝐼0𝑞 [1] + 𝑑1𝐼0𝑞 [𝑡] , 𝑑𝑖 ∈ ℝ, 𝑖 = 0, 1. (4)

Next, applying the operator 𝐼𝛾𝑞 to both sides (4), we get

𝑢 (𝑡) = 𝐼𝜔+𝛾𝑞 [𝑔 (𝑡)] + 𝑑0𝐼
𝛾
𝑞 [1] + 𝑑1𝐼

𝛾
𝑞 [𝑡] + 𝑑2, 𝑑𝑖 ∈ ℝ, 𝑖 = 0, 1, 2. (5)
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The condition 𝐷𝛾
𝑞𝑢 (0) = 𝐷𝛾

𝑞𝑢 (1) , imply that

𝑑1 = −𝐼𝜔𝑞 [𝑔 (1)] . (6)

Now, by using 𝑢 (0) = 0 and 𝛽1𝑢 (1) = 𝛽2𝑢 (𝜂) , we obtain

𝑑2 = 0,
and (7)

𝑑0 =
Γ𝑞 (𝛾 + 1)
𝛽1 − 𝛽2𝜂𝛾

[
𝛽2𝐼

𝜔+𝛾
𝑞 [𝑔 (𝜂)] − 𝛽1𝐼

𝜔+𝛾
𝑞 [𝑔 (1)] + 𝛽2𝑑1𝐼

𝛾
𝑞 [𝜂] − 𝛽1𝑑1𝐼

𝛾
𝑞 [1]

]
.

Hence, we obtain (3). □

2. Existence of solutions for fractional Duffing 𝐪𝐃 problem
The determination of the existence and uniqueness of the solution of frac-

tional Duffing 𝐪𝐃 problem (1) will be determined in this section. Using Lemma
6, we define operator 𝑍 ∶ 𝑈 → 𝑈 as

𝑍𝑢 (𝑡) =
1

Γ𝑞 (𝜔 + 𝛾)

𝑡

∫
0

(𝑡 − 𝑞𝑠)(𝜔+𝛾−1) [𝜙 (𝑠) − 𝜃𝜑∗𝑢 (𝑠) − 𝜓∗𝑢 (𝑠)]𝑑𝑞𝑠 (8)

+
𝛽2𝑡(𝛾)

(𝛽1 − 𝛽2𝜂𝛾) Γ𝑞 (𝜔 + 𝛾)

𝜂

∫
0

(𝜂 − 𝑞𝑠)(𝜔+𝛾−1) [𝜙 (𝑠) − 𝜃𝜑∗𝑢 (𝑠) − 𝜓∗𝑢 (𝑠)]𝑑𝑞𝑠

−
𝛽1𝑡(𝛾)

(𝛽1 − 𝛽2𝜂𝛾) Γ𝑞 (𝜔 + 𝛾)

1

∫
0

(1 − 𝑞𝑠)(𝜔+𝛾−1) [𝜙 (𝑠) − 𝜃𝜑∗𝑢 (𝑠) − 𝜓∗𝑢 (𝑠)]𝑑𝑞𝑠

+

(
𝛽1 − 𝛽2𝜂(𝛾+1)

)
𝑡(𝛾)

(𝛽1 − 𝛽2𝜂𝛾) [𝛾 + 1]𝑞Γ𝑞 (𝜔)

1

∫
0

(1 − 𝑞𝑠)(𝜔−1) [𝜙 (𝑠) − 𝜃𝜑∗𝑢 (𝑠) − 𝜓∗𝑢 (𝑠)]𝑑𝑞𝑠

− 𝑡(𝛾+1)

Γ𝑞 (𝛾 + 2) Γ𝑞 (𝜔)

1

∫
0

(1 − 𝑞𝑠)(𝜔−1) [𝜙 (𝑠) − 𝜃𝜑∗𝑢 (𝑠) − 𝜓∗𝑢 (𝑠)]𝑑𝑞𝑠.
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For simplicity, we use following notations:

Λ1 =
1

Γ𝑞 (𝜔 + 𝛾 + 1)
+ 1
|||𝛽1 − 𝛽2𝜂𝛾|||

[
|||𝛽2||| 𝜂(𝜔+𝛾) + |||𝛽1|||
Γ𝑞 (𝜔 + 𝛾 + 1)

+
||||𝛽1 − 𝛽2𝜂(𝛾+1)

||||
[𝛾 + 1]𝑞Γ𝑞 (𝜔 + 1)

]

+ 1
Γ𝑞 (𝛾 + 2) Γ𝑞 (𝜔 + 1)

,

Λ2 =
1

Γ𝑞 (𝜔 + 𝛾 − 𝛿 + 1)
+ 1
Γ𝑞 (𝛾 − 𝛿 + 1) |||𝛽1 − 𝛽2𝜂𝛾|||

[
|||𝛽2||| 𝜂(𝜔+𝛾) + |||𝛽1|||
Γ𝑞 (𝜔 + 𝛾 + 1)

(9)

+
||||𝛽1 − 𝛽2𝜂(𝛾+1)

||||
[𝛾 + 1]𝑞Γ𝑞 (𝜔 + 1)

] +
1

Γ𝑞 (𝛾 − 𝛿 + 2) Γ𝑞 (𝛾 + 2) Γ𝑞 (𝜔 + 1)
.

The first result is concerned with the existence and uniqueness of the solution
for the problem (1) and is based on Banach’s fixed point theorem.

Theorem 2.1. Let 𝜑, 𝜓 ∶ [0, 1] × ℝ2 → ℝ and 𝜙 ∶ ℝ → ℝ be continuous
functions. Further, we assume that:
(𝐶1) ∶ There exists constant 𝜗1 > 0, 𝜗2 > 0 such that for all 𝑡 ∈ 𝐽 and 𝑢𝑖, 𝑣𝑖 ∈

ℝ2, 𝑖 = 1, 2, we have
|||𝜑 (𝑡, 𝑢1, 𝑣1) − 𝜑 (𝑡, 𝑢2, 𝑣2)||| ≤ 𝜗1 (|𝑢1 − 𝑢2| + |𝑣1 − 𝑣2|) ,

and
|||𝜓 (𝑡, 𝑢1, 𝑣1) − 𝜓 (𝑡, 𝑢1, 𝑣1)||| ≤ 𝜗2 (|𝑢1 − 𝑢2| + |𝑣1 − 𝑣2|) .

If

(𝜃𝜗1 + 𝜗2 [1 +
1

Γ𝑞 (𝛼 + 1)
]) (Λ1 + Λ2) < 1, (10)

where Λ𝑖, 𝑖 = 1, 2, are defined in (9), then there exists a unique solution of the
problem (1).

Proof. Let us define 𝐴 = max {𝐴𝑖, 𝑖 = 1, 2, 3} , where 𝐴𝑖 are finite numbers
given by 𝐴1 = sup𝑡∈[0,1]

|||𝜑 (𝑡, 0, 0, 0)||| , 𝐴2 = sup𝑡∈[0,1]
|||𝜓 (𝑡, 0, 0, 0)||| and 𝐴3 =

sup𝑡∈[0,1]
|||𝜙 (𝑡)||| . Setting

[Λ2 + Λ2]𝐴 (𝜃 + 2)

1 − [Λ2 + Λ2] (𝜃𝜗1 + 𝜗2 [1 +
1

Γ𝑞(𝛼+1)
])

≤ 𝜖,

we show that 𝑍𝐵𝜖 ⊂ 𝐵𝜖, where 𝑍 defined by (8) and 𝐵𝜖 =
{
𝑢 ∈ 𝑈 ∶ ‖𝑢‖𝑈 ≤ 𝜖

}
.

For 𝑢 ∈ 𝐵𝜖 and by (𝐶1) , we can write
|||𝜑∗𝑢 (𝑡)||| = ||||𝜑

(
𝑡, 𝑢 (𝑡) , 𝐷𝛿

𝑞𝑢 (𝑡)
)|||| ≤

||||𝜑
(
𝑡, 𝑢 (𝑡) , 𝐷𝛿

𝑞𝑢 (𝑡)
)
− 𝜑 (𝑡, 0, 0)|||| +

|||𝜑 (𝑡, 0, 0)|||
(11)

≤ 𝜗1
(
|𝑢 (𝑡)| + ||||𝐷

𝛿
𝑞𝑢 (𝑡)

||||
)
+ 𝐴1 ≤ 𝜗1 ‖𝑢‖𝑈 + 𝐴1 ≤ 𝜗1𝜖 + 𝐴,
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and

|||𝜓∗𝑢 (𝑡)||| = ||||𝜓
(
𝑡, 𝑢 (𝑡) , 𝐼𝛼𝑞𝑢 (𝑡)

)|||| ≤
||||𝜓
(
𝑡, 𝑢 (𝑡) , 𝐼𝛼𝑞𝑢 (𝑡)

)
− 𝜓 (𝑡, 0, 0)|||| +

|||𝜓 (𝑡, 0, 0)|||
(12)

≤ 𝜗2
(
|𝑢 (𝑡)| + ||||𝐼

𝛼
𝑞𝑢 (𝑡)

||||
)
+ 𝐴2 ≤ 𝜗2 (‖𝑢‖𝑈 +

1
Γ𝑞 (𝛼 + 1)

‖𝑢‖) + 𝐴2

≤ 𝜗2 [1 +
1

Γ𝑞 (𝛼 + 1)
] ‖𝑢‖𝑈 + 𝐴2 ≤ 𝜗2 [1 +

1
Γ𝑞 (𝛼 + 1)

] 𝜖 + 𝐴.

By (11) and (12), we get

|𝑍𝑢 (𝑡)| ≤ sup
𝑡∈[0,1]

⎧

⎨
⎩

1
Γ𝑞 (𝜔 + 𝛾)

𝑡

∫
0

(𝑡 − 𝑞𝑠)(𝜔+𝛾−1)
[
𝜙 (𝑠) − 𝜃𝜑∗𝑢 (𝑠) − 𝜓∗𝑢 (𝑠)

]
𝑑𝑞𝑠

+
|||𝛽2||| 𝑡(𝛾)

(|||𝛽1 − 𝛽2𝜂𝛾|||) Γ𝑞 (𝜔 + 𝛾)

𝜂

∫
0

(𝜂 − 𝑞𝑠)(𝜔+𝛾−1)
[
𝜙 (𝑠) − 𝜃𝜑∗𝑢 (𝑠) − 𝜓∗𝑢 (𝑠)

]
𝑑𝑞𝑠

+
|||𝛽1||| 𝑡(𝛾)

(|||𝛽1 − 𝛽2𝜂𝛾|||) Γ𝑞 (𝜔 + 𝛾)

1

∫
0

(1 − 𝑞𝑠)(𝜔+𝛾−1)
[
𝜙 (𝑠) − 𝜃𝜑∗𝑢 (𝑠) − 𝜓∗𝑢 (𝑠)

]
𝑑𝑞𝑠

+
||||𝛽1 − 𝛽2𝜂(𝛾+1)

|||| 𝑡
(𝛾)

|||𝛽1 − 𝛽2𝜂𝛾||| [𝛾 + 1]𝑞Γ𝑞 (𝜔)

1

∫
0

(1 − 𝑞𝑠)(𝜔−1)
[
𝜙 (𝑠) − 𝜃𝜑∗𝑢 (𝑠) − 𝜓∗𝑢 (𝑠)

]
𝑑𝑞𝑠

+ 𝑡(𝛾+1)

Γ𝑞 (𝛾 + 2) Γ𝑞 (𝜔)

1

∫
0

(1 − 𝑞𝑠)(𝜔−1)
[
𝜙 (𝑠) − 𝜃𝜑∗𝑢 (𝑠) − 𝜓∗𝑢 (𝑠)

]
𝑑𝑞𝑠

⎫

⎬
⎭

,

which implies that

‖𝑍𝑢‖

≤ (
1

Γ𝑞 (𝜔 + 𝛾 + 1)
+ 1
|||𝛽1 − 𝛽2𝜂𝛾|||

[
|||𝛽2||| 𝜂(𝜔+𝛾) + |||𝛽1|||
Γ𝑞 (𝜔 + 𝛾 + 1)

+
||||𝛽1 − 𝛽2𝜂𝛾+1

||||
[𝛾 + 1]𝑞Γ𝑞 (𝜔 + 1)

] +
1

Γ𝑞 (𝛾 + 2) Γ𝑞 (𝜔 + 1)
)

× [(𝜃𝜗1 + 𝜗2 [1 +
1

Γ𝑞 (𝛼 + 1)
]) 𝜖 + 𝐴 (𝜃 + 2)]

= Λ1 [(𝜃𝜗1 + 𝜗2 [1 +
1

Γ𝑞 (𝛼 + 1)
]) 𝜖 + 𝐴 (𝜃 + 2)] .
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Also, we have

||||𝐷
𝛿
𝑞𝑍𝑢 (𝑡)

||||

≤ sup
𝑡∈[0,1]

⎧

⎨
⎩

1
Γ𝑞 (𝜔 + 𝛾 − 𝛿)

𝑡

∫
0

(𝑡 − 𝑞𝑠)(𝜔+𝛾−𝛿−1)
[
𝜙 (𝑠) − 𝜃𝜑∗𝑢 (𝑠) − 𝜓∗𝑢 (𝑠)

]
𝑑𝑞𝑠

+
|||𝛽2||| 𝑡(𝛾−𝛿)

Γ𝑞 (𝛾 − 𝛿 + 1) |||𝛽1 − 𝛽2𝜂𝛾|||Γ𝑞 (𝜔 + 𝛾)

𝜂

∫
0

(𝜂 − 𝑞𝑠)(𝜔+𝛾−1)
[
𝜙 (𝑠) − 𝜃𝜑∗𝑢 (𝑠) − 𝜓∗𝑢 (𝑠)

]
𝑑𝑞𝑠

+
|||𝛽1||| 𝑡(𝛾−𝛿)

Γ𝑞 (𝛾 − 𝛿 + 1) |||𝛽1 − 𝛽2𝜂𝛾|||Γ𝑞 (𝜔 + 𝛾)

1

∫
0

(1 − 𝑞𝑠)(𝜔+𝛾−1)
[
𝜙 (𝑠) − 𝜃𝜑∗𝑢 (𝑠) − 𝜓∗𝑢 (𝑠)

]
𝑑𝑞𝑠

+
||||𝛽1 − 𝛽2𝜂(𝛾+1)

|||| 𝑡
(𝛾−𝛿)

Γ𝑞 (𝛾 − 𝛿 + 1) |||𝛽1 − 𝛽2𝜂𝛾||| [𝛾 + 1]𝑞Γ𝑞 (𝜔)

1

∫
0

(1 − 𝑞𝑠)(𝜔−1)
[
𝜙 (𝑠) − 𝜃𝜑∗𝑢 (𝑠) − 𝜓∗𝑢 (𝑠)

]
𝑑𝑞𝑠

+ 𝑡(𝛾−𝛿+1)

Γ𝑞 (𝛾 − 𝛿 + 2) Γ𝑞 (𝛾 + 2) Γ𝑞 (𝜔)

1

∫
0

(1 − 𝑞𝑠)(𝜔−1)
[
𝜙 (𝑠) − 𝜃𝜑∗𝑢 (𝑠) − 𝜓∗𝑢 (𝑠)

]
𝑑𝑞𝑠

⎫

⎬
⎭

.

This implies that

‖‖‖‖𝐷
𝛿
𝑞𝑍 (𝑢)

‖‖‖‖

≤ (
1

Γ𝑞 (𝜔 + 𝛾 − 𝛿 + 1)
+ 1
Γ𝑞 (𝛾 − 𝛿 + 1) |||𝛽1 − 𝛽2𝜂𝛾|||

[
|||𝛽2||| 𝜂(𝜔+𝛾) + |||𝛽1|||
Γ𝑞 (𝜔 + 𝛾 + 1)

+
||||𝛽1 − 𝛽2𝜂(𝛾+1)

||||
[𝛾 + 1]𝑞Γ𝑞 (𝜔 + 1)

] +
1

Γ𝑞 (𝛾 − 𝛿 + 2) Γ𝑞 (𝛾 + 2) Γ𝑞 (𝜔 + 1)
)

× [(𝜃𝜗1 + 𝜗2 [1 +
1

Γ𝑞 (𝛼 + 1)
]) 𝜖 + 𝐴 (𝜃 + 2)]

Λ2 [(𝜃𝜗1 + 𝜗2 [1 +
1

Γ𝑞 (𝛼 + 1)
]) 𝜖 + 𝐴 (𝜃 + 2)] .

In consequence, we get

‖𝑍 (𝑢)‖𝑈 = ‖𝑍 (𝑢)‖ + ‖‖‖‖𝐷
𝛿
𝑞𝑍 (𝑢)

‖‖‖‖

≤ [Λ2 + Λ2] (𝜃𝜗1 + 𝜗2 [1 +
1

Γ𝑞 (𝛼 + 1)
]) 𝜖

+ [Λ2 + Λ2]𝐴 (𝜃 + 2) ≤ 𝜖,
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which means that 𝑍𝐵𝜖 ⊂ 𝐵𝜖. For 𝑢, 𝑣 ∈ 𝐵𝜖 and for each 𝑡 ∈ [0, 1], we have

|𝑍𝑢 (𝑡) − 𝑍𝑣 (𝑡)|

≤ sup
𝑡∈[0,1]

⎧

⎨
⎩

1
Γ𝑞 (𝜔 + 𝛾)

𝑡

∫
0

(𝑡 − 𝑞𝑠)(𝜔+𝛾−1)
[
𝜃 |||𝜑∗𝑢 (𝑠) − 𝜑∗𝑣 (𝑠)||| + |||𝜓∗𝑢 (𝑠) − 𝜓∗𝑣 (𝑠)|||

]
𝑑𝑞𝑠

+
|||𝛽2||| 𝑡(𝛾)

|||𝛽1 − 𝛽2𝜂𝛾|||Γ𝑞 (𝜔 + 𝛾)

𝜂

∫
0

(𝜂 − 𝑞𝑠)(𝜔+𝛾−1)
[
𝜃 |||𝜑∗𝑢 (𝑠) − 𝜑∗𝑣 (𝑠)||| + |||𝜓∗𝑢 (𝑠) − 𝜓∗𝑣 (𝑠)|||

]
𝑑𝑞𝑠

+
|||𝛽1||| 𝑡(𝛾)

(|||𝛽1 − 𝛽2𝜂𝛾|||) Γ𝑞 (𝜔 + 𝛾)

1

∫
0

(1 − 𝑞𝑠)(𝜔+𝛾−1)
[
𝜃 |||𝜑∗𝑢 (𝑠) − 𝜑∗𝑣 (𝑠)||| + |||𝜓∗𝑢 (𝑠) − 𝜓∗𝑣 (𝑠)|||

]
𝑑𝑞𝑠

+
||||𝛽1 − 𝛽2𝜂(𝛾+1)

|||| 𝑡
(𝛾)

|||𝛽1 − 𝛽2𝜂𝛾||| [𝛾 + 1]𝑞Γ𝑞 (𝜔)

1

∫
0

(1 − 𝑞𝑠)(𝜔−1)
[
𝜃 |||𝜑∗𝑢 (𝑠) − 𝜑∗𝑣 (𝑠)||| + |||𝜓∗𝑢 (𝑠) − 𝜓∗𝑣 (𝑠)|||

]
𝑑𝑞𝑠

+ 𝑡(𝛾+1)

Γ𝑞 (𝛾 + 2) Γ𝑞 (𝜔)

1

∫
0

(1 − 𝑞𝑠)(𝜔−1)
[
𝜃 |||𝜑∗𝑢 (𝑠) − 𝜑∗𝑣 (𝑠)||| + |||𝜓∗𝑢 (𝑠) − 𝜓∗𝑣 (𝑠)|||

]
𝑑𝑞𝑠

⎫

⎬
⎭

.

By (𝐶1), we can write

‖𝑍 (𝑢) − 𝑍 (𝑣)‖

≤ (𝜃𝜗1 + 𝜗2 [1 +
1

Γ𝑞 (𝛼 + 1)
]) [

1
Γ𝑞 (𝜔 + 𝛾 + 1)

+ 1
|||𝛽1 − 𝛽2𝜂𝛾|||

(
|||𝛽2||| 𝜂(𝜔+𝛾) + |||𝛽1|||
Γ𝑞 (𝜔 + 𝛾 + 1)

+
||||𝛽1 − 𝛽2𝜂𝛾+1

||||
[𝛾 + 1]𝑞Γ𝑞 (𝜔 + 1)

) +
1

Γ𝑞 (𝛾 + 2) Γ𝑞 (𝜔 + 1)
] ‖𝑢 − 𝑣‖𝑈

= (𝜃𝜗1 + 𝜗2 [1 +
1

Γ𝑞 (𝛼 + 1)
])Λ1 ‖𝑢 − 𝑣‖𝑈 .

Hence,

‖𝑍 (𝑢) − 𝑍 (𝑣)‖ ≤ (𝜃𝜗1 + 𝜗2 [1 +
1

Γ𝑞 (𝛼 + 1)
])Λ1 ‖𝑢 − 𝑣‖𝑈 . (13)
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On the other hand, for each 𝑡 ∈ [0, 1], we have
||||𝐷

𝛿
𝑞𝑍𝑢 (𝑡) − 𝐷𝛿

𝑞𝑍𝑣 (𝑡)
||||

≤ sup
𝑡∈[0,1]

⎧

⎨
⎩

1
Γ𝑞 (𝜔 + 𝛾 − 𝛿)

𝑡

∫
0

(𝑡 − 𝑞𝑠)(𝜔+𝛾−𝛿−1)
[
𝜃 |||𝜑∗𝑢 (𝑠) − 𝜑∗𝑣 (𝑠)||| + |||𝜓∗𝑢 (𝑠) − 𝜓∗𝑣 (𝑠)|||

]
𝑑𝑞𝑠

+
|||𝛽2||| 𝑡(𝛾−𝛿)

Γ𝑞 (𝛾 − 𝛿 + 1) |||𝛽1 − 𝛽2𝜂𝛾|||Γ𝑞 (𝜔 + 𝛾)

𝜂

∫
0

(𝜂 − 𝑞𝑠)(𝜔+𝛾−1)

×
[
𝜃 |||𝜑∗𝑢 (𝑠) − 𝜑∗𝑣 (𝑠)||| + |||𝜓∗𝑢 (𝑠) − 𝜓∗𝑣 (𝑠)|||

]
𝑑𝑞𝑠

+
|||𝛽1||| 𝑡(𝛾−𝛿)

Γ𝑞 (𝛾 − 𝛿 + 1) |||𝛽1 − 𝛽2𝜂𝛾|||Γ𝑞 (𝜔 + 𝛾)

1

∫
0

(1 − 𝑞𝑠)(𝜔+𝛾−1)

×
[
𝜃 |||𝜑∗𝑢 (𝑠) − 𝜑∗𝑣 (𝑠)||| + |||𝜓∗𝑢 (𝑠) − 𝜓∗𝑣 (𝑠)|||

]
𝑑𝑞𝑠

+
||||𝛽1 − 𝛽2𝜂(𝛾+1)

|||| 𝑡
(𝛾−𝛿)

Γ𝑞 (𝛾 − 𝛿 + 1) |||𝛽1 − 𝛽2𝜂𝛾||| [𝛾 + 1]𝑞Γ𝑞 (𝜔)

1

∫
0

(1 − 𝑞𝑠)(𝜔−1)

×
[
𝜃 |||𝜑∗𝑢 (𝑠) − 𝜑∗𝑣 (𝑠)||| + |||𝜓∗𝑢 (𝑠) − 𝜓∗𝑣 (𝑠)|||

]
𝑑𝑞𝑠

+ 𝑡(𝛾−𝛿+1)

Γ𝑞 (𝛾 − 𝛿 + 2) Γ𝑞 (𝛾 + 2) Γ𝑞 (𝜔)

1

∫
0

(1 − 𝑞𝑠)(𝜔−1)

[
𝜃 |||𝜑∗𝑢 (𝑠) − 𝜑∗𝑣 (𝑠)||| + |||𝜓∗𝑢 (𝑠) − 𝜓∗𝑣 (𝑠)|||

]
𝑑𝑞𝑠

}
.

Thanks to (𝐶1), we have
‖‖‖‖𝐷

𝛿
𝑞𝑍 (𝑢) − 𝐷𝛿

𝑞𝑍 (𝑣)
‖‖‖‖

≤ (𝜃𝜗1 + 𝜗2 [1 +
1

Γ𝑞 (𝛼 + 1)
]) [

1
Γ𝑞 (𝜔 + 𝛾 − 𝛿 + 1)

+ 1
Γ𝑞 (𝛾 − 𝛿 + 1) |||𝛽1 − 𝛽2𝜂𝛾|||

(
|||𝛽2||| 𝜂(𝜔+𝛾) + |||𝛽1|||
Γ𝑞 (𝜔 + 𝛾 + 1)

+
||||𝛽1 − 𝛽2𝜂(𝛾+1)

||||
[𝛾 + 1]𝑞Γ𝑞 (𝜔 + 1)

)

+ 1
Γ𝑞 (𝛾 − 𝛿 + 2) Γ𝑞 (𝛾 + 2) Γ𝑞 (𝜔 + 1)

] ‖𝑢 − 𝑣‖𝑈 .

Therefore,

‖‖‖‖𝐷
𝛿
𝑞𝑍 (𝑢) − 𝐷𝛿

𝑞𝑍 (𝑣)
‖‖‖‖ ≤ (𝜃𝜗1 + 𝜗2 [1 +

1
Γ𝑞 (𝛼 + 1)

])Λ2 ‖𝑢 − 𝑣‖𝑈 . (14)

Then, thanks to (13) and (14), we conclude that

‖𝑍 (𝑢) − 𝑍 (𝑣)‖𝑈 ≤ (𝜃𝜗1 + 𝜗2 [1 +
1

Γ𝑞 (𝛼 + 1)
]) (Λ1 + Λ2) ‖𝑢 − 𝑣‖𝑈 .
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By (10), it is obvious that 𝑍 is contractive operator. Consequently, 𝑍 has a fixed
point which is a solution of (1), using Banach fixed point theorem. □

Now, we prove existence of at least one solutions for the sequential Caputo
fractional Duffing 𝐪𝐃 problem (1) by using lemma 5.

Theorem 2.2. Let 𝜑, 𝜓 ∶ [0, 1] × ℝ2 → ℝ and 𝜙 ∶ ℝ → ℝ be continuous
functions. Assume that:
(𝐶2) ∶ There exist a positive constants 𝐵𝑖, 𝑖 = 1, 2, 3 in such a way that for all

𝑡 ∈ [0, 1] and 𝑢, 𝑣 ∈ ℝ.

|||𝜑 (𝑡, 𝑢, 𝑣)||| ≤ 𝐵1, |||𝜓 (𝑡, 𝑢, 𝑣)||| ≤ 𝐵2 and |||𝜙 (𝑡)||| ≤ 𝐵3.

Then the sequential Caputo fractional Duffing 𝐪𝐃 problem (1 ) has at least one
solution.

Proof. By continuity of functions of 𝜑, 𝜓 and 𝜙, the operator 𝑍 is continuous.
Now, we show that the operator 𝑍 is completely continuous.
(𝑎1) ∶ Firstly, we show that 𝑍 maps bounded sets of 𝑈 into bounded sets of

𝑈. Let us tak 𝜎 > 0 and 𝐵𝜎 =
{
𝑢 ∈ 𝑈 ∶ ‖𝑢‖𝑈 ≤ 𝜎

}
. Then for 𝑢 ∈ 𝐵𝜎, we have

‖𝑍 (𝑢)‖ (15)

≤ [
1

Γ𝑞 (𝜔 + 𝛾 + 1)
+ 1
|||𝛽1 − 𝛽2𝜂𝛾|||

(
|||𝛽2||| 𝜂(𝜔+𝛾)

Γ𝑞 (𝜔 + 𝛾 + 1)
+

|||𝛽1|||
Γ𝑞 (𝜔 + 𝛾 + 1)

+
||||𝛽1 − 𝛽2𝜂𝛾+1

||||
[𝛾 + 1]𝑞Γ𝑞 (𝜔 + 1)

) +
1

Γ𝑞 (𝛾 + 2) Γ𝑞 (𝜔 + 1)
]
⎛
⎜
⎝
𝜃𝐵1 +

3∑

𝑖=2
𝐵𝑖
⎞
⎟
⎠

= Λ1
⎛
⎜
⎝
𝜃𝐵1 +

3∑

𝑖=2
𝐵𝑖
⎞
⎟
⎠
<∞.

and
‖‖‖‖𝐷

𝛿
𝑞𝑍 (𝑢)

‖‖‖‖ (16)

≤ [
1

Γ𝑞 (𝜔 + 𝛾 − 𝛿 + 1)
+ 1
Γ𝑞 (𝛾 − 𝛿 + 1) |||𝛽1 − 𝛽2𝜂𝛾|||

(
|||𝛽2||| 𝜂(𝜔+𝛾) + |||𝛽1|||
Γ𝑞 (𝜔 + 𝛾 + 1)

+
||||𝛽1 − 𝛽2𝜂(𝛾+1)

||||
[𝛾 + 1]𝑞Γ𝑞 (𝜔 + 1)

) +
1

Γ𝑞 (𝛾 − 𝛿 + 2) Γ𝑞 (𝛾 + 2) Γ𝑞 (𝜔 + 1)
]
⎛
⎜
⎝
𝜃𝐵1 +

3∑

𝑖=2
𝐵𝑖
⎞
⎟
⎠
.

= Λ2
⎛
⎜
⎝
𝜃𝐵1 +

3∑

𝑖=2
𝐵𝑖
⎞
⎟
⎠
<∞.

It follows from (15) and (16) that ‖𝑍 (𝑢)‖𝑊 <∞.
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(𝑎2) ∶Next, we show that𝑄 is equicontinuous. Let 𝑢 ∈ 𝐵𝜎 and 𝑡1, 𝑡2 ∈ [0, 1] ,
with 𝑡1 < 𝑡2, we have

|𝑄𝑢 (𝑡2) − 𝑄𝑢 (𝑡1)| (17)

≤ (
1

Γ𝑞 (𝜔 + 𝛾 + 1)

[
(𝑡2 − 𝑡1)

(𝜔+𝛾) +
|||||𝑡
(𝜔+𝛾)
2 − 𝑡(𝜔+𝛾)1

|||||
]

+

(|||𝛽2||| 𝜂(𝜔+𝛾) − |||𝛽1|||
) |||||𝑡

(𝛾)
2 − 𝑡(𝛾)1

|||||
|||𝛽1 − 𝛽2𝜂𝛾|||Γ𝑞 (𝜔 + 𝛾 + 1)

+

(
𝛽1 − 𝛽2𝜂(𝛾+1)

) |||||𝑡
(𝛾)
2 − 𝑡(𝛾)1

|||||
(𝛽1 − 𝛽2𝜂𝛾) [𝛾 + 1]𝑞Γ𝑞 (𝜔 + 1)

+

|||||𝑡
(𝛾+1)
1 − 𝑡(𝛾+1)2

|||||
Γ𝑞 (𝛾 + 2) Γ𝑞 (𝜔 + 1)

⎞
⎟
⎠

⎛
⎜
⎝
𝜃𝐵1 +

3∑

𝑖=2
𝐵𝑖
⎞
⎟
⎠
,

and
||||𝐷

𝛿
𝑞𝑍𝑢 (𝑡2) − 𝐷𝛿

𝑞𝑍𝑢 (𝑡1)
|||| (18)

≤ (
1

Γ𝑞 (𝜔 + 𝛾 − 𝛿 + 1)

[
(𝑡2 − 𝑡1)

𝜔+𝛾−𝛿 +
|||||𝑡
𝜔+𝛾−𝛿
2 − 𝑡𝜔+𝛾−𝛿1

|||||
]

+
(|||𝛽2||| + |||𝛽1|||)

|||||𝑡
(𝛾−𝛿)
2 − 𝑡(𝛾−𝛿)1

|||||
Γ𝑞 (𝛾 − 𝛿 + 1) |||𝛽1 − 𝛽2𝜂𝛾|||Γ𝑞 (𝜔 + 𝛾)

+
||||𝛽1 − 𝛽2𝜂(𝛾+1)

||||
|||||𝑡
(𝛾−𝛿)
2 − 𝑡(𝛾−𝛿)1

|||||
Γ𝑞 (𝛾 − 𝛿 + 1) |||𝛽1 − 𝛽2𝜂𝛾||| [𝛾 + 1]𝑞Γ𝑞 (𝜔 + 1)

+

|||||𝑡
(𝛾−𝛿+1)
1 − 𝑡(𝛾−𝛿+1)2

|||||
Γ𝑞 (𝛾 − 𝛿 + 2) Γ𝑞 (𝛾 + 2) Γ𝑞 (𝜔 + 1)

⎞
⎟
⎠

⎛
⎜
⎝
𝜃𝐵1 +

3∑

𝑖=2
𝐵𝑖
⎞
⎟
⎠
.

Thanks to (17) and (18), we can state that ‖𝑍𝑢 (𝑡2) − 𝑍𝑢 (𝑡1)‖𝑈 → 0 as 𝑡2 → 𝑡1.
Combining (𝑎1) and (𝑎2) and using the Arzelà-Ascoli theorem, we conclude
that 𝑍 is a completely continuous operator.
(𝑎3) ∶ Finally, we show that the set Φ, defined by

Φ = {𝑢 ∈ 𝑈 ∶ 𝑢 = 𝜌𝑍 (𝑢) , 0 < 𝜌 < 1} ,
is bounded. Let 𝑢 ∈ Φ, then 𝑢 = 𝜌𝑍 (𝑢) for some 0 < 𝜌 < 1. Hence, for
𝑡 ∈ [0, 1], we have

𝑢 (𝑡) = 𝜌𝑍𝑢 (𝑡) .
By (𝐶2) , we have

‖𝑢‖ ≤ 𝜌Λ1
⎛
⎜
⎝
𝜃𝐵1 +

3∑

𝑖=2
𝐵𝑖
⎞
⎟
⎠
, (19)

and
‖‖‖‖𝐷

𝛿
𝑞𝑢
‖‖‖‖ ≤ 𝜌Λ2

⎛
⎜
⎝
𝜃𝐵1 +

3∑

𝑖=2
𝐵𝑖
⎞
⎟
⎠
. (20)

It follows from (19) and (20), that

‖𝑢‖𝑈 ≤ 𝜌 (Λ1 + Λ2)
⎛
⎜
⎝
𝜃𝐵1 +

3∑

𝑖=2
𝐵𝑖
⎞
⎟
⎠
≤ (Λ1 + Λ2)

⎛
⎜
⎝
𝜃𝐵1 +

3∑

𝑖=2
𝐵𝑖
⎞
⎟
⎠
.
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Consequently,
‖𝑢‖𝑈 <∞.

This shows that the set Φ is bounded.
Thanks to (𝑎𝑖), 𝑖 = 1, 2, 3, and by Lemma 5, we deduce that𝑄 has at least one

fixed point, which is a solution of problem (1). □

3. 𝐔𝐇 Stability of fractional Duffing 𝐪𝐃 problem
In this part, the𝐔𝐇 stability and the𝐔𝐇-Rassias stability of the Caputo frac-

tional Duffing 𝐪𝐃 problem (1) will be discussed. We consider the𝐔𝐒 for the se-
quential Caputo fractional Duffing 𝐪𝐃 problem (1). For 𝑏 > 0 and𝑚 ∶ [0, 1]→
ℝ+, we give the following inequalities:

||||𝐷
𝜔
𝑞
[
𝐷𝛾
𝑞𝑢 (𝑡)

]
− [𝜙 (𝑡) − 𝜃𝜑∗𝑣 (𝑡) − 𝜓∗𝑣 (𝑡)]

|||| ≤ 𝑏, 𝑡 ∈ [0, 1] , (21)

and
||||𝐷

𝜔
𝑞
[
𝐷𝛾
𝑞𝑢 (𝑡)

]
− [𝜙 (𝑡) − 𝜃𝜑∗𝑣 (𝑡) − 𝜓∗𝑣 (𝑡)]

|||| ≤ 𝑏𝑚 (𝑡) , 𝑡 ∈ [0, 1] , (22)
where 𝜑∗𝑣 (𝑡) = 𝜑

(
𝑡, 𝑢 (𝑡) , 𝐷𝛿

𝑞𝑢 (𝑡)
)
and 𝜓∗𝑣 (𝑡) = 𝜓

(
𝑡, 𝑢 (𝑡) , 𝐼𝛼𝑞𝑢 (𝑡)

)
.

Definition 3.1. Duffing𝐪𝐃 problem (1) is Ulam-Hyers (𝐔𝐇) stable if there exists
a real number Π𝜑,𝜓 > 0 such that for each 𝑏 > 0 and for each solution 𝑣 of the
inequality (21), there exists a solution 𝑢 of the Duffing 𝐪𝐃 problem (1) with

‖𝑣 − 𝑢‖𝑈 ≤ Π𝜑,𝜓𝑏.

Definition 3.2. Duffing 𝐪𝐃 problem (1) is generalized 𝐔𝐇 stable if there exists
Υ𝜑,𝜓 ∈ 𝐶(ℝ+,ℝ+),Υ𝜑,𝜓 (0) = 0, such that for each solution 𝑣 of the inequality
(21), there exists a solution 𝑢 of the the Duffing 𝐪𝐃 problem (1) with

‖𝑣 − 𝑢‖𝑈 ≤ Π𝜑,𝜓 (𝑏) .

Definition 3.3. Duffing𝐪𝐃 problem (1) is𝐔𝐇-Rassias stablewith respect to𝑚 ∈
𝐶 ([0, 1] ,ℝ+) if there exists a real numberΠ𝜑,𝜓,𝜙 > 0 such that for each 𝑏 > 0 and
for each solution 𝑣 of the inequality (22), there exists a solution 𝑢 of the Duffing
𝐪𝐃 problem (1) with

‖𝑣 − 𝑢‖𝑈 ≤ Π𝜑,𝜓𝑏𝑚 (𝑡) .

Remark 3.4. A map 𝑣 ∈ 𝐶 ([0, 1] ,ℝ) is a solution of (21) if and only if there
exists a map ℎ ∶ [0, 1]→ ℝ (depending on 𝑣) such that

|ℎ (𝑡)| ≤ 𝑏, 𝑡 ∈ [0, 1] ,
and

𝐷𝜔
𝑞
[
𝐷𝛾
𝑞𝑢 (𝑡)

]
= 𝜙 (𝑡) − 𝜃𝜑∗𝑣 (𝑡) − 𝜓∗𝑣 (𝑡) + ℎ (𝑡) , 𝑡 ∈ [0, 1] .

Theorem 3.5. Assume that 𝜑, 𝜓 ∶ [0, 1] × ℝ × ℝ → ℝ and 𝜙 ∶ ℝ → ℝ are
continuous functions and suppose that (𝐶1) holds. If

𝜃𝜗1 + 𝜗2 [1 +
1

Γ𝑞 (𝛼 + 1)
] < Γ𝑞(𝜔 + 𝛾 + 1), (23)

then the Caputo fractional Duffing 𝐪𝐃 problem (1) is𝐔𝐇 stable.
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Proof. Let the solution of the inequality (21) be 𝑣 ∈ 𝑈 and represent by 𝑢 ∈ 𝑈
as the unique solution of the problem

⎧

⎨
⎩

𝐷𝜔
𝑞

[
𝐷𝛾
𝑞𝑢 (𝑡)

]
+ 𝜃𝜑∗𝑢 (𝑡) + 𝜓∗𝑢 (𝑡) − 𝜙 (𝑡) = 0, 𝑡 ∈ [0, 1] , 0 < 𝑞 < 1,

𝑢 (0) = 𝑣 (0) , 𝑢 (1) = 𝑣 (1) , 𝑢 (𝜂) = 𝑣 (𝜂) , 𝐷𝛾
𝑞𝑢 (0) = 𝐷𝛾

𝑞𝑣 (0) , 𝐷
𝛾
𝑞𝑢 (1) = 𝐷𝛾

𝑞𝑣 (1) ,

Using Lemma 6, we can write

𝑢(𝑡) = 𝐼𝜔+𝛾𝑞 [𝑔𝑢 (𝑡)] + 𝑑0𝐼
𝛾
𝑞 [1] + 𝑑1𝐼

𝛾
𝑞 [𝑡] + 𝑑2, 𝑑𝑖 ∈ ℝ, 𝑖 = 0, 1, 2.

On integrating (21), we see
|||||𝑣 (𝑡) − 𝐼𝜔+𝛾𝑞 [𝑔𝑣 (𝑡)] − 𝑑0𝐼

𝛽
𝑞 [1] − 𝑑1𝐼

𝛽
𝑞 [𝑡] − 𝑑2

|||||

≤ 𝑏
Γ𝑞 (𝜔 + 𝛾 + 1)

𝑡𝜔+𝛾 ≤ 𝑏
Γ𝑞 (𝜔 + 𝛾 + 1)

.

Also, if 𝑢 (𝑟) = 𝑣 (𝑟) , 𝑟 ∈ {0, 𝜂, 1} and 𝐷𝛾
𝑞𝑢 (𝑟) = 𝐷𝛾

𝑞𝑣 (𝑟) , 𝑟 ∈ {0, 1}, then 𝑑0 =
𝑑3, 𝑑1 = 𝑑4 and 𝑑2 = 𝑑5.
For all 𝑡 ∈ [0, 1] , we have

|𝑣 (𝑡) − 𝑢 (𝑡)|
= ||||𝑣 (𝑡) − 𝐼𝜔+𝛾𝑞 [𝑔𝑢 (𝑡)] − 𝑑3𝐼

𝛾
𝑞 [1] − 𝑑3𝐼

𝛾
𝑞 [𝑡] − 𝑑5 + 𝐼𝜔+𝛾𝑞 [𝑔𝑣 (𝑡) − 𝑔𝑢 (𝑡)]

||||
≤ ||||𝑣 (𝑡) − 𝐼𝜔+𝛾𝑞 [𝑔𝑢 (𝑡)] − 𝑑3𝐼

𝛾
𝑞 [1] − 𝑑4𝐼

𝛾
𝑞 [𝑡] − 𝑑5

|||| +
||||𝐼
𝜔+𝛾
𝑞 [𝑔𝑣 (𝑡) − 𝑔𝑢 (𝑡)]

|||| ,

where
𝑔𝑢 (𝑡) = 𝜙 (𝑡) − (𝜃𝜑∗𝑢 (𝑡) + 𝜓∗𝑢 (𝑡)) ,

and
𝑔𝑣 (𝑡) = 𝜙 (𝑡) − (𝜃𝜑∗𝑣 (𝑡) + 𝜓∗𝑣 (𝑡)) .

Then, using (𝐶1), we get

|𝑣 (𝑡) − 𝑢 (𝑡)| ≤ ||||𝑣 (𝑡) − 𝐼𝜔+𝛾𝑞 [𝑔𝑢 (𝑡)] − 𝑑3𝐼
𝛾
𝑞 [1] − 𝑑4𝐼

𝛾
𝑞 [𝑡] − 𝑑5

||||
+ 𝐼𝜔+𝛾𝑞 [𝜃 |||𝜑∗𝑣 (𝑡) − 𝜑∗𝑢 (𝑡)|||] + 𝐼𝜔+𝛾𝑞 [|||𝜓∗𝑣 (𝑡) − 𝜓∗𝑢 (𝑡)|||]

≤ 𝑏
Γ𝑞 (𝜔 + 𝛾 + 1)

+ 1
Γ𝑞 (𝜔 + 𝛾 + 1)

(𝜃𝜗1 + 𝜗2 [1 +
1

Γ𝑞 (𝛼 + 1)
]) ‖𝑣(𝑠) − 𝑢(𝑠)‖𝑈 .

Thus

‖𝑣(𝑠) − 𝑢(𝑠)‖𝑈 [1 −
1

Γ𝑞 (𝜔 + 𝛾 + 1)
(𝜃𝜗1 + 𝜗2 [1 +

1
Γ𝑞 (𝛼 + 1)

])]

≤ 𝑏
Γ𝑞(𝜔 + 𝛾 + 1)

.
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Then, we have

‖𝑣 − 𝑢‖𝑈 ≤ 𝑏

Γ𝑞(𝜔 + 𝛾 + 1) − (𝜃𝜗1 + 𝜗2 [1 +
1

Γ𝑞(𝛼+1)
])

= Π𝜑,𝜓𝑏.

Hence, the problem (1) is stable in UH sense.
By taking Υ𝜑,𝜓 (0) = Π𝜑,𝜓𝑏,Υ𝜑,𝜓 (0) = 0 yields that the fractional Duffing 𝐪𝐃

problem (1) is generalized UH stable. □

Theorem 3.6. Let 𝜑, 𝜓 ∶ [0, 1] × ℝ × ℝ → ℝ and 𝜙 ∶ ℝ → ℝ be continuous
functions and assume that (𝐶1), (23) hold. Suppose there exists 𝜋𝑚 > 0 such that

1
Γ𝑞 (𝜔 + 𝛾)

𝑡

∫
0

(𝑡 − 𝑞𝑠)(𝜔+𝛾−1)𝑚(𝑠)𝑑𝑞𝑠 ≤ 𝜋𝑚𝑚(𝑡), (24)

for all 𝑡 ∈ [0, 1] , where 𝑚 ∈ 𝐶 ([0, 1] ,ℝ+) is nondecreasing. Then the Caputo
fractional Duffing 𝐪𝐃 problem (1) is𝐔𝐇-Rassias stable with respect to𝑚.

Proof. Let 𝑣 ∈ 𝑈 be a solution of the inequality (21) and let us denote by 𝑢 ∈ 𝑈
the unique solution of the problem

⎧

⎨
⎩

𝐷𝜔
𝑞

[
𝐷𝛾
𝑞𝑢 (𝑡)

]
+ 𝜃𝜑∗𝑢 (𝑡) + 𝜓∗𝑢 (𝑡) − 𝜙 (𝑡) = 0, 𝑡 ∈ [0, 1] , 0 < 𝑞 < 1,

𝑢 (0) = 𝑣 (0) , 𝑢 (1) = 𝑣 (1) , 𝑢 (𝜂) = 𝑣 (𝜂) , 𝐷𝛾
𝑞𝑢 (0) = 𝐷𝛾

𝑞𝑣 (0) , 𝐷
𝛾
𝑞𝑢 (1) = 𝐷𝛾

𝑞𝑣 (1) ,

Using Lemma 6, we can write

𝑢(𝑡) = 𝐼𝜔+𝛾𝑞 [𝑔𝑢 (𝑡)] + 𝑑0𝐼
𝛾
𝑞 [1] + 𝑑1𝐼

𝛾
𝑞 [𝑡] + 𝑑2, 𝑑𝑖 ∈ ℝ, 𝑖 = 0, 1, 2.

By integration of the inequality (21), we have
|||||𝑣 (𝑡) − 𝐼𝜔+𝛾𝑞 [𝑔𝑣 (𝑡)] − 𝑑0𝐼

𝛽
𝑞 [1] − 𝑑1𝐼

𝛽
𝑞 [𝑡] − 𝑑2

|||||

≤ 𝑏
Γ𝑞 (𝜔 + 𝛾 + 1)

𝑡𝜔+𝛾 ≤ 𝑏
Γ𝑞 (𝜔 + 𝛾 + 1)

.

Also, if 𝑢 (𝑟) = 𝑣 (𝑟) , 𝑟 ∈ {0, 𝜂, 1} and 𝐷𝛾
𝑞𝑢 (𝑟) = 𝐷𝛾

𝑞𝑣 (𝑟) , 𝑟 ∈ {0, 1}, then 𝑑0 =
𝑑3, 𝑑1 = 𝑑4 and 𝑑2 = 𝑑5.
For all 𝑡 ∈ [0, 1] , we have

|𝑣 (𝑡) − 𝑢 (𝑡)|
= ||||𝑣 (𝑡) − 𝐼𝜔+𝛾𝑞 [𝑔𝑢 (𝑡)] − 𝑑3𝐼

𝛾
𝑞 [1] − 𝑑3𝐼

𝛾
𝑞 [𝑡] − 𝑑5 + 𝐼𝜔+𝛾𝑞 [𝑔𝑣 (𝑡) − 𝑔𝑢 (𝑡)]

||||
≤ ||||𝑣 (𝑡) − 𝐼𝜔+𝛾𝑞 [𝑔𝑢 (𝑡)] − 𝑑3𝐼

𝛾
𝑞 [1] − 𝑑4𝐼

𝛾
𝑞 [𝑡] − 𝑑5

|||| +
||||𝐼
𝜔+𝛾
𝑞 [𝑔𝑣 (𝑡) − 𝑔𝑢 (𝑡)]

|||| ,

where
𝑔𝑢 (𝑡) = 𝜙 (𝑡) − (𝜃𝜑∗𝑢 (𝑡) + 𝜓∗𝑢 (𝑡)) ,

and
𝑔𝑣 (𝑡) = 𝜙 (𝑡) − (𝜃𝜑∗𝑣 (𝑡) + 𝜓∗𝑣 (𝑡)) .
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Then, using (𝐶1), we get

|𝑣 (𝑡) − 𝑢 (𝑡)| ≤ ||||𝑣 (𝑡) − 𝐼𝜔+𝛾𝑞 [𝑔𝑢 (𝑡)] − 𝑑3𝐼
𝛾
𝑞 [1] − 𝑑4𝐼

𝛾
𝑞 [𝑡] − 𝑑5

||||
+ 𝐼𝜔+𝛾𝑞 [𝜃 |||𝜑∗𝑣 (𝑡) − 𝜑∗𝑢 (𝑡)|||] + 𝐼𝜔+𝛾𝑞 [|||𝜓∗𝑣 (𝑡) − 𝜓∗𝑢 (𝑡)|||]

≤ 𝑏
Γ𝑞 (𝜔 + 𝛾 + 1)

+ 1
Γ𝑞 (𝜔 + 𝛾 + 1)

(𝜃𝜗1 + 𝜗2 [1 +
1

Γ𝑞 (𝛼 + 1)
]) ‖𝑣(𝑠) − 𝑢(𝑠)‖𝑈 .

Thus

‖𝑣(𝑠) − 𝑢(𝑠)‖𝑈 [1 −
1

Γ𝑞 (𝜔 + 𝛾 + 1)
(𝜃𝜗1 + 𝜗2 [1 +

1
Γ𝑞 (𝛼 + 1)

])]

≤ 𝑏
Γ𝑞(𝜔 + 𝛾 + 1)

.

Then, we have

‖𝑣 − 𝑢‖𝑈 ≤ 𝑏

Γ𝑞(𝜔 + 𝛾 + 1) − (𝜃𝜗1 + 𝜗2 [1 +
1

Γ𝑞(𝛼+1)
])

= Π𝜑,𝜓𝑏.

Hence, the problem (1) is stable in UH sense.
By taking Υ𝜑,𝜓 (0) = Π𝜑,𝜓𝑏,Υ𝜑,𝜓 (0) = 0 yields that the fractional Duffing 𝐪𝐃

problem (1) is generalized UH stable. □

4. Conclusion
Oneof the interesting differential equations relates toDuffingproblem. Some

researchers have studied the Duffing problem from different views. In this
work, we study its fractional 𝑞-differential version. In fact, we study uniqueness
of solutions as well as the UH-Rassias stability for the fractional 𝑞-differential
Duffing problem by considering sequential fractional 𝑞-derivatives.
Data availability: No datawas used for the research described in the article.
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