New York Journal of Mathematics
New York J. Math. 30 (2024) 1479-1497.

Existence and UH-Rassias stability for
fractional quantum Duffing problem with
sequential g-fractional derivatives
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ABSTRACT. The present manuscriptis concerned with the existence and unique-
ness of solutions along with the UH-Rassias stability for fractional g-differential
Duffing problem having sequential fractional g-derivatives. We make use Ba-
nach’s and Schaefer’s fixed point theorems to prove the uniqueness and the
existence of at least one solution for the introduced problem. Also, we discuss
the UH-Rassias stability for the mentioned problem. Finally, we give some
examples to illustrate the proposed main results.
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1. Introduction and g-fractional calculus

In recent years, difference equations with g-fractional (qF) derivatives have
aroused great interest, these classes of equations have many applications in
different fields and thus have evolved into multidisciplinary subjects as can
be seen in [4, 12, 13, 14, 15, 16]. Also, the differential equations involving
fractional g-difference calculus have been investigated by several scientific re-
searchers, see for instance [2, 22, 23, 26, 27, 28, 30, 40]. Many researchers have
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considered the existence, uniqueness and stability of solutions, fractional g-
differential equations, see for example [1, 6, 17, 18, 24, 29, 35]. Recently, con-
siderable attention has been given to the existence of solutions for sequential
fractional g-differential equations, the reader can consult [3, 11, 20, 32], In this
work, the existence and stability of solutions for sequential Caputo fractional
Duffing g-Difference (qD) problem have been discussed. The Duffing problem
is considered to be an excellent example of a dynamical system that is used to
model certain driven-damped oscillators; for more details and applications on
Duffing problem, we refer the works [7, 8, 9, 25, 38]. The classical form of the
Duffing equation [7], is given by

D>u(®)+dD'u(®)+ ¢ (t,u(t)—¢()=0,0<t<1,d>0,
u(0)—B; =0,D'u(0)—B, =0,B; € R,i =1,2,

where ¢ and ¢ are given continuous functions. Many scientific researchers
have discussed the fractional types of the above equation, for instance see [5,
10, 19, 31, 33, 39] and references therein. In [10] the authors considered the
fractional version of the Duffing problem

D3u(t) 4+ dD%u (t) 4 ¢u (t) + Eu (t) — sin (ut) = 0,
u(0)—B; =0,D°u(0)—B, =0, B;eR,i=1,2,
0<t<1,1<8<2,0<6<1,d,¢{,&E,u>0,

where D and D° are the Caputo fractional derivatives. Asin [33], the fractional
Duffing problem is given as

D3u (t) + dDu(t) + @ (t,u(t)) — ¢ (t) = 0,
u(vy) —ug =0, u' (vy) —u, =0,
0<t<£1,1<8<2,0<d6<1,d>0,

where DY and D° are the Caputo fractional derivatives. The notion here is to
consider with the existence, uniqueness and Ulam-stability (US) of solutions
for the following sequential Caputo fractional Duffing qD problem

DZ [Dju ()] + 69 (t,u (£), DJu (1)) + 3 (t,u (1), Iju () — ¢ () = 0,
u(0) = 0,5u(1) — Bu(n) = 0,Dju(0) - Dju(1) =0, € 0,1), (1)
0<t<1,1<w<20<y,g<1,6<y,6>0,0>0,5€R,i=1,2,

where Dg is the Caputo gF derivative of order 4 € {w,7},9,9 : [0,1]XR - R
and ¢ : [0,1] — R are continuous maps. The operator Dg is the gF derivative
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in the sense of Caputo [4, 34], defined by
Diu(t) =I17"°Diu(t), 8 >0,
0
Dyu(t) =u(t),

where smallest integer n is such that n > 8. As in [4, 34], define gF integral of
the Riemann-Liouville type as

« _ 1 el o@D
Ig[u@)] = r® Jo (8 —gs) u(s)dgs,a >0,

19[u(0)] = u(t).

NG
where the g-gamma function is given by 'y (9) = ((11 q))H , and satisfies
—q
1—g°
T8 +1)=[8],[y(®, [a]g = =g ,a €R.

Using [4, 34], we have.
Lemma 1.1. Let 8,x > 0 and define a function u in [0, 1], then
IETEu (f) = IS u (t) and DITu (6) = u(t).

Lemma 1.2. For a positive integer x and § > 0, we have

x—1

9 — 9
IIDEu(t) = DEISu () — ),
J=0

tS—K‘l'j ]
D u (0).
L, +j—x+1) g (0)

Lemma 1.3. If 9 € RT\N, then

n—1 i
Ingu ) =u() - Z 1_‘q+1+1)D]u(0) .
=0

Lemma 1.4. Ford € R, and w > —1, we have

I,(w+1) 9
el — @] = 4 NS
i e —w™] rq(9+w+1)( W
By choosing u = 0 and w = 0, it yields
1
9 9
A pp——)

TT,(8+1)

Lemma1.5. [36] Let Z : S — S be a completely continuous operator and define
the bounded set
fueS:u=4{Zw), 0<{ <1},

where S is a Banach space. Assuming this set is bounded, Z has a fixed pointin S.
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Now, we introduce the following space
U={u:uecC(0,1],R) and Dju € C([0,1],R)},
endowed with the norm

llull,, = ||u||+HD5u|| sup lu(t)| + sup |Dgu(t)|.
te[0.1] te[0.1]

Then it is well known that (U, ||.||;) is a Banach space [37].

Lemma 1.6. Let 5, # 8,n” and g € C([0,1],R). Then the unique solution of
the problem

DY [Diu(®)]=g(®),0<t<1,1<w<20<y,g<1,
u(0) =0, Biu(1) = Bou (1), Dyu(0) = Dyu(l), )

0<n<1,A>20,6€R,i=1,2,

is given by
u(®= m f (t— qs)(w+y D g(s)dys (3)
ﬁzt}’ f _ e ;
+(ﬁl _ any) Fq (C() + 7/) J (77 qS) g (S) qs

1
- By t” f @D .
(B1 = Ban) Tg (@ +7) (1 -gs) g(s)dgs

+ (5 ﬁz’?yﬂ) tr
(ﬁ 6277;/) [7 + 1 qu (C())

f (1 - g9V g(s)dys

fr+1 (@1 d,
T,o+DT, (w)f( —a e d
where 3; — ,n7 # 0.

Proof. On taking the operator I3’ to both sides of (2 ), and using Lemma 4, it
yields
Dhu(t) =12 [g (O] + doI [1] + dy 1] [t] . d; € R,i =0, 1. 4)

Next, applying the operator I, 31’ to both sides (4), we get
u() =17 [gO] + doI} [1] + dy I} [t] + dy,d; € R, i =0,1,2. (5)
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The condition Dju (0) = Dju (1), imply that

dy = —Ig [g(D)]. (6)

Now, by using u (0) = 0 and S,u (1) = B,u (n), we obtain

d2 = 0,
and (7)
r,(y+1) ® ®
dy = 2 |BaIy T 1Dl = By g (D] + BacTf 9] = Brch T 1]
Hence, we obtain (3). (]

2. Existence of solutions for fractional Duffing qD problem

The determination of the existence and uniqueness of the solution of frac-
tional Duffing gD problem (1) will be determined in this section. Using Lemma
6, we define operator Z : U — U as

t
Zu() = m j =gV [p() 09l ()~ Y (N dgs  (®)
0

7
th(y) f (@7-1)
+ Br — BTy (@ +7) ) (n—qs) [¢ (s) — B¢y () — ¢y, ()] dgs

B,t@)
(B =BT (@ +7)

1
f (1= 907 [ (5) — 00, (5) — 2 (5)] s

(51 52,7(7/+1))t(7/)
TG = B [y + 11T, (@)

f 1= g9)“ " [¢(5) — 697 (5) — s ()] dg

- —qs ¢ S)—0@,(§S)— l’b s)]d,s
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For simplicity, we use following notations:

_ 1 L1 Bol 1“7 +181] ,|Pr— Pon™™)
T @4y 4D |Bi=B|| Tylw+y+1) [y +1],T,(@+1)
+ ! ,
Loy +2)Ty(w+1)
1 1 82| @t + |y

)

A, = +
2T Tiw+y—6+1) T,(r—06+1)|f—B|| Tyw+y+1)

|51 - 5277(}/+1)|
[y +1]gTg (@ + 1)

1
L, =6+2)T(y +2)Tg(w+1)

The first result is concerned with the existence and uniqueness of the solution
for the problem (1) and is based on Banach’s fixed point theorem.

Theorem 2.1. Let 9,3 : [0,1] X R?> - Rand ¢ : R — R be continuous
functions. Further, we assume that:

(Cy) : There exists constant 8; > 0,8, > 0 such that forall t € J and u;,v; €
R2,i = 1,2, we have

| (¢, u1,01) — @ (t, Uy, V)] < 9y ([uy — U] + U1 — 12]),
and
[ (€, uy,01) = 9 (8, up, 1) < & (Jug —up| + vy — 0a).

If

1+;D(A1+A2)< 1, (10)

<991 +9, WEESY

where A;,i = 1,2, are defined in (9), then there exists a unique solution of the
problem (1).

Proof. Let us define A = max{A;,i = 1,2,3}, where A; are finite numbers
given by A; = SUD, (01 |o (¢,0,0,0)|,A4, = SUP,(01] | (¢,0,0,0)| and A; =

SUP; c0.1] | (¢)] - Setting
[Ay + A ]AO +2)
1—[Ay +A,] (691 +9, [1+ ! ])

Ty(a+1)

<e

we show that ZB. C B, where Z defined by (8) and B, = {u € U : |lull,, < €}.

For u € B, and by (C;), we can write

|3 ()] o (L u @), DJu®)] < |o (t,u @), DJu () = ¢ (£,0,0)| + [¢(¢,0,0)]
(11)

IA

81 (lu @+ |PJu @) + Ay < 8y llull, + Ay < e+ A,
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and
[a @] = [ (Lu@®. Ifu®)] <[ (Lu®), §u) -9 (0,0)| + [$(t,0,0)|
(12)
« 1
< S (Ju® +|Gu®)]) + A, < 9, (||u||U + T @D ||u||) +A,
1
< 9, l+m ||u||U+A2§192 l+m €+ A.
By (11) and (12), we get
t
1 w - * %
Zu] < sup [W Of (t = g5V [$(5) ~ 091 (5) ~ 7 (9)] s
1B |t(y) ;
2 _ (w+y—1) — 0o* ok d
+(|ﬁl—ﬁzn7|)Fq(w+y)O/ =49 [ =81 () = 4 ()] dys
1
"Bllt(y) '[ _ (w+y-1) — Bo* o d
N @) (1-gs) CIORAOREMOI LA

181 — Ban+D) 1
B = Ban? | [y + 11T (@) J

1

1= g9)“ ™[ (5) — 697 (5) — ¥ ()] dys

P (1— g™ [ (s) — 6% (5) — P2 (5)] d
_— —qgs s) — s) — s sy,
Lo+ 2T q Pu u(8)] g

which implies that

1Zull

B2 0+ + |4
Lgw+y+1)

1 1
(rq @+7+1) B =B
|/31 - ;32777+1|
[y + 1]y (@ + 1)

1
* rq(y+2)rq(w+1))

X 1+

)€+A(6+2)

1
(esl +95, Ty

1+

1
Ly(a+1)
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Also, we have

'DgZu )|

t
1 (w+y—8-1) * s
< s s Of (- g3 [6(5) — B0, (5) — 5, (5)] dys

te

|8, =9
Lg(r =8+ 1)|B1—Ban|Tg(w+7)

7
f (17— g7V [p(5) — 695 (5) — 5 (5)] dgs
0

|81 tr—=9)
Lg(r =8+ 1|61 — o’ Tg (@ +7)

1
f (1= g5)“ 7D [p (5) — B (5) — 95 ()] s
0

‘51 — /32,7(7+1)| tr=9
+
1—‘q (7/ -5+ 1) |ﬁl - ;8277y| []/ + 1]ql—‘q

1
= [a-a e -t - v s
0

{r—=8+1)
+
Loy —6+2)Ty(y +2)Ty (w)

1
f (1 —g5)“ " [$(5) — 695 (5) — s ()] dqs] :
0

This implies that
I3z ||
1 .\ 1 82| n@*7) + |84
Lolw+y—=36+1) Ta(y—56+1D|B —B|| Tglw+y+1)
',31 - 5277(y+1)| + 1
[y + 1T (@+1) | Ta(r—8+2)Ty(y +2)Tg(w+1)
1
0% +9% |1+ ——— AB+2
X[( 1+ +Fq(O(+1) >€+ ( + )
1
A 1+ ——— A 2)].
2[(691+82 +Fq(a+1) )e+ @ +2)

In consequence, we get

1Zwlly, = l1Zwl+||Piz @)
1

14 ———
Ly(a+1)

IA

[Ay + Ay (691 + 9,

E

+[A+M]AB+2) <
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which means that ZB, C B.. For u,v € B, and for each ¢ € [0, 1], we have

[Zu () — Zv (1)|

t
1 (w+y-1) * * % %
< o s Of (¢ = 98 (5) — i ()] + [ () — 95 9] s
|85 t@ ;
2 _ o@tr-1) Q) ¥ * Q) — oh¥
ATy Of 0= 49T 0o 5) ~ 9 O] + 9 (9~ 95 9] dgs

1
|‘31't(y) f _ (w+y-1) * % * _hE
F BB e ) T RO RO O R Ollde

1
| B — ‘3277(}’+1)| @ f @-1)
1— 0 |o* % * ok d
Br =B |y + 11Ty @) J A= Ol ) = @u (] + [P ) =95 @] dys

o+

1
(0—1) * * * *
DT @ 0/ (149 [0p () = 95 O] + 9 )~ ¥ O] ds

By (C,), we can write

IZ W) —Z )l
1 1 1 |8 n@*n) + 1]
< 68, +9, |1+ +
( 1 T, (a+1) )[Fq(w+y+1) |ﬁ1—,@2ny|( Ty(w+y+1)
|.31 - 5277’/“’ 1 I — v
[y +1]4Tq (@ +1) Ty +2)Tg(w+1) v
1
= (991+192 1+m >A1||u—v||U.
Hence,

1+

)Alllu—vllU- (13)

1Z W) - Z @)l < (991 +9,
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On the other hand, for each ¢t € [0, 1], we have
)DSZu (t)—DiZv (t)|

t
1 _ (CU+}/—5—1) * A * ¥
< s Of (= 9“7 (6165 ()~ @5 )] + [ ()~ 93 9] dgs

n
|B2| £ f @D
L0 =5+ DJfi— B Ty @ 47) J (=)
X [0]¢% () = @5 ()] + [ () — 9% (5)]] dys

1
|;81| t(y—ﬁ) / (1 _ qs)(w+y—1)
Loy =8+ 1)|B —Bon?|Tg (@ +7) )

X [0]@5 () = @ ()] + |95 (5) — ¥} (5)]] dgs

1
_ By D| (=9
N ‘/31 Ban | /(1 B qs)(co—l)
La(y =8+ DBy — Bon?| Iy + 1]y (@) )

X (095 () — @ ()] + |95 () — ¥ (5)]] dgs

1
t(7—5+1)

_ (0-1)
+rq(y—5+2)rq(y+2)rq(w)o (1-4s)

(6 |@5: () — @i ()] + [ () — ¥} (5)[] dgs} -
Thanks to (C;), we have
HDgZ (w)—D3Z (v)“
1
Ly(a+1)

1+

< (991 +9,

1
)[Fq(a)+y—5+l)

N 1 |82 n@+n) 4 18| . |,31 — 52n(y+1)|
rq(y_6+1)|61_5277y| Fq(w+y+1) [y+1]qrq(w+1)

1
+ - .
T,(7—0+2)T,(r +2)Ty (@ +1) e = vlly
Therefore,
1
) )
HDqZ(u) —DqZ(v)H < (981 +8,|1+ NEES)) )A2 lu—vll,. (@14

Then, thanks to (13) and (14), we conclude that

1

NZ W) —Zll, < (9191 +9,(1+ ml)(& + A lu—ll,
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By (10), it is obvious that Z is contractive operator. Consequently, Z has a fixed
point which is a solution of (1), using Banach fixed point theorem. O

Now, we prove existence of at least one solutions for the sequential Caputo
fractional Duffing qD problem (1) by using lemma 5.

Theorem 2.2. Let 9,3 : [0,1] X R> - Rand ¢ : R — R be continuous
functions. Assume that:

(C,) : There exist a positive constants B;,i = 1,2, 3 in such a way that for all
t €[0,1]andu,v € R.

| (¢, u,v)| < By, [§ (¢, u,v)| < By and |¢p(¢)| < Bs.

Then the sequential Caputo fractional Duffing qD problem (1 ) has at least one
solution.

Proof. By continuity of functions of ¢, % and ¢, the operator Z is continuous.
Now, we show that the operator Z is completely continuous.
(a;) : Firstly, we show that Z maps bounded sets of U into bounded sets of
U. Letustako > 0and B, ={u € U : |lull,, < ¢}. Then for u € B, we have

1Z W)l (15)
1 L1 [Ba| 11|
Lolw+y+1)  |B =By | \Tqw+y+1) Ty(w+y+1)
— B+l 3
|61 5277 ‘ 1 eBl " ZBl
[y +1]gTq (@0 + 1) Tqa(y +2)Tg(w+1) =
3
= Al 931 + ZBl < 0.
i=2
and
||D§Z (u)” (16)
- 1 N 1 1B2| n“*7 + |4
T | Tgw+y—=6+1) Tu(y—36+D|B—Fn|\ Tgw+y+1)
— (r+1) 3
|:31 Ban | 1 0B, + ZBi '
[y +1];T,(@+1)] Tq(r=6+2)Ty(y +2)T(w+1) =

3
Az 931 +ZB1 < 00.
i=2

It follows from (15) and (16) that ||Z (u)||;;, < oo.
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(a,) : Next, we show that Q is equicontinuous. Letu € B, and t;,t, € [0,1],
with t; < t,, we have

|Qu (t2) — Qu (ty)] 7

1 (+r) | | (+y) _ (w0+y)
_— | (t, — + |t —t
<Fq(cu+y+1)[(2 V) |2 1 H

(8ol — gD |” = 67] (B = fan™ D) [ - 1)
|B1 = Ban?|Tg(@w+y +1) B =B [y + 1Ty (w + 1)

't(y+1) _ t(y+1)‘ 3
: = 6B, + ), B
Tg(y +2)Tg(w+1) =
and
ID3Zu () — DgZu (ty)| (18)
1 w+y—38 w+y—38 w+y—5
< th—t t —t
_(Fq(w+y—5+1)[(2 1) +|2 1 H
(|52| + |ﬁ1|) ‘tgy—& _ ti}’—&‘ |,31 _ 52n(y+1)| |t;}’—5) _ tgy—5)|

T,/ —8+ D) [B— B |Tq@+7)  Tq(r =8+ 1)|Br— B | [7 + LgTy (@ + 1)

‘t(y—6+1) _ t(y—5+1)1 3

1 2

+ 6B, + ), B;|.
Loy —6+2)Ty(r +2)Ty(w+1)

i=2

Thanks to (17) and (18), we can state that ||Zu (t,) — Zu (t))ll; — Oast; — f3.
Combining (a;) and (a,) and using the Arzela-Ascoli theorem, we conclude
that Z is a completely continuous operator.

(as) : Finally, we show that the set @, defined by

d={ueU:u=pZ(u),0<p<1},

is bounded. Let u € @, then u = pZ(u) for some 0 < p < 1. Hence, for
t € [0,1], we have

u(t) =pZu(t).
By (C,), we have

3
lull < pA;|6By + B |, (19)
i=2
and
3
|Dgul| < pA2| 6By + 3 Bi |- (20)
i=2

It follows from (19) and (20), that

3 3
lull, < p (AL +42)|6B, +ZBi < (A1 +Ay)| 6B + ZBi :
i=2 i=2
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Consequently,
llull, < 0.
This shows that the set ® is bounded.
Thanks to (q;),i = 1,2, 3, and by Lemma 5, we deduce that Q has at least one
fixed point, which is a solution of problem (1). O

3. UH Stability of fractional Duffing qD problem

In this part, the UH stability and the UH-Rassias stability of the Caputo frac-
tional Duffing qD problem (1) will be discussed. We consider the US for the se-
quential Caputo fractional Duffing gD problem (1). For b > Oand m : [0,1] —
R, , we give the following inequalities:

D [Dju ()]~ [¢ (1) - 695 (1) — %5 (V]| < b, € [0,1], @)
and

Dg [Du (6)] — [¢ (£) — 69} (£) — (t)]| <bm(),t€[0,1], (22)
where @} (t) = ¢ (t,u(t), Dju (1)) and ¥ (t) = ¥ (t,u (1), I3u (1)).
Definition 3.1. Duffing qD problem (1) is Ulam-Hyers (UH) stable if there exists

a real number I, ;, > 0 such that for each b > 0 and for each solution v of the
inequality (21), there exists a solution u of the Duffing qD problem (1) with

lv—ull, <T,yb.
Definition 3.2. Duffing qD problem (1) is generalized UH stable if there exists
You € C(RL,R,), Y,y (0) = 0, such that for each solution v of the inequality
(21), there exists a solution u of the the Duffing qD problem (1) with
lo—ully, < T,y (b).
Definition 3.3. Duffing qD problem (1) is UH-Rassias stable with respect tom €
C ([0,1],R,) if there exists a real number I, y 4 > 0 such that foreach b > 0 and
for each solution v of the inequality (22), there exists a solution u of the Duffing
qD problem (1) with
lo—ull, <Tgybm(t).

Remark 3.4. A map v € C([0,1],R) is a solution of (21) if and only if there
existsa map h : [0,1] - R (depending on v) such that
|h(t)] <b,te€[0,1],
and
Dg [Dju(t)] = ¢ (t) = 695 (1) — 95 () + h (1), t € [0,1].

Theorem 3.5. Assume that ¢,y : [0,1]XRXR - Rand¢ : R - R are
continuous functions and suppose that (C,) holds. If

1
14 ———
[p(a+1)

then the Caputo fractional Duffing qD problem (1) is UH stable.

68, + 9, <Tg(w+y+1), (23)
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Proof. Let the solution of the inequality (21) be v € U and represent by u € U
as the unique solution of the problem

D¢ [Dgu(t)] +O09E (D) +9i()—¢(1) =0, t€[0,1],0< g <1,

u(0) =0v(0),u(1)=v(),u) =v(),Dyu(0) = Djv(0),Dju(l) = Djv (1),
Using Lemma 6, we can write

u(®) = I3 [g, (O] + dolly [1] + di I, [1] + dy, d; € R, i =0,1,2.

On integrating (21), we see

v () = I [g, (O] — dolf [1] — dyIF [t] - d,
b b

- -  qetr< 7
Filw+y+1) T hi(wty+1)

Also, ifu(r) = v(r),r € {0,1,1} and Dgu r) = ng (r),r € {0,1}, then d, =
d3,d1 = d4 and dz = dS'
Forallt € [0,1], we have
@) —u (@)
o) =177 (g (O] = sl [1] = daI] [1] — ds + 177 [g, (1) — g, (D]
< @ =15 [gu (O] = sl [1] = daly [t] — ds| + 1577 [g, (1) — 2, D],

where

8u (1) = ¢ (1) — (B, (1) + Py, (1)),
and
8 (1) = ¢ (1) — By (1) + 5 (1))
Then, using (C;), we get
@ —u®l < |v®) - 177 g (D] — dsI] [1] — dyIf [¢] - ds|
+1577 10 |95 (0 = i O] + I [[5 () = %5 (O]

b
S —
TTy@+y+1D)
1 1
+m(9‘91+‘92 l+m )HU(S)—u(s)”U.
Thus
o) — ol |- L (a5 vofre 1
U(S uls U Fq(CO+)/+1) 1 2 Fq(a+1)

b
Tw+y+1)
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Then, we have
b

1
Tglw+y+1)— <691 + 5, [1 + Fq(ot+1)])

||U—‘I/I,||US =H¢’¢b.

Hence, the problem (1) is stable in UH sense.
By taking Y, , (0) = I1, b, Y,, 4 (0) = Oyields that the fractional Duffing gD
problem (1) is generalized UH stable. O

Theorem 3.6. Let p,3 : [0,1] X RXR — Rand ¢ : R — R be continuous
functions and assume that (C;), (23) hold. Suppose there exists 7, > 0 such that

¢
1 oty
m / (t— qs)( +y-1) m(s)dqs < m,,m(t), (24)
0

forallt € [0,1], where m € C([0,1],R,) is nondecreasing. Then the Caputo
fractional Duffing qD problem (1) is UH-Rassias stable with respect to m.

Proof. Letv € U beasolution of the inequality (21) and let us denote by u € U
the unique solution of the problem

Dg [Dju(t)] + 8¢5 () + ¥ (V- $(1) =0, t €[0,1],0 < g < 1,

u(0) =v(0),u(1)=vQ),u(® =v(),Dju(0) = Djv(0),Dyu(l) = Djv(1),
Using Lemma 6, we can write
u() =17 [g, (D] + dol}y [1] + diI) [1] + d, d; €R,i =0,1,2.
By integration of the inequality (21), we have
0 (1) =I5 8o (D] = dolf [1] - di I3 [1] - d
b e b
Flw+y+1) T h(wty+ 1)

Also, ifu(r) = v(r),r € {0,9,1} and Dju (r) = Djv(r),r € {0,1}, then d, =
d3, dl = d4 and d2 = ds.

Forallt € [0,1], we have

v () —u ()]

= o157 (g (O] = dslf [1] = sl [t] = ds + 17" [g, (1) = g, (]|

< @ =157 [u (O] = sl [1] = daIy [t] = ds| + 1577 [8, (1) — 2, ]|,
where

8u (1) = ¢ (1) — By, (1) + 9y, (1)),

and

8 () = ¢ (1) = Opy (1) + 3y (1)
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Then, using (C;), we get
lo(@®) = u®] < |v© 15" (g (O] - dslf [1] - daly [t] - ds

+ I [0 |0k (1) — @ (O] + 15 [[5 () — 95 ()]
«_ b
TL@+y+1)

+ m (9191 +5,|1+ m ) lo(s) — u(s)l,, -
Thus
lo@s) = u@)ll, [1 - ————— (991 9,14 —1 )l
Flw+y+1) Ly(a+1)
b
Tyw+y+1)
Then, we have
o —ull, < b =T b.
Fglw+y+1)— (681 + 5, [1 + Fq(oc+1)])

Hence, the problem (1) is stable in UH sense.
By taking Y, , (0) = I, 4 b, Y,, 4 (0) = Oyields that the fractional Duffing gD
problem (1) is generalized UH stable. O

4. Conclusion

One of the interesting differential equations relates to Duffing problem. Some
researchers have studied the Duffing problem from different views. In this
work, we study its fractional g-differential version. In fact, we study uniqueness
of solutions as well as the UH-Rassias stability for the fractional g-differential
Duffing problem by considering sequential fractional g-derivatives.

Data availability: No data was used for the research described in the article.
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