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THE GEOMETRY OF THE SPACE OF
HOLOMORPHIC MAPS FROM A RIEMANN
SURFACE TO A COMPLEX PROJECTIVE SPACE

SADOK KALLEL & R. JAMES MILGRAM

0. Introduction

In recent years there have been a number of papers on the homology
and geometry of spaces of holomorphic maps of the Riemann sphere
into complex varieties, [21], [5], [17], [18], [3], [9]. However, the very
classic question of the structure of the spaces of holomorphic maps from
complex curves M, of genus g > 1 to complex varieties has proved to be
very difficult. There is Segal’s stability theorem, [21], which shows that
the natural inclusion of the space of based holomorphic maps of degree
k into the space of all based maps Holj (Mg, V) — Mapj(M,, V) is a
homotopy equivalence through a range of dimensions which increases
with & when V' = P", the complex projective space. Also, there is the
extension of this result by J. Hurtubise to further V; [11]. But that is
about all.

In this paper we begin the detailed study of the topology of the
Hol} (My,P™). We are able to completely determine these spaces and
their homology when M, is an elliptic curve, and we give an essentially
complete determination in the case where M is hyperelliptic. In partic-
ular we determine the rational homology of these spaces when k > 2g—1
in the elliptic and hyperelliptic cases.

Let M, be a genus g complex curve. The key analytic result on
the structure of Hol}(M,,P') is Abel’s Theorem which identifies the

Received June 22, 1996. The first author holds a Postdoctoral fellowship with
CRM, Montréal, and the second author was partially supported by a grant from the
NSF and a grant from the CNRS.

331



332 SADOK KALLEL & R. JAMES MILGRAM

disjoint pairs of k-tuples of unordered points (r1,...,r) and (p1,...,pk)
on M, that are the roots and poles of a meromorphic function on M,
in terms of the Abel-Jacobi embedding of M, into its Jacobi variety,
p: Myg—J(Mg). This extends to give necessary and sufficient conditions
for an (n + 1) tuple {V; | V; = (z;1,...,z;%),4 = 0,...,n} of points in
M, with N§{V;} = 0 to be the root data for a holomorphic map of M,
into P", n > 2, and thus defines an embedding

Holj,(M,,P") C (SP*(Mg))"*,

where SP*(X) is the k-fold symmetric product of X.

We begin by studying a compactification of the space Hol} (My, P"),
which we denote Ej(M,) obtained by taking the closure of the embed-
ding

Holj, (M, P") C (SP*(M,))"*!
above. We show in (2.2) that E}'(M,) is given as the total space of a
fibering,

(Pkig)nﬂ—)El?(Mg)—u(Mg)
for k > 2g—1, with H*(EM(M,); A) = H*(PF=9, Ay 1@ H*(J(M,); A)

for A any commutative ring of coefficients. Moreover, for k < 2g — 2,
E}(M,) is stratified by strata which are fiberings

(P58 AF

where the A} are subspaces of J(M,) determined by the curve. Specif-
ically, W,g C J(My) is the subspace of points in the image of the kth
Abel-Jacobi map

pi: SPH(My)—J (M)

with (u) !(z) = P® where s > max(k—g,0)+4, and Ai = W,g—W,zH.
Both spaces W} and Aj are extensively studied in [1], [10] (cf. §5).

This compactification has the property that Hol} (M,, P") is open in
E} (M), and we write V*(M,) for the (closed) complement E}}(M,) —
Hol;(M,,P™). The space E}}(M,) being a closed, compact manifold,
Alexander-Poincaré duality now gives

HPHED 7200 (ol (M, P"); F) = H.(E (M), Vi (M,); F)

for k > 2g—1. This then indicates that one can understand Hol} (M,, P™)
by first studying V} (M,).
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The space V' (My) C E}(M,) is the union of two pieces. The first,
for k> 29 — 1, is a subfibration Z}!(M,) of the form

n+1
{ J @F9)i x phmo=t x (Pk—g)n—i} — 7P (M,)—J(M,)
i=0
with analogous definitions of Z7'(M,) for k < 2g — 1 (see Definition
2.6). Moreover, it is easy to determine the relative cohomology groups,
H*(E} (M), Z7 (Mg); F) for k > 2g — 1, and not too difficult for & <
2g — 2, provided we know enough about the W,‘g .

In the case of hyperelliptic and elliptic curves the Riemann-Roch
Theorem determines the W,g explicitly. Moreover, a complete descrip-

tion of the W,‘g for all curves of genus < 6 is given in [1, pp.206 - 211].
In §5 we study the way in which the W,g determine

H*(E}/(My), Z) (Mg); A)
in detail and obtain a spectral sequence converging to these groups with
explicit E'-term.
Proposition 5.9. Suppose that k < g. Then there is a spectral
sequence converging to H*(El"(M,), Z'(M,); A) with E-term
E' :H*(Spk(Mg)aSPk_l(Mg)§A)
o [T H.(WLWi_j; A) @ H*($%0+1); ),

)

and in case k > g then

BY =s2k-0)0) [ ((M,), W9 A)

o [[ H.WiLWi_;A)® H(S0); A).
1>k—g

The second part of V(M) consists of the image of an action map

v: My x Ep | (Mg)—Ep (M)

introduced in (2.4) that puts in redundant roots, and is the main source
of difficulty in recovering the homology of Holj(My,P") from the ho-
mology groups H,(E}(My); A) or Hy(E}(My), Z;}(My); A). In order to
handle this part we construct a spectral sequence which converges to
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the homology of the pair (E}(M,),V,*(M,)) starting with the relative
groups
H.(E} (M), Zi (My); F).

Theorem 4.3. There is a spectral sequence converging to
H.(E} (M), Vi (My); F)
for any field F with E'-term

i+ji=k
i>1

® H.(SP'(2M,), SP'~*(2M,); F)
@ H.((SP*(2M,), SP*!(2M,); F).

The rest of §4 discusses the structure of d; and various properties
such as the multiplicative pairing of the spectral sequences discussed
immediately after the proof of (4.3). Of course the structure of the
groups H.(SP(XM,),SP’~'(XM,); F) is well known from e.g. [7], [6],
and [19]. It is also reviewed in §6.

Next we use these results to clarify the structure of the natural
inclusions

Hol,(My,P") — Mapj,(My,P").

The spectral sequence of (4.3) has a natural break at 1 = 2g — 1 in the
sense that © > 2¢g — 1 implies that the relative homology groups

HL(B (M), 7/ (My);F) = {0* <A, |
H, _o(i—g)(n+1)(J(My); F) otherwise,

and, when 4 < 2g—1, the groups depend on the structure of p;, the W/,
and have to be determined case by case. We call the case 1 > 2g — 1
the stable range for the spectral sequence and completely determine the
differentials in this range. For * > (2n — 1)(k — 2¢g + 1) only the stable
homology contributes to H,(E} (M), V*(M,);F). Thus, by Poincaré
duality, the unstable range only contributes homology above this range.
On the other hand it is easily seen that the duals of the stable range
classes inject into H,(Mapj, (M4, P"); F), and many of these classes live
considerably above the stable range above. Thus, as was the case with
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Hol}(P',P") ([5]) one has considerably more information about the
map than was given by Segal’s stability theorem.

In the final sections we study the cases of elliptic and hyperelliptic
curves. Here, as indicated, the Riemann-Roch Theorem gives complete
control of the W) and consequently the E'-term of the spectral se-
quence is within range of calculation. In particular, for elliptic curves
the situation is completely understood.

Typical of the results in the elliptic case is

Lemma 9.4. Let I = (by,bs) be the augmentation ideal in the
polynomial ring Q[b1, ba] where dim(b;) =2, i = 1,2. Then

H.(Hol;(M;,P"); Q) ~ {Q[bl, bz]/IkH} (1,e1,ez2,h1,ha,v)
® Q(wr,ws, ..., wap_1),

where dim(e;) =1, dim(h;) = 2, dim(w;) = 2k — 3 and dim(v) = 3.

Here M; is an arbitrary elliptic curve. Additionally, it turns out
that the map

H*(Map}(M,,P"); Q)— H*(Hol}(M,,P'); Q)

is surjective for all £ > 1 in this case.

For hyperelliptic curves there are some technical questions which
seem difficult to handle for finite field coefficients, but with some effort
a complete determination of the E'-term in (4.3) with Q-coefficients is
given in §10 —15, together with sufficient differentials to completely de-
termine E£°° and conclude that H,.(Hol}; (M4, P");Q) injects into
H,.(Map;,(My,P"); Q) for k > 2g — 1 in the hyperelliptic case as well.

As the arguments are pretty involved we summarize the salient
points here.

To begin, the Riemann-Roch Theorem gives a complete determina-
tion of the W as quotients of SP*(M,) via an action discussed in the

)

proof of Lemma 10.2,
SP"(P') x SPY(M,)—SP"** (M,)

induced from the Abel-Jacobi map uy: SP%(M,)—J(M,) which fails to
be an embedding at only one point where it has inverse image a copy of
P!, the P! in the action map above.

These observations give the following result for hyperelliptic curves:
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Lemma 10.2. Suppose that M, is hyperelliptic and T € J(M,)
1s the hyperelliptic point. Let k > 1 and t < [%] Then we have the
following:

(a) for k < g, the space W} is puy_oi(SP*24(My)) + tr,
(b) for2g—1>k>g, t>k—g, we also have

W} = pr—2(SP*2(M,)) + tr.

Of course, this gives the W,ﬁ as quotients, so, in order to obtain
information about the W,ﬁ we introduce some spectral sequences which
take care of the details of the quotienting process in §11 through §13.
Using them we are able to determine the rational homology of the W,ﬁ
as follows.

Lemma 13.7.

(a) The inclusion W; C J(My) induces an injection in rational ho-
mology H,(W;; Q) — H.(J(My); Q) =, (e1,...,e) with image
the subvector space spanned by the subspaces

{, 5(61,...,629)[Mg]t | S+t§j}

where [My) = Y9 egi_1e9; is the image of the fundamental class of
M, under the Abel-Jacobi map ..

(b) H.(W;_1;Q) injects into H,(W;; Q) under the inclusion so the
relative groups are given as

H,(W;,W;_1;Q) = H,(Wj; Q)/H.(W;_1;Q).

Next we turn to the homology of the spaces Hol}(M,, P") in the
hyperelliptic cases. This involves using the spectral sequences and cal-
culations above. Of course, the E'-term in the spectral sequence (4.3)
is very complex, but one is able to recognize in it the direct sum of a
family of chain complexes, each of which calculates a part of a certain
Tor or Ext group of the exterior algebra , (e1,...,ez,) modulo the two
sided ideal generated by [M,]. This explains §14 which is devoted to
the calculation of the relevant Tor-groups.

Finally, in §15 we are able to put these results together to obtain
our main calculational result,
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Theorem 15.1. The natural map
H.(Holp (Mg, P"); Q)—H.(Mapy (Mg, P"); Q)

is injective for k > 2g and n > 2 if M, is hyperelliptic.
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1. Preliminaries on the Abel-Jacobi map

We review some classical definitions and theorems about the alge-
braic geometry of curves. We begin by defining the Abel-Jacobi map
together with the Jacobi variety J(M,) associated to any positive genus
Riemann surface. Good references are [1] and [10].

Any Riemann surface M, of genus g > 1 has g independent holomor-
phic sections of the cotangent bundle 7*(M,), (holomorphic 1-forms),
wi, w2, ..., Wy, the abelian differentials on M,.

Fix a basepoint po € M,. Then we can associate to each point
p € M, and each path v between py and p the vector of integrals

P p
M’Y(p):</ wl,...,/ wg>€Cg.
po Ppo

Since any two paths v and 7' between py and p together determine a
closed loop based at py, (which we will denote as L), we have that p.(p)
is well defined up to vectors of the form

(/Lwl,...,/ng>.

If we choose a set of loops Ly, ..., Ly, which, in homology, form a basis
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for H1(My;Z), they give rise to the following g x 2g period matriz

Jo,on - [,

le Wy - fL2g Wy

Thus, since the w; are closed, the values p,(p) depend only on p and
not vy in the quotient torus

J(M,) = C9/Q= (5",

Consequently, they give rise to a well defined map p: My—J(M,) which
is called the Abel-Jacobi map for M,.
At this point we need to introduce symmetric products.

Definition. The n-fold symmetric product SP™(X) of the space
X is defined to be the set of unordered n-tuples of points of X; i.e.,

SP™M(X) = X" /Sy,

where S, is the symmetric group on n letters. A point in SP™(X) will
be written in the form > m;x; with m; > 0 and > m; = n, or in the
form

(:El,xQ, cee ,(I:n>.

Remarks. Let X be any CW complex with base point *. Then
there are inclusions SP™(X) < SP""!(X) which identify Y, n;P; with
>;niP; + %, and we get the increasing sequence of spaces

+=SP'(X)c SP{(X)cC.---Cc SP" ' (X)c SP"(X)C---

The union of this sequence is the infinite symmetric product SP>(X),
based at *. Moreover, if X is path connected, then the homotopy type
of SP*°(X) is independent of the choice of .

We can extend the Abel-Jacobi map to the symmetric products of
M, by the rule (mq,...,mg) — p(myi) + -+ + p(my), obtaining the
family of maps

(1.1) pig: SPE(My)—J(M,).

The map p is called the Abel-Jacobi map and it, together with the
extensions g, is a critical piece of the structure data for M,.
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It is a remarkable result due to Andreotti that for any M, the sym-
metric products SPk(Mg) are all complex manifolds, indeed, complex
algebraic varieties of complex dimension k. To see this note that the
symmetric product SP*(C) is diffeomorphic to C* via the map that
takes the unordered collection (z1,...,z;) of points in C to the coeffi-
cients of the monic polynomial of degree k& with the z;, 1 < ¢ < k as
roots. Since locally SP¥(M,) is modeled on SP¥(C), the result follows.

Remark 1.2. In the special case that M, = P! a slight extension
of the above argument identifies SP*(P') with P* which is now regarded
as the space of all homogeneous polynomials of degree k£ in 2 variables.

Remark 1.3. In (1.14) we point out an extension of this result
due to Mattuck which for k > 2¢g — 1 identifies SP*(M,) with the total
space of a fibration over (S')29 with fiber P*~9.

Remark 1.4. Another way of thinking about J(M,) is as the
Picard group of Mg, the space of isomorphism classes of holomorphic
line bundles on M,. From this point of view the addition in J(M,)
corresponds to the tensor product of line bundles. Under this corre-
spondence, the map p takes m € M, to the line bundle obtained from
the trivial bundle over M, by gluing in a copy of the negative Hopf
bundle over m (see [10]).

We can associate to every holomorphic function f € Hol(M,,Pl)
a divisor (f) defined by (f) = Y n;Z; — > m;P; where {Z;}, {F;}
are respectively the zeros and poles of f with multiplicities n; and m;
respectively. By standard residue calculations, it is easy to see that
> n; = y,m;. The space of pairs of disjoint divisors on a Riemann
surface ((,n), subject to the condition deg(¢) = deg(n), constitutes
then the first step in the description of the space of holomorphic maps
from the surface to the Riemann sphere P,

For maps of P! to itself this description is enough for there do exist
meromorphic maps having prescribed roots and poles (of equidegree);
i.e., any divisor D = ( — 1, degD = 0 is the divisor of a meromorphic
function on P!. For the general case g > 1 it turns out that a pair (¢,7)
as above need not necessarily give rise to a meromorphic function and
one needs a further condition.

Theorem 1.5 (Abel). Given positive divisors D and D' on M,,
degD = degD', then there exists an f € Hol(My,P') so that (f) =
D — D' if and only if un(D) = u(D").
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The f associated to the difference D — D’ is unique provided we
specify in advance the image of py (based maps) and neither D nor D’
contains the basepoint, pg. Additionally, given D — D', there are unique
disjoint positive divisors Dy, D) so that D — D' = Dy — D and any f
with (f) = D — D' will have roots precisely the terms in D; and poles
in D|. We make the following definition.

Definition 1.6. The divisor space Divg(X) for a given space X is
the set of pairs of disjoint positive divisors on X, i.e.,
(1L7) Dive(X) = {(D, D') € SP*(X) x SP*(x) | DN D' =0},
and more generally
Divl(X) :{(Dl, ceesDpy1 | Dy € SPF(X), 1<i<n+1,

(18) DlﬂDgﬁ---ﬂDn+1:®}.

Corollary 1.9. The space of based holomorphic maps of degree k,
Hol,’;(Mg,Pl), is the inverse image of 0 under the subtraction map

s: Divg(My — po)—J (M),

where the subtraction map s is given by s((D,D")) = p(D) — u(D').
More generally, and perhaps more usefully, we have

Corollary 1.10. The space of based holomorphic maps of degree k,
Holj(Mgy,P™) is the subspace of Divy (Mg — po) consisting of (n + 1)-
tuples of degree k positive divisors, subject to the following constraint:

pur(D1) = pi(D2) = -+ = pug(Dnyr).-

It was using this formulation of the space Hol}(M,, P™") that Segal
[21] proceeded to prove his stability result. We will shortly give and use
a yet more explicit version of this corollary. But before we do so, here
are some of the standard results on the Abel-Jacobi map that we will
be using:

(1.11) The orginal map p: My—J(M,) is an embedding and the (com-
plex) dimension of the image of ug: SP(M,)—J(M,) is d for
d < g. In particular p is onto for d > g (Jacobi inversion theo-
rem).
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(1.12) The preimage of any point u(p) € J(M,), pu, ' (1u(p)) € SPY(M,)
is always a complex projective plane P for some m > 0.
(1.13) For d < 2g—2 the dimension m is less than or equal to % (Clifford).

(1.14) For d > 2g — 1 the map g makes SP?(M,) into an analytic fiber
bundle over J(M,) with fiber P4=9 (Mattuck [16]).

In §9 we will give more details on the structure of these maps for
g < 5, but now we turn to the construction of an explicit model for the
space Holj, (Mg, P™) from our considerations thus far.

2. A compactified version of Holj(M,,P")

It should be apparent from §1 that we are interested in the inverse
image of 0 under s: Divy (M, — z) — J(M,) for holomorphic maps to
P!, and generally in the inverse image of the iterated diagonal

A" (J(My) C J(My) x -+ x J(My)

n+1:‘,imes
under pp X - - X uy for maps into P .
Let the space E;, ;, ... i, be defined as the fiber product of pzx---x
and A in the diagram below

Eigirin — SP®(My) x - x SP™"(M,)

(2.1) l luX---Xu
J

— J(My) x -+ x J(Myg).
More explicitly

Eio,il,... %

wn

= {(Dy, ... ,Dy) € SPP(M,) x - -+ x SP™"(M,) | u(D;) = u(D;)}.

Clearly Holj(My,P") C Ejpy,. . as the subset consisting of all the
{(Dy,...,Dy)} where no D; contains x and (g D; = 0. Of course,
for k sufficiently small Holj,(M,y,P") is empty and this is consistent
with the fact that Riemann surfaces of positive genus do not admit
holomorphic functions with a single pole. However, once Holj, (M, P")
is non-empty, and k is sufficiently large, Hol};(M,, P™) will be open in
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Ey,.. 1 with Ej 1 as its closure. Then Ej ;. 1 is the compactification
of Holj,(M,,P™) mentioned in the title of this section.

Lemma 2.2. Fori; >2g—1,0<j <n, we have a fibering

n
H Pij_g — Eio,il,...,in — J(Mg)a
7=0

and the fiber is totally non-homologous to zero so

H.(Eigji,...in) = H (P9 @--- @ H,(P"9) @ H.(J(My)).

<sin

Proof. In this range of dimensions i; > 2g—1, one can see by virtue
of Mattuck’s Theorem that the space Ej, ;, ... i, becomes the total space
of a fibration

PO 9 x .. x P9 s By J(My)
obtained from the pull-back of a product of Mattuck’s fibrations
P9 x ... x P79 — SPO(M,) x ... x SP™(M,) — J(M,)"**

by the diagonal inclusion A. Since A is injective and since the Serre
spectral sequence for Mattuck’s fibration collapses at Fo, the lemma
follows from standard spectral sequence comparison arguments.  q.e.d.

Further Properties of the E;, . ;.
First of all, we notice that for any 7 > 0, we have natural inclusions

Eigyiry..in < Eig,... ij+1,... in

given by adding the basepoint in the (j + 1)* position.
Secondly we observe that the map

X e X SPO(My) x -+ x SP™(My)—J(M,)"+

is multiplicative by construction, and so it induces a multiplicative pair-
ing on the E;, _; which is commutative and associative:

n

(23) VI,J: Eio .

seemsln

X Ejo.....jin—Figtjo,...in+jn-

Also, Ey1,..,1 = M, and the pairing above thus yields an action

o0 o0
(2.4) v (H SP’“(MQ)> X Eig,..in— H Eigtk,...sintk
k=1 k=1
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explicitly defined via the diagonal multiplication

SP*(My) x (SP™(My) x --- x SP™(M,))
—SPOTR(My) x -+ x SPTF(My),

which acts on points as follows

(D2 s (s (i)
— ((Z Mgy M1y aml,i0>a sy <Z Mg, Mnply ... amnln>)
We can then give an explicit reformulation of the description of
Hol; (My,P™) in these terms.

Lemma 2.5. Let Eio,...,in C FEi,..i, be the subspace in which no
mys 15 equal to the base point x. Then,

Hol; (M,,P") = Ei,i,...,i — Image(v) N Ej;,.. ;.

The following constructions are now needed for the remainder of our
discussion.

Definition 2.6. For each n, the space LF; is the quotient

LE;, = Ei,i,...,i/{U Ei,i,...,i—l,i,...,i}-

The space QF; is the quotient
LE;/ {Image(v)} .

Remark 2.7. When ¢ > 2g — 1, the space F; _ ; is a manifold
of dimension 2(n + 1)i — 2ng = 2(i — g)(n + 1) + 2g. However when
i < 2g — 1 there is no garantee that E; _; is actually a manifold.

Using Alexander-Poincaré duality, we can now deduce

Lemma 2.8. Assume i > 29 — 1. Then for untwisted coefficients
A we have

Hj(Hol} (M,,P"); A) = H2(=9)+D+29-5(QF;: A).
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Note at this point that the multiplication x of (2.3) induces an as-
sociative, commutative multiplication on the QF; as well:

M QEZ X QEj—>QEi+j-

From Lemma (2.8), it is clear that it is the space QF; that we wish
to study in the remainder of this paper. Unfortunately, it is generally
very hard to obtain the cohomology of such a space without a careful
analysis of the piece we collapse out. So, in order to do this we follow
the procedure of [5] and replace the cone on the union above by a more
complex but much more structured space.

3. A model for QF;

Consider the twisted product space
(3.1) DEMy) = (| Bigss,...n ) X1 SP(cMy),

where ¢TI denotes the reduced cone on 7', and the twisting ¢ is given by
the action above. Precisely, points of DE are of the form

{(Do, ..., Dy),(t1,21) ... (t,2)}, D; € SP¥(M,) and p(D;) = pu(D;)}

with the identification that when #; = 0 the point above is identified
with -
{(DU + Ziyeoen ,Dn + ZZ'), (tl, zl) ce (ti, zz) . (tl,zl)},

where the entry (#;, z;) is deleted from the last set of coordinates. Clearly
pw(Dy + z;) = u(Ds + z;) and the construction makes sense.
The space DE is filtered by the subspaces

DEpy s kn(My) = | Bigir....in Xt SP'(cMy).

ig+i<kq
in+i<kn
Observe that there are projection maps
Phokt s skin * DBk koo o — B k. ko / {Image(v) }

where
(vla -y Vs, (tlawl)? teey (trawr)) = {(vla s ,’US)}
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and the inverse images of points consist of contractible sets. This implies
that the maps py, k,.... k, are acyclic and induce isomorphisms

H.(DEy, ;... kn; F) — H.(Epy p,.... i,/ {Image(v)}; F).

We combine this with the isomorphism in Lemma 2.8 to get

Corollary 3.2. Let k > 2g — 1, then
f{2k(n+1)f2ngf* (HOZZ(MQ, Pn); F)
= H,(DE, 1 /UDE. k-1 xF

n+1 ith—entry

This result is very useful because it is possible, using the filtration
of the space DE} . described above, to construct spectral sequences
with known Fj-terms which converge to the cohomology of the relative
spaces above for all £ > 1.

4. The spectral sequence

The diagonal action. The diagonal multiplication introduced in (2.3)

14
SP"(My) X Eigis,... iy = Eigtr,... in+r

induces an action in homology, v,

Uy (ﬁﬂ*(S’Pr(Mg);F)> ® ]O_O[H*(LEi;F)
(4.1) = 7=

oo
— H H,(LE;;F)

j=1
for any field coefficients F. Of course, this quotient action fits together
with the original action on the E; ; via the following commutative
diagram
(4.2)

id®p*

H,(SP"(My);F)® H.(E;.. ;;F) —— H(SP"(M,);F)® H.(LE;; F)

H*(Ei-l—r,...,i-i-r; F) — H*(LEH-T; F)
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Theorem 4.3. There is a spectral sequence converging to H,(QEy; F)
with E* term

E' = ][ H.(LE;F)® H.,(SP/(SM,),SPI~' (£M,); F)

+i=h
i>

® H,(SP*(SM,), SP~! (EM,); F)
and di(© @ {Jas|---|ar[}) = (=1)1Wllly, (a1 © ©) @ {laz] - |a; |}
Proof. From the model for QF constructed in §3 we have that

QBy = DBy, /| J DBk, 1. k

where |
DEk,~~~,k(Mg) = U Eio,il,...,in Xt SPJ(CMQ).
inti<k
Also, LE; = E; . i/ {UEi,,..i-1,,.,i} So we can write
QEx = |J LE:i x; (SPI(cMy)/SPI~} (cMy)),
i+j=k

where the twisting in the description above is given as before by

(h’? {(07 wl)a (t27 w2)7 R (tT‘a wT‘)}) ~ (V(wla h)a {(t27 wZ)a ) (tra wr)})
To obtain the desired spectral sequence, introduce the filtration by

Fo(QEx) = |J LE; x¢ (SPI(cMy)/SPI™ (cM,)),

and the remainder of the proof of the theorem is direct. g.e.d.

A multiplicative structure for the spectral sequence. The induced
multiplication on the QF;’s,

v: QFE; X QE]'—>QEZ'+]'
passes to the spectral sequences above and defines a pairing of E'-terms:
(H.(LE;;F) ® H.(SP!(SM,), SP"H(SM,); F))

® (H.(LE,;F) ® H.(SP"(XM,), SP*~'(ZM,); F))
——H.(LE;,;F) ® H(SPY"/(ZM,), SP*T~1(ZM,); F)
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for which the d;’s act as derivations. For this reason it is often convenient
to consider all the spectral sequences above at once. In particular we
can describe the direct sum of all the E;-terms as a trigraded ring where
an element 2 € F; has tridegree (i, j, ) if and only if

z € Hy(LE;) ® H,_,(SPY(EM), SP’ "1 (X M); F).

Remark 4.4. There is a related spectral sequence for H,(QFy; F)
obtained by filtering

QE. = |J LEix, (SP7(cM,)/SP7~" (cM,))
i+j=k
in a somewhat different way. Instead of filtering by ¢ in the expression
above, filter by the number of distinct t’s in the point

(il,{(tl,lul),(tg,lUg),... ,(tr,zur)}).

In the space SP>(XM,) this filtration results in the Eilenberg-Moore
. * % .
spectral S?quence with Eo-term ExtH*(S{DOO(Mg)‘;F)‘(F,F). To describe
the resulting spectral sequence most efficiently it is best to include all
the QFE}’s at once, and what results in our case is a trigraded Fs-term,

o0
Bzt (s, (F P H.(LE; F)),
=1

where the summand such that r» + s = k corresponds to the Fo-term of
the spectral sequence converging to H*(QFEy; F).

Some remarks on differentials. There are similar spectral sequences
for the Div-spaces (cf. 1.6) starting (as in 3.1) with the model

o
(4.5) [I 5P/ (M) x -+ x SPI(M,) | x1 SP™(cM,),
j=0 ~

n+1—times

where T' is now the diagonal twisting which identifies the point (0, z) in
the cone cM with the diagonal element A™*!(z) in (M,)"*! and then
extends this multiplicatively. The associated spectral sequences have
FE;-term

[T [E*(5P'(M,), 5P} (My); F)]"
(4.6) i+j=k
® H*(SP/(xM,),SPI~'(ZM,); F)
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and converge to H*(Divy, . (My); F). (Here the superscript n41 means
the (n + 1)-fold tensor product.) Moreover, as is clear, the inclusions

Ei. ;i C SP'(M,) x --- x SP'(My,)

induce maps of spectral sequences here (in cohomology) to the spectral
sequences above for the Holj spaces. (Or in homology from the spectral
sequences for the Hol;, spaces to these for the Div-spaces.)

But for the spectral sequences for the Div-spaces, and using H. Car-
tan’s little constructions [4] to embed the homology into the chain com-
plex one is able to construct an explicit (small) filtered chain complex
with associated spectral sequence equal to that in Theorem 4.3, [12].
In particular one knows that F,, = FE; for n > 2 for the Div-spaces
spectral sequence 4.6.

In the next section we will identify a region of the spectral sequence
for the Holj, spaces where the induced map of homology spectral se-
quences is an injection. Hence, in this range for n > 1 the spectral
sequence for Holj (Mg, P™) collapses at Fi. When n = 1 there are dif-
ferentials, however our knowledge of the differentials in the Div-spectral
sequence here implies considerable information about the differentials
for the Hol; spaces here as well.

The d'-differential for the highest filtration terms of the spectral se-
quence. One region where the two sequences don’t compare very well is
the tail end of Theorem 4.3, the terms

H,.(My;F) @ H.(SP*~'(SMy), SP**(SM,); F)
and
H.(SP*(SM,), SP* ! (SM,); F).

More generally it can happen that uy: SP*(M,)—J(M,) is an embed-
ding for 1 <k < m(M,) in which case we have

Lemma 4.7. If the Abel-Jacobi map pg: SP¥(My)—J(M,) is an
embedding for 1 < k < m(M,), then in this range we have Ej __j; =
S’Pk(Mg), Ei . k=1, k= SPk_l(Mg) included in Ey, 1 via the usual
base-point embedding

SPkil(X) C SPk(X), <£I?1, e ,:I?k,_1> — (Il, ey Th—1, *>
and the action v corresponds to the usual multiplication

SP"(M,) x SP*"(M,)—SP*(M,).
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Consequently, in this range we have LEy, . j = SPF(M,)/SP*=1(M,),
1 <k <m(M,), and the spectral sequence in this region is the corre-
sponding spectral sequence for the quasi-fibration

SP>(My)—SP>(cM,)—SP®(SM,).

(The only statement above which might need clarification is the last.
But recall that the spectral sequence with field coefficients has Fo-term

P H*(SP*(M,), SP*~1 (M,); F) @ H*(SP'(SM,), SP'™" (SMy); F)
k.t

and all the differentials preserve the sum k +¢. Moreover, in this region
the chain embedding techniques of [12] are valid, so the two spectral
sequences have the same (internal) differentials.)

For example, if M, is not hyperelliptic then po: SP?(M,)—J(M,)
is an embedding. Also the map u3: SP3(Ms)—J(Ms) is an embedding
for most curves of genus 5. (See the discussion in [1, chapter V].)

5. The Jacobi varieties WZ] and a spectral sequence for the
LE; spaces

Our next step is to analyze the spectral sequence of Theorem 4.3. To
do this we must understand the groups H,(LE;). The LE; are quotients
of the spaces E; = F; __; defined in §2 and these latter spaces turn out
to be built out of fibrations with projective spaces as fibers. Here there
is a stratification of the image of SP"(M,) in J(M,), and over each
stratum we get such a fibration, though the dimensions of the fibers
vary as we move from stratum to stratum.

Definition 5.1. The image of g in J(M,) is written Wy. Also
the set of points y € Wy so that ,u;l(y) = P™ with m > r is denoted
W. Thus we have a decreasing filtration

Wy DWIDW2D---DW;D-- QW(Ed/Z]H:Q),

It is well known that Wy = J(M,) whenever d > g, and that the
dimension m of a generic fiber P™ over Wy is 0 when d < g and d — g
when d > g.

349
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Examples.

(5.2) The map p; is always an embedding and so Wy = M,.

(5.3) In the genus 1 case the original map p = pq is the identity, and
J(My) = My, while the pg are fiberings for d > 2.

Assume now that g > 2.

(5.4) The map po: SP*(My)—J(M,) is an embedding unless M, is
hyperelliptic (cf §10). In the hyperelliptic case W, is a single
point p and py'(p) = PL. Tt follows that Wy can be identified
with SP?(M,) with a single P! blown down. Indeed, we can check
that the normal bundle to P! C SP?(M,) is £€179, the line bundle
with self-interesection number 1 — g, and from this it follows that

(1) SP%(Ms) is the blowup of .J(Mj3) at a single point (here any
genus 2 surface is automatically hyperelliptic).

(2) For g > 3 we have that Wy = SP?(M,)/(P' ~ %) is a man-
ifold with a single isolated point singularity which looks like

the cone on a Lens space qu-

We can introduce the complementary subspace A = W,ﬁ—W,iH. By
definition, we have that Vo € Aj, ,u,;l(ac) = P’. The result of Mattuck
quoted in (1.14) takes actually the more general form.

Theorem 5.5 (Mattuck). u,'(AL) C SP¥(M,) is the total space
of a locally trivial analytic fibration P* — u,:l(Az) — A

Remark 5.6. The following formula relating W,g and W,ij is a

special case of [10, (20), p. 53]:
() Wi= [ Wii+m),

mep(Mg)
that is, W,g is obtained as the intersection of all translates of elements
of W} =1 by elements of u(M,) C J(M,). In particular, this shows that
(% % ) WiC W, 1 +xCcW,

From now on we do not differentiate between ngj C Wpg_1 and
W~} + % C Wj; denoting both by W; 1.

Furthermore, Gunning, [10, p. 54], gives the following dimension
estimates for the associated containments.

Lemma 5.7. If the subvariety W,zj s non-empty then:
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o dim W,z <dim W]zj whenever 2 <1 <k <g.

e dim Wé:% < dim W,zj whenever 2 <1 <k <g.

Remark 5.8. In chapter V of [1] techniques for determining the
W,ﬁ’s are extensively discussed, and results for ¢ < 6 are completely
given, (p. 206-211).

We now turn to the pull-back spaces Ej ., and observe that the
fibration of Lemma (5.5) induces in turn a fibration

(P'x - xP') — A};LAL Al C By, k-
When collapsing A% |, we get a quotient
X = A/ Aj_y = Ep.. 5/Ep1,.. j—1

and a quotient map X — LEj . The space X projects down via p
K/ A1 = Wi/ Wi_i;
this last equality being a consequence of the inclusion W,i“ C VV,@_1
described above.
We then pass to the quotient LFE) and observe that since
W,ﬁ C Wlﬁj, 1 > 1, we must further collape, along fibers this time,
subsets of the form

U (Pi)jfl > Pz'fl x (Pi)n‘}'l*j SN (Pz’)n+1.
Jj<n+1
The fiber (P?)"*! has a top 2i(n + 1) cell of the form

p2i(n+1) _ el x . x e%z'ﬂ’
where e?i is the top 2 dimensional cell in the j-th copy P? with boundary
mapping to P~ ¢ P’. We then see that

(Pi)nJrl/Uj (Pz’)jfl <« Pl % (Pi)n‘}'l*j ~ eZi(nJrl)/ani(nJrl) ~ SZi(nJrl).

The space so obtained is denoted by T,i. In the case when 7 = 0 we have
that W, C Wy_; C Wy, and hence Wy /Wy_1 = SP*(M,)/SP*=1(M,).
Now we filter the Jacobian according to the increasing sequence of
W;’s
J(My) =Wy DWy_1D--- DW= M,.



352 SADOK KALLEL & R. JAMES MILGRAM

This induces a filtration on LE}) yielding a spectral sequence which by
the preceeding discussion has E' term as follows.

Proposition 5.9. Suppose that k < g. Then there is a spectral
sequence converging to H,(LE}y) with E' term

E' = H.(SP"(M,), SP*~(My)) & [ [ H.(Wi, Wi ) ® H.(s*"*1)

and in case k > g, then

BY =520 g (7(M,), WE-9)

o [[ H.Wi Wi ) e H,(s%"D).
i>k—g

Remark 5.10. Note that
H,(LEy) = H.(J(M,)) ® H.($** 9+,

whenever k£ > 2g — 1 for then W,f:lg =0 and W} = W}_, = J(M,)
otherwise.

Remark 5.11. The spectral sequence of (5.9) turns out to collapse
at E! for all cases that we treat in this paper.

6. The structure of symmetric products

In this section, we describe the homology of the symmetric products
SP"(M,) for all n and g. Also, since it is required in the spectral
sequences of Theorem 4.3 and Proposition 5.9, we give the structure of
H,(SP"(XM,)) again for all n, g. In the case of SP"(M,) we follow
the description given by I.G. Macdonald, [15], while the description for
the suspension is taken from [19] and unpublished work of N. Steenrod.

There is an evident pairing SP"(X) x SP™(X) i> Spnt™(X) given
by addition of points, and this turns SP*°(X) into an associative,
abelian monoid with % as a two sided identity. The Dold and Thom
theorem states that

(6.1) SP®(X) ~ ﬁK(Hi(X; Z),4)
1
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is a product of Eilenberg-MacLane spaces if X is path connected [7].
Applying this to X = M, yields

(6.2) SP®(M,) ~ K(Z*,1) x K(Z,2) ~ (S")% x P*,

where K(Z,1) ~ S! while K(Z,2) ~ P>, the infinite complex projec-
tive space. We then find that

(6.3) H.(SP®(M,);Z) = Aer, ... e2,) ® , (a),

where A(,) denotes the exterior algebra on the stated generators while
, (a) denotes the divided power algebra on a: the ring with Z-generators
a;j, i@ = 0,1,... and multiplication a;a; = (”;.J)aiﬂ'. This accords
well with the multiplication of the SP"(M,) described above. Often
however it is convenient to work with the cohomology rings so we need
the following description.

L.G. Macdonald’s description of H*(SP*(M,); Z).
Consider the map [My]*: M,—P> = K(Z,2), taking the funda-
mental class to the dual of the orientation class, and the map

Ve;: My,—K(Z*,1) ~ (S")%.

Both P> and (S1)%9 are associative abelian H-spaces with the structure
on P> coming from the identification SP>(P!) = P> described earlier.
This allows us to extend [My]* and Ve; to a multiplicative map

O(k): (My)F—P> x (S')%

which, by definition factors through the symmetric product S’Pk(Mg).
In the limit, as & — oo this gives the Dold-Thom equivalence

SP®(M,)—K ((Z2)*,1) x K(Z,?2).

With respect to the maps (k) we can describe the cohomology ring
H*(SP*(M,); Z) as follows:

Theorem 6.4 (I.G. Macdonald). The cohomology ring of
SPk(Mg) over the integers Z is generated by the elements

fi=el,. o fi=eh 1, fa=€5y 1, [l = €5 [y =3, and b

subject to the following relations:
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(i) The f;’s and the f]’s anti-commute with each other and commute
with b;

(1) If i1y .o yigyJ1s---sJos K1y -, ke are distinct integers from 1 to g
inclusive, then

fis - fiafjy - I (Fra fy = 0) -+ (fro fr, = D)BT =0

provided that
a+b+2c+q=n+1.

If k < 2g all the relations above are consequences of those for which
q =0, and if n > 29 — 2 all the relations are consequences of the single
relation

g
B2t [ (fiff —b) = 0.

=1

(Actually Macdonald only stated this result in [15] for fields of char-
acteristic zero as coefficients, however, since the relevant invariant maps
that he used to prove the result are actually surjective over Z, it is quite
direct to extend the result to integers as well.)

The homology of SP™(X) for more general X
The homology of the spaces SP™(X) splits according to a result of
Steenrod, [6], (see also [19]) which holds for X any C'W-complex:

(6.5) H,(SP*(X);Z) = @ H.(SP/(X), SPI~(X); Z).
J
Consequently, the ring H,(SP>(M,);Z) is bigraded, by defining z €
H,(SP*(X);Z) to have bidegree (i, j) iff
x € Hj(SP'(M,),SP""'(M,);Z) C H.(SP*(M,);Z).
The bigrading is multiplicative in the sense that the product map
SP™(X) x SP"(X)—SP""™(X)
in homology induces a bigraded ring map
H; j(SP"(X); A) ® H, s(SP™(X); A)—Hi1r.j+s(SP"™(X); A),

where the first degree is the dimension and the second the bidegree.
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The bigrading is preserved by the diagonal map, so the cohomol-
ogy ring is bigraded as well, and the two structures together form a
bigraded Hopf algebra. In the case of the SP¥(M,) we have that the
coproduct on each of the 1-dimensional generators is primitive, while
the 2-dimensional generator [M,] in Hyo(SP>(My);Z) corresponding
to the orientation class of M, has coproduct

g
(6.6) A([My]) =[Mg] @1+ (e 1 ®eg — €2 @ ezi1) + 1@ [My].
1

The homology of SP™(3(My)).

We will need the cohomology and homology of the spaces
SP"(¥X(M,)) where ¥X denotes the suspension of X. From the Dold-
Thom Theorem we have

29

(6.7) SP®(TM,) ~ (H P°°> x SP>(5%),
1

where we can assume that the generator for the homology of each P>
has bidegree (1,2). Thus, this amounts to describing the homology and
cohomology of K (Z,3) and its associated bigrading.

With coefficients F), for any odd prime p we have, [19],

H.(K(Z,3);F,)

Allal, [vpls -+ sl ---) @, (JaP~al)
— -1
®, (M )@@, (I )@

(6.8)

The generator 7, corresponds to [SPpi(Mg)] and |v,:| has filtration de-
gree p' and dimension 2p' 4+ 1 while |fyg ! |7pi-1| has bidegree
(0", 2p" +2).

In the case of the prime 2 we have

(6.9) H.(K(Z,3);Fs) =, [a],|as],. ... |ay], ...

Remark 6.10. With F), coefficients, the divided power algebra
, [a] splits as an algebra into a tensor product of truncated polynomial
algebras [4]
» la] = Fpla]/a? @ Fylap]/(ap)’ @--- .

355
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When F = Q, divided power algebras are isomorphic to polynomial
algebras and the answer simplifies greatly; namely

(6.11) H.(SP*(XM,); Q) = Qflex], ... , lezg[] © Ala).

The answer is simpler to describe if we use cohomology. Here,
H*(SP>(S5%);F,) is always a tensor product of an exterior algebra on
odd dimensional generators and a polynomial algebra on the even di-
mensional generators. In other words in the formula (6.8) above one
replaces all the divided power algebras by polynomial algebras with
generators of the same bidegrees to get the cohomology ring descrip-
tion.

We take advantage of the bigrading to write H,(SP*(XMy);Fp) in

the form
0

[[H.(SP"(2My), SP"' (EM,); Fy).
1

These summands can be written out more completely in terms of the
bigrading of SP>(S3) as follows. First, we write H,(SP>®(S3);F,) =
H,(SP*(£5%);Fp) in this way. The decomposition here has an alter-
nate description, [5]:

(6.12) H,(SP>(8°);F,) = é =D (p),
1

where the D; are the Snaith splitting components of the loop space
0283 for the prime p, and D; means dual, where we index the dual by
dim(Dy ) = —j.

Then, going back to (6.7) we see that we can write the term

H.(SP"(M,),SP"" (SM,); F,)

(6.13) TN i
= @ 24]Dj (p) ® Fp[bla s ab2g]n—j )
j=0
and Fy[by, ..., bygln—j is the free Z-module on the degree n—j monomials
in the variables by, ..., by,. There are ("_%;'_2{’ _1) such monomials.

Example. What follows is a list of generators for

H.(SPY(ZM),SP'~(SM); Z,)
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in the E' term mod(p) of the spectral sequence of Theorem 4.3 together
with their tridegrees

Generator trigrading
| M| (0,1,3)
(6.14) €] (0,1,2)
i (0,p",2p" + 1)

il (0,p7,2p" + 2).

Explicit d'-differentials in the spectral sequence.

In Theorem 4.3 the differential d' is implicitly determined. Now that
we have the explicit form of the homology groups H,(SP"(M,)) and
H,(SP"(XM,)) we can make d' explicit. For example we have

QU g7 om000)

29
(6.15) = Zfl ® |f1|51 .. |fz_|si71 . |f2g|k7517m7529_1
1

and

dl(|Mg||fl|51 .. |f2g|k—sl—---—1
(6.16) = M@ |fif"" | fagl
— (@RI U (L@ My )

It is easily checked that this part of the d'-differential is injective to
the term H*(Mg; F)QF[|f1],...,|f2g|lk—1 with cokernel spanned by the
monomials of the following form:

(6.17) {Fel il fia [ e fog [P oIt P20y
where j; > 0, and ¢t > 1.

Remark 6.18. This is the only time the d' differential on the ele-
ments |f1|" -+ |faq]*? is non-trivial, since in the remaining parts of the
spectral sequence their images lie in the part which has been collapsed
out.

Example 6.19. If g = 1 then the differentials in this region
have the form d'(|f1[°|f2|* ) = fi@ |fi" Ml + fo @ |fi° folF 7"
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provided s and k — s are both greater than zero and

d (T f1 51 f2lF57Y) = fife @ A1 fol" 5!
— AITIAP el !
— P ®|T|IAF | fol o2

The role of this last differential can be regarded as identifying terms of
the form f1fo ® | f1]*|f2|* *! with terms involving |T'|*. Also, the first
of these differentials is injective but not surjective. The quotient has as
a basis the set of images of the elements fo ® |f1|*|f2|¥—*~! with s > 0.
Consequently it has dimension k& — 2.

7. The stable range

In the case where 7 > 2g, we’ve seen already that the Abel-Jacobi
map becomes an analytic fibration, and hence the projection

E;, . i—J(M,g)
fibers as
(7.1) P 9x...xP™ 9 —E ;— JM,).

Because of this and other stabilization properties (§8), we refer to the
range ¢ > 2g as stable. In this case, we see that the relative groups

H(LE;,A) = H.(Ei;, i, U Ei i-,..i;A)
are given by

[H.(P79, P91 A)" © H,(J(M,); A)

(7.2) :
=~ 3209+ (J(M,); A).
Dually, in cohomology the relative group is given as

B 99 b9 @ H(J(M,); A)

(7.3) u
= (b b)' 0 @ H'(J(M,); A),

a form which is often of more use in calculations.
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Remark 7.4. Of course, in both these forms, the inclusions
P9 C SPi(Mg) induce injections in homology onto Z-direct sum-
mands, but even more, from Macdonald’s Theorem 6.4 it follows that
the inclusion of pairs

(P9, PT=971) C (SP'(M,), SP™ (My))

induces an inclusion in homology sending Ho(;_g) (P9, P91, Z) iso-
morphically to the group Hy; ) (SP'(M,), SP™'(M,);Z) = Z. (We
will expore this fact further below.)

Thus in this stable range the E-term for Holj(M,, P") injects into
the corresponding F1-term for the Div-space as was asserted at the end
of §4. In particular this gives as a corollary to the results of [12],

Lemma 7.5. The spectral sequence of Theorem 4.8 collapses at E;
in the stable range for n > 2.

Now we turn to some fairly direct calculations which lead to the
determination of the d!-differential in the Hol; spectral sequence for
n = 1 in the stable range.

More exactly, in the stable range the relative group injects,

H*(E;;,Ei; 1 UE;_1;;A) C H (E;;,A)
as the principal ideal
(7.6) ((boby)' "> WoW1) C H*(E;; A),
where W; is the polynomial

(7.7)
g9

Wi = [[(f2e1foe = b))

t=1
g 29
= (1! [bﬁ - (Z f2t1f2t> b 4 (1) (H ﬁ)] :
1 1

which generates the kernel of the restriction map to H*(FE;_1; A) and
H*(E;; 1;A) respectively according to Macdonald’s Theorem 6.4.

Lemma 7.8. In the stable range the differential dy in the spectral
sequence of Theorem 4.3 vanishes forn > 1. For n =1, it has the form

9
dy (WoWib 29b17%9) = 2 (Z f2i—1f2i> (Wowlbf)_%_lbll_?g_l)|Mg*|a
T
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and it is multiplicative in the remaining generators. That is to say,

. . d . .
OWW b5~ 2951729 s + Od, (W Wb~ 29b%9).

Proof. We check the action map M x E;_y__; 1—F; . ; in coho-
mology. The term fo,_; fo, — b; maps to

Jor—1 ® for — for ® for—1 + 1 ® (for—1.for — bi),

since for_1far —b =0 in H?(My;Z). Hence

9

Wi Z(f?r—l ® for — for ® f2r_1)1 ® WZ(T) + 1 W;,
r=1
where, as is evident W;(r) = H 7& (f2j—1f2j — b;). Thus, since f;f; =0
in H* (M ; Z) for (i,7) # (2r — 1,2r) for some r, it follows that

g
WOW1 — ZQb@(f?r—lf?rWO(r)Wl(T))
r=1

+ (for—1 ® for — for ® for—1)1 @ (Wo(r)Wyi + WoWi(r))
+1® WyWi.

Next note that Wibéﬁg = 0 in H*(Ei_1,. ;-1;Z), so the image of
(boby )" 29WoWy is 2b ® S for_1 farbly 297 00297 " Wy Wy since

Wi(r) far—1for = Wifar—1for
This proves the desired result. q.e.d.

Remark 7.9. Actually, what the argument above really deter-
mines is the coaction map in cohomology. Given the action map

SP"(My) X LE;—LE;,

described earlier, and suppose ¢ > 2g; then

k
ok (&

Uirr — bF @ o (Z f27"—1f27"> Ui,
A\

where U; is the generating class above for H2U~9)(LE;;Z) when n = 1.
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8. Stabilization

For d > g, any n > 1 and any neighborhood U(x), there are n + 1
divisors D; C SPY(U(x)), 0 < i < n with u(Dy) = u(Dy) = -+ =
p(Dy) and ( D; = 0. By deforming M, — * to M, — U, and then adding
in the corresponding divisors, one obtains a stablization map 7 which
one can iterate

(8.1) Hol}(M,, P") —Hol},, 4(M,, P")—s - - - —Hol} . ,(M,, P")

obtaining in the limit a space lim_,o Hol; | ,.;,(My, P™) which is homo-
topy equivalent to any component in the mapping space Map}(My, P™).
Note that this last statement is a consequence of Segal’s stabilization
theorem, [21].

The inclusion 7 descends to a map of spectral sequences and by an
argument similar to one in [5], we see the corresponding map on the
FEq-term is given by

U (boby - -+ by) ® id:
(8.2) H*(LE;Z) ® H*(SPY(2M,), SPI1(2M,); Z)
—H*(LE;11;Z) ® H*(SP'(ZM,), SP'~'(SM,); Z).

This relation between inclusion at the level of mapping spaces and cup-
ping with bg - - - b, in the Poincaré duals is quite important and follows
basically by checking normal bundles (cf [12]). In any case the content
of the preceeding remarks can be summarized in

Lemma 8.3. In the stable range the cohomology of Holy(M,,P™)
is isomorphic to the cohomology of Mapj,(Mgy, P™) via the natural inclu-
sion.

This is again direct from the stabilization via cupping with bg - - - by,
and Segal’s stability theorem.

The differentials which we know appear come from comparison with
the Div-space spectral sequence. These are the differential d; already
described and the further differentials which only hold mod(p) for odd

p,

i

A
d(|vp|*) = o (ZfZ] 1f2]> ,
| (p—1)p*
(|7 |7p|) = | (ZfZ] 1f2]> [Ypil "

pl

(8.4)

361
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The last differential in (8.4) is called the Kudo differential, [14]. There
are no differentials for p = 2 (see next remark). Similarly, for n > 2 all
the differentials are zero for all p and hence, even over the integers.

Remark 8.5. There is a sequence of Serre fibrations

ft
Q°(P")—Map*(My, P")— (2(P™))* — Q(P")
induced from the cofibration sequence associated to Mg;

29
st \/ S = My — S

which gives Map*(M,, P™) as the total space of a principal Q*(P")
fibration with classifying map ff. Then the discussion above shows by
dualizing that in the Serre spectral sequence of the fibration

(8.6) O (P™)—Map* (M, P")— (Q(P™))*

we have (for n = 1) the differentials d'(|b|*) = 2 foj_1f2j, the
transgressive mod(p) differentials from |bP'|* to the divided power of
(329 faj—1f2;), and the Kudo differentials for p odd. Of course, for
p = 2 the differentials in the Serre spectral sequence are totally tran-
gressive from the fiber to the base. Hence, there are no differentials and
Ey = E. Similarly, for n > 2 there are no differentials for any p and
Ey = FE in this spectral sequence even with integer coefficients though

the only way we know to prove this is via the results of [13].

9. The genus one case

When g = 1, then p: M;—J(M;) is a holomorphic homeomorphism
identifying the Jacobi variety with T itself. Also, the stable range starts
immediately in this case and hence, for all n > 1 the Abel-Jacobi map
1 is a fibration

P! — sP(T) LT

In the spectral sequence for QFEj(n) with n > 2 (dual to Hol;(T,P"))
there are no differentials except for those at the tail end (6.15) and
(6.16), but these are the only differentials and E' = E> away from
this region, while E? = E* for the entire spectral sequence. In the
case n = 1 the only differential is again d; which now also has a stable
component given in (5.9), and again E? = E>.
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It also follows that duality gives the isomorphism
(9.1) HHOED I (Hols (T, P"); F) =2 Ho(QE, 13 F)
? - 7

for all £ > 2, with Holj(T,P™) being empty for all n.

We now determine these homology groups explicitly for n = 1. First,
in the case where F' has characteristic 2 there are no stable differentials
and E' = E™ in this range. Second, in case F = Q we have

E'(Hol}) ]_[2‘“1 L(T;Q)

(9.2) ® (Qlle1l; le2]lk—i @ [T ® Qlle1], le2[]k—i—1)
& H,(T;Q) ® (Qle1l, le2llk—1 @ [T]| ® Q[lex], le2[lk—2)
® Qlle1l, le2]lx + |TQllex], le2|lk—1,

where Q]|e1], |ez|], is the (r + 1)-dimensional subspace spanned by the
monomials of degree r; that is: |ey|”, |e1|""'|ea],...,|e2|". The only
differential is dy, generated by

dy (B F=I7 Ve eo|T|) = BEI),

and the unstable differentials of (6.15) and (6.16). Thus one has directly
(compare (6.19) for the last term) that

HE“ VH.(T; Q) ® Qflexl, |ea[]i-

@24’ DIT|(1,e1,e2)Qllerl, leallr—i1

(9-3) ® Qfezler] ™ ealer] " leal, ... eafenllez] )
@ |T|(1, e1,€2)Qllenl, [ea|lk—2
= E>®.

In the remaining case where F = F» has characteristic p an odd prime,
as explained in (6.6), (6.7) we can write the E;-term as

J
[1 ="V (TF) @ 3 D)) © Filbi, b,
itk 1=0

where D} = 0 if j # pk or pk + 1 and with the usual special consider-
ations at the tail end of the filtration. Incidently, the case j = pk + 1
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implies that %%/ D; =M |40 _I)D;Ll. The differential is as before, and
we have that in the stable range

k
E? = [ VH,(T;F) ® D} ® F[by, bolk—i—;
i=0
® S| T|F by, bolg i o
= E*.

In each case the homology injects into H,(Mapj(T,P!); F). Thus
the geometric interpretation of each of the homology and cohomology
classes in H,(Hol}(T,P!); F) can be regarded as the same as that for
the corresponding class in the mapping space.

For example with rational coefficients we have the following corollary
to 9.3 and 9.1.

Lemma 9.4. Let I = (lei],|ez|) be the augmentation ideal in
Qlle], le2l]. Then

H*(HOIZ(T?PI)a(Q) = Q(la€13623h2,13h2,23U3)®Q[|el|a|62|]/[k_1

S Q{62|el|k715 cee a62|61||62|k72}'

In particular the Poincaré series for H, (Hol}(T,P'); Q) is
(1422+222 +23) (1 +22% + 3z  +- -+ (k= 1)2?*2)) 4 (K —2)22F— 11,

Note how this compares with the corresponding Poincaré series for the
mapping space H,(Map*(T,P'); Q):

(1 + 2z + 222 + 23)
(1—22)2

The case n > 2. Any component in the mapping space is given as the
total space of the Serre fibration

Q2S2n+1—>E—>(Sl % 952n+1)2
with

H,(Map*(T,P"); F) = H,(Q*S* ", F) @ H.(T;F) ® Flgay, ghy,)-



SPACE OF HOLOMORPHIC MAPS

Consequently, with Q as coefficients the Poincaré series for the mapping
space has the form
(1+z)%(1 + 2?7 1)
(1 _ xZn)2 ’

while for Hol; (T, P™) we have

365

(142)2(1+z2" ) (14227 +3z" " +- - -+ (k—1)zF 227 4 (k—2) g2k~ Dn =1

Remark 9.5. Notice that in this case all the calculations were
independent of the particular elliptic curve T' that we were studying,
even though different 7" are not holomorphically isomorphic. In fact
this is not unexpected since we have

Theorem 9.6. Let T be any non-singular elliptic curve. Then the
homeomorphism type of Holp,(T,P™) is independent of T

Proof. Let T and T’ be two given tori with corresponding lat-
tices A and A’ C C. Then there is a map A — A’ which induces a
homeomorphism

T = C/ALT’ =C/N,
and such that the following commutes for all n;

SP™(f) ,
SPYT) —= SP(T")

S

f
T — T

It follows therefore that E;; ; = Ez{,i,...,i where E; ; ; (resp. Eg’i7___,i) is
the pushout as in §3

Eii..i — SPYT)x---x SPYT)
l l

A
T — Tx---xT

(respectively, T is replaced by T"). It is now clear that

Hol (T, P") = E; ; — Image(v) = E!

i,.

i — Image(v) = Hol},(T, P"),

and the proof is complete.  g.e.d.
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10. The decomposition for hyperelliptic curves

The surface M, is hyperelliptic if and only if there is a degree-two
(branched) holomorphic map f: M,—P"'. This map f fits in the fol-
lowing diagram

S

M, \ /P292

Pl
where s is the canonical map, [8, p. 247].
From the point of view of the Abel-Jacobi maps, M, is hyperelliptic
if and only if we have a cofibering of the form

P! — SP*(M,)—SP*(M,)/P' = Wy C J(M,).

The holomorphic embedding P! < SP?(M,) is now constructed by
associating to z € P! the pair f~1(z) € SP?(M,) where the points are
counted with multiplicity, i.e., the ramification points are counted twice.
The image 7 € J(M,) of P! under o is called the hyperelliptic point
of M,.

Lemma 10.2. Suppose that M, is hyperelliptic and T € J(My) is
the hyperelliptic point. Let k > 1 and t < [%] Then:

(a) for k < g, the space W} is pp_oi(SPE=24(M,)) + tr,
(b) for2g—1>k>g,t>k—g, we also have

Wi = kot (SP*™2 (My)) + tr.

Proof. Note that SP"(P!) = P" so the pairing
SP?(M,) x SP*=?(M,)—SP*(M,)
induces an action
v: Pl x SPF2(M,))—s SPY(P') x SP*2(M,)—SP*(M,),
and the image of

V((pl, N ,pl>, <m1, N ,mk,21>)
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under the Abel-Jacobi map is I7 + pug—o({(m1,...,mg_9). From this
follows directly the fact that W,ﬁ is at least as large as asserted in (a).
The inclusion argument for (b) is a similar dimension check when we
recall that generically uﬁs( 7) = P*, so we are checking for points with
inverse image P! where ¢ > s and v(P? x SPIT$72/(M,)) C u;js(W;ﬂ).

The converse is given on page 13 of [1] for k < g where it is pointed
out that as a consequence of the geometric version of the Riemann-
Roch Theorem every P! inverse image under the Abel-Jacobi map for
SPk(M,) has the form p='(t7) + mq + -+ + mg_o where no two of
the m;’s are conjugate in M, under the hyperelliptic involution. To
obtain the remaining part of the converse one uses the residual series
isomorphism

wiz=wy St Do K-D,

which holds for all curves My, k > g. q.e.d.

For later use we also specify an appropriate base point for the con-
struction. Let x € M, be one of the ramification points of f: M;—P?.
Then 2u(*) = 7, and we choose * as the base point in M,. Also the
base point of P! is (x,), and the inclusion f: P'—SP?(M,) is based.
With respect to this choice, the composite inclusion

SP*(M,) — SPF (M) — SP*?(M,)

commutes with the P'-action. Moreover, in the actual construction
of the Abel-Jacobi map u given at the beginning of §1 we can take
our base point in M, to be %, so that u(x) = 0 € J(M,), and the
hyperelliptic point 7 = 0 as well. This has the advantage that the

inclusion W} + 7 C W,ﬁi; becomes simply W} C W,ﬁﬂ

11. Some preliminary constructions

Let V be a space with a commutative, associative multiplication.
For example

V = SP™(X, %), V:]o_o[SP"(X), V:]o_o[SPi(X) x SP'(X),
1 1

etc. If f: X—V is any continuous map, then f defines an action

pp: [JSPH(X) x V—V
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by pp((z1, ... zk),v) = flz1)f(@2) - f(zp)v.
Suppose now that V, fi: P'—=V and V', fy: P' =V’ are given with
V, V' as above. Then we can form the bicomplex

(11.1) B(fi,f2) - = V xp, (H SP*(I x Pl)) xp V',

k

defined by the equivalence relation built from the basic relations

(Uv<(t1,p1)a SEER) (tkapk)>vvl)

~ {(1)1 : fl(pi)a <(t1,pi; ) (ti’/p\i)’ R (tkapk)>?vl) if t; = 0,
(v1, ((t1,01), -5 (s 0i), -+ (ts E)), falpi) - 0") if 8 = 1.

Remark 11.2. This is just the 2-sided bar construction which
is associated to the homological functor Tors(Ma,4 N). But here, left
and right modules are equivalent since A is commutative.

Remark 11.3. This is an unbased construction. If f; and fo are
based maps with f;(x) = id, i = 1,2, then there is an associated reduced
construction, B(f1, f2). Also, the fact that we are using P! plays no
real role in the definition. It is just there because that is all we use in
the applications of this construction to our study of Hol}(M,,P") for
M, hyperelliptic.

Example 11.4. Suppose that V =[] SP¥(X) and
fi: PL=SP{(X).
Then write

vi = [IsP*x), o0<j<i
k=0

so we have separate actions on each Vj.

Example 11.5. Suppose fo: P'—x where * has the obvious
commutative and associative action. Then

B(fi, f2) =V xp, [[ SPI x P) xp, « =V xp, [] SP"(cP)

is a space that we have seen many times before.
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Example 11.6. Api1: Pl— (P! induces an action on
(1T ,S’P”“(Pl))nJrl which restricts, in a manner similar to that in example
(1) to an action on

o0
Enlits. - yins) = J[SPMH(PY) x - x SPme1th(P)
k=0

for each (n+1)-tuple (i1, ...,%,+1) of non-negative integers with at least
one of the 7; = 0.

12. Models for the spaces F; ;, LE; ; and W,ﬁ when M, is
hyperelliptic

We specialize to

BH(f,n)

(12.1) = (H SPm(Mg)> X t (]_[ SP™(I x P1)>
me2 5n(0,0, - ,0), "

where f: P! — SP?(M,) embeds P! as the inverse image under the
Abel-Jacobi map of the hyperelliptic point, 0, for some hyperelliptic
structure on My, and fy is the structure map A, of (11.6).

This construction specializes, as in (11.5), to give two disjoint sub-
spaces,

(12.2) BHy(f,n) = Vo x; (]_[ SP™(I x P1)> Xty €n(0,...,0),

(12.3) BH,(f,n) = Vi x; (]_[ SP™(I x P1)> Xty €n(0,...,0),

where Vy = [[SP?*(M,) and Vi = [[SP**(M,). Each BH(f,n)
breaks up into further components as follows. We define a grading by
letting

((mla cee aml>a ((tlapl)a R (trapr»a (ws,la s ,ws,n-l-l))

(12.4) l L .
€ SP'(M,) x SP"(I x P') x [] sP*(P)
1
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have grading degree | + 2r + 2s. This grading is obviously preserved
by the identifications and hence induces the desired decomposition of
the quotient BH(f). We write Gs(f,n) for the component of points of
grading degree s.

This is the general case, however, there is a special case BH¢(f,—1)
which is also needed where V5 ~ * consists of a single point. In this
case the grading degree is not preserved by the identifications, and the
grading only gives a filtration of BH.(f,—1). We write F(BH(f,—1))
for the filtering subspace consisting of all points of grading degree < k.
Moreover, in this case the identification has the form (v, (¢,x),*) ~
(vf(z),*) when t =0 and (v, (t,z),*) ~ (v,*) when ¢t = 1.

Lemma 12.5. We have the following homotopy equivalences in the
case where My is hyperelliptic:
(a) Gx(BH(f,n)) ~ Ey, . for k =emod (2) provided k < g.
(b) Fr(BH(f,—1)) ~ Wy, k =emod (2) and k < g.

(These constructions are modeled on the analogous constructions in
[20] and the proofs are the same.)

Remark 12.6. The point of these constructions is to handle the
algebraic complexities of systematically collapsing out P™’s. As one sees
from the lemma, the effect is to introduce SP"(XP!)’s which provide a
measure of the geometry of the collapsed spaces as the collapsing gets
more and more complex.

13. Some spectral sequences for the BH(f,n)

We can bifilter G, (BH¢(f,n)) and Fx(BH(f,—1)) by the number of
SP!(I x P') terms appearing, obtaining spectral sequences converging
to the various spaces above as well as certain useful quotients. The
E'-terms are as follows:

[T H.(sP*(y))
k+20+2t=v

(13.1) ® H.(SP'(SPL),SP(SPL)) @ (H.(PY))""
converging to H,(E, . ,) with field coefficients and v < g,

(13.2) [T H.(sP*(M,)) ® H.(SP'(SPL), SP!(SP}))
k+20<v
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with k£ = v mod (2) converging to H,.(W,) for v < ¢, and

(13.3) 1 H.(sP*(My)) ® H.(SP'(SPL),SP'(SPL))
k+2l=v

converging to H,(W,/W,). (The notation ¥P! means the reduced
suspension on the union of P! with a disjoint base point denoted +, it
has the homotopy type of the wedge Z(P') v S'.)

If we relativize we obtain a spectral sequence with E'-term

[T H.(SPF(01y), P (M)
k+2(1+t)=v
(13.4) ® H*(SPZ(EPEF), Splfl(P}r)) ® g*(sz(nﬂ)t)
= I:NI*(LEU,.. v)-

3]

All these spectral sequences are algebraic in the sense of [12], and can
be modeled by simply replacing the terms H,(SP'(XP')) by the cobar
construction on

m, ([TsP'®h) =zl e, ().

In particular, the relative spectral sequence splits as a direct sum of
spectral sequences each of the form

[T H.(SP*(My),sP* (M) @ H.(SP'(SP}),SP'H(ZPY))
k+2l=v—2t
® I”{*(S2t(n+1))
(13.5)
= SAOF) (H (Wt /(WL 5 UWy24-1)))

for any n > 0.

In the case where the coefficients are the rationals, these spectral
sequences become quite simple. First H*(SPOO(EP#); Q) = A(h1, h3),
and

H,(SP(xP"), SP—1(2xP");Q) =0

for 4 > 3. Second, when we write

k
H,(SP*(M,), SP* 1 (M,); Z) = €D Aslen, . .., e29) @ [My]F 7,
s=0
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for k < g, we see that the action map
# [P']: H.(SP"(My), SP*~! (My); Z)
—H,12(SP*2(M,), SP* 1 (M,); Z)

is just multiplication by — Z?Zl egj—1€2; since

[P = [My] =) eaj 169

in H,(SP*(My);Z). Third, from [2], this map is injective in homology
for £ < g — 2. Thus we have

Lemma 13.6.

H, (LEv,...,v; Q)
[v/2]

22t(n+l)H*(SPvf2t(Mg)’ Spv—2t-1 (Mg)§ Q)
g
=0 zm(* (Zegj_1€2j))
j=1

for v < g, which has Poincaré series

[v/2]
Z (I,'2t(n+1) SU—?ta
t=0

where Sy =32, [(219) - (zzgl)} g,
Similarly, we can analyze H,(Wj; Q).
Lemma 13.7.

(a) The inclusion W; C J(My) induces an injection in rational ho-
mology H,(Wj; Q) — H,(J(My); Q) = Ale1,...,eyq) with image
the subvector space spanned by the subspaces

{As(er ... ex0)[My]' | s+t <4},

where [My] = Y9 esi_1€9; is the image of the fundamental class of
M, under the Abel-Jacobi map .,

(b) H.(W;_1;Q) injects into H,(W;;Q) under the inclusion, so the
relative groups are given as

H,(W;,W;_1;Q) = H,(W;; Q)/H(W;_1; Q).
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Proof. We have that the E'-term of the spectral sequence above is
given as

H.(SP'(M,); Q) @ H. (SPJ"Q(M ); Q)(1, h1, h3)

® Y H(SP7(M,); Q)(1, hi, ha, huhy).
2<2<j

d1(Ohy) = i.(©) — © where © € H,(SP'~%(M,)) and
it SPI2N(My)—S P22 (M)
is a base point inclusion. Similarly
d1(©h1h3) = di(Oh1)hs £ (Oh1)di (hs)

where, of course, this last term is just multiplication by [My]—=)" ez;_1e2;.
Ignoring the last piece one sees that the d;-differential on h; reduces the
calculation of E? to the following complex:

H.(SP7™2(My); Qhs— H.(SP(My); Q),

Ohs — O] Zem 1€2;)

from which the first statement of the lemma follows. The second state-
ment is then immediate. q.e.d.

The remaining groups H.(LE, . ,;Q) in the hyperelliptic case.

It is convenient to write v = g+s, 1 < s < g—1 when v > g. In this
case we have that J(M,) is filtered by Wy C Wy C ---Wy_1 C J(M,),
and over points in Wy_s_9 — Wy_s_9/_5 the inverse image in E, _, is
(PsHhntl ] while the inverse image over J(M,) — Wy_s_o is (P*)"+1.
Thus, we obtain a spectral sequence with E'-term:

H, (J(Mg), Wy—s—2) ® (H.(P*))" "

l9=3/2] n+1
(13'8) @ Z g 5— 213W97572l72)® (H*(Ps+l))

= H*(Eg+s,...,g+s)

with field coefficients.
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Similarly, the corresponding E'-term for H.(LEgys,. . g+5) is given
by

H,(J(My), Wy—s1) ® (H.(P*, P> 1))""!
(13.9)

Sl n+1
@ Z g S— 2l7Wg—S_2l_1)® (H*(PS‘l‘l’PS-i-l—l))

— H*(LEg-I—s,...,g-l—s)-

Note here that in the formula above the term involving the relative
groups
H. Wy s o1 1, Wy s 212)

is zero. That is because, in this region of J(M,) and this range for v the
inverse image of a point is P**! in both Eyys g5 and Egps_ 1, gis 1.

Again, because of this gap the spectral sequence collapses and E' =
E*°. Of course the calculations become considerably more complex with
F, coefficients.

14. The Ext-groups for A,/S,

By inspection, in the spectral sequence of (5.9) we find the that
di-differential gives rise to a series of complexes that occur in the cal-
culation of Ext-groups for the ring V, defined below. In this section we
calculate these FExt-groups and apply the results in §15 to determine
the structure of the rational homology of the space Hol} (M4, P") with
M, hyperelliptic and n > 2.

Notation 14.1.

) Ag = Aey, ... ez9) = Hi(J(My),Q),
2) f Z?:l e2i—1€2; € Ay,
3) Sy C Ay is the ideal (f,), and

(1
(
(

(4) Ay/Sy =V, is the quotient.

Vg occurs quite often in both our study of Holj(M,,P") and
Mapd(M P"). In particular we need the groups Emtz’:(Vg, Q) which
we will describe as modules over Emtf\’:(Q, Q) = Qlh1, ..., hyy] where
hi = |€i|*, 1 < 1 < 29.
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In [2] it is shown that

*fg: (Ag)i—>(Ag)i+2

is injective for ¢+ < g — 1 and surjective for ¢+ > g — 1. Consequently,
(V)i = 0 for i > g while (V,); = QN for 0 < i < g where

(%) = (%) for2<i<yg,
N(g,i) = (2¢g fori=1,
1 for 1 =0.

As a special case note that
Vi = Ai/{eiea},
so there is a short exact sequence of A{-modules
eren
0—Q = Ai—V1—0,

where Q denotes the “trivial” module given by the augmentation map
€: Ag—Q, €(e;) = 0, ¢(1) = 1. This exact sequence gives rise to the
long exact sequence of Ext-groups:

L 5 i
.. -—>ExtlAll’J ’(Q,Q) — Bzt (V1,Q)
o - J
— Baty) (A1, Q)—Baty) (Q, Q) — -+,

0 (i,4) # (0,0),
Q (i,7) = (0,0),
Ezty"(V1,Q) = Qeop ® Exty (Q,Q) P12
= Qeo,o ® Qlhy,ha]Pro

we have

and since E:Jctxj1 (A,Q) = {

where P 5 is a generating element in E:Jct/l\’f(Vl, Q).

Before we can describe the structure of the modules Emtz’:(Vg, Q)
for g > 1, we need some preliminary constructions.

First, we will often be dealing with a situation where we have a
ring R;11 = R; ®q R given as the tensor product of augmented rings,
together with a module, M, over R;. M becomes a module over R,
via the following obvious composition

d®id 1T®1
(RiI®R)OM—(Ri®R)(M®qQ)— (R, M) ® (R ®Q)

i ®€
—M®q Q=M.
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Then, by change of rings,
(14.2) Extp,,,(M,Q) = Extr,(M,Q)® Extr,(Q, Q).

Second, we will need to consider modules of the following kind: given a
module M over the ring R and an exact sequence of R-modules

0— K — (R)N —M—0,

then K is written QM and is unique up to direct sum with a free R-
module. The following result is well known.

Lemma 14.3. Ext’) (OM, N) = Ezt'7 "/ (M, N) for all i > 1, and
Ext) (OM, N)— Exty" (M, N)

s surjective for all R-modules N.

We say QM is minimal if the natural map
Exty" (M, Q)— Exty" (M, Q)

is an isomorphism as well. Of course, QM is minimal if and only if the
map RN —M induces isomorphisms of Ext%*( , Q)-groups.
Consider the following module:

(14.4) My =1 C Q[h, hal;

it is the augmentation ideal, I = (hy, hy). Moreover, M7 = QQ and is
even minimal for R = Q[hy, ho]; thus

. B 1
Extg[hhhz](Ml, Q) = Ext&[hf’hz](Q, Q)

for all j and 7 > 0. Moreover, Extq, n,(Q, Q) = A(|h1]*, |h2|*); thus

Q{|h1|*7|h2|*} if (7'7.7) = (072)7

Batg, . (M1,Q) =
Gy, o) (M5 Q) {Q{|h1|*|h2|*} if (4,7) = (1,4).

It follows that a minimal resolution for M; over Q[h1, ho] has the form
Q[h1, holhi 20— Q[h1, hal{[h1], [h2]} — M1 —0,

where [hz] — hi and hl,g — hl[hg] — hQ[hl].
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Next we consider M; as a module over

Q[hlah23h3ah4] = Q[hlahQ] ® Q[h3,h4]

as above, and define My as the kernel of the surjective homomorphism
2! Q[hla h?a h3a h4]{bla b2}—>M1—>0,

mo(b;) = hj. Clearly My = QM; as a module over Q[hi, ho, h3, hg] and
is minimal as well. Consequently we have

0,% _ 1,%
Extgy,  0M2,Q) = Ezxtgy, (M, Q)
2% 1,%
= ExtQ[hl,hZ} (Q7 Q) D ExtQ[hl,hQ](Qa Q)
1,%
® Eth[hB,hd(Q, Q)
= Q°
with generators |hq|*|hal*, |hi|*|hs|*, |hi|*|hal®, |h2|*|hsl®, |ha|*|hal*.
Likewise,
Ewtl(MQaQ) = E(I,'t2(M1,Q)
Ext?g[hl,hﬂ (Q,Q)® E$t}g[h3,h4](Qa Q)
® Ext}g[hl,hQ}(Qa Q) ® Ext%g[hg,h4](Qa Q)
= Q.
To obtain M3 regard My as a module over Q[hq,...,hs] = R3, and
define M3 = QMs, the kernel in the exact sequence

12

0— M3z — R3—My—0,

where the map to M, takes the basis for R} to the five generators of
My corresponding to the description above. M3 is again minimal.

In general M, is given as a module over R,, = Q[h, ..., ha,], indeed
is a submodule of a free R,,-module, and My, is QM,, where M, is now
regarded as a module over R, 1 = R, ® Q[h2n+1, hont2)-

Note that for M; we have Ext’(M;,Q) = Ext>?(My,Q), and for
My, Ext’(Ms, Q) = Ext®* (M, Q). In other words, for these modules
ExtY is concentrated in a single bidegree. Also, note that Extp, (Q, Q) =
A(Jh1]*, ..., |hon|*) has each generator |h;|* occurring in bidegree (1,2),
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so all the elements in Ext’ occur in a single bidegree (4, 2i) here as well.
In fact we have by a direct induction

Lemma 14.5. The action map
Bxty(Q,Q) ® Bxty (M, Q)— Baty (M,, Q)

1s surjective in all degrees, and Ewt(l){’i(Mn, Q) =0 unless j = 2n. Con-
sequently, N

E:Jctll’gn(Mn, Q) =0
unless 7 = 2n + 21.

As an immediate corollary we see that the M;, each being minimal,
are all unique, since, in as much as all the generators of M; occur in the
same degree, the map of the minimal free module onto M; is well defined
up to an isomorphism, hence the same is true of the kernel, M;, .

With this backround discussion complete we are able to state our
main result.

Theorem 14.6. Suppose g > 2. Then

y Q if (i, ) = (0,0),
Baty! (Vs, Q) = { Q if (i, ) = (1,2),
(Mg)i—2j+i-a ifi>2.

In particular, as a module over Exty,(Q, Q)

E$tAg(%7 Q) = Q D Q D Mga

where the first generator gives Ext®?, the second gives ExtY? and the
rest is shifted by (2,—1i + 4).

Example 14.7. We have
E:L‘tAQ(Véa Q) = QeO,U 2 QP1,2 2 Q[hla s 7h4]{b17 b27 s 7b5}/R7
where b; € Emti’;l(VQ, Q), and R is the set of four relations

R = {hsby1, heb1, hsbs — hgba, hsbs — hgby} .
Proof. A resolution of V, over A, starts in the following way

*f
0—>Kg — AgPl,Q —g>Ag€0,0—>Vg—>0,
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and we have already seen that (Kj); = 0 for « < g + 1. Thus it follows
that
EmtﬁZ(Vg, Q) =0 whenever r > 2 and s < g+ 1.

On the other hand, since K, has N(g,g) generators in g 4 2, we have
that
Bat7"%(V,,Q) = QN9

We now give an inductive analysis of the V. In particular we assume
the theorem is true for V,_; and begin by establishing a relation between
Vy and Vy_1. Actually, we start with ¢ = 1 where the theorem is not
quite true as stated, but Exty, (V1,Q) is given as an extension

0—>M1—>E(I,'t/\1 (‘/13 Q)—>Q60,0 @ QP1,2—>03

which turns out to be sufficient to start the induction. There is a sur-
jection

g Vo—>Vy 1
induced by the projection py: Ag—Ay_1,

e; fori <i<2g-—2,

pg(ei) = . .
0 fori= 2g-lor i = 2g,

which takes f, to f, 1. Let N, be the kernel of 7,, and KC; be the kernel
of ps. Then we can write

’Cg = Ag—1{€29—1a €2¢g, 629—1629}

and
Ke/ oy = Vi1 @ Qlezg—1, eag, e2g-1€94}

as a module over A,. However, the surjection
Dg: g/ foKg—Nyg—>0

is not an isomorphism. In fact we have

Lemma 14.8. The kernel of py is a direct sum of trivial modules
over Ay concentrated in degree g + 1,

Ker(ﬁg) = Ker(ﬁg)g+1 = QN(g_l’g_l)

as a module over A,.
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Proof. For 2 <1 < g—1, using the expansion
r\ _ [(r—2 49 r—2 n r—2
i) i i—1 i—2
valid for r > 7 > 2, we have
2g 2g 2g — 2 2g — 2
i 7 —2 ) i—2
2g — 2 2g —2 2g —2 2g — 2
2 —<2 .
) () - PO (05
This shows that p, is an isomorphism in this range. Likewise,
2 2
Dim(N,), = (g> —< g )
g g—2
29 — 2 29 — 2 29 — 2 29 — 2
- (7,0) (00 206 - (o)
g g—1 g—3 g—4
2g — 2 2g — 2 5 2g — 2 2g — 2
g—2 g—4 g—1 9-3)1"

using the equality (299_2 (299:22), which gives the isomorphism in

dimension g. However, (Ng)g+1 = 0 while
Dim((Kg/fgKg)g+1) = Dim((Vg-1)g-1) = N(g — 1,9 — 1),

and the lemma follows since (ICg/fg/Cq) =0 for t > g+2. qg.ed.

Consequently we have a short exact sequence of Ag-modules
0—QNW=LI=N) s iC, / f,Ky— Ny—0

and a long exact sequence of Ext-modules

§
e —)EJ?tAg (Ng, Q)—)EJ?tAg (/Cg, Q)
(*) o Nl Lo=1) 5
— ] Exta,(Q.Qxi— -
i=1

where the generator, y; for each of the Exty (Q,Q) terms occurs in
bidegree (0,9 + 1).
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By change of rings we have

ExtAg (’Cga Q) g ExtAg—l (‘/;7717 Q)
2] ExtA(ezg_l,ezg) ({629717 €2¢g, 62971629}7 Q)
= Extr, ,(Vy-1,Q) ® Qlhag—1, hag](b1,b2) /R,
where R is the relation hogby — hay 1b2 = 0. By our inductive assump-
tion this implies that the generators of Exts (g, Q) as a module over

Exty,(Q, Q) occur in bidegrees (0,1), (1,3), and (2,g+2). But in these
bidegrees Extp, (Q,Q)eo,g+1 is identically zero. It follows that the map

i* in (%) is zero so

N(g—1,9—1)

0: H E$tAg(Q7Q)Xi—>E$tAg (NgaQ)
=1

is an injection, and therefore

N(g—1,9—1)

E(I;t/\g (Nga Q) = H ElEtAg (Qa Q)ei,g—i-l @ ExtAg (’Cga Q)
i=1

as modules over Exty, (Q,Q) up to a possible extension problem.
The remainder of the proof is direct. The exact sequence

0—N;—V, ivg,l—m
gives us the long exact sequence of Ezt-groups
. 5 :
- Bat) (Ng, Q) — Eat)f! (Vy-1,Q) ® Qlhzg-1, hay]
—Exty,(Vy, Q)—> -+ .
The map ¢ on the piece Exty, (Ky, Q) in Exty,(Ny, Q) injects to
ExtAgf1 (‘/g—la Q) ®I,

where I C Q[hag—1, hog] is the augmentation ideal (hop—1,ho4). The
resulting quotient is Exty,_, (V; 1, Q) and so the calculation reduces to
the determination of the map

N(g—1,9—1)

g H Extr,(Q, Q)xi—> Mg
i=1
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from the inductive assumption. However, we know E:Etj\’g (V,Q) =0
for x > 2 and 5 < g+ 1, and also

Bty 1 (Vy1,Q) = QN hom),

so it follows that § must give an isomorphism from (1,¢+1) to (2,g+1).
Since M, i is generated over Exty,_,(Q,Q) by the elements in this
dimension, consequently 0 is surjective and the kernel is minimal and
hence M,, with the generators all occuring in bidegree (2,¢ + 2). The
induction is complete. q.e.d.

15. The rational homology of Hol}(M,,P") for M,
hyperelliptic
We now use the results of §10-§14 to prove the following theorem.

Theorem 15.1. The map
H.(Holj,(Mg, P"); Q)— H.(Mapy,(M,, P"); Q)
is injective for k > 2g and n > 2.

Proof.  Consider the subquotient of the E' term in the spectral
sequence of (5.9) converging to H.(QE,, . ,;Q) defined as the direct
sum

g+s—1
Z H*(va%a W'072571) 02y ﬁ*(SQS(nJrl))

v=2s

® H*(Spkiv(zMg)aSpkivil(EMg);Q)
for a given s =0,1,2,... with the term
HL(J(My), Wy 1) ® HL (%)
® H,(SP*97%(£M,), SP* "~ 1(£M,); Q)

added but playing a special role. We have determined that

[1/2]
H.(Wj,Wj1) = Y (Vy)j—alM],
=0
where [M] ~ >°{ eg;_1€9; in H,(J(M,)). Also,
H.(SP*(M,), SPF1(=M,))
= Qllerl, - leglle ® Qllenl, ..., leaglk—1][My]]
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and the (sub-quotient) d; differentials are given by di(|[M,]|) = [M],
di(|e;|) = e;, including the map from the term H,(Wy_s11, Wy—s) @ -+
to the extreme term

HL(J (M), Wy ) ® -+

If we first apply the differential to |[M,]|, we obtain the complex

g+s—1
{ Z (Vg)U,QS ® Q[|61|a tey |e2g|]kv} ® H*(st(n-H))a

V=28

with differentials as specified as well as an appropriate quotient of the
extreme term with differentials mapping to it from the v = g+s—1-term
in the sum above.

Note that the complex in brackets above is a piece of a direct sum-
mand,

g—2
> V), ®Qlletl,- ., lezgllk-26-w
w=0
of the complex (V) ® Q[le1], ..., |ezg|] which has, as its homology the

groups
Tor? (Q, V).

Here, the extreme term contains the next term in the resolution as a
direct summand, but contains H,(J(My), Wy_s_1) ® --- as well as the
complementary summand. On the other hand we have already deter-
mined these Tor-groups in §14 and have shown, in particular that
Torl/,\zl(Q, V) = 0 unless m = m(g,[) is

l+g ifl>2,
m(g,l) = <2 ifl =1,
0 if I =0.

But, in the main part of the complex the m’s which appear are always
less than m(g,l) so they contribute nothing by E?, while at E? the
term H,(J(My),Wy—s) ® - -+, which is a surjective image of the stable
term H(J(M,)) ® ---, contributes a quotient, consequently still a sur-
jective image of the stable term, and the result follows for n > 2 by the
collapsing of the stable spectral sequence at E?.  q.e.d.
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