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Berglund and Mislove defined semigroups with almost trivial multiplications
and proved that such a semigroup belongs to one of five well known semigroup
classes (see [1]). In a similar way, without associativity condition, we defined almost
trivial groupoids and proved Th1 analogous to Th1 of [1].

Using this result, we solved generalized associativity equation on almost triv-
ial groupoids. As an example we obtained 1344 solutions of generalized associativity
equation on two-element groupoids.

*

1. If groupoid (S,-) (or simply -) is given, then functions
)‘wapy:s - S (xﬂy € S):

defined by:
AzY = pyT =Y
are respectively left and right translations of (S, ).

In [1], semigroup with almost trivial multiplications is defined as a semigroup
whose translations are either surjections or constant.

Almost trivial groupoids (ATG) we define as groupoids with translations
which are either permutations or constant.

LEMMA 1.1. Any isotope of ATG is also an ATG.

ProOF: Let (S,-) be an ATG and z*y = ¢~ '(az- By) where a, 3,0: T — S
are bijections.

Let X' (p') be left (right) translations of (T, ).
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Then for all a € T':
Nrz=axz=p Y aa-Bz) =9 '\, Bz
p'r=1zxa=¢ (azx-fa) =9 'psaz
so A,' and p,' are also either permutations or constant functions on 7' and conse-
quently (T, x) is also an ATG.
DEFINITION. (S,-) is a quasigroup with quasizero (p,q,r) iff:
-pr=r
—zq=r
—for all a,b € S(a # p), equation ax = b has the unique solution
—for all a,b € S(a # q), equation za = b has the unique solution.
(S,-) is a left (right) groupoid iff:

zy =gz (zy=gy)
where ¢ is a permutation of S.
LEMMA 1.2. Left (right) groupoid xy = px(zy = py) is a semigroup iff

p=c.
ProOF: If zy = px is associative, then

ppr =@(ry) =Y -2 =T Yz =PI

and ¢ = ¢. The converse is trivial.
It is clear that a quasigroup with quasizero is not a quasigroup. If p=¢ =r
(i.e. r is zero), S is a quasigroup with zero. Both these notions are generalizations
of well known notion of group with zero (see [2]).
THEOREM 1. Any ATG is one of:
So) zero-semigroup
St) left groupoid

Q) quasigroup

(

(

(Sgr) right groupoid

(

(Qp) quasigroup with quasizero.

ProoF: It is easy to see that all groupoids we mention, are ATG.

To prove the converse, we define:
Ly={a€ S| A, is constant}
L; ={a € S|\, is a permutation}
Ry ={a € S| p, is constant}
Ry ={a € S| p, is a permutation}
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(a) Let Lo = 0.

If both Ry # @ and R; # () then there are x € Ry and y € R; such that
Sx = b for some b € S and Sy = S, so there is an a € S such that ay = b. From
ax = b and ay = b it follows that A, is constant contrary to hypothesis.

It must be either Ro = 0 or R; = 0.

(a') Let Ry = 0.

Then any translation is a permutation, so - is a quasigroup.

(") Let Ry = 0.

Then any left translation is a permutation while any right translation is con-
stant and there is a permutation ¢ such that zy = py.

(b) Let L; = 0.

If both Ry # 0 and R; # 0 then there are z € Ry and y € R; such that for
some a,b € S(a # b):

ay = axr = br = by

and p cannot be permutation, contrary to hypothesis.

It must be either Ry = §) or R, = 0.

(b") Let Ry = 0.

Then any right translations is a permutation, while any left translation is
constant and there is a permutation ¢ such that zy = ¢z.

(b") Let Ry = 0.

From z,y,u,v € S it follows that x € Lo, v € Ry and zy = zv = uv so - is a
zero-semigroup.

(c) Let Ly # 0 and L; # 0.

Then also Ry # 0 and Ry # (. Tt is easy to see that Ly and Ry have only one
element. Let a € Lo, b € Ry and ¢ = ab.

Except A4, all A, are permutations. Also, except pp, all p, are permutations
and - is a quasigroup with quasizero (a, b, c).

DEFINITION. Principal ATG’s are:

(So) zero-semigroup

(AL) left zero semigroup

(AR) right zero semigroup

(L) loop

(Lo) loop with zero.
Principal ATG’s from a family {(S,*;) | ¢ € I} are compatible if:
—all ATG’s (from the family) with zero, have a common zero d
—all ATG’s (from the family) with unit, have a common unit e

—if d and ¢ are as above, then d # e.
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LeEmMMA 1.3. Any ATG is (principal) isotope of some principal ATG.
ProOOF: In the first three cases the proof is trivial, while in the fourth it
follows from the well known theorem of Albert ([3]).

Let - be a quasigroup with quasizero (p,q,r), @ a transposition of p and r
and 3 a transposition of ¢ and r.

Let also z *y = ax - By. Then:

rxrx=ar-fr=p-fr=r

Txr=Qr-Pfr=ar-q=r.

Also, for z #r A,y =2 xy = az - By = A\aeBy 50 A, is a permutation such
that A\,'r = r.

Analogously p,’' | S\{r} is a permutation and x | (S\{r})? is a quasigroup.
Since any quasigroup is (principally) isotopic to a loop, (5, %) is (principally) iso-
topic to a loop with zero.

COROLLARY 1.4. Any ATG is (principal) isotope of one of:

So) zero-semigroup

AL) left zero semigroup

L) loop

(
(
(AR) right zero semigroup
(
(Lo) loop with zero

COROLLARY 1.5. Any ATG which is a semigroup is one of:
So) zero-semigroup
Ar) left zero semigroup

(
(
(AR) right zero semigroup
(G) group

(

Go) group with zero

(a) Zero-semigroup is a semigroup.

(b) According to L1.1.

(¢) According to L1.1.

(d) Associative quasigroup is a group.

(e) Let - be a quasigroup with quasizero (p,q,r). For any z,y,z € S we have:

rZ=pYy-z=p-Yz=Tr=pz SO pP=T7T
Ir=z-yYyg=2Yy-q=r=2,q SO q=T.

Consequently - is an associative quasigroup with zero i.e. group with zero.
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Corollary 1.5 is smoewhat weaker than Th 1 from [1], where the same conclu-
sion follows from weaker hypothesis about semigroups with almost trivial multipli-
cations.

COROLLARY 1.6. Any ATG with unit is one of:
(L) loop
(Lo) loop with zero.

COLLORARY 1.7. Any ATG with zero is one of:
(So) zero-semigroup
(Qo) quasigroup with zero.
*
2. In Th 2 the general solution is given of the generalized associativity equa-
tion on ATG:

(1) A(z, B(y, 2)) = C(D(z,y), 2)-

We are using the following conventions:
— A, B, C, D are always given by the formulas (2) and their respective isotopes
-, 0, %, AL
- 8., St, AL, Sr, AR, Q, L, G, Qq, Qo, Lo, G, are types i.e. various kinds
of ATG’s as follows:
So — zero-semigroup
Sr(Sg) — left (right) groupoid
Ar(AR) — left (right) zero semigroup
Q(Q4, Qo) — quasigroup (with quasizero, with zero)
L(L,) — loop (with zero)
G(G,) — group (with zero)

—-a, b, ¢, d denote types

- {a, b, c,d) means that - is of type a, o of type b, x of type ¢ and A of type
d. If for example b = d, then o and A are the same operation.

{a,b,c,b') means that operations o and A are of the same type but not nec-
essarily identical.

So (SoLS,L') means that zero-semigroups - and * are identical while o and
A are loops which are not necessarily identical.

THEOREM 2. The general solution of generalized associativity equation (1)
on ATG’s, is given by:

A(z,y) = A1z - Aoy

2) B(z,y) = A;l(Azle o Ay Boy)
C(z,y) = Crz * Cay
D(z,y) = C7'(C1D1z A CiDay)
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where Ay, As, By, Bs, C1, Cy, D1, Dy are arbitrary permutations on S such that:
(3) A1 = ClDl AgBl = C]_D2 AQBQ = 02

and where -, o, x, A are arbitrary principal ATG’s such that either one of the
following conditions are fulfilled:

56565555)
SoALS:Ss)
SoSoALS,)
SoARS.AL)

S0S56S.AL)
S.ALS,AL)
SoSoLoSo)
SoARrSoAR)
S.LS.S))  (SoLSoAL)  (SoLSoAr)  (S.LS.IL')
SoLALS,) SoLL,S,) SoLoSsS.) SoLoSoAL)

( ( (S0S0S.AR) (
( { ( { (
( ( ( ( (
( ( ( ( (
( { ( { (
( ( ( ( (
(SoLoSoAR) (SoLoS,L) (SoLoALS,) (ALS.ALAL) (ALALALAL)
( ( ( ( (
( ( ( ( (
( ( ( ( (
( ( ( ( (
( ( ( ( (
( ( ( ( (

SoALSoAR)
SoALALSo>
SoARS,L)

55855, L)
SoArS,L)
SoArLosSs)
SoARSeLo)

505085 Lo)

S.ALS.Lo)
SoARSS,)
SoARALS,)

ALLALAL) ApL,ApArp) ARS55,5,) ARS,S,AL)
ARS.S,L) ARSoS.Lo) ARS.ALS,) ARSoLsS,)
ArRARARS:) (ArArARAL) (ArRARARAR) (ARARARL)
ARLLAR)  (ArLoLoAr) (LALALL) LARLAL)

L,S,S.AL) L,S.S,AR) LoS,S.L) L,S,ALS,)
LoALALLs) (LoArLeAr) (GGGG) GoGoGoGlo)

where operations -, o, *x, A are compatible, or one of the following:
(SoLoSoLy'), - and o have a common zero, o and A have a common unit
(SOLOLO'SO), - and x have a common zero, o and x have a common unit
(ARARLS,), the unit of the loop * is a zero of A
(ARARLGS,), the unit of the loop with zero % is a zero of A
(LS,ALAL), the unit of loop - is a zero of o
(LoSoSoLs'), - and x have a common zero, - and A have a common unit
(LoSoALAL), the unit of the loop with zero - is a zero of o.
Sketch of the proof: We can easily check that quadruple (A, B,C, D) given
by (2), satisfying (3) and one of conditions {abcd), is a solution of (1).

Conversely, let T be a ternary operation defined by:
T(x,y,2) = A(z, B(y, 2))

(a) T does not depnd on z, y, 2.
For A, B we have the following possibilities:
— A(z,y) =0, B is arbitrary
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- A(z,y) = ay, B(z,y) =b

— A is a guasigroup with quasizero (a,b,0), B(z,y) = b and analogous possi-
bilities for C', D.

Only for three of 49 solutions, we prove that they are of the required form.
(a") A(z,y) =0, B is a guasigroup
C(z,y) =0, D is a guasigroup.

Let p,q,r € S and A; arbitrary permutation on S such that A; p # 0. We
define:

B1$=B($7Ir)7 B2x=B(q7$)7 D1$:D(.’E,q), D2$=D(p7$)7
Ci = AlDfl, Ay = C1D2Bf1, Cy=A3B,, e=Ap

and

z-y=A(AT 2, AT YY)
roy= A2B((A2.Bl)_1$, (A2B2)_1y)
zAy=C1D(C1D1) 'z, (C1Ds2)™'y).

Then it is easy to prove (3), (SoLS,L') and compatibility of -, o, A.
(a") A(z,y) =0, B is a quasigroup with quasizero (b1, bs,b)
D(z,y) =d, C is a quasigroup with quasizero (d, ¢, 0).

Let q,r, € S such that ¢ # by, r # ba, 7 # ¢, ¥’ # d and D, arbitrary
permutation on S. We define:

Byz = B(z,7), Bsx = B(q,z), Ciz =C(z,r), Cox =C(r',z),
e = C(T’I,T‘), Al = ClDl, Ag = 0232_1, _Dg = Cl_lAgBl

and

z-y = A(AT 'z, ASty)
zoy = AyB((42B1) 'z, (42B5)'y)
zxy=C(C{ 'z, Cy'y).

Then it is easy to prove (3) and (SoLoLo'S.) where - and * have zero 0, *
and o have unit e and o has zero A>b. Operations -, o, x are compatible iff A2b =0
i.e. b2 =C.

(a'"") A is a quasigroup with quasizero (a,b,0), B(z,y) = b

C is a quasigroup with quasizero (d,c,0), D(z,y) =d
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Let p,p',r € S,p# a, p' #b, 7 # ¢ and let B; be an arbitrary permutation
on S. Since C is a quasigroup with quasizero and r # ¢, there is unique solution of
equation C(z,7) = A(p,p'). Let us denote it by r' and define:

Az = A(z,p'), Asz = A(p,z), e=A(p,p'), Ciz = C(z,r),
CQ.CL' = C(T‘I,.CL'), Bg = A2_102, D1 = Cl_lAl, Dz = Cl_lAgBl

and

zoy = AsB((A2B1) 'z, (A2B2)"'y)
zxy=C(Cilz, Cy'y).

It is easy to prove (3), (LoSoLo'S,) and combatibility of -, o, x.
(b) T depends on z only (and (a) does not hold).

We have the following possibilities for A and B:

— A(z,y) = az, B is arbitrary

— A is a quasigroup, B(z,y) =b

— A is a quasigroup with quasizero (a1, as,0), B(z,y) = b, b # as.
For C and D there is only one posibility:

- C(z,y) = vz, D(z,y) = 0z.

Only for one of 7 solutions, we prove that it is of the requred form.
(b") A is a quasigroup, B(z,y) = b,

C(z,y) =~vz, D(z,y) =z, A(x,b) =~ox.
Let p € S and B, By be arbitrary permutations on S. We define:
Cy=v, Dy =6, A) =C1Dy, Ay = A(p,z), Co = A2Bs,
Dy, = C{' Ay By
and
zoy=A(Ar'z, Ayy)

zoy = AsB((A2B1) 'z, (42B2)"'y)

Consequenty (3), (LS, ALAr) and Asb is both unit of - and zero of zero
semigroup o.

(¢) T depends on y only (and (a) does not hold).
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Only one case (of type (ArAL AL, AR)) is possible.

(d) T depends on z only (and (a) does not hold).

This case is “dual” to the case (b). There are 7 solutions.

(e) T depends on z, y only ((a), (b), (¢) does not hold).

There are two possibilities for A and B:

— A is a quasigroup, B(z,y) = Bz

— A is a quasigroup with quasizero (a, b,0), B(z,y) = Bz.

There are two possibilities for C' and D:

- C(z,y) = vz, D is a quasigroup

- C(z,y) = vz, D is a quasigroup with quasizero (c,d,0’).

It follows from (1) that A(z,By) = vD(z,y) i.e. A and D are isotopic and
consequently both are either quasigroups or quasigroups with quasizero.

There are two solutions (of types (LArArL) and and (Lo A ArL)).

(f) T depends on z, z only ((a), (b), (d) does not hold).

As in the case (e), A and C are isotopic, so only two solutions (of types
<LARLAL> and <L0ARL0AL)) remain.

(g) T depends on y, z only ((a), (c), (d) does not hold).

This case is “dual” to the case (e). The types of solutions are (AgrLLAR)
and (AgrLoLoAR).

(h) T depends on z, y, z (and previous cases does not hold).

Any one of A, B, C, D can be either a quasigroup or a quasigroup with
quasizero. Let p € S (and p # a; if (a1,a2,a) is a quasizero of A). Also, let
Asz = A(p,z) and Daz = D(p,z). It follows from (1) that A2B(y,z) = C(Day, 2)
so D, is also a permutation and consequently B and C' are isotopic.

Analogously, other operations are isotopic to B and C, so all are simultane-
ously either quasigroups or quasigroups with quasizero.

In the first case, using procedure from [4] (or [5]), we deduce (3) and (GGGG).
Analogously we obtain the solution of type (GoGoGoGo).
COROLLARY 2.1. The general solution of generalized associativity equation

(1) on ATG’s is given by (2) where Ay, As, ..., Ds are arbitrary permutations on
S satisfying (3) and -, o, *, A are arbitrary principal ATG’s such that:

(4) z-(yoz)=(zAy)*z

*

ExXAMPLE. Let S = {0,1}. Then all groupoids on S are ATG. We shall solve
the generalized associativity equation on S.

We denote the operations on S in a following way:
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z|y|z0y|zAy |e—y |zl y|z—y | 2Ry |24y |aVy | zly |zoy | 2Ry |2y |z Ly | z—y | 2ty | zly

= = O O
= o = O
o © o o
= O O ©
o = O O
_ R O ©
o o = o
= o ~ o
O = = O
=]
o o o
= o O =
o = O =
= RO
o O = =
=R
O = =
i

Repeating the procedure from Th 2 we obtain all solutions of (1). Solutions
like (0, B,0, D) and (0, B, L,0) stand for solutions where B and D are substituted
by arbitrary operation on S.

(a) (0,B,0,D) (1,B,1,D) (0,B, L,0) (0,B,1,1)
(1,B, L,1) (1,B,1,0) (0,B,A,0) (0, B,+—,0)
(0, B, <, 1) (0,B,],1) (1,B,v,1) (1,B,+,1)
(1,B,—,0) (1,B,1,0) (R,0,0,D), (R,1,1,D)
(R,0,1,D) (R,1,0,D) (R,0, L,0) (R,0,T,1)
(R,1,L,1) (R,1,T,0) (R,0,L,1) (R,0,T,0)
(R,1,L,0) (R,1,T,1) (R,0,A,0) (R,0,~,0)
(R,0,+4,1) (R,0,4,1) (R,1,V,1) (R,1,+,1)
(R,1,—,0) (R,1,1,0) (R,1,A,0) (R,1,,0)
(R,1,,1) (R,1,],1) (R,0,V,1) (R,0,¢,1)
(R,0,—,0) (R,0,1,0) (A,0,0,D) (~,1,0,D)
(+,0,0,D) (,1,0,D) (v,1,1,D) (+,0,1,D)
(—,1,1,D) (1,0,1,D) (A,0,L,0) (A,0,1,1)
(—,1,L,0) (—,1,1,1) (+,0,L,0) (+,0,L,1)
4,1, L,0) (,1,1,1) (v,1,L,1) (v,1,1,0)
(«,0,1,1) (+,0,1,0) (—,1,],1) (—,1,1,0)
(1,0, L,1) (1,0L,0) (A,0,A,0) (A, 0,~,0)
(A,0,44,1) (A, 0,4,1) (—,1,A,0) (—,1,—,0)
(—,1,¢1,1) (—,1,1,1) (+,0,A,0) (+,0,—,0)
(+,0,4+,1) (+,0,4,1) {,1,A,0) {,1,~,0)
(J,1,44,1) (,1,4,1) (V,1,Vv,1) (V,1,+,1)
(v,1,—,0) (v,1,1,0) (+,0,V,1) (+,0,,1)
(+,0,—,0) (+,0,1,0) (—=,1,Vv,1) (—=,1,+,1)
(—,1,—,0) (—,1,1,0) (1,0,Vv,1) (1,0,,1)
(1,0,—,0) (1,0,1,0)
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(=,R,—, L) (=,R,V,T) (=, R, 1T, L) (=, R,«,T)
(h R, L) (1R, ., L) (tR,—, L) (tR,v,T)
(8) (R,+,+,R) (R,+,4,R) (R, <, +,R) (R, <, R)
(R,+,+,R) (R,+, <, R) (R, <, +,R) (R, <, >, R)
(R,A,A,R) (R,A, 4, R) (R,—,~,R) (R,~,|,R)
(R, ++, <+, R) (R, <+, A, R) (R,1,|,R) (R,|,—,R)
(R,V,V,R) (R,V,—,R) (R,+,+,R) (R,«,1,R)
(R,—,—,R) (R,—,V,R) (R,1,1,R) (R,1,+,R)
(R,A,1,R) (R,A,+, R) (R,~,—,R) (R,—~,V,R)
(R, <+, +,R) (R,~,T, R) (R,{,V,R) (R,{,—,R)
(R,V,|,R) (R,V,—,R) (R, +, <+ R) (R,«<,A,R)
(R,—,—,R) (R,—,|,R) (R,1,A,R) (R,1,++ R)
(h) (++,++) (+,4, ¢, ) (+,4,+,4) (+, ¢, ¢, +)
(&, +,+,¢) (&, +,0,+) (&, ¢,+,+) (&, 4, ¢, )
(AN N) (A A, <, (A, =, N) (A, =41
(A, A, ) (A, 1,1, ) (AL, —=, ) N4 —)
(=, V, >, ) (—,V, 1, =) (=, 4, A, ) (>, , 1, )
(=, 2,0, A) (=, =, 4,1 (=, 1,A0) (=, 1,¢,1)
(=, A A ) (<, A, 1, ) (=, =, >, <) (=, =, 4, <)
(A (¢, ¢, 4, V) (5 4,4) (4,4, V)
(Vi d) (Vi V) (A1) (V)
(=, ) (=4 +) 1A <) (a1 ¢)
(V,V,V,V) (V,V,=,]) (V,+, <, V) vV, <, 1)
(V,—,V,+) (V, =, =, <) (V, 1, <, <) vV, 1,1, )
(¢ A\, , ) (<, N, T, ) (¢, V, ) (¢, >, =, )
(¢, ¢, 4,V) (<, 1,1) (44, V) G
(=,V,V,—) (=,V,—>,—) (=, ,,—) (=, <, 1,-)
(=, 2,4, 1) (==, —=,A) (=1 ¢,1) (=1 1A)
(A1) (AT A) (=, v, 1) (1=, =, A)
(1 ¢4, ) (T, 1,0) (v, =) (T 4=, )
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