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Let (@, ") be a loop with the property:
(G) For every loop (H,x), if loops (Q,-) and (H,x) are isotopic, they are isomor-
phic.

A loop (@, -) with the property (G) is called a G-loop [1].

By Albert’s theorem, any group is a G-loop. A useful characterization of
G-loops was given by V. D. Belousov [1] in terms of derived operations.

Let (@, ") be a quasigroup, a € Q. The operation ,- of the set () defined by

To-y=0 '(z-0ay)
is called the left derived operation determined by a [1]. Analogously, the right
derived operation determined by a is defined by

x-ayz)\gl()\ax-y)

V. D. Belousov obtained the following result.

A loop (Q,-) is a G-loop if and only if (@, ) is isomorphic to all its left and
all its right derived operations.

We establish here an analogous result for n-ary quasigroups. Previously, we
give some definitions. The notation is standard in quasigroup theory [2]. If (Q, A)

. . _ i— _ _ de i—
is an n-ary quasigroup, and a = aj 1a?+1 € Q" !, then L;(a)x ef A(at™ )z, al, ).

Definition 1. Let (Q, A) be an n-ary quasigroup, and a € Q"~!. The n-ary
operation of the set () defined by

Al@)) Y LT @ AL @)z, @i, [Li@)2alleiin)

a=1

is called the i-th derived operation of A determined by the sequence a,i =1,... ,n.
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If n = 2, we obtain the left and the right derived operations determined by
the element a of Q:

Ay (z,y) = L (a)A(z, Li(a)p),
A% (z,y) = Ly (a)A(La(a)z, y).
Since operations A% are isotopic to the operation A, they all are quasigroups,
too.
If (Q, A) ia an n-ary quasigroup, a sequence & = e’fleei"Jrl € Q™ 1, such that
(Vz € Q)L;i(§)z = =,
is called an i—th identity sequence of (Q,A).
LEMMA 1. The n-ary quasigroup (Q,A%) has an i-th identity sequence (i =
yeee s M),

def

Proof. If e = L7 (a)aqs, a € {1,...,n}, a # 1, we have

Aler™ 7 elyy) = L (@)A(ei ™" 2,afy) = LT (@) Li(@)z = o

i
The next lemma, establishes a connection between derived operations and

pseudo-automorphisms of an n-ary quasigroup [3].

LEMMA 2. A sequence @ € Q"' is a companion of some i-th pseudo-
automorphism ¢ of an n-ary quasigroup (Q,A), if and only if and only if the
quasigroups (@, A) and (Q, A%L) are isomorphic.

Proof. ¢ is an i-th pseudo-automorphism with a companion a.

e Li(a)pA(e?) = A(Li@)pzalolts i, [Li(@ezaloip)
HSDA('%?) = Aé(wxla te ,QOIL'n)
«(Q,4) = (Q, 4).

Definition 2. An n-ary quasigroup (Q, A) is a generalized n-ary loop if for ev-
ery i = 1,... ,n there exists an i-th identity sequence & = [eia]h_; [€ia]"—it1,€ij €
Q.

Clearly, every n-ary loop [2] with an identity e, is a generalized n-ary loop

with §; =¢ = "e'. In the binary case, every generalized loop is a loop.

LEMMA 3. If (Q, A) is an n-ary loop, then every derived quasigroup (Q, A%)
is a generalized n-ary loop.

Proof. Let (Q,A) be an n-ary loop with an identity, e, and let AL be a
derived operation. By lemma 1, A% has an i-th identity sequence. If f = L;*(a@)e,
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we have for every j, 1 < j < i,

-1 i-1—j  n—i
Af_l( f ) x’ f 7 67 f)

j—1 i—1—j n—i
= ;' @A (Li(@)L; “(a)e, Li(@)z, Li@L;  @e, e, Li@)L; ' (a)e)
L7 @A(Ce, Li@s,"e’) = ;' @) Li(a)x = =,

(3 (2

hence, AY has a j-th identity sequence, for 1 < j < i.

Similarly we prove that A% has j-th identity sequences for i < j < n, thus,
(Q, AY) is a generalized n-ary loop.

Let (Q,A) be an n-ary quasigroup and let a; = [aia]4h[@ia)leiyy, © =
1,....,n, a;q € Q. We introduce the following operation of Q:

Agyoa, (@) Y AL @2, - - L7 @) Tn),

which is a principal isotop of A. It is easy to verify that (Q, Az, ..z, ) is a generalized
n-ary loop with i-th identity sequence

& = [La(@a)aia) i [La(@a)aia]?—ipq, i=1,...,n.

If ajo = ag, fori =1,... ,n, a # 1, then (@, Az,  5,) is an n-ary loop with
identity element e = A(a?). Indeed, then we have Ly (G4 )a;a = A(al), and if we
put e = A(a?), then &, = "El, i=1,...,n.

LEMMA 4. Let (Q,A) bg an n-ary quasigroup. For every operation Az, .. a,
there exist sequences bi,...,b, of elements of Q such that (Q,Aa;...a, and
(@, (- (Ag) & -+ &) are isomorphic.

Proof.. First, let by, ..., b, be arbitrary elements of Q™~'. By definition of
derived operations, we have
1.2 n, . S - . . . . .
((AE)E )Z(xl) =L, --Ly LiA(Ly--Lpx1, L1 Lg--Lpxa,... , L1+ -Lyp_12y)

where

Lz = Ll(l_)l).’l;' = A(.’L‘, b12, - ;bln) <

. . 1
Lyx = Ly(ba)x = Aa(blz, T,... ban),

. . 1.2 -1
L@ = En(Bn)z = (- (A=) ) = (but - - > bn_1,2).
b1 by by

By induction on k, we prove

(1) LiLy-- Ly =LyLg—1-+- Ly, k=2,3,... ,n,
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where

f2$ = Lz(%)x = A(721b21; z, ... 77'2nb2n)7

Lpn® = Lp(Tubn) = A(Tnibnt, -+ > Tan—1bnn_1, ),
and 7;; are certain bijections of ), which depend only on by, k < i.
First we prove LiLy = LyL;. By definition of Ly, we have
Loz = LY A(byy, Ly, . ..., Lybay,)
= L'y x,
hence, LiL, =I,L,.

Next assume that LiLy---Ly_q = Lg_1---LoLy. By definition of Ly, it
follows that ) ) o ) )
Ly=L;' -+ Ly'LyLiLs- - Ly,
which implies ) ) . )
LiLy---Ly =LgLy---Lg_q.
Hence, by the induction assumption, it follows (1).
Consequently, we obtain

A2y = 6 AL 6y, T S, T o),
bl 1 1 2 n

b b
where § = Ly, --- Ly Ly. Thus, (Q,(--- (A7) --)%) and (Q, 4z, ..a,) are isomor-
phic, where

a = b

Gy = Toby = To1b21723b23 - - - T2n b2y

Gn = Tnbp = Tnibnt -+ Tan—1bpn—1

and 7;; are bijections of the set Q.

Now it follows that for arbitrary a,...a, there exist by, ..., by, such that

by = ai, by = T1_1a2,...bn = T;lan, and

5(---(A%)3---)Q(m?) = Agpa (621, ... 52n).

by, b

LEMMA 5. If a generalized n-ary loop (H, B) is isotopic to an n-ary quasi-
group (Q,A), then there exist sequences @i,...,a, of elements of Q such that
(H,B) and (Q, Aa,...z,) are isomorphic.

Proof. Let apt1B(z}) = A(aiz1, - ,an%y,), and let &, i = 1,...,n, be
identity sequences of (H, B). Then we have

Qny1%; = Aloueit, ..., 06 1€51, Qi Qiq1€iiq1,--- ,UnCin)

= Li(ae;)a;x;
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Hence, a;z; = Li_l(a_e,-)anﬂar,-, i=1,...,n, and
an1B(z]) = A(LTH (@8g)ant121, - - -, Ly, (@) ot g1 7).

Thus, (H, B) and (Q, Agey,... ;me;) are isomorphic.
An n-ary loop (@, A) with the property

(Grn) For every n-ary loop (H,B), if (H,B) and (Q),A) are isotopic, then
they are isomorphic

is called ann-aty G-loop.
Similarly, an n-aty loop with the property

(Gh) For every generalized n-ary loop (H,B), if (H,B) and (Q,A) are iso-
topic, then they are isomorphic

is called a G'-loop.

Clearly, the property G!, implies the property G,. As an immediate conse-
quence of definition of a G'-loop, it follows that every generalized loop, isotopic to
a G'-loop is a loop, too.

THEOREM. If (Q,A) ia an n-ary loop, then the following statements are
equivalent:
(i) (Q,A)isa G'-loop
(ii) (Q,A) is a G'-loop, and every derived quasigroup of (@, A) is a loop.
iii) (@, A) is isomorphic to every derived quasigroup of (@, A%), aeQ™ !, i=
1,...,n.

Proof. (i) = (ii). Since all derived quasigroups are generalized loops (lemma
3), isotopic to (@, A) they are isomorphic to (@, A). Hence they are loops.
(i) = (iii). Trivially.
(iii) = (i) Let (@, A) be isomorphic to every derived quasigroup (Q, A%), and let
(H, B) be a generalized loop, isotopic to (@, A). By lemma 5, (H, B) is isomorphic
to a principal isotop (@, Ag, ..., ) of the loop (Q, A). On the other hand, by lemma
4,(Q, Aa,..a,) is isomorphic to (@, (--- (A5-) & - -+ ) ), for some by, ... ,b, € Q"1
By (iii), (@, A4) is isomorphic to (Q, (---(A3:) & ---)%). Consequently, (H, B) is
isomorphic to (@, A). Hence, (Q, A) is a G'-loop.

Ezample 1. Let (Q, A) be an n-ary loop satisfying i-th Menger’s laws for all
i=1,---,n [2]. By definition of i-th derived operation, such a loop coincides with
all its derived operations. Hence, it is a G'-loop.

Ezample 2. Let (Q,A) be an n-ary group with identity element e. Ac-
cording to Hosszu-Gluskin’s theorem [2] there is a binary group (@,-) such that
A(z?) = ®1,-...  x,. A straightforward verification shows that (Q,A) is a G-
loop: if apt1B(z}) = a1y - ... - anTy, then B(z]) = @z - ... - px,, where
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© = AeQny1, ¢ = (aie,... ,ane) 1. Generally, (Q, A) is not a G'-loop. Indeed, let
Q% be the set of all nonnegative rational numbers. If (z1,22,73) = z1 - T2 - T3,
then (Q%*, A) is a ternary group, with identity element 1, but there exist derived
quasigroups which are not isomorphic to (Q1,A). For example, if a = 1,2,
we have Ly(@)r = z-2-1 = 22, L7 '(@)z = 27 'z, Al(z,y,2)) = 2zyz, and
(Vz € QY)2zyy = z = y = v/2/2. Hence, (Q1, Al) is a ternary group without
identity element, and it is not isomorphic to (QT, A).
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