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In this paper we solve functional equations of generalized associativity (1),
bisymmetry (2), transitivity (3) and distributivity (4).

(1) A(z, B(y, 2)) = C(D(,y),2)

(2) A(B(z,y),C(u,v)) = D(E(z,u), F(y,v))
3) A(B(z,y),C(y, 2)) = D(z, 2)

(4) A(z, B(y, z)) = C(D(,y), E(z, 2))

We say that functional equation is generalized if in this equation every un-
known function occurs exactly once. We assume that unknown functions are
grupoids, defined on some nonempty set S.

Despite numerous literature (see for example [1]) about the subject, these
equations are not solved under such weak conditions.

Here we continue our work, started in [2], on various generalized functionel
equations on grupoids.

* %k X

Following common practice, for a given function P : S — S’, we define an
equivalence relation kerP on S as

xker Py iff Px = Py

Bijection f, : S/kerp — P(S), defined by f,(z*"F) = Pz, is naturally
connected with P.

If an equivalence a on S? is given, then:

(a7 ba C) ay (p,q,T‘) iff a =p (b7 C)a((LT)
(aa b; C) as (pa q; ’f') iff (aﬂ b)a(pa q) and c=r
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If 8 is also an equivalence on S?, then:

(a7 ba ¢, d) aAlﬂ @7 q,7, 3) iff (a b)a(p, ) and (C, d),@(?", S)
(aa b; (& d) aAQ/B (pa q,T, 8) iff (a C)Oé(p, ) and (ba d)ﬂ(‘]: 8)
(a,b,c) aAsf (p,q,;r) iff (a,b)a(p,q) and (b,d)B(g,7)
(a7 b7 C) aA4ﬂ (p7 q, 7') iff (a7 b) ( ) and (Cl, c)ﬂ(pa 7')
If ay,...,a, are equivalences on S2, then:
(al,... ,an+1)A(a1,... ,an)(bl,... ;bn—i-l) iff
forall k=1,...,n (ak,ak+1)ok (e, bet1)
Also let:
(a,b,0)0(p,q,r) iff a=p and c=r
(al, . ,an+1)’y(b1, . ,bn+1) iff ay = b1 and Ap41 = bn+1
Suppose a, 3, a1, - .. ,a, are equivalences on S?, 7 and 7 are equivalences on

S3(8%) and o is an equivalence on S™t! for some n € N. The following functions
are not always well defined but we can easily formulate conditions under which they
are. Whenever we use these functions we will prove that they are well defined.

La: ( (ya )a) (m,y,z)T
1—‘C ((‘Z' y) ) (m,y,z)T

T1: ((2,9)% (u,0)7 = (2,9,u,0)"

T2 : ((z,w)%, (y,0)7) = (,y,u,0)"

T3 : ((2,9)%, (4,2)°) = (2,9,2)7

Ty:(z,y) — (z,a,y)" for some a€S

Ts 2 ((2,9)% (2,2)°) = (2,9,2)

Do : ((x1,22)* ..., (Tn, Tnt1)®™) = (T1, -+, Tpg1)”
(

T;:(z,y) — (z,a2,...,a,,y)° for some ay,...,a, €S

The functional equation of generalized associativity (1) is solved in [2] (Th
5). The solution given here (Th 1) is different but similar to that in [2], so we do
not give the proof here. The present solution has some advantages, it is simpler
and similar in form to solutions of other equations.

THEOREM 1. The general solution of the generalized associativity equation
(1), is given by:
B and D are arbitrary grupoids on S
fTFA($7f§1y) for (-'13,:1/) ESXB(S,S)
Az,y) = . :
arbitrary otherwise
frTe(fp'zy) for (z,y) € D(S,8) x S
arbitrary otherwise

(5)
C(z,y) = {
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where T is an arbitrary 3-grupoid such that:
(ker B)1 V (ker D)3 C ker T
THEOREM 2. The general solution of the generalized bisymmetry equation (2)
is given by:
B,C,E and F are arbitrary grupoids on S
frTi(fgte, fo'y) for  (2,y) € B(S,S) x C(S,5)
Ay = { T 108 T

(6) arbitrary otherwise
frla(fgte, fz'y) for (z,y) € E(S,S) x F(S,S)
D(z,y) = ) .
arbitrary otherwise

where T is an arbitrary 4-grupoid such that:
(ker BAq ker C) V (ker EAs ker F) C ker T

Proof: (i) It can be easily checked that for given B,C,E, F and T, sixtuple
(A,B,C,D, E, F), satistying (6) is a solution of (2).

(ii) Let A, B,C, D, E, F be grupoids satisfying (2) and let:

T(z,y,u,v) = A(B(z,y),C(u,v))

Then from (a, b, ¢, d)(ker BA1 ker C)(p, q, 1, s) it follows that (a, b)ker B(p, q)
(i.e.B(a,b) = B(p,q)) and (c,d) ker C(r,s) (ie.C(c,d) = C(r,s)).

Tt follows that A(B(a,b), C(c,d)) = A(B(p,q), C(r,s)) i.e. (a,b,c,d) kerT
(p,q,1,s).

Similarly, from (a, b, c,d) (ker EAs ker F') (p,q,r,s) it follows that (a, b, ¢, d)
ker T(p,q,r,s). This also means that I'; and I'y are well defined.

Let z € B(S,S) and y € C(S,S). Then there are z,u,v,w such that z =
B(z,u) and y = C(v,w) and A(z,y = A(B(z,u), C(v,w)) = fr((z,u,v,w)*"T) =
fTFl((za u)keTBa(Ua w)k6T C) :fTrl (fng(Z, u): f510(71a ’LU)) :fTrl(fglxa f&ly)

Analogously we can prove D(z,y) = frls(f5 'z, fr'y).

In [2] (example 1) it is proved that we can obtain the general solution of the

generalized associativity on quasigroups, from the general solution in the grupoid
case. We can prove that the same holds for the generalized bisymmetry (see also

[3])-
THEOREM 3. The general solution on quasigroups, of the generalized bisym-
metry equation, is given by:
A(z,y) = A1z + Asy

B (z,y) = AT'(A1B1z + A1 Boy)
C (z,y) = A3 (42017 + A2Coy)
D (z,y) = D1z + Day

E(z,y) = D{*(D1E 1z + Dy Esy)
F(z,y) = Dy " (D2Fiz + Dy Fay)
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where + is an arbitrary abelian group and Ay, As, ... , F1, F5 arbitrary permutations
such that:

AlBl = D1E1

A1 B2 = DgFl

A201 D1 E2

AQCQ = D2F2

THEOREM 4. The general solution of the generalized transitivity equation (3)
is given by:

B and C are arbitrary grupoids on S
frls(f5'e, foty) for  (z,y) € U_(B(S,2) x C(z,9))
() Ay = b e €3
arbitrary otherwise
D(Il]',y) = fTF4($ay)

where T is an arbirary 3-grupoid such that:
(ker BAsgkerC) Vo C kerT

Proof: (i) For given B,C and T quadruple (4, B,C, D) satisfying (7) is a
solution of (3).
(ii) Let A, B,C, D be grupoids satisfying (3) and let

T(mayaz) = A(B(w,y),C(y,z))

Then from (a, b, ¢)(ker BAsker C)(p,q,r) it follows that (a, b)ker B(p, q) (i.e.
B(a,b) = B(p,q)) and (b,c)ker C(q,r) (i.e. C(b,c) = C(g,r)). It follows that
A(B(a,b),C(b,c)) = A(B(p,q)), C(g,7)) ie. (a,b,c)ker T(p,q,r).

Also, from (a,b,c)d (p,q,r) it follows that a = p and ¢ = r. So D(a,c¢) =
D(p,r).and by (3), A(B(a,b), C(b,c)) = A(B(p,q), Clg,r)) ie. (a,b,c)kerT
(P q,7)-

Consequently I's and T'y are well defined.

Let x € B(S,z2) and y € C(z,S5) for some z € S. Then there are u,v € S
such that x = B(u, 2) and y = C(z,v). Also:

A(z,y) = A(B(u,2),0(z,v)) = T(u,v,2) = fr((u,z,0)*" ") =
= f1T5((u,2)*" 8 (2,0)*" 9) = f1T3(f5 ' B(u, 2), o' C(2,0)) = frTs(f5' 2, fo ')
D(xay) = ( (.CL',Z) ( )) = T(:z:,z,y) = fT((xazay)kerT) = fTF4(.’L',y)
As in the case of associativity and bisymmetry equations, from the general

solution of generalized transitivity equation in grupoid case, we can obtain the
general solution in the quasigroup case (see [3]).
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THEOREM 5. The general solution on quasigroups, of the generalized transi-
tivity equation is given by:

A(z,y) = A1z - Asy
B(z,y) = A7 (A1B1z - A1 Byy)
Cx,y) = A2_1(A201$ - A2Chy)
D(z,y) = Dyx - Doy
where - is an arbitrary group (with an unit e) and Ay, As,... , D1, Dy arbitrary
permutations such that:
AlBl = D1
AlBQIL' - AQCl.’IT =e€
A202 = _D2

Contrary to generalized distributivity equation on quasigroups (see [4]), which
is not solved, this equation in the grupoid case be solved easily.

THEOREM 6. The general solution of the generalized distributivity equation
is given by:

B,D and E are arbitrary on S

fTFA(»’UafEl) fOT (a:,y) €S x (S,S)
A(z,y) = ) .
(8) arbitrary otherwise
frls(fp'e, fg'y) for  (z,y) € U (D(z,8) x E(z,S)
C(.’L’, y) = z€8
arbitrary otherwise

where T is an arbitrary 3-grupoid such that:

(ker B)1 V (ker DAyker E) C ker T

Proof: (i) For given B, D, E and T, quintuple (4, B,C, D, E) satisfying (8)
is a solution of (4).

(ii) Let A, B,C, D, E be grupoids satisfying (4) and let:
T(.CE, Y, Z) = A(.T, B(y7 Z))

Then from (a, b, c) (ker B)1 (p,q,r) it follows that a = p and (b, ¢) ker B(q,r)
(i.e. B(b,c) = B(g,r)). Consequently A(a,B(b,c)) = A(p,B(q,r)) i.e. (a,b, ¢)
ker T(p,q,r).

Also, from (a, b, c) (ker DAyker E) (p,q,r) it follows that (a,b)ker D(p,q) (i.
e. D(a,b) = D(p,q)) and (a,c)ker E(p,r) (i.e. E(a,c) = E(p,r)). It follows that
C(D(a,b), E(a,c)) = C(D(p,q), E(p,r)) i-e. A(a, B(b,c)) = A(p, B(q,r)) which is
the same as (a,b,c) ker T'(p,q,r).

Consequently T' 4,5 are well defined.
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Let z € S and y € B(S,S). Then there are u,v € S such that y = B(u,v)
and:

Az, y) = Az, B(u,v)) = T(z,u,v) =
= frla(z, (u,v)*"?) = f1Ta(, f5' B(u,v)) = frla(z, f5'y)-

If z € D(2,5) and y € E(z,S) for some z € S, then there are u,v € S such
that z = D(z,u) and y = E(z,v) and:
C(z,y) = C(D(z,u), E(z,v)) = A(z, B(u,v)) =T (z,u,v) =
= fT((z7uav)k6T T) = fTF5((z7u)k6TD7 (zyv)ker E) =

frTs(f5' D(z,u), f5 E(z,v)) = f1Ts(fp e, f5'y).

As an example that the above method of solving, can be extended to the
case of m-ary grupoids, we give a general solution of so called generalized simple
polytransitivity (see [5]):

(9) A(Bl($1,$2),... 7Bn($n7$n+l)) ZC(wlaxn+1)

THEOREM 7. The general solution of the generalized simple polytransitivity
(9) is given b:

B',...,B" are arbitrary grupoids on S
fTFG(fgllazl,... ,fg,}xn) for  (x1,...,z,) € 04
A(xl,...,:cn)z . .
arbitrary otherwise
C(.flf,y) = fTF7(.'17,y)
where 84 = {(@1,--- s Zn)|321, - s 2ni1 (e = BF (2, 2541) for all k = 1,...,n)}

and T is an arbitrary n + 1-grupoid such that:
A(ker B',... ker BV~ C kerT

Proof: Similar to the proof of Th 4.

REFERENCES

[1] Aczél J., Lectures on functional equations and their applications, Academic press, New
York, London, (1966)

[2] Krapez, A., Generalized associativity on grupoids, Publ. Inst. Math., Beograd, 28 (42),
(1980), 105-112.

[3] Aczél J., Belousov V. D., Hosszi M., Generalized associativity and bisymmetry on quasi-
groups, Acta Math. Acad. Sci. Hung., 11 (1960)

[4] Beaoycos, B. II., Cucmemn %Keasuzpynn ¢ obobuennmnm moacdemcmeamu, Y crexm
Mar. Hayk, 20 (1965)

[5] Krapez A., Polytransitivity on grupoids, Math. Balkanica, 10 (1980), to appear.

Matematicki Institut
Knex Mihailova 35
11000 Beograd
Yugoslavia



