PUBLICATIONS DE L’INSTITUT MATHEMATIQUE
Nouvelle série, tome 33 (47), 1983, pp. 143-155

EXTRAPOLATION OF MOVING AVERAGE AND
AUTOREGRESSIVE PROCESSES WHEN THE ENTIRE
PAST OF THE PROCESSES IS KNOWN

Pavle Mladenovié¢

1. Introduction. Let X(t) = (X1(¢),...,Xn(t)), t € R, be a multidi-
mensional and wide sense stationary random process with the mean value zero, the
correlation matrix || BJ} (7)|| and the spectral process Z*(A) = (Z*(A), ..., Zx ()
A € R. Suppose that all elements B;(7) of the correlation matrix ||Bj(7)|| fall off
sufficiently rapidly at infinity so that they can be represented in the form:

+oo
Bj.(A) = /e”*ff,g(x)d,\, ik=1,2,....n (1.1)

— 00

(i.e. there exist the spectral densities JXk()\))

Let H denote the Hilbert space of all second-order random functions, where
a scalar product is defined by (£,n) = E&7, and let H(X) be the Hilbert space
generated by {Xy(t) : t € R,k =1,2,...,n}. Let L?(F) be the space of functions
D(N) = (P1(N),-..,P,(N)) satisfying the following condition:

n+°°

>0 / B(N) 5 (V) f5% ()X < 00 (1.2)

k=1j=1_"_

The space L?(F) becomes a Hilbert space if we define the scalar product
(2(A), ¥(A)) by:
(@(N), ¥(N)) = / DD 2TV S5 (WA < oo (1.3)
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A random function ¢ belongs to H (X) if and only if there exists ®(\) € L?(F)

so that
+oo

/ B(\)dZ(N) (1.4)

—0o0

&=

k

n
=1

The mapping of H(X) to L?*(F) given by £ = Z/‘l’k()\)de()\) -
k=1

(®1(A),...,P,(X)) is an isometry.

A stationary random process X (t), ¢ € R, is said to be a process with a
rational spectrum if all the functions ijk()\) are rational functions, i.e. f;;(A\) =
Q;r(A)/Pjr(A), where Pj,(A) and Q;,(A) are polynomials in A\. The spectral den-
sities f;;(A) can be represented in the form:

Bo| MM 4+ BINMTY BN + AN 4 A2 (1.5)

where By > 0 and M < P. Denote the determinant of the spectral matrix
| £k (M| by D(XA) (= Q(A\)/P(N)). Let 2Nj;, 2(N;; — mj), 2K, 2L be the degrees

of Pj;(A),Q;;(N), P(A), Q(N) respectively. Then 2K — 2L > 2 Z M.
k=1
A stationary random process with a rational spectrum is nonsingular if the
n

determinant D()) has no real zeros and 2K —2L > 2 Z myg. The polynomial Q ()
k=1

can be represented in the form B(A — 61)...(A — 0r)(A — 01)... (A — 01) where

$0; >0,i=1,2,...,L.

Now, suppose we know the values X (s), s <t, k =1,2,...,n. The simplest
problem of linear extrapolation of a stationary random process X (t) is the following;:
Find a random variable

n +OO
H@T) =Y [ 8z € HY)

k=1_",

which is the best approximation of X;(t + 7), depending linearly on X(s), s < t,
k=1,2,...,n. As an index of approximation quality we shall use the mean square
error. We shall call X, (t,7) the linear least-squares estimator of X, (t+7). We see
that X (¢, 7) is the projection of X;(t + 7) into the smallest Hilbert space H(X,t)
spaned by {X\(s),s <t, k=1,2,...,n}.

In the paper [7] the following theorem was proved:

THEOREM 1. (Yaglom): If X(t) = (X1(t),--.,Xn(t)) is a nonsingular sta-
tionary random process with a rational spectrum, then the linear least-squares esti-
mator of X1(t + 7) is given by:

n mk—l

Xi(t,7) = Z { Z wk) (t) +/wk(s,T)Xk(t - s)ds} (1.6)

j=0
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where the coefficients w,(cj ) (1) and the functions wy(s,7) can be found (in a unigue

way) from the condition: the functions

Bp(\) = mf wid (7Y (A + / e~ wg (s, T)ds (1.7)
j=0 0
have the form
O\ =weWN{A=61)...(A =)} E=1,2,...,n. (1.8)

where wy (\) is a polynomial of degree L+ my —1 (but not of a greater degree) such
that the functions

n

Ti(N) = (€7 = 21(N) fie(N) = D &N fi1 (V) (1.9)

j=2
are analytic in the upper half plane.

The functions ®(A), k =1,2,...,n, will be called the spectral characteristic
for extrapolation of the random process X (t) at the point ¢ + 7.

2. Moving average and autoregressive processes

Let X(t) = (X1(t),-..,Xn(#)) and Y (¢) = (Y1(¢)),- .., Yn(t)) be two multidi-
mensional stationary random processes satisfying the following equation

N
Y(t)=> a,X(t-vb), ag=1, 6>0 (2.1)
v=0

The process Y (¢) is called the moving average process of order N associated
with the process X (t). We shall denote it by M Ax(N,#). The process X(t) is
called the autoregressive process of order N associated with the process Y (t). We
shall denote it by ARy (N, 6).

It the roots of
tN +ath +---+any =0 (2:2)

are less than one in absolute value, then the following equations also hold:

Xi(t) =D e Yi(t—v), k=1,2,...,n. (2.3)
v=0

The series on the right side of (2.3) converges in quadratic mean and the
coeflicients ¢, satisfy the homogeneous difference equation

agCr + a1¢cp_1 +---+ancg_n =0, k>N (2.4)
and the initial conditions
ag = 1

2.
agcky +aick_1+---+arcy =0, O<k<N. ( 5)
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THEOREM 2. Let X(t) and Y (t) be a multidimensional stationary random
processes with spectral processes (Z{X(N\),...,ZX(N\)) and (Zf (N),...,ZY()\)) and
let X(t) and Y (t) satisfy (2.1). Then:

N
a) Mﬁ»:{gpﬂ%w}ﬂﬂn,kzLy“m (2.6)

v=0

—ivOA

b ka fk( )J j’k:]‘JZJ“"n (27)

c) If the roots of (2.2) are less than one in absolute value then

H(X,t) = H(Y,1). (2.8)

Proof: The equation (2.6) follows from

+oo +oo N
/ ztdek Z / i(t— VH))\de()\) / eit)\ Z aye—iua)\dzizf (A)
—00 — 0 v=0

The equation (2.7) follows from

+oo

[ e i = B = BV + D% =
=E2a,, i(t+7—vh) ZauXk t— ud) = ZZa,,au (T — (v =)o)
pn=0 v=0 p=0
N N +oo +oo
:ZZaVa#/ iTA z(u u)G/\fX( — / iTA Z a, e—w9k X(/\)d/\
v=0 p=0 o o nu=0

The result (2.8) follows from (2.1) and (2.3).

In this paper, we shall solve the simplest extrapolation problem for the mov-
ing average and autoregressive processes associated with a nonsingular stationary
process with a rational spectrum.

3. Linear extrapolation of moving average processes

THEOREM 3. Let X (s) and Y (s) be two multidimensional stationary processes
satisfying (2.1) and let the roots of the equation (2.2) be less than one in absolute
value. If @i{T()\) and <I>kY’T(/\) are the spectral characteristics for extrapolation of
the processes X (s) and Y (s) at the point t + 7 (7 > 0), then:
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a) If /6 is not an integer and [7/8] = S < N, then:

s N N 1
3, (\) = { S a®f, N+ D ayei(‘r—ua))\}{ Zaue—iqu} -
=0 3.1

v=S+1 v=0

s N -1
<I>kY’T()\) = Z a,,@fr_,,o()\){ Z aye_iya’\} k=2,...,n. (3.2)
v=0 v=0

b) If = S8 and S < N, it is only necessary to replace S by S — 1 in the
equations (3.1) and (3.2).

c) If 7/6 is not an integer and S > N or if T = S0 and S > N, then:

N N -1
o)y, (N = Zaucbffr_yo(x){ Zaue‘i"“} k=2, (33)
v=0 v=0
Proof. a) If 7/6 is not an integer and S < N, we have 7 — v8 > 0 for
v=0,1,2,....,Sand 7 —v8 <0forv=S5+1,...,N.
It follows from (2.8) that

N
Yi(t,7) = Proj gy Ya(t + 1) = Z Proj g(x,o X1(t + 7 —vf) =

v=0
s N
=Za,,X1(t,T—V0)+ Z a, X1(t + 7 —vh).
v=0 rv=S5+1

If we apply (1.6) and (2.6), we obtain
-1

~ +w . S N . N .
Yi(t, 1) :/e’t’\{ a,,<I>kX,T_,,0()\) + Z a,,e’(T_"a)’\}{ Za,,e_“’a’\} dzZ¥ (\)+
0

—c0 v= v=S+1 v=0
n T S N -1
+ Z / ettA Za,,ékﬁ_,,g(/\){ Za,,e_i””‘} dZ;X ()
k=2_" v=0 v=0

and the desired result follows.
b) and c) The proof is similar.
COROLLARY: If X(s),s € R, is a nonsingular stationary random process with

rational spectrum, then the spectral characteristics <I>};T()\), k=1,2,...,n, can be
represented in the form:

a) If 7/0 is not an integer and S < N then:

[ %)
Q}/,T ()\)Rl ()\) Z c'(ll)e—iuﬂ)\ + Z C,(IZ)ei(T—VG))\ (34)
v=0 v=S+1

oy (MRe(N) Y ere™™, k=2, ,n. (3.5)
v=0
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b) If = s0 and S < N, it is necessary to replace S by S — 1 in the formulae
(3.4) and (3.5).
¢) If 7/6 is not an integer and S > N or if T =56 and S > N then:

oy Zc e” W k=1,2,...,n. (3.6)

The functions Ry (\) = Z ay®r,—v9(A) are rational functions.

Proof: If a,, v =1,2,...,n, are the roots of the equation (2.2), we have
{ N -1 N
Za”e—iu0z\} — H (1 — ae WOA ZC e —ivfA
v=0 nu=0

and the proof follows.

THEOREM 4. Let X (s) and Y (s) satisfy the assumptions of Theorem 3, and
let X(s) be a nonsingular stationary process with rational spectrum. Suppose we
know the values Yy (s), s <t, k=1,2,...,n. If 7/0 is not an integer and S < N,
then the linear least-squares estimator of Y1(t + 7) is given by:

n mr—1 oo
Yi(t Z{iZAEjLYk )(t — af) /Bk th—u)du}

=L R IEm et (3.7)
+ D DYi(t 47— (S +1)6 - pib),
n=0
where s
ASL =cq Z a,,w,(cj) (r —v0),
- (3.8)
Bk(u) = Z CaDk(u - aaaT)7
a=0
0 0<u<ab _
Dk(u_aa’T)_{Zf_oa,,wk(u—aﬁ,T—VO) u> ab , a=0,1,...,
(3.10)
N
Dy= > auF(yv) (3.11)
v=S+1
_ 0<p<v-5-1 _
F(ujy)_{cpu+5+l L>v—S—1 , v=S8+1,...,N (3.12)

)

where the coefficients c, were given by (2.4) and (2.5) and w’’, wy(s,T) were

determined by Theorem 1.
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Proof: Using the formulae (1.6) and (2.3) we obtain

N N
T):Za,,)zl(t,T—l/())+ Z a, X(t+71—v0) =
v=0 v=S+1
N n my—1 ) o0
:ZaV{Zl Z w,(f)(T X(]) +/ (8,7 — v0) Xy (t — 5)ds }+
v k=1 j=0

=0
N n oo mr—1 S

+ Z X1t + T — 1) = ZZCQ{ Z Za,,wm vh)Y, (])( —ab)+
s

+ k=1 a=0 7j=0 v=0
S

>

v= 1
v=0

[es)
<
0
[e8)

N
+ Ca Z a,,a,,}Yl(t+T—l/0—a6),
= v=S+1

a
a, Wi (s, 7 — v Y (t —s — a0)d8}+

0
and (3.7) follows from (3.8) — (3.12) and

an aywi (s, 7 — V)Y (t —s — 7 — ab)ds =

M=
S
<

(e
o
Q
=
~
+
ﬁ

|
<
>
|
Q
=
=
~
|
£
QU

N oo
Z ay Z Cp—vys1 Y1t +7—(S+1)0 — pb) =
5

v=S+1 p=r—S—1

N oo
= Y aF(ur)Yilt+7—(S+1)0—pb) => D,Yi(t+7—(S+1)0— ub).
v=S+1 pn=0
THEOREM 5. If T = S8 and S < N, we can obtain Y1 (t,7) if we replace S
by S — 1 in the formulae (3.7) — (3.12).
If 7/8 is not an integer and S > N, or if = S8 and S > N, then Yi(t,7) is
given by:

Yt Z {mz f: AD v (t - af) + / By (w)Yi(t — u)du} (3.13)

k=1 7=0 a=0
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where
. N .
Ag)a = ¢y, Z al,w,(cj) (r —vh), (3.14)
By (u) is given by (3.9) and

Dy(u—ab,7) = 0 0<u<ab
k NS awk(u— af, T —v8)  u>af ’ (3.15)

a=01,...

4. Linear extrapolation of autoregressive processes

THEOREM 6. Let X(s) and Y (s) satisfy the assumptions of Theorem 3. Then:
a) If T8 is not an integer and [1/0] = S, then

S S+N
N =3 e, 0 z a4 3 DN (41
v=0 p=S+1
p—S—1
= > au, p=S+1,...,5+N. (4.2)
v=0
S N )
CI)?,T () = Z c"@{,‘r—ua()‘) Z a"’eiwax k=2,...,n. (4.3)
= v=0

b) If T = S0, then it is necessary to replace S by S — 1 in the equations (4.1) —
(4.3).

Proof. a) It follows from (2.3), (2.6) and (2.8) that

Xi(t, ) = Proj H(x,0)X1(t + 7) = Proj gy, Z e, Yi(t + 1 —v0)

v=0
S oo
=ZC,,Y1(t,T—w9)+ Z e Yi(t + 71— vh)
v=0 v=S+1
S n

Z / i(t+1— V@))\dZY ()\)

v=S+1

ey / B ro(NdZY (A
v=0 oo

—00

+o0 S
/e {ZCV(I)IT o Z e, el "”*}{Za e~ dzX ()

o v=S+1

n +o0 ) S N )
+y / e e, (V)Y ave MPZE(N).
k=2_", v=0 v=0
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[e’s} N
The term E c, e (T E aye” " can be represented in the form
v=0 v=0

S+N p—S-1

N
Z Z @y ey TTHON 4 i Za,,cu—uei(“”a)*

p=S+1 v=0 p=S+N+1v=0
and the desired result follows if we use (2.4) and (2.5).

COROLLARY: If Y(s), s € R, is a nonsingular stationary process with a
rational spectrum and X = ARy (N,6), then the spectral characteristics @y (\)
can be represented in the form:

N S'+N-1
(I)f‘r()‘ =R (/\) Z auefiuﬂz\ + Z Duez’(rfue)/\
v=0 n==s’
N
@kX,T()\ =Rk(/\)2aue_i”9’\, k=2,....,n
v=0

where S' = S+ 1 if 7/0 is not an integer and S' =S if T = S6..

The functions Rg(A), k = 1,2,...,n, are rational functions.

THEOREM 7. Let X (s) and Y (s) be two multidimensional stationary processes
satisfying (2.1) and let the roots of the equation (2.2) be less then one in absolute
value. Let Y (s) be a nonsingular random process with a rational spectrum. Suppose
we know the values of the stationary process X (s) = ARy (5)(N,0) for s <t. Then,
the linear least-squares estimator of X1(t + 1), T > 0, is given by:

a) If 7/ is not an integer and [7/0] = S, then:

n mr—1 N oo
X1( Z { Z z B(J) X(J) —ab) +/Bk(u)Xk(t - u)du}
k=1 7=0 a=0 0
N—1 (4.4)
=Y DuXu(t+7—(S+1) — ph),
pn=0
where
BY) = a. Y coul)) (r = vB), (4.5)
N

Bk(u) = Z aa Dy (u - aea 7—)7 (46)

a=0
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0 0<u<al

Di(u = af,7) = { Zf:o cowi(u —al, 7 —vl) u>ab (4.7)
N
DH:ZaaF(,u,a), p=0,1,...,.N—-1 (4.8)
_J0 0<u<a _
F(u,y)—{65+1+u_a L>a , a=0,1,2... N (4.9)

b) If 7 = S0, it is necessary to replace S by S — 1 in the equations (4.4) —
(4.9).

Proof: a) Since Y (s) is a nonsingular stationary process with a rational spec-
trum, we have

Yi(t,7) = i {mz_ wd (Y9 (1) + / w (5, 7)Y (t — s)ds}

k=1 U j=0 0
and
S n [mep—1 o0
Xi(t,7) = Zc,,{ 3 l 3" wd(r - vy (1) +/wk(s,7—v0)Yk(t—s)ds +
v=0 k=1 j=0 0
+ Z oYi(t+7— w9)} =
v=>S1
n mk,l N S .
:Z{ Z(aaz T—VG)X,EJ)(t—aQ)+
k=1 j=0 a=0 =0
® s N
+ / Zc,,wk(s,r —vb) Z aqXp(t—s— a9)ds}+
0 v=0 a=0

[e’s} N
+ Z c,,ZaaXl(t+T—l/0—a0)
v=S+1

a=0
and (4.4) follows from (4.5) — (4.9) and

N ® s N xS
/Zc,,wk (s, 7 —v0) X (t — s — ab)d :Z aa/z cywi(u— ab, 7— vo)-
a=0 o v=0 a=0 o v=0
N o o
et —u)d Z / (u—ab,7) Xyt —u)du = /Bk(u)Xk(t—u)du,
a=0 9 0
oo N N oo
Z c,,z aoX1(t+7— v —ab) = Z Z CS+14p—aX1(t+7—(S+1)0 — pub)
v=S+1 a=0 a=0p=a

N oo N-1
=Y aa ) Flpa)Xi(t+7— (S+1)0-pb) =Y DuXi(t+7— (S +1)0—pb).

a=0 p=a n=0
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The last equation follows from (2.4).
5. Let us now give some examples.

Ezample 1. Let x1(s) and z2(s) be two independent stationary random pro-
cesses with the rational spectral densities

fl(A) = cl()‘2 —|—Oé%)_1, fQ()‘) = 02()‘2 +ag)_17 C1,C2,00,0Q2 > 07 ay 7570‘27

and let X;(s) = z1(s) + z2(s), Xa(s) = z1(s) — z2(s). It is easy to see that
the spectral density matrix || fi’“j (MN)|l2x2 of the stationary random process X (s) =
(X1(s), X2(s)) is given by

MXQ) = 17590 =

a2 +a) P+ (W +ad)™t et(M2+a2) ! —ca(N2+a3)7 !
(M +a2) P —e(AN2+ad)™t (M2 +a2) + (M2 +a3)7 !

(5.1)

In this case D(A) = 4c1c2(A? + a2)71(A% 4+ a3)~! has no real zeros, n = 2,
2L =0, 2K =4, m; = me =1, 2K — 2L = 2(my + my), and thus X (s) is a
nonsingular stationary random process with a rational spectrum.

Suppose we know the values of the process X (s) for s < ¢. Using Theorem 1
we have:

CI)l()\) = wl()\) = Kl, CI)Q()\) = wz()\) = KQ,
T1(A) = (™ — K1) fun(A) — Kafar (M),
Ty(N) = (e — K1) f12(A) = Kz fon (V).

From the fact that the functions ¥;(\) and ¥2()\) are analytic in the upper
half-plane, it follows that

2K, =2K1(T)=e7"* +e77%2, 2Ky = K2(17) =7 7% —e7 7% (5.2)

Then, we have w§0) (1) = Ki(7), wéo) (1) = Ka(1), wi(s,7) = wa(s,7) = 0,
and
2X1 (6, 7) = (€77 +e7 7)) X (t) + 7T —eT T2 X(t). (5.3)

Ezample 2. Let X (s) be the process given in the example 1, Y (s) = X(s) —
BX(s—1),|8] <1, and suppose we know the values of the process X (s) for s < t.

In this case: N = 1, a0 = 1, a1 = =08, Y(s) = MAx(1,0), X(s) =
Yol 0 B9Y (s — ab).
a) If0<7<0(0=5< N =1), using the formulae (3.8) — (3.12) we obtain

AP = Bagwi® (1) = BK(r), AL) = %o’ (r) = B2 Ks(T),
Bl(u) = B2(u) = 07 -DM = alF(p’7 1) =aicy, = al/@“ = _ﬁu—i_l:
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where K (7) and K»(7) were given in the example 1, and finally

oo oo

Filt,r)= e ™4 e ™) 30 FUViE— af) + 5(e T e )Y BUVa(t — af)
a=0 a=0
~ S Bt 7~ 6 — ). (54)
n=0

b) If 7 =6, (S = N = 1), then replacing 7 by 6, ¥ — 1(¢,6) can be obtained
from (5.4).
c) If 7 = 6, using the formulae (3.9) and (3.13) — (3.15) we obtain:

Bl (u) = Bz(u) = 0,

24 = 26%(agK (T — 6)) = (e T + e T — e (TN _ ge—(7-0azy,
24(), = 28(aoK(7 — 9)) = B (e — 777 — fe= (TN — ge=(r=N)euz),
and finally
2V (t,7) = (€7 + 7792 — BTN — Be T i B°Y1(t — af)+
=0 . (5.5)
+ (e —eT* — ﬁe_(r_o)"“ — ﬂe_(T_a)”) Z BY5(t — af)

a=0

Ezample 3. Let Y (s) be a process with the spectral density matrix (5.1) and
X(s) = BX(s—1) = Y(s), |8] < 1. Then X(s) = ARy(1,6), N =1, ap = 1,
a1 = —f and using the formulae (4.4) — (4.9) we obtain:

S S
239’2 = 2a, Z B K\ (1T — v8) = aq Z ﬂu(e—(r—uo)oq + e—(‘r—uo)aa)
v=0 v=0
S S
235(,)21 = 2a, Z BY Ko(T — V) = aq Z BY (e~ (Tmvhlen 4 g=(r—vh)az)
v=0 v=0

Dy = aoF(11,0) + a1F(p, 1) = agcsy1—p + arcsyu = BT = BB5TH =0, p>1

Dy = agcs41 = B+ and

S
le(t, ) = %Zﬂu{e—(‘r—ua)m + e—(‘r—u&)az}(Xl(t) — BX1(t —8))+
v=0

S 5.6
FLY e () - el -

v=0

+ 85X (t 4+ 7 — (S + 1)6).
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