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THE GENERAL REPRODUCTIVE SOLUTION OF BOOLEAN EQUATION

Dragic¢ Bankovié

Abstract. We give the formula of the general reproductive solution of Boolean equation
using Presi¢ theorem related to the formula of the general reproductive solution of the equation
of the finite set and Vaught theorem. We also give a very simple proof of the theorem which gives
the consistency condition of Boolean equation.

Definition. Horn formulas over language L are defined as follows:

—Elementary Horn formulas are defined as the atomic formulas of L and the
formulas of the form Fy A --- A F,, = G, where Fy,...,F,,G are atomic

—Every Horn formula is built from elementary Horn formulas by use A, V,3.

THEOREM 1. (Vaught) Let H be a Horn sentence in the language Lp of
Boolena algebras. If Bo = H then B |= H.

COROLLARY 1. Let X = (x1,...,2,) € B*, T = (t1,...,t,) € B", f :
B™ -+ B and P = (p1,... ,pn), where p; : B = B fori=1,... ,n. If X = P(T)
is the general solution of Boolean equation f(X) =0 in By, then X = P(T) is the
general solution of f(X) =0 in B.

Proof. The sentence “X = P(T) is general solution of f(X) = 0” can be
written in the form

(VX)(f(X) = 0 (3T)(X = P(T)))
i.e. in the form

(VX)ET)(f(X)=0= X = P(T)) A (vVT)(X = P(T) = f(X) = 0)).
Since this formula is Horn’s, it holds in B if it holds in Bs.

COROLLARY 2. If X = P(T) is the general reproductive solution of Boolean
equation f(X) = 0 in B, then X = P(T) is the general reproductive solution of
f(X)=0in B.
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Proof. The sentence “X = P(T) is the general reproductive solution of
f(X) =0" can be written as Horn sentence

(VX)(f(X) =0= X = P(X)) A (X = P(X) = f(X) =0)).

THEOREM 2. (Boole, Schoder) Boolean equation f(X) = 0 is consistent if and
only if 14 f(A) = 0, where IL4 means the conjuction over all A = (a1,...,a,) €

{0,1}™.
Proof . Theorem 2 can be written in the form
(3X)F(X) = 06 T4 f(4) =0
or, equivalently,
(VX)(f(X) =0=TI4f(4) = 0) A GX)Maf(4) = 0= f(X) =0).

This is a Horn sentence and it obviously holds in Bs. This means that it holds in
B.

THEOREM 3. (Presi¢) Let 0 € E and J : S — E, where S = {s1,...,5k}.
Let J(xz) = 0 be the consistent equation and C; be a cycle of g € S, i.e.

{¢,C4(q), C2(q),...,CE (@)} =S
Let + and - be binary operations on S U E satisfying
0-e=e-0=0-0=0,e-e=¢e, 0-¢q=0, e-qg=¢q
g+0=04+qg=gq, 0+0=0 (g€ S,e€e E)
and let * and ~— be functions from E into E defined by
y*=0 for y=0 g=e for y=0
y*=e for y#0 =0 for y#D0.

Then the general reproductive solution of J(x) = 0 is defined by the following
formula

z = J(q)g + T ()T (Cy(a))Cy(Q) + - -
(1) + J5(q)J* (Cy(q)) - .. J*(CE3(g)) J(CE2 () CE~2(q)+
+J*(@)J*(CU(q)) - .. J*(CE~2(q))CF.

Definition 2. Let T = (t1,... ,tn) € B™. Then

Teoi™ @, . ¢  (i=1,...,2"-1)

where by, ... ,b, are the binary digits of the number 7 — 1.

For example, (t1,t2,t3) ® 3 = (19,t1,t3) = (¢}, t2,t5) because 3 — 1 i.e. 2 can
be written as 010.
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We also use the following notation: m(1), m(2),...,m(n) are the binary
digits of the number m € {0,1,2,...,2™ — 1}. For example, since we write number
5 as 0101 for n = 4, then 5(3)=0.

LEMMA. Let f : B® — B. Then f(T ®i) =Uaf(A®)TA(G=1,...,2" 1)
Proof . Since T @i = (t3*,... ,t%), where b; = (i — 1)(j), we have
FT@i)=Uaf(ar,... an)}, ... th)laran)
= Uaf(ar, - an)(tr,- .. ty)(01 e
bn i e.

b
FT®i)=Ucf(ch, ... cbm)(ty,...  t,) e en)
=Ucf(C®i)TC.

Denoting a’{l =cy,...,0," = ¢, we have a; =c’{1,... ,ap = C

THEOREM 4. The general reproductive solution of consistent Boolean equation
f(X) =0 is defined by the following formulas:

g = Uala; f(AUuad? ) fAe)uaP fA)fAe ) f(Ae2)U...
(2) Ua® WA f(Ae)... f(Ae (2" - 2))
Ua?" 20 fA) f(Ael)...fAe 2" =2NT4, (G =1,...,n).
Proof. By Corollary 2 it is sufficient to prove in By that (2) is the general
reproductive solution of f(X) = 0. It is obvious that
(T,T®1, Te2,...,Te2"—1)}={0,1}"
for every T € {0,1}™. Using the formula (1) with Z = 2’ and z* = z we get
X =f(T)TU f(T)fTe)(Te1)u...
UfMfTol)...fTe@2"-2)(Te (2" -2)
UfMf(Trel)...f(Te@2"-2)(T o (2" -1)).

Using Lemma we get

X =(Jr@r)ru(JsrAr)(Jra+nr)renu...
A A A
u(UrAart) ... (JrfAe @ -2)T4(Te (2" -2)
A A
u(Jr@rt) ... (Jrae @ -2)T4(T o (2" - 1))
A A

zi = (UFATHTu (s (Ae T (T e 1);u...
A A
U(UJr@...flae 2" -2)T4) (T e (2" - 2)),

A

u(JrA)...fAe @ -2)T4(T e (2" - D), G=1...,n)
A
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Since TA(T @1); =t ... 1215 DY) = o7V T4 ang
TAT; =3 ... t3t; = a;T4, then

zj = o /(AT 0]V FAf (A8 )T U
A A
uJa" P05 f (A1) f(Ae (2" - 2)T4
A
ulJalr 2O f(A01).. . fAe (2" -2)T*, (i=1,...,n)
A

From this we get (2).
I, we define the scalar product of two vectors P = (p1,...,ps) and Q =
(q1y---,9s) a8 po@ = (prq1 U---Uprg,), we can write (2) in the form

T; = U(a], 2(1), ;(J), .. ,a§.2n_2)(j)) o F(A)
A
where F(A) = (f'(4), f(A) f(A@1),..., f(A)... [(A& (2" - 2))),
Example. Solve the Boolean equation azy U bz'y' U cx'y U dxy’ = 0.
The consistency condition is abecd = 0

F(L1) =(f/(1,1), £(1,1)£(1%,19), £(1,1)7(1° 1) £/(1°, 1Y),
F(1,1)£(1°,1%9£(1° 1Y) = (a’, ad’, abc', abce)
F(0,0) =(£'(0,0), £(0,0)f ( ,0%), £(0,0)£(0°%,0%) (0%, 0),
£(0,0)£(0°,0°) £(0°, 01)) = (¥, ba’, bad', bad)
F(0,1) =(f'(0,1), f(0,1)'(0°,1%), £(0,1) £ (0%, 1°) (0%, 11),
F(0,1) £(0°, 10)f(00, 1Y) = (¢, ed', cda’, cda)
F(1,0) =(f'(1,0), £(1,0)f'(1°,0°), £(1,0)£(1°,0°) f'(1°,0"),
£(1,00£(1°,0°) £(1°,0%)) = (d', dc', dcb', dcb)
z = (1,1°,1°,1Y)(a’, ab', abc’, abe)tu U (0,0°,0°,0M) (', ba', bad', bad)t'u'
U (0,0°,0°,01) (¢, cd', eda’, cda)t'v U (1,1°,1°,11)(d', d’, deb’, deb)tu'
= (a’' Uabc)tu U (ba' U bad')t'u' U (ed' U cda’)t'uw U (d' U deb)tu' =
= (a' Ubc)tu U b(a' Ud)t'u' Uc(d Ua)t'uU (d Uch)tu'
y = (1,1°,11,1%(a’, ab’, abc’, abe)tu U (0,0°,0%,0°) (b, ba', bad', t'u'
U (1,1°,14,1%)(¢, ed’, cda’, cda)t'u U (0,0°, 0%, 0%)(d', dc’, cdeb', deb)tu’
= (a' Uabc')tu U (ba' U bad)t'u' U (c'cda’)t'vw U (d' U deb)tu’ =
= (a' Ubc)tu Ub(a' Ud)t'u' U (' Uda')t'uUd(c Ub)tu'



The general reproductive solution of Boolean equation 11

REFERENCES

[1] C. C. Chang, H. J. Keisler, Model Theory, North Holland, Amsterdam, 1973.

[2] 7. Mijajlovié¢, Some remarks on Boolean terms-model theoretic approach, Publ. Inst Math.
(Beograd) 21(35)(1977), 135-140.

[3] S. Presi¢, Une methode de resolution des equations dont toutes les solutions apparatiennent
a une ensemble fini donne, C. R. Acad. Sci. Paris, 272 (1917) 654-657.

[4] S. Rudeanu, Boolean Functions and equations, North Holland, Amsterdam London and
Elsevier, New York, 1974

Prirodno-matematicki fakultet (Received 13 12 1982)
34000 Kragujevac
Jugoslavija



