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LINEARIZATION OF NONLINEAR DIFFERENTIAL EQUATIONS, IV:
NONLINEAR SECOND ORDER PARTIAL DIFFERENTIAL EQUATIONS
EQUIVALENT TO LINEAR BASE EQUATION

Vlajko Lj. Kocié

1. Introduction. The linearization as a method for solving some nonlinear
differential equations (partial and ordinary) is well known in the theory of differ-
ential equations. Already Painlevé, in his classical papers [1, 2, 3] quoted several
examples of linearization of nonlinear differential equations; Kamke [4], lists over
twenty nonlinear ordinary differential equations whose solutions are expressed as
function of solutions of the corresponding linear equations; by classical transforma-
tions such as Kirchoff’s, Backlund’s, some nonlinear partial equations are reduced
to linear ones (see, for example [6]). However, only upon the appearance of Pin-
ney’s note [7] in 1950, this topic developed suddenly. This note was the starting
point for numerous investigations these last years [8-24].

In several papers [15-24] the authors investigated the problems of the follow-
ing type:
Construct a nonlinear differential equation of the form
(1.1) B(Zgrars- - s Zanans Zarse e > 2mny 2, (U, VW2, 21, ..., 2,) =0,
where u, v are particular solutions of the linear equation with functional coefficients:
n n
(12) Lu = Z Ai]-uzizj + ZB,’U.’E;’ + Cu =0,
1,j=1 i=1

i<i

W is a generalization of the Wronskian (see, for example, [17]) defined by

(1.3) w2 = Z Aij (V2,0 — ug,v) (Vo U — Ug;Y),
ij=1
i<i
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h is given homogenous function in two variables, having the solution in the form
(1.4) z=F(u,v) (F is given function).

The linear eqaution (1.2) is called the “base equation”.

For different functions F', which for all investigated cases were homogeneous,
the equations of the type (1.1) were constructed. Particularly, the case of ordinary
differential equations was investigated [18-21, 24], as well as the case of partial [15—
17, 22, 23]. The results were also applied for solving some problems of quantum
mechanics, thermodynamics, etc.

Since in all above mentioned papers only the particular cases were investi-
gated, naturally the following general problem arises: Determine the necessary and
sufficient conditions so that the equation.

(1.5) Zayor =F (Baymas -« s Zaom,s Zans - - o5 By 2 (U, V)W, « « oy AU, W Wayy T1y - - oy Tpy)

has the solution (1.4), where u,v are linearly independent particular solutions of
linear equation (1.2),homogeneous function of two variables of order k, w; = v, u —
ug; (i =1,...,n).

Remark 1. Equation of the form (1.5) is more general than (1.1). The as-
sumption that z,,, appears of the left hand side is taken due only to technical
reasons and the generality is not decreased. In connection with that we assume
A1y = —1. Also, we suppose that functions F' and f have the continuous third
order derivatives, which, having in view the nature of the problem, is justified.

In further text we shall use the following notations:

f n n n
Z Qij = Z Qij, Zaz’j = Z aij;zaz' = Zaz’-
4,3 i i=1

i,j=1 ij i,j=1
i<i

In the present paper we shall give the complete solution of the posed problem.
Also, we give a number of applications of the main theorem. Our result is compared
to many known results.

2. The main theorem. THEOREM 1. Equation (1.5) has the solution
z = F(u,v), where u,v are arbitrary linearly independent particular solutions of
(1.2), if and only if it has the form:

!
(2.1) z Aij(Zziz; + P(2)20,20;) + ZBizzi +CQ(z) + DR(z) =0,
irj i

where P,Q, R satisfy the conditions

(2.2) 1-PQ=Q", RRQ+ (2k+3+ PQ)R =0,

Aij, B;i,C,D are functions of z1,... ,x, and

(2.3) D = KW?2h(u,v)?, (K = const.).
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In this case the function F is determined by
(2.4) Q(F)/R(F) = (uG(v/u))****,
where G satisfies the ordinary differential equation
(2.5) G"(t) + KH(t)*G(t) ** 2 =0
and H 1is given by
(2.6) h(u,v) = u*H(v/u).

Proof. We shall give only an outline of the proof. First, we assume that
2z = F(u,v) satisfies (1.5), where u, v are arbitrary linearly independent particular
solutions of (1.2). Than the following condition must be satisfied:

(2.7
!
Z Aij (Fuuwm) + Fvvz;wj + Z Bi(Fyug,; + Fyvg,;)
i

(29}
i#1

+ C(Fyu+ Fyv) + Fuuui1 + 2F,ug,v21 + Fyyva?
Zf((Fuqu’Ez +F’UUCE1CE2 +Fuuum1u$g)+Fuv (Ua:lvzcg + uzngl + F’vawlvwz)7
ey (Futg,z, + Fyvg, o, + Fuuuin + 2F Uy, Uy, + Fuyvl,),

(Fyug, +Fyvg,), .oy (Futg, + Fyug,), Fyh(u,v)w,. .. h(u,v)wn, z1,... ,2Ty).

Differentiating (2.7) twice with respect to variables ug;,; and vgq;(i <
jii,7=1,...,n) we find that f has the form

(2.8) F(81,25- - 38nmsS1ye - »Snytlyeen stny 8, 81,0 ,Zn)
'
= E Ai]-s,-j +p(81,... 3 8mytly e b0, S, X1, .- ,.’L’n).
i,J
i#j

Furthermore, substituting f, given by (2.8), into (2.7) we obtain the con-
dition which must be satisfied by p. From the second derivative with respect to
variables ug;,vs; (4,5 = 1,... ,n), from this relation we find that p has the form:

!
D(S1y-e 3 8nytlyees 1 bn, $, 21,00 ,Tp) = Z (Qi;sisj + Q3 tit)+
i,J

+>Q%siti + > (Risi+ (Rit:) + T,
i i

L Q2. Q3.

YR ij? ij

Substituting so obtained p into (2.7) and (2.8) we find the following;:

where the functions Q R}, R?, T depend on 8,Z1,...,Tn.

i =AijP(s),Q}, =R =0, Q}; = Aj;KR(s), R; = B;, T = CQ(s),
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(4,j =1,...,n), where P,Q, R satisfy (2.2). Also, we have that F' is determined
by (2.4), where (2.5) and (2.6) hold. This proves that the mentioned conditions are
necessary.

By a direct varification we can show that the same conditions are sufficient
which completes the proof of the theorem.

3. Corollaries. Now, we shall give certain corollaries and examples which
illustrate the theorem.

(i) Transformation Z = (Q(z)/R(2))" ¥+ reduces (2.1) to the equation
(3.1) LZ + DZ72%-3 =,
which has the solution Z = uG(v/u), G satisfies (2.5), (2.6).

Equation (3.1) represents a “canonical equation” for this class of problems.
Namely, the main result can be formulated in the following way: the only equations
of the form (1.5) which have the solution z = F'(u,v), are those obtained from (3.1)
by a transformation of unknown function Z = ¢(2).

(if) Equation

!
(3.2) Z Aij(Zgia; + (@ — 1)2g, 24, [ 2) + ZBizm +Czla+ Dz/a =0,
ij i

(g = —2(k + 2)a + 1, a =const.), is a special case of (2.1) and has the solution
z = (uG(v/u))'/®, G satisfies (2.5), (2.6).
Some particular cases of the above equation are studied in [15-17, 22, 23].
(iii) Specially, if

83) b = (S aito/u) (30 es(on)™),

3,j=1

r= Zp(k + 2) -2, Cij = pa,-ajbi(l —b; + (1 —p)bj), dz'j =b; + bj -2, p,a;,b;

are constants, then equation (3.2) has the solution

z=ul/" (f: ai(v/u)b’)p/a.
i=1

The special cases m = 1,2,3 are treated in [15-17, 22, 23].
(iv) Equation (2.1), where D is given by

1° D = kW?(Ciu? + Couv + C3v?)*, C1,Ca, Cs =const;
2° D = aW?u?k=%?, a,b =const;

3° D =aW?u®* a =const;

4° D = aW?ukv*, a =const,

has the following solutions:
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2k+4

1 Q()/R(2) = t(v/w)** (ud(f (tv/u) " dv/u)))
where t(v/u) = C1 + Cav/u + C3(v/u)?, and A is determined by

/(c + CuA? + Cs AT V24A = s+ d, k # —1,
(3.4)
/(c + C1A? —2Klog A)"YV2dA=s+d, k=1,

Cy=C2/4—-C1C5, Cs = K/(k +1), c,d are arbitrary constants.

In this case F' containes two arbirtary constants. Specially, for ¢ = 0, the solution
can be expressed in closed form

2 Q(2)/R(2) = (dalk +2)2/(b + 2)(2hk + 2 — b))uk+2-byb+2.

3° Q(2)/R(z) = u?** A(v/u)?***, where A(s) is determined by (3.4), with
Ci=1,Cy=C5=C4=0.

4° Q(2)/R(z) = ubt2vk+2A(log(v/u))?k+1, A(s) is given by (3.4), with
Ci=Cy=0, Co=1,Cys=1/4

(v) Equations

1° Zli,j Aij(20:0; + 020,20;) + 3 Biza; + Cla+ De~(@k+9)az g —

2° E'i’j Aij(2gi0; — 220, /7) + 2 Bizg; + Czlog 2 + Dz(log 2)7#73 = 0,
K3

3° Lz+KW?z73 =0,
4° Lz — W?(Cu?® + Couv + C3v?) 7323 = 0,
where a, C1, C2, C3 are constants and D is given by (2.4), have the solutions:
1° z =log(uG(v/u))/a, G satisfies (2.5), (2.6),
2° z=exp(uG(v/u)), G satisfies (2.5), (2.6),
3° 2= (cu® +duv + (&> — K)v?/4c)'/?, ¢, d arbitrary constants,
4° z=u(Ci+Covju+ Cgv2/u2)1/2A(f(C’1 +Cyv/u+ C3v2/u2)_1d(v/u)) ,

where A is determined by [(c + C4A% + A*/2)'/2dA = s+ d(c, d are arbitrary
constants). In this case A is expressed by elliptic functions.

4. The case when u and v are functionally dependent. We shall
consider the case when u and v are connected by the relation:

(4.1) v = g(u)u,

where g is a twice differentiable function.

Since v satisfies (1.2), we find that wu, besides (1.2) must satisfy the first
order partial differential equation

(4.2) ZI Ajjugu,, = Cug'(u) (ug"(u) + 2g'(u)) = CT(u).

i,J
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Also, function D has the form

(4.3) D= KCu2k+6H(g(u)2g'(u)3(ug"(u) + 2g'(u)) -
Furthermore, let us suppose that C' and D satisfy the following

(4.4) D = LC (L = const.).
Then, equation (2.1), where D is given by (4.3), has the solution

2k+4

(4.5) Q()/R(2) = (uGlg(w)

where G satisfies the equation

(4.6) G"(t) + B(t)G(t)~%*=3 =0,

and B is determined by

(4.7) B(g(w) = L(ug"(u) +2¢'(w)) g'(u) w2,

u is a common particular solution of (1.2) and (4.2).

Equations of the form (2.1) with (4.4) are very interesting due to numerous
applications, particulary in physics.
In papers [15-17, 22] only the case v = 1/u was treated.

5. Equations with constant coefficients. Let us study the equa-
tion (2.1) where A;;, B;, C, D are constants (i,j = 1,...,n;¢ < j). Since
D = LC(L =const.) we can apply the result from the previous chapter. In con-
nection with that the following question rises: When, for given g, there exists u
which satisfies linear equation (1.2) and first order equation (4.2)?

In some special cases the answer to this question is affirmative. For example,
let us consider the case g(u) = u®, a =const, a # 0, —1.

Then equation (4.2) becomes
!
(5.1) Z Ajjugug; = Cu?/(a+1).
i,J

For exaple, a common solution of (1.2) and (5.1) is given by

(5.2) u= ibj eXp(Z az‘j$z’),
j=1 i

where a;;,b;(i =1,...,n, j =1,...,m) are constants satisfying
!
ZaijBi + (a + 2)0/(61 + 1) = 0, Z Aika,-jakj = C/(a + 1)
i ik

!
(53) Z Ail(aikaij + aljalk) = 20/(& + 1)7 (J:k = 1: tee JmJj < k)

il
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The function G is a solution of the equation
(5.4) G"(t) + L(a + 1)a=2¢~2k+atD/ag()=2k=3 = .

1/(2k+4)
A particular solution of (5.4) is G(t) = (—Laz(a + 1)*2) t1/e (see

[26]), which means that z, given by
Q(Z)/R(Z) — _La2(a + 1)—2u(2k+4)(a+1)/av—(2k+4)/a,

is a solution of (2.1).

The case a = =2, a = —k—2, a = —(k+2)/(k + 1) are of the interest, since
(5.4) is in those cases integrable. Function G, in these cases is given by

/(c 4GP /At — LT G 4k + 1)) VU126 = log t +d, a = —2
(5.5) /<c LG (ke + 2)2) VG =ttd, a=—k—2,
/(c LG/ (ke + 2)2) UG =d— 1)t a = —(k+2))(k +1),

respectively, (¢, d are arbitray constants).
Specially, for ¢ = 0, solutions of (2.1) be expressed in closed form.

We note, that for B; = 0(i = 1,...,n), C # 0, (5.3) will be satisfied only
for a = —2.

6. Nonlinear Klein-Gordon’s equation. Now, we shall apply the previous
results to the nonlinear Klein-Gordon’s equation:

(6.1.) O%® + M2® + \@ 23 =0 (M, A\, k = const.),
_ 0 o® a® a®
Where‘]z—w—m—m—%g.
This equation has the solution
(6.2) ® = uG(1/u?),
where G is determined by (5.5), case a = —2. Specially, for ¢ = 0, we have

¢ = U(i(A/(k +1)dM>)V2 (du 21 — 1)1/<k+2>)_

Function w is a common particular solution of the linear Klein-Gordon’s
equation
O%u + M?u = 0,

and the first order equation

2 _ 2 2 2 _ ar2, 2
Uy — Uy, — Uy, — Uy, = M7u”.
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Particularly, for ¥k = —3 we obtain very important equation (see, for example,
[15-17])
02® + M2® + A3 =0.

This equation has the sollution (6.2), where G(t) is determined by
/ (c + G2 J4t + M—2G4 /8SM2)~2d(t=1/2G) = d + log t,

(c,d are arbitray constants). Thus, in this case G is expressed through elliptic
functions. For ¢ = 0 we obtain the result from [15-17, 21]

o = u(i(—A/2M2d)1/2(du2 - 1)—1).

7. Ordinary differential equations. In this chapter we shall consider the
case n = 1, i.e. ordinary differential equations

(i) As a consequence of the theorem 1 we get the following;:
THEOREM 2. Equation
(7'1) y” + f(yl5 y7 wh(“) /U)"Z) = 0

has the solution y = F(u,v), where u, v are two linearly independent patricular
solutions of the linear equation:

(7.2) u" + A(z)u' + B(z)u = 0,

if and only if it has the form

(7.3) y" + P(y)y* + A(z)y' + B(z)Q(y) + C(x)R(y) = 0.
P,Q, R satisfy (2.2), C is given by

(7.4) C(z) = Kw?h(u,v)?,

where K is a constant, w is the Wronskian for w and v, h is homogenous function
of order k in two variables.
Function F is given (2.4.), where (2.5), (2.6) hold.

1/2k+4
(ii) By the transformation z(t) = (Q(y) /R(y))

(7.3) reduces to the eqution of the form

Ju, t = v/u, equation

(7.5) 2"(t) + a(t)z(t) 723 = 0.

In the other words, equation (7.5) has the role of “canonical eqution” for
the considered class of problems. Namely, all equations of the form (7.1) having
solution y = F(u,v) can be obtained from (7.5) by the substitution of the form

z=£&(z)¢(y), t =n(x).
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(iii) Specially, for h(u,v) = 1, we get the Herbst’s equation (see, for example
5, 9, 10, 12)).

(iv) Equation (7.3), where P(y) = (a—1)/y, Q(y) =y/a, R(y) =y~ ¥+t /q
(a = const) and h has the form (3.3) is considered in papers [18-21, 24] in some
special cases.

(v) Let B(z) = 0, P = 0, Q = y, R = y~ 273 then (7.3) becomes
generalized Emden’s equation (see, for example [25-27]). Taking, for example,
h(u,v)? = (Cru? + Cyuv + C3v%)* and using the result from section 3, point (iv),
item 1, we obtain the conditions for the integrability of Emden’s equation from
[25-27].
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