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SOME REMARKS ON THE CANONICAL FORMS
FOR PSEUDO-BOOLEAN FUNCTIONS

Radomir S. Stankovié

Abstract. We consider some canonical forms for pseudo-Boolean functions and give a
fast algorithm for the determination of these forms. We also show that the coefficients of all m™
possible different canonical forms may be computed simultaneously by using the fast convolution
algorithms.

In order to make this note self-contained we shall briefly repeat some defini-
tions.

Let P ={0,1....,p— 1}, and let “+” and “” denote addition and multipli-
cation modulo p.

A pseudo-Boolean function f is defined as a mapping f : L™ — P, where
L C P, and L™ stands for the n-th Cartesian power of L.

In the set L we introduce the relations

1, zi=¢q Lol
[mi;Q]—{O’ 2 q zi,q€L (i=1,...,n)

for the variables z1,... ,Z,.

By a pseudo-Boolean expression we mean a well-formed expression made up
of the following symbols:

a) the elements 0,1,... ,p—1
b) the variables [z;,, gi, ]
¢) the two operations “+” and “-”.

The set P, of pseudo-Boolean expressions is a module on the ring (P, +,-)
[1]. In [2] it is proven that for all (a; ---a,) € L™ the set

(1) Bal,_._,an = {17 [xi17qz'1] . [mi27q’i2] Teeet [»’Ez’m,(hm]}
1<m <n; 7:172.27"' 77:m € {1727 7n}7 Qi € L\{ak}(l < k < n)
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is a set of linearly independent expressions in P,.

It is clear that if L consist of m elements, then there are m”™ sets By,
and, also, it can be easily proven that these sets are bases in P,.

e m )y

Using the bases described by (1) some canonical forms for pseudo-Boolean
function may be defined. Here, by a canonical form of an m-valued n-variable
pseudo-Boolean function we mean an expression of the form:

(2) flz, ... zn) =co+ar[Tiy, @i, ] + -+ + emlTi, > i, ]
+Cm+1[37i1,(}i1] ) [mizaqi2] +---+ Cm"—1[$i17qi1] Teeet [mimaqim]

Since there are m™ bases, it follows that a given pseudo-Boolean function
f may be represented in m™ different ways, i.e., there are m™ different canonical
forms. In what follows, a canonical form corresponding to the base By, ,, will be
denoted by CF(j) where j =1  a;p"".

In what follows, the coefficients of the canonical forms will be noted by two
parameters, c;;; the first parameter denotes the base, and the second denotes the
order of the coeflicients in (2).

In [2] some formulas for determination of these canonical forms are derived.
But being given in an analytical form, the results obtained are very cumbersome
for practical applications. Written in a matrix form these results may be expressed
as follows.

THEOREM. Let a pseudo-Boolean function f : L™ — P be given by its value
vector [F] = [f(00...0),...,f(p—1,p—1,...,p—1)]T.

The canonical form CF(m™ — 1) correspond in to the base B,_1y.. (p—1) may
be obtained as:

) fer, . e = (é[Ai]) (® B) - 7]

where ® denotes the Kronecker product operation, and ®' denotes the Kronecker
product operation with modulo p reduction. The matrices [A;] and [B;] are defined
as follows.

The matriz [4;] is a (1 X p) matriz of the form:
[1 ['Z.ip—27 qip—2][$ip—3 ) qip_:;] e [wio ) qio]]
and [B;] is a (p x p) matriz of the form

0 0...0 0 1
0 0...0
0 0...1 0 p—1
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Proof. The proof of (3) is easily obtained by induction and, hence, it is
omitted.

Note that the canonical forms corresponding to each of the remaining bases
B,, ., may be obtained by a simple modification of (3). The modification is
achieved using the cyclic shift operation.

For a basis By, a4,((a1...a;...a,) € L™), where a; ...a;...a, are not all
equal p — 1, we have the first element in the matrix [4;] (i = 1,...,n) in (3) is
equal 1. The remaining elements of [4;] may be obtained by a cyclic shift of the
elements of the sequence {[,_,,qi,_.], [Tip 2> ip_s)s- -+ » [Tio» Qo) } for (p—1—ay)
places to left and keeping the last p — 1 elements.

The matrix [B;] in this case may be obtained by a cyclic shift of the columns
of the matrix (4) for (p — 1 — a;) places to left.

Expressed in this form the results form [2] are obviously equal to those pub-
lished by Kodandapani and Setlur in [3].

When one works with this type of expansions one very important question
is the search for the optimal point about which the expansion is to be done in
order to obtain the series with the minimal number of terms. This is particularly
important in the case of pseudo-Boolean functions, since we use mod-p adders,
which is not simple to realize in hardware. A direct way to determine the minimal
canonical forms is to compute all the m™ canonical forms and find the form with the
least number of nonzero terms. To compute these forms one needs to compute m™
coefficients in each of these forms. There are altogether m™ xm™ = m?2" coefficients.
The direct computation of these coefficients using (3) requires a great number of
modular operations. This problem has been studied in [4]. In [4] it is shown that
there are only (m(m+1)™)/2 distinct coefficients and a matrix technique to compute
them is presented. Also a matrix equation is given which can be conveniently used
for computing the minimal expansion. Here, we disclose a fast algorithm for the
determination of the coefficients ¢;; from (2). The application of this algorithm
considerably reduces the number of the required modular operations.

Due to the Kronecker product operation, we immediately have from (3) that
the construction of a fast algorithm is possible. The method of construction is com-
pletely analogons to that used for obtaining the F/F'T algorithms (see, for example
[5, 6]), and no special techniques need be included here. We simply illustrate this
statement by the following example.

z|000111222

1012012012

fl401300240
Table 1

Ezample. Let f:{0,1,2}? = {0,1,2,3,4} be given by Table 1.



6 Stankovié

From (3) we have that CF(m™ — 1) is given by
f(@,y) = cs0 + esy, 1] + cs2[y, 0] + cs 5[z, 1] + cs 4z, 1][y, 1]
+ cg,5[%, 1]y, 0] + cs,6[, 0] + cs,7[, 0][y, 1] + cs 5[z, O][y, O]
= ([1[z, 1][z, 0] ® [1[y, 1][y, 0]])

0 01 001
01 4|a'"|0 1 4| |-[F].
1 0 4 1 0 4

Since [F]=[401300 24 0]T we otain
f(z,y) =4[y, 1] + 2[y, 0] + [z, 1][y, 1] + [z, ][y, 0] + [z, 0] + [z, O][y, 0.

For the calculation of the coefficients cg ;(¢ = 0,1,...,8) in this expansion we
use the fast algorithm given in Fig. 1., where a dotted line inducates multiplication
by 4 mod 5 before addition mod 5 takes place. It is apparent that this algorithm has
a complexity similar to that of one step of a FFT algorithm [5, 6], and, moreover,
only real arithmetic operations are required. The algorithm is applicable for any p
and n. It is obvious that the proposed algorithm is very simple and fast.

If we want to calculate all m2™ coefficients of the m™ possible canonical forms
CF(j), then the following observation may be very useful.
Let [R(m™ —1)] = ® ' [B;] be the matrix corresponding to CF(m? — 1), and

i—1

let 7(s) be the s-th row of [R(m™ —1)]. The only difference between [R(m™ —1)] and
the matrices [R(j)] correspooding to the other canonical forms is in the ordering of
their columns. This is a natural consequence of the definition of [B;].

Now, let [C] be the vector of the coefficients inpexed by k in all m™ possible
canonical forms, i. e.,
[C] = [Co,k Clk--- Cmn—lyk]T.

Then, one has

(5) [C] = [r(k) * [F]
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where * denotes the cyclic convolution in P, defined as

p‘n—l
(fixf)®) =Y A@fE+z),  fi,f2 € P
z=0

Due to the fast convolution algorithm (see, for example [8]) the implementa-
tion of (5) is very efficient.

Conclusion. The proposed fast algorthm as well as the relation (5) may be
used as a good starting point for the formulation of a procedure for the determina-
tion of a minimal canonical form of a given pseudo-Boolean function.
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