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NECESSARY AND SUFFICIENT CONDITIONS FOR A SYSTEM OF
EIGENFUNCTIONS AND ASSOCIATED FUNCTIONS OF A
STURM-LIOUVILLE OPERATOR WITH DISCONTINUOUS

COEFFICIENTS TU POSSESS THE BASIS PROPERTY"*

Nebojsa L. Lazetié

Abstract. In this paper we establish necessary and sufficient conditions which an arbitrary
minimal and complete system of eigenfunctions and associated functions of a Sturm-Liouville
operator with discontinuous coefficients must satisfy in order to have the basis property in the
sense of V.A. I’in [1].

Introduction

1. Consider the nonselfadjoint Sturm-Liouville operator
L(u) = =(p(x)u")" + q(z)u, (1)

which is defined on a finite interval G = (a, b) of the real axis. Let 2o € (a,b) be
a point of discontinuity of the coefficients of the operator (1). If we introduce the
notation
( ) pl(x)a T e (a5$0)7
) =
i po(@), @ € (0,b),
then the following conditions are imposed on the coefficients:
1) pi(z) = p1 = const. > 0,z € (a, zo];p2(x) = p2 = const. > 0,z € [zg,b).
2) q(z) € L;,"C(G), 1< p < oo;¢(z) is a complex-valued function.

(2)
Definition 1. A complex-valued function u§(z) # 0 is called an eigenfunction

of the operator (1)-corresponding to the (complex) eigenvalue A if it satisfies the
following conditions:
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a) u§ (z) is absolutely continuous on any closed subinterval of G.
b) u$

intervals

’

(z) is absolutely continuous on any closed subinterval of the half-open

Ux
(a,z0) and [zo,b).
¢) ud(z) satisfies the equation

’

—p1ul (@) + g@)ul () = X - u ()

almost everywhere on (a, zg), and the equation

—poul (z) + q(z)ul (z)
almost everywhere on (zo, b).

d) u(z) and u§ satisfy the junction conditions
0 _ 0 o' 0
uy(zo — 0) = uy(zo + 0), pruy (zo — 0) = pauy (zo0 +0)
at the point of discontinuity of the coefficients.

Definition 2. A complex-valued function uj(z), i € N, is called an i-th
associated function of the operator (1) corresponding to the eigenfunction u$(z)
and the eigenvalue A if it satisfies the following conditions:

a) Conditions a), b) and d) of Definition 1 hold for u} (z).

b) u} () satisfies the equation

—pruh (z) + q(z)ud () = X - uh (2) — ul(z)

almost everywhere on (a, o), and the equation

paul () +q(z) = A - ui(2) — ui ' ()

almost everywhere on (zo, b).

We shall suppose that for every eigenvalue A both the corresponding eigen-
functions u9(z) and the first associated function u}(z) exist (see p. 2, §4). Let
{ui(z)|n € N, i = 0,1} be any minimal and complete system in 5Ls(G) of eigen-
functions and associated functions of the operator (1), and let {A,|n € N} be the
corresponding system of eigenvalues. Assuming the finite limit points of the set
{V/An|n € N} do not exist, we can enumerate the numbers ), in order of nonde-
crease of v, = |\/E|1 Denote by {vi(z)|n € N, i = 0,1} the system of functions
biorthogonally dual in Ly (G) to {ul(x)|n € N, i = 0,1}, i.e. such a system that
vl (z) € Ly(G) and

1, if n=m and i=j,

(vhvh) = [ ula)ehu(o)de = {

0, otherwise.

f Ay = 70 - €97, then VA, = ,/'rnei""”/?, where —7/2 < ¢, < 37/2.
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Let f(z) be an arbitrary function from the class L2(G), and let p be a positive
number. We can form the partial sum of expansion of f(z) in biorthogonal series:

oula, )= 3 (f,vi)d(a).

1<n<p
=01

Following II’in [1], we make the following definition.

Definition 3. The system of functions {ul(z)|n € N, i = 0,1} has the basis
property if for any function f(z) € L2(G) and any compact subset K of G

Jim_llou(@, £) = F@l) a0 =0. ()

Our main result is the following.

THEOREM. Let {u(z)|n € N, i = 0,1} be a minimal and complete system
in Ly(G) of eigenfunctions and associated functions of the operator (1) whose co-
efficients satisfy (2), and let {vi(z)|n € N, i = 0,1} be the system of functions
biorthogonally dual in Ly(G) to {ul(x)}. Let the eigenvalues X, satisfy the follow-
ing condition: there exist constants A and B not depending of the numbers \,, such
that

1) ISV AL < A, n € N. (3)
2) Z 1< B for any p >0, (4)
RV An|—p|<1

where B does not depend on . Then the following statements are equivalent:
a) The system of functions {ul(z)|n € N, i = 0,1} has the basis property.
b) For any compact subset K of G there is a constant C(K) not depending
onn € N such that

||u;,||L2(K) ’ ||/U:.7,||L2(G) S C(K)a n e Na i= 07 1. (5)

2. This Theorem is an extension of the known result of I’in [1, Theorem 1] to
the case of second order operator with discontinuous coefficients. In [1] II'in found
necessary and sufficient conditions which an arbitrary minimal and complete system
of eigenfunctions and associated functions of a nonselfadjoint ordinary differential
operator of any order with sufficiently (locally) smooth coefficients must satisfy, in
order to have the basis property. In [4] we considered the case of the Schrodinger
operator with complex-valued potential g(x) € L;OC(G), 1<p<+oo.

3. The Theorem is proved by a method based only on the mean-value formulas
for the eigenfunctions and associated functions of the operator (1). This method
was elaborated by V.A. I'in in [1]-[2]. Applying it to our case, we had to solve
two problems that turned out to be technical ones. First, it was impossible to use
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the notion of fundamental solution of the corresponding differential equations in
obtaining the necessary estimates for eigenfitnctions and associated functions of the
operator (1), as it was done in [1]-[2]. We solved this problem in [5]-[6]. Second,
it turned out to be difficult to estimate the spectral function of the operator (1),
even in the simplest case of the piecewise constant coefficient p(z). This problem
is considered in §2 of the present paper.

In §1 a list of the mean-value formulas and the estimates of eigenfunctions
and associated functions of the operator (1) are given. In §3 the conditions (5) are
proved to be sufficient, and in §4 they are proved to be necessary.

4. We thank Professor V.A. IIin for stating the problem and for valuable
discussions concerning numerous problems in the spectral theory of differential
operators.

§1. Auxiliary results

1. The following estimates of eigenfunctions and associated functions of the
operator (1), which are of independent interest, play an important role in the proof
of the Theorem.

Let K be an arbitrary compact subset of G, and let R be a positive number
less than the distance p(K,9G) from K to the boundary G of G. Let

Kp ={z € G|p(x,K) < R},

where K is the intersection of all closed subintervals of G' containing the compact
K.

If coefficients p(z) and g(z) satisfy the conditions (2) and eigenvalues \,, 2
satisfy (3)-(4), then the following assertions hold.

LeMMA 1. For any compact subset K of the interval G there is a constant
C(K,p,q) not depending on n and i such that

;nea}(q“ﬂm” < C(Kapa q)“ui,“LZ(KR)J neN,i=0,12,... (6)

LEMMA 2. For any compact subset K of the interval G there exists a constant
D(K,p,q) not depending on n and i such that

max |uy, ' (2)] < DK, P, )|V Anl - gl 1scyyr 7 € Ny i € N.

Lemmas 1 and 2 are proved in [5] (see Theorems 1, 2 and Remark 3) and [6]
(see p. 1, §1 and p. 3, §3 in Chapter 5).

2. In order to give the mean-value formulas we introduce the functions h =
p1(z,t) and h = (z,t) defined by

z z+p2(z,t)
/ dr / dr
=t, =1,
p(T) p(7)
z—p1(z,t) T

2Without loss of generality we shall assume that A, #0,n € N
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where z € (a,b), t € [0,t,], and t, is a sufficiently small positive number. For a
fixed z € (a,b) we have the inverse functions ¢ = p,(z,h) and ¢t = py(z, h), which
will be used in the following form:

z T € T
mx,x—s)z/g ‘;(T),ﬁz(x,.s—x)z/ Z(T).

3. Let u)(£) be the eigenfunction of the operator (1) corresponding to the
eigenvalue \,. Let z € G and let t be a positive number such that the points
x — p1(x,t) and x + p2(x,t) belong to G. The following mean-value formula for
u? (€) holds?:

p(a = p1(z,1)) - up (@ — p1(z, 1)) + (-’r+pz(w t)) - up (@ + p2(z,1)) =

:(\/p(a:— +\/px+0) cos\/_ t—

z+p2(z,t)
o | dOh© At - o) - - ®
1 i oo _
e / 2(©)u (&) sin /A (py (&, 7 — ) — t)dé—

z—p1(z,t)

If z — p1(z,t) < To < x, then the mean-value formula for 4% (£) has the form

VL - up (@ = (@, 1) + /P2 - up (@ + pa(z, 1)) =

= 2\/pz - ud(x) cos /At + (v/B1 — v/P2)ul (w0) cos v/ A, (By (7,2 — mo) — t)—
z+p2(z,t)
- jA_ : 9(€)u2(€) sin /An (B (2, € — ) — 1) dé~ (9)
v ) /< ) Q€ sin v/ X7 (0,0 — ) — )~

If £ < 20 < & + p2(z,t), then the following holds:
¢p— W@ — 1 (@,8) + V3 - ul(@ + pa(, ) =
= 2./p1 - u%(x) cos / Ant + (/P2 — /P1)ud(20) cos v/ A (P (2,20 — ) — t)—

z+p2(z,t)
‘«%' G(€)u(€) sin /A (7, € — ) — t)d— (10)
1 i oo _
= / ) sin v/ X (7 (2, — €) — )dé—
z—p1(z,t)

31f £ # xo then we assume that zo & (z — p1(x, 1),z + p2(x,t)).
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Equalities (8)-(10) are special case of the equalities (13)—(15) from [5].

4. Let ul (€) be the first associated function of the operator (1) corresponding
to the eigenvalue ), and the eigenfunction u?(§). If z € (a,b) and t is a positive
number such that the points z — p;(z,t) and x + pa(z,t) belong to G, then the
following mean-value formula for ul (¢) holds?:

p(@ = p1(@,1) - un (@ = pr(o, t)) +Vp(@ + p2(2,1) - up (@ + pa(2, 1) =

:(\/p(x— +\/p:1:+0)) cos(\/_t)+1/2 (\/ﬁ+
+Vp@ +0)) 6% () - ¢ - sin(v/Xnt) /v A

z+p2(z,t)
- jA_ : G(EuL (€) sin /An (5o, € — ) — t)dE—
]. r 1 . —
o= [ a©u©sin VA @a - o) - et
z—p1(z,t)
z+p2(z,t) (11)
1
ton / q(§)ud (&) (Pa(w, & — x) — ) cos \/An (Do (2, € — 2) — t)dE+
1 r 0 (prfn -
o / 4(€)un (&) Py (2,7 — &) — 1) cos /APy (&, 0 — €) — 1)dé~
z—p1(z,t)
z+p2(x,t)
SV q(§)ud, (&) sin /An (pa(w, & — x) — t)dE—
37 0(&) sin v/ A (By (w2 — €) — t)dE—

n
z—pi1(z,t)

If z — p1(z,t) < o < z, then the mean-value formula for u! (£) has the form
VDL g (2 = p1(2,1) + /P2 - up (@ + pa(2, 1)) =
= 2,/pz - ul, cos (\/)\_t) + /P2ul) - tsin (\/)\_t) /v An+
+ (V1 — V/P2) uy(w0) cos /A (B (2,3 — o) — )+

+ (1/2v00) - (Vo1 = V2) 68 (w0) (i (= w—wo—tsmfpl 2,3 — 20) — )=
z+p2(z,t)
- jA_ L () sin /A (P (5, € — ) — t)dé—

T

41f £ # xo then we assume that zo & (z — p1(x, 1),z + p2(x,t)).
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_\/1)\_71. ul, (&) sin /A, (B (2, @ — &) — t)dE+ (12)
z—pi1(z,t)
) z+p2(z,t)
tort [ dOROF@E—0) ~ )08 VAn(po,€ ) - e+

o / a(©)ud (&) (Py(w, — &) — t) cos /A (By (z, @ — €) — t)dE—

z—p1(z,t)
z+p2(z,t)

e q(&)ud (&) sin v/ A (po (@, £ — x) — t)dé—

L / 2(€)u (&) sin /A (P (2, 7 — ) — t)dE.

3/2
An z—p1(w,t)

If 2 < g < x4 pa2(z,t) then the following holds:

VDL g (2 = p1(2,1) + /P2 - up (2 + pa(2, 1)) =
:2@-ulcos(ft)+ pzuo-tsin(\/_t)/\/x+
+ (V/P1 — V/P2) t, (70) €08 /An (71 (&, — o) — 1)+

+ (1/2VA0) - (VBT = Vo) @0) (2,2 — 20) 1) sin /A (s (a2 = 0) — )=
z+p2(z,t)
- jA_ G(€)u (€) sin /A (P (2, € — ) — t)dé—
—%A_n- 7 /( t) 2(€)ul (€) sin /A (71 (2, 7 — €) — t)dE+ (13)
z+p2(z,t)

+i ' / 9(€)u(€) (P, € = 2) = 1) cos  An(Pa(w, € — ) — t)dE+

ot [ dOR©OFee -~ t)cos VAP (o0 - €) — e

z—p1(z,t)
z+pa(z,t)

Ve g(&)un (&) sin /An (B3 (, € — ) — t)dé—
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—# / g(&)u (&) sin /A (P, (@, 0 — €) — 1),

z—p1(z,t)
Formula (11) can be derived from the formula (16) in [5] in the following way:
First we introduce the substitution of variables p,(z,{ —z) = 7 and 5, (z,z—&) =7
in the last two integrals on the right-hand side of (16), and then we use the formula

(8) of the present paper. Computing all the interior integrals in the formulas (19)-
(20) in [5], we obtain the formulas (12) and (13) respectively.

§2. Estimate of the spectral function of operator (1)

1. In this section we establish an estimate of the spectral function

0@y = Y uile) i, #>0, (14)
1<n<u
=01
of the operator (1), playing an extremely important role in proving that conditions
(5) are sufficient.
Let K be any compact set of positive measure lying strictly within G, and let
Ry be a number such that 0 < 2Ry max{1, /p1,+/P2} < p(K,0G). First suppose
that z¢ € K, and define the following functions:

(e a
a(o)SEPEY ~ D) o (aR),

ﬁz(x,y—x)
) tey,mR) =1 0 sm_upl(xaw—y), s —pi(@R) <y <z, (15)
Pz, —y)

O,a<y<z—pi(z,R) or z+ pa(z,R) <y <D,

where z € K, R € [Ry,2Ry], a(zo) = 2/7 (\/p_1+ \/p_z), a(z) = 1/m/p1 if x < 20,
and a(x) = 1/7\/p2 if zg < 2.

2) Let z belong to K N (a,z0]. If there exists R1 € [Ro,2Ro) such that
Zo < x + p2(z, Ry), then we set

t(z,y,u, Ryzy) =
( o (z sin p(Pa (%0, Y — o) + o (2, 70 — 7))
P2(z0,y — 20) + Po(x, 20 — )

?

zo <y < xo + p2(wo, R — py(o, (2,20 — 7)),

a (m)_SinH(ﬁl(iﬂO,Tﬂo - y) +ﬁ2($7$0 - 517)) (16)
P1(0,T0 — y) + D@, 00 —2)

Zo + pl(x07R _ﬁ2($7$07 (maxo - .'L')) < Y, <z

0,a <y < zo— p1(xo, R —py(z,20 — x)) OF

L < Zo + p2(xo, R — py(z, 20 — ) <y < b,
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where R € [Ry1,2Ry], a (z9) =0, and
VP2 — /P1

a” (z) = , if x < xp.
/b1 (vP1 + /P2)
Otherwise, we define t(z,y, u, R;z5) = 0 for all y € G, € (Ro, 2Ry).
3) Let z belong to K N [zg,b). If there is a number Ry € [Ry,2Ry) such that
x — p1(z, R2) < g, then we set

t(z,y, p, Ryzd) =

( at(z _Sinﬂ(p1(x0a5’30 —y) + 71 (@, 2 — 20))
p1(zo, 0 —y) + p1(z,7 — 7o)

zo — p1(@0, R — Py (20, (z,2 — 0)) <y < o,

(l+(.'L' _Sinﬂ(pz(%;y - .CL'O) + pl(xaw - .CL'())) (].7)
p2($0ay - :L.O) +ﬁ1($a$ - .Z'())

Zo S Yy S To + P2(55'07R - pl(xam - .'L'())),

0,a <y <z — p1(wo, R —p;(z,2 — x0)) or

L < x0 + p2(x0, R —py(z, 0 —39) <y < b,
where R € [R2,2Ro], a™(z0) = 0, and
at(z) = VP~ VP2 if zo < z.

/b2 (VP1 = /P2)’
Otherwise, we define t(z,y, 1, R;zd) = 0 for y € G, R € [Ro,2Ro].
4) Finally, we set
t(@,y, 1, R) — t(z,y, 1, Ry z), if = € KN(a,0],y € G,
w(@,y, u, R) = o
t(z,y, p, R) — t(z,y, p, R; 25 ), if © € KN[wo,b),y€ G

where R € [Ro,2Ry].
If zg does not belong to K, then we define
w(z,y,pu, R) = t(z,y,p, R),
where z € K,y € G, R € [Ro,2Ry], and Ry is such that z¢o € K, .

Now we state the mentioned estimate for the spectral function (14).

LEMMA 3. If the coefficients of the operator (1) satisfy (2), and its eigenvalues
An satisfy (3)-(4), then the following estimate holds uniformly with respect tox € K
and uniformly with respect to R € [Ro,2Ro)°:

/ 10(z, g, 1) — w(zy, v, B)Pdy = O(1), 1 — +ov. (18)
G

5We denote by [u] the integer part of u
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We prove this estimate in the remainder of the section.

2. It is sufficient to prove the estimate (18) for K being an arbitrary closed
interval [¢,d] C G. The most interesting case obtains for zy € K.

First we shall suppose that = belongs to the compact K~ = [¢, Zo].

Compute the Fourier coefficients of the function (15) with respect to the
system {ul(y)|n € N}:

19 (z, u, R) 2 / (&9, s Y, (y)dy =

G
z oy ) ztpa(wit) ( )
sin ppy (z,2 —y) 4 sin ppy (2,9 —2)
a(z) - ——————u,(y)dy + / ————— u,(y)dy
@ [ e pay-m
—p1($,t) z

If x € K~ is such that g < z + p2(z, R), then by substitution h = p,(z,z — y)
(h = py(z,y — x)) in the first (second) integral on the right-hand side we obtain

t%(z, 1, R) =

—ala) [ (Vo= prla Mo - pa(a, )+ Vpla F paes )

Pr(eao—a)
o+ palo ) dh =) [ B (mude gl m)+

0

R
sin ph

+ VB o+ paa))dh+ae) [ SR (VBT e - )+

P2 (-T,.ZO —$)

+ /P2 - u2)z + pal, h)))dh.

If  + p2(z, R) < zo, then h € [0, R] in the first integral on the right-hand side of
the last equality, and the second one does not exists. In what follows we will be
dealing with the points z € K~ of the first kind only, this case being more complex.

Now applying the formula (8) to the first integral, and the formula (10) to
the second one, we obtain the equality

R
2 _/sinuh-cos\/)\nhd

0 — 0 - —
13, R) = () - 2 a ht
’ z (19)
+ VP2 = VP ud (20) - / sin puh cos /A (Py(z, 20 — ) — h)dh—
/D1 h

(P2(@,m0—2)
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) d¢ | dh.

Compute the Fourier coefficients of the function (15) with respect to the system
{ul(y)|n € N}. Analogously to the previous case we have

R z+pa(z, h)
in ph

) sin \/_ (

0 —p1(z,h)

(2, u, R) 9 / (2,9, 1, R)ul(y)dy =
G

pa(z,xo—w)

a@) [ IR (o — ) + Vo + pala, )
0
R

0@ [ b o) + B o+ ol )R

Pa(@,wo—x)

Apply the formula (11) to the first integral, and the formula (13) to the second
one. It follows that

R
‘ 2 ‘/sinuh-cos\/)\nh

A dh+

R
. /sin ph - sin v/ A, hdh+
0

R
+ VP2 = VP ~uk(w0) - / smuh 08 v/ An(Po(x, 20 — ) — h)dh+

T\/P1
(P2 (z,z0—)
R \
+\/p_2—\/p_1 %L SmA (Pa(x, mo — ) — h) sin \/ A\ py(z, 29 — ) — h)dh—
/D1 h

pa(z, zo )

R \ z+p2(z,h) 13

_ j/(%./smh” / q(é)ul (€)sin (/
0 z

—P1($7h)
R 3
4 a(z) _/sin,uh / ar |
2 Sk V(1)

d¢ | dh+
(20)

>
N———

z+p2(z,h)
( | aew© (
—p1(z,h) z

£ R
dar | _a(z) [sinph
z/ NG h’) d€> o 2)3/? / h

0

-cosm(
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z+p2(z,h)

£
dr
q(€)ub (€)sin /A / ——| —h | d¢ | dh.

" “\|/ Vo)
—p1(w,h) T

We remark that t0 (zq, , R) and t, (o, 1, R) are obtained using the formulas
(8) and (11) only, and they have a somewhat different, simpler form than (19) and
(20).

3. Compute the Fourier coefficients of the function (16) with respect to the
system {ul(y)|n € N}:

—\ def _
9 (2, p, R ) 2 / (2, 1 R 2 Jul () dy =
G

zo+p2(zo,R—py(z,zo—e) _
v, S Balzo,y = 20) + Folamn =),
P2(20,y — o) + Po(z, 70 — )

Zo
Zo
—{—a‘(:c)- / Sln,l_l/(pl(.’lfo,.'ll()—y);FPQ(-’L',.'IJ()—.TE))dy-
p1($07$0 - y) + P2('T7~Z'0 - m)

(zU,R_52(w7w07$)
If we use the substitutions
h = py(%0,y — @0) + P2(z, 20 — 2), h =Py (%0, T0 —Y) + P2(z, 70 — T)
in the first and the second integral respectively, then we have
to (@, 1, R;2g) =
R

z0
sin ph dr
=a (z)- / h'u ,/pl-ug zo — p1 | 2o, h — \/—p_1

P2 (wiwo _w)
Zo
dr

+/D2 - ud | w0 + zo,h— | —
2 n(o Pz(o \/19_1

Applying here the mean—value formula (8) with z = zg and ¢t = h — py(z, 2o — ),
we obtain the equality®

R
> — /DL in uh
10 (z, i, Ry 3 ) = 7\/1’;1)11’1 -ug(mo)/ Smh“ 08 /A (h — Bo(@, 70 — @))dh—

P2 (w,zo—a})

() R o @+p2(z0,h—[) 3 p
a(z sin u 0 . / T
- . up (§) sin/ Ay, + 21
m(/) h (/hfq)@) ©sinv/ ( N IR
p2(Z,To—T —p1(zo,h— ]

+py(x, 20 — ) — h) d{) dh

z9
61n what follows let [ = [ %,
T
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Finally, we compute the Fourier coefficients of the function (16) with respect
to the system {ul(y)|n € N}. Proceeding as in the previous case, we obtain

_\ def _
£ (2, 1, By g ) 2L / (2, 1, B g Yk (y)dy =
G

R zo
sin ph d
= a_(m) . / lnh,u ( /pl . u%l (370 - M (.Z’o, h — J%)) +

2 (w,:co—w)

Zo
dr
+\/p_2-u;($o+p2 (Z’O;h— ﬁ)))’

wherefrom, by formula (11) with z = zo and t = h — py(z, o — z), it follows that ©

R .
£ (o, p, Ry g ) = ‘/”_2\;1)_‘/_ ul (2 0)/ Smh“h 008 /o (h = By, 50 — ) A+

Po(z,z0—2)

\/17_2_\/13 (T)b/ %(pz(m,mo—w)—h)sinm(ﬁz(%xo_m)_h)dh_

27T\/p1 n
pa(z,z0—1)
() R o zo+p2(zo,h— f) 13
a (z sin p \/_
- ' sm
s e oo ]
pa(w,z0—2) o—p1(zo,h—[) (22)

zo+p2(zo,h—f)

R

a=(z) / sin ph
2\n h
po(z,z0—1T) 0*Pl($07h7f)

. (: \/;% +/ )COS\/_< \/— /—h> d§) dh—

zo+p2(zo,h— f)

2;3(»72) / sinh,uh / ) sin \/—<

Polz,zo—1) o—p1(zo,h—[)

+ py(z,20 — ) — h) d£> dh

4. Denote

w(z,y, p, Ryxy) = t(x,y, p, R) — t(z,y, u, R; 20), (23)

where z € K~, y € G and R € [Ro,2Ro]. By the equalities (19), (21), (20) and
(22) the Fourier coefficients of this function with respect to the system {u?(y)|n €

+ oz, 20 — ) — h) d§> dh +

=y
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N,i=0,1} have the form

2
to (2, y, p, R; 20) = up () - =

&) sin /A -

w(@,y, i, Byzg) =t (2,9, 1, R) —
R R z+p2(zo,h—[)
/sm pwhcosv A, hdh _a(z) [sinph
Vs h
0 0 791(10ah7f)
ﬁ @ [ singh
a (T sin j
. —h | d¢ |dh + . :
( JeJoei |
Pa(@,0—1)

zo+p2(zo,h—[) p
r

p(7)

J

3) sin\/E(

o—p1(zo,h—f)

w;(@";y,H;Rwo_) :t (117 Y, ,LL,R) (IE Y, ,LL,R m0)

R
=l () - 2 / sin ph czs \/)\nhdh 4

0 1
Un(.’L') ’ W\/E

0

R b z+p2(z h)
o fo (e (
0 —p1(z,h)
( ) R L z+p2(z,h)
a(x sin p
T, / h /é (
0 —p1(z;h)
(c) [ sinph
a(x sin p
—_— h|dé| dh — - .
( \ ) f) 2wy
¢ d (x) T sinph
T a (x sin 4
—h | d€¢)dh + /
</a:0 p(T) ) > V)‘" B ) h
2(z,xo—2z
¢ d
LU + Py (z, 20 — ) d€ ) .
2o V/P(T)
E0+p2(z0h f)
&) sin/ A, (/ —‘ /
0o— pl(woh N

R

-/sin,uhsin v/ Anhdh—

)

T+p2 (.Z,h)

n (&) sin /X, -

(25)

_pl(zah)

zo+pa2(zo,h—[)
L&) sin /A, -

o—pi(zo,h—[)

R
/ sin,uh‘
h

52(2,1'072)
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R
a~ (x) sin ph
+/—h>d£>dh+W- / N

Pa(z,z0—1)

¢ dr

zo \/ (1)
zo+p2(zo,h—[)
[ a@ur@sin Vx- (

o—p1(zo,h—f)

[

3

dr
zo \/ p(7)

5. Let f(R) be an integrable function on [Ryg, 2Ry, and let

2Ry
Spo(f) = = / f(R)dR

Ro Jr,

be the Sg,-transform of this function. If we denote

R
2 sin ph cos /A h .
1 ()= 2 [ SREEER /K~ a4 8,

0

where a, = vV, Bn = SV An, then the following holds:
Sro (I (R)) = 8 + Sry (T (R)),

(see [2]). Here

R b h ]-a if Qn < [,
u  def 2 sin ph cos /A, _ . _
0 0, if an > u,

and J\H/H(R) is a function such that

C1(Ry,A), for every \/\, and pu,
1Sro (5 (R < S Cy(Ro, A)

= o if |p—an|>1,
n

the constants C(Rg, A) and C2(Ryp, A) not depending on /A, and p.

Denote

Wfl(l'a,u; RO;ma) = /SRo(w(mayalu/a R; mo))u’n(y)dy, ne N; = Oa 1.
G

By Fubini’s theorem we have

Sro (Wi (2, 4; Ro; 25)) = wyy (@, 3 Ro;zg) neN, i=0,1.

133

+ ooz, 20 — 1) — h> d¢ | dh.

(26)

(27)

(29)
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Multiply the equalities (24) and (25) by v9(y) and vl (y) respectively, denote by
(24') and (25") the new equalities and apply the Sg,-transform to (24') and (25).
By (26) and (29) it follows that

=0
- ;uﬁ;(m) -v};(y)éf/ﬁ + gu%(x)m i SRO(J\I‘}H(R))'F

—_

R
— 1 . . a(x
+ul () U}L(y)m - SR, (/smuhsm \/)\nhdh) _ =) Z% )SR,-
0

VAn
R b z+p2(z,h)
/smhu / )siny/A ( ) d¢ | dh | +
0 —p1(z,h)

- ) R ) B zo+p2(zo,h—[)
+8 f’?) Yuwse | [ 2 / ¢(€)u,(€) sin /A
02 (T, z0—1T) o—p1(zo,h— )

R

U, / —h) d§> dh) + Z(;;) - 0L () Sk, ( / Sinh“h. (30)

0
- h) d¢ | dh

—h) cosﬁ(

¢ T
I i

T (1)

_( ) R . h z+p2(z,h) 3
a () —— sin
- dwse | [T q(f)U%(&)-( +f —h)-
\pz(w,ﬂm*m) —p1(z,h) o
¢ dr a(z)
cos vV A\, +/—h d¢)dh) — -vl(y)SR,-
( 2o V/P(7) ) ) ) 2)‘2/2 O
R . 5 z+p2(z,h) ¢
/ smhu / )sin v/ An ( h) d¢ | dh | +
0 —pa(z,h)
@) R i zo+p2(zo,h—[)
a () —— sin p 0 /en s
+ 5 an SR [ = / 4(€)uS (&) sin /A
02 (z,z0—1) o—p1(zo,h—[)
£
. dr |, / _h)|de)dn).
20 /P(T)
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According to (3)-(4), we have a,, = p,,” if 4 > A. Without loss of generality we
suppose that u > A + 1. Summing from 1 to oo, and’ using (27), from (30) we
obtain the following, for the time being formal, equality in Ly (G) with respect to
the variable y8:

pn<p an=p n,i

i:(T,l 1=0,1

1 o ’ inv/Anh

— . sin n —

+ 203 () - R W) - Sk / sinph V2" 41 ) @) - S 0R) - Sy

’/T n=1 0 )\n n,i

R L z+p2(z, h) .

sin y /
- q -sin /A —h|d¢|dh |+

/ h \/ ( p(T) )

0 —p1(z,h)
+a*(m)-2v’( )-SRy

R " zo+p2(zo,h— f)
sin p / /
q -siny/ A —h|dé|dh | +

i / h v ( p(7) )

o (2z0—2) o—pi(zo,h—[)

( ) o0 B . h

a(z sin
+ =5 2 WSk, (/ = (31)

n=1 0
a:+p2(1:,h) ¢ i
/ ( )cos\/)\n-< \/%—h)df dan | —
_Pl(w’h)
( ) o R B $0+PQ($07h—f)0(€)
_a (= I . sin ph / un(§)
n= 02 (z,z0—2) o—p1(zo,h—f)

i )

J)e)

\/_

T 2 1RV

o]

8We denote > i () by 22(-)

n=1:=0 n,i
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z+p2(z,h)

R
. 0 £
/sm,uh_ /q -siny/ / —h|dé|dh |+
h /\3/ 2 p(7)
0 —p1(z,h)
NENC) i NS
2 flo”
n=1
R zo+p2(zo,h— f)
/ / q(§ )\3/2 -sin /A < —h> dé | dh |,
0

o—p1(zo,h—[)

where z € K~ is a point such that Ry < p(z, 2o — z) < 2Ry. We also suppose that
the functions

plz,z0—2)

are equal to zero if R € [Ry, p(z,zo—z)]. If point € K~ is such that p(z, 2o —2x) <
Ry, then the series containing these functions do not appear on the right-hand side
of (31).

6. Now we prove that all series on the right-hand side of (31) converge in
Ly(G), and Lo-norms of their sums, except for the first one, are bounded from
above by constants not depending on z € [¢,zo] and p € (4 + 1, +00).

Fix the parameter u. According to the condition (4), the first and the second
series are finite, and their terms belong to Lo (G). By (4)—(6) the following estimates
for Lo-norm of the second sum are valid:

S henm| < Xm0 e <
:anﬁ LQ(G) Z 0 1
K P, q Z ||u ||L2(KR1 ||1) ( )”Lz(G) < 2C(K b.q ) C(KR1) - B,
an =4
i=0,1

where 0 < R; < p(K,0G).

For other series on the right-hand side of (31) we shall prove the stronger
statement: Numerical series, consisting of the Liy-norms of terms of the initial
series, are convergent for every x € K, and their sums are bounded from above
uniformly with respect to z € K~ and p € (A + 1, +00).

For the series

Z [up (2)| - [SRo (55— (R))] - llop | oo
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and

00 . h
O(z)|-|S ( p I e dh) v
nzz:l |un($)| Ro |\ SIn [ m ”vn”Lz(G)

the mentioned statement was proved in [4, (28)—(30)].

In order to prove the convergence of series

Rsin . toa(zh) ’
ZSRO h“ : /q \/A_ -sin v/, - ( h>d§ dh
" 0 —p1(a,h)
NopllLaca) (32)
we need some estimates for the integral
R z+p2(z,h)
e B GG ( —h> ¢ | dn =
0 —p1(z,h)
T R
= /q(&)%(&) /Sm“h sin /2 (7 (&, — €) — R)dh | de+
z—p1(z,h) 01 (z,x—§)
20 R (33)
+/q(£)%(§) /Sm’"h sin /A (Py (2, € — @) — B)dh | de+
z 02(z,6— )
+p3(,R) R
s fa@u© | [T /R - ) - man | de
zo 02(z,6—)

and its Sg,-transform. For all interior integrals on the right-hand side of (33) the
estimates, analogous to the estimates (33)—(34) from [4], are valid. Proof of the
estimates (33)—(34), [4], in the case of real numbers )\, may be found in [3, pp.
127-129]. That proof is also valid in our case of the complex A, if we use condition
(3) and the equality

sin v/ A\t = sin a,t - ch Bt — i cos ay,t - sh B,t.

It follows [4, (35)] that for integral (33) and its Sg,-transform the estimates, anal-
ogous to the estimates (36)—(38) from [4], hold. Now the proof that series (32)
converges and its sum is uniformly bounded from above proceeds exactly as in [4]
for series (31) (see p.p. 102-103 therein).

Consider the series

o R b z+p2(z, h)
3 S Smh“ : ( ) cos /A de | dh
n=l 0 —p1(,h)

Nvnllzaa) (34)
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It is not difficult to see that for the Sg,-transform of the integral
R

/ sin uh‘
h
0
m+7(a: ,h) (

) cos v/ An ( - h> d€ | dh
—p1(z,h)

the estimates, analogous to the estimates (36)—(38) from [4], are valid. We estimate

1
e [l ()] [0}l

using (5) and (7):
max |U @) lvnllzace) < D(Earos s DIV Anllluglloaren, ) - lvnllzae) <

z€Kop
< |V }‘n| . D(K2R07p> Q) . C(KR1)

By these facts one can prove the convergence of series (34) and uniform boundedness
of its sum, using the same method as in the case of series (32).

The same is true for the series

oo R b z+pa2(z, h)
sin
Z SR h / 3/2 sin v/ A ( —h) d
=t 0 —pr(e.h)
||Ui||L2(G)
Now consider
R zo+p2(z0,h— f)
Z Sne / sin ph / sm\/ (/ +/—h> d¢ | dh
n,i _ h VA To p(T)
’ 2(z,20—2) 0—p1(zo,h— f)
Nvpllzaa)- (36)
For the integral
R L zo+p2(z0,h— f) ¢
sin p B
/ A / on sm\/ ( ol + Dy (z, 20 — T) h)df dh=
po(x,x0—1) o—p1(zo,h—[)
zo+p2(zo,R—[) R .
. sin
= [ w0ui©| [ R 6 —a) - | de+
Zo 02 (z,6— w)
To R . 5
v [ aue| [ snva, (w—h> an | de
h /Pt
zo—p2(zo,R—[) zo—(£+2)

VP1
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and its Sg,-transform the estimates, analogous to the estimates (36)—(38) in [4] are
valid. By these estimates one can prove the convergence of series (36) and uniform
boundedness of its sum using the method mentioned above.

The corresponding assertions hold for the series

o0 Fanpn [Tl (| ¢ a
sin u T
D |Sro / " /q(g) X ( +/_h)'
n=1 72($,w07z) 0—p1($07h_f)
¢ )
COS\/—< /—h) df)dh> Nonllzae)
and
[e%s) B H h
sin
D |So / W
n=1 02(z,z0—2)

zo+p2(zo.h— f)

+p5(x, 20 — )— h) d¢ | dh

13
/ 20 v/P(7)

40 a0

o—p1(zo,h—[)
Nvnllzae)
(see also (35)).

Finally, we conclude that the equality (31) holds in the metric of L2(G),
and Lo-norms of sums of all the series on the right-hand side of (31) are bounded
from above uniformly with respect to z € K~ and uniformly with respect to p €
(A+1,+400).

7. Notice that for every fixed z € K~ and p the function Sg,(w(z,y, 4,
R;zy)) belongs to the class Ly(G). This follows from the equality

Sko (w(®,y, 1, B; 20 )) = Sro(4(2, Y, i, R)) — Sro (t(2, 4, 4, Ri ), (37)
and from the explicit form of the functions Sg,(t(z,y,p,R)) and Sg,(t(z,y,
p, B; )

Sro(t(z,y, 1, R52)) =
(0, a<y<z—pi(z,2R),

sin ppy (z,2 —y) 2Ro —py(z,2 — y)
) — ) y T — .Z',2R <y<
pi(e,z —y) Ry or(@,2B0) < 9
S'Z'_pl($7R0)7 (38)
sin py (2, € — y)
) ——F——— ¢ —pi(z,Ro) <y <z,
) pz(x,m_y) Pl( 0)

) sinpy(z,y = 2)
\ ﬁl(:c,y—:c)

;$§y§$+P2($aR0)a
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ey AP (y =) 2Fo = Fofa,y —2)

— , T+ p2(x,Ry) <y <
7@y — 2 Ro (. Fo)

<z + p2(z,2R0),
07 T+ p?(vaRO) < y< b.

SRo(t(mayﬂJ‘aR;ma)) =
(0, a<y§$0—p1($072R0—/)7

sin p(py (2o, @0 —y) + [) 2Ro — (1 (z0, 0 —y + [)
P1(@o, 20 —y) + [ Ro

zo — p1(Zo,2Ro —/) <y < g — p1(zo, Ro —/),

a” (x)

7

_, .\ sinp(py (zo, 20 —y) + )
a(z Pa(zo, 20 —y) + [

_ sin (u(Bo (0, y — 20) + [)
a (z) ——
pl(wovy_m0)+f
sin pu(py (T, y — 20) + [) 2Ro — Py(w,y — 20) + [
Po(xo,y — o) + [ Ro ’

xo + p2(zo, Ro —/) <y < 2o + p2(20,2Ro — /);

, 2o — p1(®o, Ro — €) <y < wo,

y To S?JSSU0+P2($0,R0—/)7

a (x)

[ 0, o +P2($0,2R0—/) <y <b.

By completeness of the system {ul,(§)|n € N,i = 0,1} it follows that the following
equality in the metric of Ly(G) (with respect to ) holds:

Sr,(W(x,y, 1, R;25)) = Y wh(@, 43 Ros ) - vl (9)- (40)

Equalities (31) and (40) imply that for every fixed x € K~ and p € (A +
1,+00) the following holds in L2 (G):

SRO (w(w,y,,u, R; w()_)) - Z u:’b(w) : W = 7:(SU;Z/:M;R0;$(T), (41)

EnSp
i=0,1

where F(z,y, 4, Ro; 2, ) is a function defined in an obvious way from (31). Also
the estimate
||f(w,y,,u,; RO;wO_)”LQ(G) = 0(1)7 B — +o0, (42)

is valid uniformly with respect to x € K~.

8. From (15), (16), (23) and (37)—(39) we obtain the estimate

/w&wm%mm%n—wa%mm%W@zom,u++m, (43)
G
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uniformly with respect to R € [Ry,2Rp] and z € K.
Finally, from (41)-(43), taking s = v},;?, we obtain that

> un(@) - vi(y) — wlz,y, v, R zg) =0(1), p—+oo  (44)
Hn SV
i=0,1 La(G)

holds uniformly with respect to z € K~ and R € (R, 2R).

9. It remains to prove the estimate

Y U@ vily) — Y uh(@)-vi(y) =0(1), p—= 400 (45)
N Hn SOV[u]
= =0t La(@)

uniformly with respect to z € K~. For the proof on this estimate see [2, §3].
From (44)—(45) it follows that the estimate (18) is valid, uniformly with respect to
z € K~ and R € [Ry,2Ry].

10. In order to prove the estimate (18) on the compact KT = [zq,d] we
define the following function:

(U(.CL', Y, W, R7 m(}L) = t(.CL', Y, W, R) - t(iE, Y, 1y R7 'CEE]’_)
To compute the Fourier coefficients of this function it is necessary to use the

mean-value formulas (8)—(9) and (11)-(12).

The other details in the proof of the estimate (18) on the compact K+ are
the same as in the case of the compact K.

This completes the proof of Lemma, 3.

§3. Conditions (5) are sufficient

1. In this section we prove that conditions (5) are sufficient. Let K be
any compact subset of the interval G containing the point zg, and let f(y) be an
arbitrary function from Lo(G). We introduce the function

z4r
S ) =2 [ SEZD ),

where z € K, and r € (0, p(K,0G)] is a fixed number not depending on f(y). It
is known that the function S,(z, f) differs on K from the partial sum of the order
[27p/|G|] of the trigonometrical Fourier series of f(z) by a function converging to
0 when pu — 400, uniformly with respect to x € K.

o1f u — +00, then V] = +00
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1. First we shall prove that equality (B) is valid on K~ = [¢,z0]. (It is
sufficient to consider the case when K is a closed interval [¢,d].) By the Cauchy-
Schwartz inequality from (18) we obtain the estimate

/(9(33;?/,#) - w(x,y, V[u]aR; Ill'a)) ) f(y)dy = 0(1) ) ||f||L2(G) B = +o0, ((46))
G

uniformly with respect to z € K, or

ou(x, f) — /t(w,y,V[u],R)f(y)dy +/t(w,y,V[u],R; zo ) fy)dy =
G G
=0Q) - Ifllzae), m = +o0  (47)

where R is a fixed number from the closed interval [Ro, 2Rg].

Note that the second integral on the left-hand side of (47) does not appear if
x € K~ is apoint such that z + pa(z, R) < xo.

Let € be any positive number. By completeness of the system {uf|n € N,i =
0,1} there are numbers ng(e) € N and ¢, i = 0,1, 1 < n < ng(g), such that

no(e)
RS DI I (48)
oversetn=1—i=0,1 La(@)
Let
no () '
Prg(y) = D ¢y tp.
ison
Then o,(y, Pny) = Pry(y), if > no(e). Applying (47) to f(y) — Py (y), by (48)

we obtain that'?

/Sin V[u]ﬁ2(m>y - .’L‘)

ou(@, f) = Pno(2) — a(z) - (f () = Pno(y))dy—

2@,y —7)
z—p1(z,R)
~ala) - [ ALY 25 () 1)y - a)
z+p2(z,R) _ ( )
sinv,py(z,y —
[ (1(4) = P+

+ / (2,9, vups B 29 ) (f(4) — Pao(0))dy = O(1) -€, 1 — +o0,
G

10Rirst we shall consider the case when x € K~ is a point such that zo < -+ p2(z, R), i.e.,
£
ze K & (o — v/P1R, 0] N K.
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or

(ou(z, f) = f(2)) + (1 = my/Pr - a(2))(f(y) = Pno (y) =

Zo

invy, -p; V% |z —
. pl-acc)l%' / WP W) B )y

- [z =yl
z+ypiR _ (49)
e (x))] ~afe)- [ SRPEELCE (1) - Py )iy =

20(1) "€, = +00,
holds uniformly with respect to z € Kj.

3. Consider the function
zo

: ~1/2

1 sinvy,) -p |z -y

pep) =1 [ TN~ Py W)y (1) - Po),
z—+/P1R

defined on K. If we define

iy [0 Puli), a<y<a,
)= 0, 2o <y <b,

then we have the equality
gl (wa l"’) = SV[”]/\/E(:'E, h'l) - h'l (m)

on K~. Note that hy(y) belongs to Ly(HG), and the trigonometrical system is a
basis in Ly(G). Therefore for given € there is a positive number p;(g) such that

g1 (2, W)l Lax-) <€ (50)
holds for every p > max{A + 1,n0(¢), u1(e)}.

4. Introducing the function

0, a <y < xo,
o) = {
f(y)_Pno(y)7 .’L'0<y<b,
the integral
z+p2(z,R) _ ( )
def SV, po\T, Y — T
g2z, p) = / — fy) = Pny(y))dy
2 () e S W) = Pa0)
Zo

can be represented in the following form:

(zo—+/P2-[)++/P2R

P ~1/2
" Sin v 0 — @0 — B3 ), B
pew= [ CEcrey ey Rl IR T A

:W\/I)—Q'Su[#]/\/ﬁ(afo —\/]7_2'/,’12),

Zo
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where z € K;. Using the substitution z = zg — (zg — z)+/P2/+/P1, We obtain

xo
vDP1
S0,/ 57 (T0 — /P2 - /,h2)||ig(K1) = VP / S0/ vEr (25 he) Pdz <
D2
o—vP2R (52)
Vb1 9
S \/17—2 ) ||SV[#]/\/IT1(ZJ h2)||L2(K\/ﬁR)'

By the basis property of the trigonometrical system in Ls(G), it follows that there
exists a positive number us(g) such that

IS0 /vmr (2, B2) = ha2(2)|| Lok psr) S €
holds for every p > max{A + 1,n9(€), u2(e)}. Therefrom, using the estimate (48),
we obtain that
1S/ v (s o)l Lo (K ms) < 26 (53)
Remark that go(z, ) = 0 for z € K\ K1. Thus by (51)—(53), the following estimate
is valid:
lg2(z, W)llLox-) < 2m - /p1p2 - € (54)

for every p > max{A + 1,n¢(), u2(e)}.

5. Now we consider the integral

g3(z, 1) <= /t(w,y,vm],R; 7o ) (f(y) = Pno(y))dy =

G
zo++/p2(R—[)
P2-a” (”3)'/ PN AU R (f(y) = Pro (y))dy+
: =20+ B ) " (%)
7 siny Y2(go —
rop (o) [ TRAVE VI ) -

zo+y/P1(R—[)
defined on K (see (16)). Using the functions hy(y) and hz(y), we can rewrite (55)
in the form

(vo P71+ VPR 2
sinvy /P2 Cly — (@0 — /P2 - )|

g3(z, ) = /P2 -a (z) - ha (y)dy+
ly = (o = /P2 - [)|
(zo—/Fa-[)—v/P2R
uHm'IH@fy[ WPy = (w0 + o1+ )
+ .a_ x) - K d =
Vo1 -a” (z) v =@o+ b )| hi(y)dy

(zo+v/p1-[)—/P1R
=my/p2a (z)-S, /\/p—z - /P2 /h2

~ mBia (@) Sy g+ VB [0,
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Proceeding as in the case of the integral g»(x, ), it can be shown that there exists
p3(€) > 0 such that the estimate

(/i + VPOV — /P3|
llgs (@, t)l| L, (xc-) <2 NV AN ) € (56)

holds for every p > max{A + 1,no(¢), pu3(e)}.
6. If € K\ Ky, then (49) takes the simpler form

(on(z, f) = f(2)) + (1 = my/pra(z))(f(z) — Pr, (2))— (57)
/() - (Sup )y (@ f = Pag) = (F(2) = Py () = O(1) - 2, s = +0x.
According to (48), (50), (54) and (56), from (49) and (57) we finally obtain that

Jim flow(@, ) = f@)llza-) = 0.

The proof of the equality (B) on K+ = [0, d] is analogous. Thus conditions
(5) are sufficient.

§4. Conditions (5) are necessary

1. In §1, [1], the following statement was proved: Let {u,(z)|n € N} be any
minimal and complete system in Ly (G) and let {v,(z)| n € N} be the corresponding
system biorthogonally dual in Ly(G) to {un(z)|n € N}. If {u,(z)|n € N} has the
basis property, then the conditions (5) are satisfied. Note that {un(z)|n € N} is
not necessarily connected with any operator.

From this result it follows that the conditions (5) are necessary in our special
case.

This terminates the proof of the Theorem.

2. Our theorem has been proved assuming that for every eigenvalue of the
operator (1) there exist an eigenfunction and associated function of the first order.
But this theorem is also valid if a finite sequence of associated functions corresponds
to every eigenvalue. One can prove this generalization, using the mean-value for-
mulas obtained in [5], and the technique worked out in [1]-[2].
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