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ON THE A-COMPATIBILITY OF SUPPORTS
OF DISTRIBUTIONS OF K'{M,}-TYPE

Stevan Pilipovié

Abstract. We determine relations between the notions of .A-compatibility and of Mp,—
convolution of distributions from K'{M;}.

1. Introduction. First we shall repeat two definitions. Let A and B be
subsets of R. If these sets satisfy the condition:

(1) Ty, € A, yn € B, |$n|+|yn|—>00=>|$n+yn|—>00, (n—)oo)

then they are called compatible.

The sets A and B are called polynomially compatible if there exists a poly-
nomial P on R such that

2) zeA, yeB= [z + |yl < P(lz+yl)

It is known that if f,g € D' (f,g € S') and the sets A = supp f, B =
supp g are compatible (polynomially compatible), then the convolution (tempered
convolution) exists. The notion of compatibility of supports of distributions from
D' was investigated for example in [1] and the notion of tempered convolution and
polynomial compatibility of supports of tempered distributions is introduced and
investigated in [3], [4], [5]-

In [5, Theorems 5.1 and 5.2] Kamiriski proved that the notion of compatibility
(polynomial compatibility) is essential for the convolution (tempered covolution)
of distributions (tempered distributions).

KAMINISKI'S THEOREM [5]. Let A and B be subsets of R and let for every two
non-negative measures (non-negatire tempered measures) f and g with supp f C A,
suppg C B, the convolution (tempered convolution) f * g exist. Then the sets A
and B are compatible (polynomially compatible) .
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The space S’ is an example of a space of ||'{ M, }-type [2]. In [7] we generalize
the notions of tempered convolution and of polynomial compatibility. We intro-
duced the definition of M,-convolution of elements from ||'{ M} and the definition
of A-compatibility.

In this paper we shall further investigate relations between the notions of
A-compatibility and of M,-convolution. (We use the symbol * for this convo-
lution). We shall give conditions on the sequence (M) such that the notion of
A-compatibility is essential for the M,-convolution.

2. A{M,}-compatible sets. The space of K'{Mp}-type, where {Mp(z)} is
a sequence of continuous functions on R such that 1 < My (z) < Ma(z) < ..., was
introduced in [2] as the dual space of the space K{Mp}. The space K{Mp} is a
subspace of C*(R) defined in the following way:

@ € K{M,} iff ||gllp:= sup{M,}|o'?(z)| :z € R,g<p} <o0 p=1,2,...

Topology in this space is defined by the sequence of norms (|| ||p; K{M}, is an
F-space, and if we suppose:

(N) for every p € N there is p' € N such that
My/My € L*(R) and M,(z)/My(z) — 0 as |z| — oo, (2D

then KC{M,} is an F'S space. (N is the set of natural numbers.)

In this paper we shall suppose that My(z),p € N, are even functions which
increase monotonically to infinity when z — oco. Also, we suppose that the sequence
(Mp(z)) satisfies:

(N") (N) holds and M,(z)/M, () — 0 monotonically as z — co.

Condition (N') implies that for every p' € N which correspond to some p € N
in (N)

(3) My (z)/z - 00 as z — oo.

Namely, from the fact that M,/M,, € L* and M, /M, (z) — 0 monotonically,
it follows that for some Zp ,» > 0

(3*) Mp(.Z')/Mp/ (.Z') < 1/1‘ if > ip,p’-

If (3*) does not hold, then there exists a sequence (xj) of positive numbers
such that 441 > 1+ 27, k € N, and M, (z) /My (z) > ;. But then

o0

JOt@ /My @) 2 3k e = 1) =

- k=1

Condition (3*) implies that for a fixed m > 1

Mp(mz) < My (zm)/(zm) if x> &p/m.
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Since mM,(z) < maMpy(mz) if m > 1 and > 1 we obtain that for every p € N
there exists a p’ € N and an z, , such that

(9] mMy(z) < My (mzx) if o> &pp.

Without loss of generality we can suppose that (3) holds for every p € N.

For our investigations of Mp-convolutions the following condition on the se-
quence (M,,) is also needed:

4) For every p € N thereisa p' € N and a Cp, > 0 such that
Mp2(.1') S Cp,pl Mpl (.CL') for =z > Cp,pl.

Now we shall give a definition of the set A that is somewhat different from
the definition of this set in [7].

We denote by A a set of non-negative fucntions defined on R*, bounded on
bounded domains, directed according to the ordinary relation < (i.e. for every f
and g from A there is an h € A such max{f(z), g(z)} < h(z),z € R) such that:

(A1) If a non-negative function ¢ defined on R* satisfies the inequality ¢(z) <
¥(z),z € RT for some 1) € A, then ¢ € A;

(A2) There are ¢ € A and zg > 0 such that p(x) > z for z > xo;
(A3) For every p € A, m € N and n € Ny there is a ¢ € A such that me(z +n) <
P(z), z € RT. (Ng = NU{0}.)
Let us suppose that for a given sequence (Mp) and set A the following con-
dition holds:

(S) For every p€ N and ¢ € A thereisa p' € N and an z,, > 0 such that
Mp(p(z)) < Mp(z) if 2> zp,.

In this case we shall denote the set A by A(M,,).

Condition (S) implies some properties of the sequence (Mp(z)). For example:

(5) For every p € N there are p' € N and z,, > 0 such that
M,(pz) < My (z) if 2> zp,.

Let us prove this. From (A2) and (A3) it follows that there exists a ¢ € A such
that pr < p(z), z € R*. Therefore (S) implies (5) because M,(z) is monotonous
for x > 0.

Sequences (M,(x)) which define spaces of exponential distributions quoted in
[7, part 5], satisfy all the conditions above.

Let (M,) be a sequence of even, monotonically increasing functions (when
x — 00) for which (N'), (4) and (5) hold. Then, we denote by B(M,) the set of all
sets A(Mp).
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PROPOSITION 1. B(M),) # 0.

Proof. We denote by A the set of all non-negative functions which are smaller
or equal to some non-negative (on RT) polynomial of order 1. Tt is easy to check
that Ay € B(Mp).

We denote by Amax(Mp) the set defined by Apax(My) = U ep A(M,). It
is easy to prove that Amax(Mp) € B(M,).

Let f,9 € K'Mp and A = supp f, B = suppg. As in [7] we say that A and B
are compatible if there exists a ¢ € A(M,,) such that

z€A, yeB=lz| =yl <oz +yl)
We give now Theorem 9 from [7] in the following version:

THEOREM 2. If A and B are Amax(M,)-compatible, then the convolution f*g
exists. (supp f € A,supp € B.)

Consider now the precise characterization of the sets A(M,) for a given se-
quence (M,(z)) (which satisfies all the conditions mentioned).

THEOREM 3. Let (Mp(z)) satisfy the following condition:

(B) For every p e N, 7 € N and € > 0 there exists p' € N and anzp o >0
such that My ' (M, (z)) < eM,  (My o(z)) if 2> Zprpe-

Then Amax(M)p) is the set of all non-negative functions which are smaller or equal to
some linear combinations of functions of the form x — M;*(M,(z)), (p,q) € N?,
x> 0, and a constant function.

Proof. We put ¢pq(z) = M;'(M,(z)), * € RY, (p,q) € N? and denote by
A the set of all non-negative functions which are smaller or equal to some linear
combinations of functions of the form = — ¢, 4(z), (p,q) € R?, = > 0 and a

constant function.
We have 0 < ¢, ,(z), for every p € N and

ma‘x{(ppqul ((E), S0P27P2 (.CC)} S "ppo,qo (-’1:), T € R+7

where py = min{p1,p2}, g0 = max{qi,¢2}. From (5) and (B) it follows that for
every p,q,m € N and n € Ny there exists a ¢' € N and # such that

mepq(@+n) <gpg(x) if z>E.

Namely, for sufficiently large > 0 have
mMp" (My(z +n)) < mM,*(M,(22)) < mM, (M, (z)) < M, (M,, (2)).

If for some non-negative function ¢ on R* we have the estimate p(z) <
M (My(x)) if > zpq > 0 for some (p,q) € N?, then ¢(x) € A because for
suitable C' > 0

p(z) < M, (My(z)) +C, ze€R".
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Now it is clear that A € B(M,).
Condition (S) implies that if ¢ € Amax(Mp), then p(z) < M, *(M](x)) for
x> zpy > 0; that is ¢ € A. Since A € B(M,), the assertion is proved.

Let us remark that the sequences (Mp) given in [7, part 5] satisfy condition
(B) and that the corresponding sets A can be redefined to be Apax(Mp).

3. Conditions for the A(M,)-compatibility. Let (M,(z)) be a sequence
which satisfies all the conditions from Section 2 and let A(M,,) be an element from
B(M,) (we suppose that condition (S) is satisfied).

In Theorem 5, which will be stated later, the following condition concerning
(M) and A(M,) will be used:

(B1) For every p € N and every ¢ € N there exists ¢ € A(M,)
and anz, > 0 such that M,(p(z)) > My(z) if z > z,.

PROPOSITION 4. (i) If A(M) = Amax(M,), then (B) implies (B1).
(ii) Conditions (S) and (B1), concerning the given set A = A(Mp), imply that
(B) holds and that A(Mp) = Amax(M)).

Proof. (i) This follows easily from Theorem 3.
(ii) Tt follows from (B1) that for every p and every r € N there
exists a ¢ € A(M,) such that M, '(M,(z)) < ¢(z) for sufficiently large z. From
(A3) and (S) it follows that:

mep(z) < ¥(x), for some 1 € A(M,).
Y(x) < M (My(z)) for some p' and sufficiently large z.

Thus we obtain that for arbitrary m € N, p € N, r € N, there existsap' € N
and an Z > 0 such that

mM, (M, (z)) < M, (My(z)) if = > Z.

that is, condition (B) holds. Since A(M,) contains functions of the form M.

(My()), (p,q) € N?, and their non-negative linear combinations, it follows that
A(Mp) = Amax(Mp).

THEOREM 5. We suppose that (Mpy(x)) is a sequence of functions which
satisfies all the conditions from Section 2 and that (S) and (B1) hold for a given
set A. Then the following assertion holds:

(*) If A and B are subsets of R such that for every two non-negative measures

fand g from K'{M,} with supports in A and B respectively, the convolution f * g
exists, then A and B are Amax(Mp)-compatible.

Proof. We shall use the idea of the proof of Theorem 5.2. from [5]. Since
tempered non-negative measures are non-negative measures from X'{ M}, we have
that the sets A and B are compatible.
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Let us suppose that A and B are not Amax{Mp}-compatible.
Let p € N be fixed. There are points x; € A, y; € B such that

(6) |zi] + lyal > 2°(M (Mi(Ja| + [yil) +1), i €N.

This holds because functions of the form 2¢(M_(M;(x) + 1)). = € R*, i € N,

P
belong to Amax(M,). Condition (6) implies that |z;| + |y;| — oo, and therefore,

|2i] = |2; + yi| = 00 as i = oo.
There are three possibilities:
(i) |zil = oo and y;| — oo;
(i) || — o0 and [y;] £ oo;
(iii) |z;| # oo and y;| — 0.
First we consider case (i). It is not a restriction if we suppose that |z;+1 > |z;],
|yit1] > |yil + 1 and 241 > |2;| + 1,7 € N.

We put
f(&) = Z My (|z:|)o(t — z:);  g(t) = Z My (|y])o(t — yi),

where we shall choose p' € N later.
From (5) we obtain that for a given p € N there exists a p’ and zp, such that

(7 Mp(z) < My (2/2) < Mp(x —t) My (t) if 2 >zpy and t € R.

Now we choose p’ as an element from N which corresponds to p (p was fixed
earlier) in (7). From (7) we have

(|a:,|) w (yil) = My (Ji| + |yi| = |ysl) My (|yil)
My (|| + |yi])/2) = Mp(|ai| + |yil)
if |z;] > 2pp (This is true for all i with ¢ > i¢ for some ig.)

Since f and g belong to K{M,} and supp f C A, suppg C B, then the
convolutions f*g and f *x g exist and

(f29)(®) = (f*9)(&) = D D My (|z:) My (ly;)5(t — 5 — y;)-
=0 j

=0

Using (7) and (6) we have

ZM (i) My (lyil)o(t ZM (il + ly;1)o(t — z:) >

Z'zo ’lzo

> Mp(M; (Mi(Jai + |ya)(t — zi) = > Mi|zi])8(t — 2:).

Z’Lo
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The last series is a distribution which does not belong to K'{Mp}. Thus
(f*g)(t) is not in K'{M} and so this is a contradiction.

Now we consider case (ii). It is not a restriction if we suppose that |z;4+1 >
|zi| + 1, yi = y and |z;41 > |z;| + 1, i € N. From (C) and (5) it follows that there
are sequences (p;) and (L;) such that 2¢M;(z) < My, (z) if z > L;.

We choose the sequence (z;) such that M, (|z; +yi|) > 2M;(|zi +vi|), i € N
(ie. |z + yi| > L;) and

(8) || + [ys| > M, " (M, (|2 + ys)-

The existence of the sequence (z;) for which (8) holds follows from the fact that
the functions M ' (M), (x)) are from Amax(Mp).

Let f(t) = 352 My (|z:)d(t — z;) and g(t) = 35,_; 27 (My (lys))d(t — yi)-
Clearly, f and g are from K'{M,}. Since f*g and f * g exist, and

Frg=Fxg=> > My(|z:)27 My (lyy)(t — i — y;) >

i=1 j=1
> 37 27 My (o] + il Dot — 2) Z?'M (M, (|75 +i)))-
= ’Lo i= Z()
8t — 2;) ZM |2:])d 2i),

i= zo

we obtain a contradiction as the last series is not an element from K'{M}.
Case (iii) is symmetrical to case (ii), and the proof is complete.
From the preceding Theorem and Proposition 4 we directly obtain:

THEOREM 6. If in Theorem 5 instead of (B1) we suppose that (B) holds, and
in addition, if we suppose that A(Mp) = Amax(My) (all the otiter conditions are
the same as in Theorem 5), then the assertion (*) holds.
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