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ON SOME HYPERSURFACES
OF A RECURRENT RIEMANNIAN SPACE

Mileva Prvanovié

Abstract. We consider quasiumbilical hypersurface of a recurrent Riemannian space and
find the conditions for such hypersurface to be conformally recurrent. We prove (assuming some
conditions) that the curvatutre tensor of such hypersurface has the form (3.10) and discuss the
case when the hypersurface is conformally flat.

1. Introduction. Let (M,g) be an (n + 1)-dimensional (n > 3) Riemannian
space covered by a system of coordinate neighbourhoods (U, y%). Let (M, g) be a
hypersurface of (M, g) defined in a local coordinate system by means of the system
of parametric equations y* = y*(z%), where g is the induced metric. Here and in
the sequel, Greek indices take the values 1,2,...,n + 1, and Latin indices — the
values 1,2,... ,n. Let N* be a local unit normal to (M, g) and let B¥ = dy®/0z".
Then

9ij = yaﬁquB]@’ (11)
GugNOB) =0,  GsN°N° =¢, e=+1, (1.2)
B2Bg' = g% —eN°N”. (1.3)

We denote by Ragys, Rapg and R the curvature tensor, the Ricci tensor and
the scalar curvature of (M, g) respectively and by Rijri, Rij and R the correspond-
ing objects of the hypersurface. Let h be the second fundamental form of the
hypersurface and let V be the operator of the van der Waerden-Bortolotti covari-
ant derivative. Then the Gauss and Codazzi equations for (M, g) of (M,g) can be
written in the form (c.f.e.g. [1], p. 149)

Rapys BYB) BB} = Rijix — e(hahji — hixhj),
RapysN*B]B] Bf = Vihj, — Vihji.
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Also (c.f. [1, pp. 147-148])
V.B] =¢eh,;N®,  V,N%=—h,g"Bf. (1.4)
If there exist on (M, g) two functions @, 8 and a 1-form v such that
hij = agij + Buv;, (1.5)

(M, g) is said to be quasiumbilical ([2, p. 147]). If 8 = 0, (M, g) is an umbilical
hypersurface. Miyazawa and Chiman [3] investigated totally umbilical subspaces
of recurrent Riemannian space. Among others, they proved that such subspece is
conformally recurrent (c.f. also [4]).

In this paper we consider quasiumbilical hypersurface of a recurrent Riemann-

ian space assuming
Vivi = ogir + trvi, (1.6)

where ¢}, and o are a covariant vector field and a scalar function on M respectively.
Also, we suppose v,v® # 0.

The aim of this paper is to find the necessary and sufficient conditions for
such hypersurface to be conformally recurrent. After that, we prove that if a # 0,
an + Bv,v* # 0, the curvature tensor of the hypersurface has the form (3.10) and
discuss the case when the hypersurface is conformally flat.

Using (1.5) and (1.6), we can rewrite the Gauss and Codazzi equations as
follows

I_%am&B?BfBZBZs = Riji — ea*(gugjr — girgijt)

- Eaﬂ(guvjvk + gjkvivl - gikvjvl - gjlvivk), (17)
RapyaN“B]B) B} = gjzwi — gjiwi + v (0p T — vT}), (1.8)
where 5 o0
o
w; = oy — Bou, T = B + 26, au=o ﬁl:@- (1.9)
As for (1.4), they became
VTBJ@ = e(agrj + ﬂUTUj)Nﬁ5 (1.10)
V,.N%* = —(aB? + Buv,.v' BY). (1.11)
From (1.6), we obtain
VNkvj - Vkij = gkj(Ul —oty) — glj(ak —oty) + ’l}j(vltk — Vitr)-
Using the Ricci identity, we get
—va R jr1 = 95851 — g5 Sk + v My, (1.12)
where
oo
oy Si = oy — oty My = Vit — Vity. (1.13)

= ozl
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2. Quasiumbilical hypersurface of a recurrent Riemannian space.
Applying the operator V, to (1.7) and using (1.10), we obtain

V,RapysBY BYB) B) B}
+e(agri + 6vrvi)ﬁaﬁ76NanBzBlé — e(agrj + Burv;)Rays NP BY B B)
+e(agrr + ﬂvrvk)ﬁwgalgN'nyBf‘BjB —e(agn + ﬂvrw)RMQBN‘sBZBiO‘Bf
= V. [Riju — ea*(gagjx — gik9jt)
—Eaﬁ(gilvjvk + g5kViV — Gik ViU — gjlvivk)]-
Substituting (1.8) into this equation, we find
V,Ropys B2 BAB) B] B
+ eal(grigix — grigik)wi + (9rjgit — 9rigj1) W
+ (9rk9ti — 9r9ik) W5 + (9r19k; — grkglj)wi]
+ eBv, [gjk('l}iwl + vw;) + ga(vew; + vjwg)
= gjt(viwg + vpw;) — gik (viwr + viwy)]
+ ea [g”-vj (veTy — iTk) + grjvi(0i Ty — viTy)
+ grevi (Vi Ty — v;T;) + grivi(v; T; — v;T})]
=V, [Rijr — e (gagjk — 9irgit)
— eaf(gavive + gjrvivi — girv;v — gjlvz"vk)]-
In view of (1.6), this can be rewritten in the form
V., Rijit = V,Raprs BY B B B B + 2caa.(gugjk — gings1)
e[(aB)r + 2a8t, — 268200, ] (guvjvk + gjkvivi — GikVjvL — Gj1ViVk)
+ ea[(grigjk — grigik)ou + (9rigit — grigji)
+(grk g — grigin); + (9r1grj — grkglj)ai]
+eBvr [gjk (viw + viei) + ga(vea; + vjan)
—gji(viay, + vrai) — gir(vjau + via;)]
+eafgrivi (VT — uiTk) + grjvi(i Tk — v Th)
+grivi (0T — viTi) + groy (v;Ti — viT5)].

Now, let us suppose that the (M,3) is a recurrent Riemannian space, i.e.
VpRag,ya = apﬁagws. (2.1)
Taking into account (1.7), the preceding relation becomes

V. Rijii = arRijii + €(2aa, — o*a,)(9ugir — girgst)
+e[(af)r + 2aBt, — 26%0v, — afar]|(gav;vk + 9jkViVI — GikV; VL — G1ViVk)
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+ 5a[(grigjk — 9ri9ik)a + (9rj9it — 9rigji) Ok
+(grr9it — gr1gix)oy + (9rigrj — grkgljai)]

+ eBvy [gjr (Vi + viey) + gu(vkay + vjar)
—gji(viak + virei) — gir(vjou + viaj)]

+ea [gTivj(vaZ —uTy) + grjvi(Vi Ty — viTy) (2.2)
+grk01 (0T — v;T;) + grvr(v; Ti — viTy)],

where
ar = a,B*,.

From (2.2), we have

V,.Rjr = arRjy,

+ eg{(2na + Bogv®)a, + ava® B, — af(n — D+ fugv®]a,
+20fv,0%, + 28], v — ﬁavav“]vr}

+ evjug [(n — 2)Ba, + naB, + 2naft, — 2(n — 2)%cv,
—(n - 2)afa,]

+ eagy; [(n — ay, + v,vTy — Tav“vk]

+ eagrk[(n — 2)ay + v,v°Tj — T,v;]

+ evpvp [(n — 2)Baj — o] + evpv;[(n — 2)Bay, — o1, (2.3)

and
VR =a,R+e{[2(n® + n — 2)a + 2(n — 1)Bvv*]ay + 2(n + 1)av,v® B,
— [n(n = 1)a® + 2a8(n — 1)vava, + 4(n + 1)afv,vt,
+4[(n — 1)Bagv® — (n — 1)B%0v,v" — aTv®v, }. (2.4)

Now, let us consider the covariant derivative of the conformal curvature tensor
Cijr of the hypersurface (M, g):

1
V:Cijki = VirRijr — m(gjkeril — 95V Rir + 9uVRjr — 9ix Ve Rji1)
1

+ mvTR(gjkgil - gjlgik).

Substituting (2.2), (2.3) and (2.4) into this relation, we obtain, after some
calculation

4o
VrCijri = arCijpi + mdvavaﬂ — Tov®vr)(9a9ik — indst)

20
n—2

€T, (guvjvk + gjkvivt — Gik VU1 — GjIViVk)
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a
+ n—2
+ (9rj9a — 9rigs1) (Tav " vp — V0" T)
+ (grrgit — grigir)(Tovvj — vau®Ty)
+(gr1gik — 9r1915) (Tav v — v,0°T5)]

(0]
—l [9ix 0Ty + uiTy) + ga(v; Ti + vk Ty)

=951 0Ty + v T3) — gix (v; Ty + v, Tj)]
+ ea[griv; (vTy — viTk) + grjvi(uiTk — viTy)
+g7-k1]l(U,'Tj - UjTi) + gri Vg (’l}jTi — UiTj)] .

e[(grigix — grjgin) (Tav vy — vav*T})

+

If @ =0, (2.5) reduces to
V:Cijri = a-Cijrt,

107

(2.6)

i.e. the hypersurface is conformally recurrent or (in the case a, = 0) conformally

symmetric.
If o # 0, the condition (2.6) is satisfied if and only if

—(UaUaTr - Tavavr)(gilgjk - gikgjl)
-1
— 2T, (gavjve + gjkViVi — GikVjV; — GjiViVk)
+ (9rigjk — 9rigir) (Tav®vy — 0oV T1) + (9rjgit — grigjt)(Tav®vi — vV Ty)
+ (9rrgit — 9rigie) (Tav®vj — vav?Ty) + (9ri9jk — 9rrgij) (Tav®vi — Vv T;)

+vr [gix (0 Th + Tivr) + ga(v; Tk + vaTy) — g (ViTk + v Ti) — gir (0;T1 + 0/ T})]

(n = 2)[griv; (kT — 0/Tk) + grjvi(uiTi — viT))
+9rk01 (0T = v;T;) + griv (v, T; — v;Ty)] = 0.

Transvecting this relation with viv!, we find

2
- m(gjkvbvb — vjUg) (VU T, — Tv®v,)

+ (grjvqv® — ’UT’U]')(’U(;’Uka — Tbvbvk) + (grrvav® — vrvk)(vbvij — Tb’Ub’Uj) =0.

Transvecting the last relation with g™/, we get

1 —2
vavb(vavaTk — Tava‘/uk) — 0,
n—1
or T 4o
T, = a—vbvk;
VpU

because n > 3 and v,v® # 0.

Conversely, if T, = fug, where f is a scalar function, (2.5) reduces to (2.6).

Thus we have
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THEOREM 1. Let (M,q) be a recurrent Riemannian space with a, as a re-
currence vector field. Let (M, g) be its quasiumbilical hypersurface satisfying (1.6).
Then:

if a =0, (M,g) is a conformally recurrent manifold with a, = a,B? as a
recurrence vector field;

if a #0, (M,g) is a conformally recurrent space if and only if Ty, = fuy,
where f is a scalar function.

In the following section we shall show that in the case a # 0, T = fvg, the
additional informations about the hypersurface (M, g) can be obtained.

3. The case a # 0, an + fv,v®* # 0. In the case T}, = fv the Codazzi
equation (1.8) reduces to
RapysN“B) BB} = gjxwi — gjuwi. (3.1)
Applying the operator V,. to (3.1) and using (1.10) and (1.11) we get
gikVewy — gt Vewg = vaaﬁ'yéNanBzBléBf
— aRapys B2 B B Bf — Bv,v'Rups By B} B] B}
—e(agm + ﬂvTvk)RagngO‘BfBl‘sN'V +e(agq + ﬁvTvl)RamaNanBzN‘s.
Substituting (2.1) and (3.1) into this relation, putting
RapsN*B]BIN” = Py, (3.2)
and taking into account (1.7), we find
Ry it = —Buv* Rojri + e0®(grgik — 9rjt)
+ 60?3910 V% + gk UV — GrkVjUL — Gj1VrVE)
+ gjk(c‘fa2ﬂ’l)l1)r + ea 20,0 + apwp — Vowy) (3.3)
— gji (ea? B v, + eafPv,v%v,v; + arwy, — Vyowy)
— e(agrk + Porvk) P + e(agr + Burvr) Pj.-
Substituting (1.12), we have
aRy i = €0 (grigjk — 9rrgit)
+ £0” B(gr1v;Vk + GikOrVL — GrrVVL — gj10r V)
+ gj[e(@® B + af?vv®)vru + BurS) + arwy — Vywy]
- gjl[5(0425 + afPva v vk + BurSk + arwy — Vewg]
+ Burv; My — e(agrr + Boror) Py + e(agr + Borvr) Pk

Interchanging the indices r and j and also k£ and [ and adding the obtained relation
to the preceding one, we get

2aR, i1 = 260> (9r195k — 9rk 1)
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+e(3a”B + a62vava)(grlvjvk + 9jkUrV — GrkVjUL — GjiVUrVk)
+ 9jk (Bur St + aywy — Vywr) = gji(Bor Sk + arwi — Vyewg)
+ 9r1(Bv; Sk + ajwr — Viwk) — gre(Bv;S; + ajw; — Vjwy)
— e(agrk + Bvrvr) Pyt + e(agm + Burvr) Py
—e(agji + Bvju) Prr, + e(agjr + Bvjvr) P
Now, we replace the indices r, j, k,1 with [, k, j, r respectively. Adding the ob-

tained relation to the preceding one and taking into account that P;; is a symmetric
tensor, we find

4aR,ji = 420> (grigjr — 9rigjt)
+ 2¢(30%B + af?v,v)(grvjVk + GjkVrVI — GrkViVI — Gj10rVE)
+ gk [B(vrSi + viSr) + arw + qw, — (Vew + Viw,)]
= g[B(vr Sk + vk Sr) + arwy + apw, — (Vowg + Viw,)] (3.4)
+ 9r[B(vj Sk + v S;) + ajwy + arw; — (Viwg + Viw;)]
— grk[B(v; St +viS;) + ajw + aqyw; — (Vw; + Viw;)]
— 2e(agrk + Bvrv) Py + 2e(agr + Borvr) Py
— 2e(agji + Bujur) Py + 2e(agjx + Bujok) P
Now we have to determine F;;. To do this, we interchange the indices r and j in
(3.3) and add the obtained relation to (3.3). We get
— Burv* Rojri — Bujv® Rorpt
+ gjk[e(azﬁ + affv, ") v, + arw; — V,rwi]
— gjl[a(a26 + a2 v v, + apwy — V,wy)
+ grk[&t(azﬁ + aﬂzvava)vjvl + ajw; — Vjw]
— grle(@®B + aBvv®) vy, + ajwy, — Vjwg]
— e(agrk + Burvk) P + e(agr + Burv) P
— e(agjr + Pvjor) Pr + e(agji + Bvju)Pry = 0.
This, in view of (1.12), can be written in the form
2Bv,v; My,
+ gjrle(a® B + afPv, ") o, + apwr + BorS; — Vyw)]
— gji[e(0®B + a0, " Yvkvr + arwy + Bor Sk — Vywy]
+ gre[e(@® B + aBP v, vju + ajwy + Bv; Sy — Vjw]
— grle(0?B + af?vav*)vjvk + ajwy, + Bu;Sk — Vjwi]
— e(agrk, + Burve) Pyt + e(agn + Puyu) Pj
—e(agjr + Bvjvg) Pr + e(agji + Bvjv) Py, = 0.
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Transvecting this with g*", we have
e(na®B + nafv,v® + BP)vju + najw; + nfv;S; —nVjw
— g]-l[a(ozzﬁ + aﬁ%w”)vwb —eaP +wya® + BS.v* — Vow?®] + 28v;09" My,
= g(an + Pv,v®) Py + efB(v;v® Py — vjv® Pjg), (3.5)
where P = P,;g?. This function can be determined as follows.
Taking into account (1.3), we get from (3.2)
P =R, NON.
On the other hand, transvecting (1.7) with g% and using (1.3) and (3.2), we find
RB,YB;QB,Z — ePjr = Rji, — €[(n — 1)a® + afu,v*]gjk — (n — 2)afBv;vg,
from which, transvecting with g’*, we get

(R—R) + @0? + (n — 1)aBu,v®. (3.6)

p==
2

Now, let us return to (3.5). Interchanging the indices j and [ in (3.5) and
subtracting the obtained relation from (3.5), we find

ef(vjv? Po — viv®Pjo) = B(vjv* Miq — vjv® Mja)

1 1 n
+ En(ajwl — ale) + Enﬁ(ijl — UlSj) — E(ijl — Vle').

Substituting this into (3.5), we find
g(an + Bv,v*) Py = e(na®B + af®v,v® + BP)v;v;
n n n
+ 5 (ajw + awy) + 5 805 + wiSj) = 5 (Vjw + Viw;)
- gjl[s(a2ﬂ + af2v,v*) vy’ — eaP 4+ wea® 4+ BS,v® — Vw?]
+ B(vv* M + viv® Mjq,).

Thus, supposing
an + Pugv® #0,

we have
mn mn
le =C [Uj (551 + ’UaMla) + v (5»5] + 'Uana> ]

+ Dlajw; + ayw; — (Vjw; + Viw;)] + Evju + Fgj,

3.7)

where we have put

I} _ n

=7 D=—— — 3.8
an + Bugv®’ 2(an + Bvgv?)’ (38)
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naf(a + Bugv®) + P
on + Bug v
aP — af(a + Bvav®) vyt — cwpab — eSS0 + eV w®
an + Bugv®
Substituting (3.7) into (3.4), we get
Ry jri = A(9r195k — 9rk9jt) (3.10)
+ gri(Bvjvg, + vip + vipj + LQjk) + gk (Bvrvp + vrpr + vipr + LQri)
= gre(Bujur +vipi +uipj + LQji) — gji(Bvrvk + vrpr + vipr + LQrk)
+ N(vjorQr + vriQjr — v,k Qi — vV;UIQrk),

where we have put

E =

?

(3.9)
F =

A=c(@®+F), B= %(3aﬁ + BPv0 + E + §F> (3.11)

m =25 (g + enC) + 2eCv® M, (3.12)

1
L= o +2eD, N = 25§D, Qr = apw; + qqw, — Vow, — Viw,. (3.13)

Thus, we have

TueoREM 2. Let (M,g) be a recurrent Riemannian space. Let (M,g) be its
quasiumbilical hypersurface satisfying (1.6). If, in addition,

a#07 na+/6vava7é07 Tk:kaa

then the curvature tensor of the hypersurface can be expressed in the form (3.10),
where the functions A and B are given by (3.11) and (3.9), the functions L and
N — by (3.13) and (3.8), while p; is an 1-form determined by (3.12), (3.8) and
(1.13). As for the function P, it is given by (3.6).

If p, =0 and Q;; = 0, (3.10) reduces to

R, it = A(9r19ik — 9rk9j1) + B(grivjvk + grivrtr — grevivi — 951Uk ),

i.e. the hypersurface is a space of quasi-constant curvature. For example, if
a=const.# 0, and 8 = 0, the conditions p; = w; = 0, according to (1.9), (3.12)
and (3.8), are satisfied. The condition w; = 0 implies @;; = 0. On the other hand,
if 8 =0, then B =0 and the hypersurface is a space of constant curvature. Thus

TaEOREM 3. Umbilical hypersurface of the recurrent Riemannian space sat-
isfying a = const. # 0 is a space of constant curvature.

As a consequence of Theorem 3, we have (c.f. [5, Theorem 1])

CoroLLARY. Umbilical hypersurface of a Cartan-symmetric Riemannian
space satisfying a = const. # 0, is a space of constant curvature.
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We get from (3.10)
Rjr = gjk[(n — 1)A + 2p,v°® + LQabg® + Bugv®]
+ vjvg[(n — 2)B + NQabg“b] + Qjr[(n — 2)L + vv" N]

+ (n = 2)(pjvr + prvj) — N (kv Qja + vjv*Qak), (3.14)
R=n(n—1)A+4(n —1)pv® + 2(n — 1)PQ4sg®* + 2(n — 1) Bu,v®
+ 2N (Qabg ™ vp0? — Qupv™0”). (3.15)

Substituting (3.10), (3.14) and (3.15) into the expression

1
Crjrt = Rrjii — ——= (gjx Rri — gjtRer + 9riRjk — grrRji1)

n—2
+ m(gjkgrz — gj19rk)
of the conformal curvature tensor, we find

2
Crijki = N{ m(gﬂcgrl — 95197k (Qab g vpv? — Qqapvv”)

+ Qrivjvr + Qrvrvr — Q1vrVr — Qrrvivr

9ik
+ 5 (00" Qat + V10" Qar — 16" Qi = Qavg™vrtr)
gji
n i 2 (vranak + 00" Qar — V¥V Qrr — Qabgab'vrvk)
gri
Rae— — Q(UkUana + 00" Qak — Vav*Qjk — Qabg™ vjvk)

k
- ng: 5 (v Qo + ViV Q0 — VoV Q1 — Qabgabvjvl)}-

Thus, we have

CORROLLARY. Let (M,g) be a recurrent Riemannian space and (M,g) its
quasiumbilical hypersurface satisfying (1.6). If, in addition,

a#0, an + fuv* # 0, Ty = for, Qij =0,
(M, g) is conformally flat.

REFERENCES

[1] L. P. Eisenhart, Riemannian Geometry, Princeton, 1949.

[2] Bang-yen Chen, Geometry of Submanifolds, Marcel-Dekker, New York, 1973.

3] T. Miyazawa and G. Chumann, On certain subspaces of Riemannian recurrent space, Tensor,
N.S. 23 (1972), 253-260.

[4] M. Prvanovié, Some theorems on the subspaces with indeterminated lines of curvatures of
recurrent Riemannian spaces, Mat. Vesnik, 1 (16) (1964), 81-87.

[6] Z. Olszak, On totally umbilical submanifolds of Cartan symmetric manifolds, Demonstratio
Math. 9 (1976), 95-103.

Institut za matematiku (Received 03 08 1989)
Prirodno-matematicki fakultet
21000 Novi Sad, Jugoslavija



