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ON THE CLASSIFICATION OF TOTALLY UMBILICAL
CR-SUBMANIFOLDS OF A KAEHLER MANIFOLD

M. A. Bashir

Abstract. We show that three-dimensional totally umbilical proper CR-submanifolds
of a Kaehler manifold are extrinsic spheres. Thus we extend a classification theorem of these
submanifolds for dimension less than five.

1. Introduction. The notion of CR-submanifold of a Kaehler manifold was
introduced by Bejancu [1]. Let M be an m-dimensional Kaehler manifold with
almost complex structure J. A (2p+ g)-dimensional submanifold M of M is called
a CR-submanifold if there exists a pair of orthogonal complementary distributions
D and D+ such that JD = D and JD* C v, where v is the normal bundle of M
and dim D = 2p, dim D+ = q. Thus the normal bundle v splits as v = JD* @ p,
where p is an invariant sub-bundle of v under J. A CR-submanifold is said to be
proper if neither D = {0} nor D+ = {0}.

Bejancu considered totally umbilical CR-submanifolds of a Kaehler manifold.
he proved that if dim D1 > 1, then these submanifolds ar totally geodesic [2].
Blair and Chen [3] and later Deshmukh and Husain have also studied these
submanifolds. In fact Deshmukh and Husain have proved a classification theorem
for totally umbilical CR-submanifolds provided that dim M > 5. Their theorem is
the following [4].

THEOREM 1. Let M, (dim M > 5) be a complete simply connected totally
umbilical CR-submanifold of a Kaehler manifold M. Then M is one of the
following:

(i) locally the Riemannian product of a holomorphic and a totally real submani-

fold of M;

(ii) totally real submanifold;
(iii) isometric to an ordinary sphere;
(iv) homothetic to a Sasakian manifold.
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In this paper we consider the case where dim M = 3. For this case we obtain
the following theorem:

THEOREM 2. Let M be a 3-dimensional totally umbilical proper CR-
submanifold of a Kaehler manifold M. Then M is an extrinsic sphere.

Note that, since M in the above theorem is proper and 3-dimensional, then
dim Dt = 1. However if dimM = 4 and M is proper, then dim D+ = 2, and
in this case one may use the result in [2] to conclude that M is totally geodesic.
Using this and a result in [3] we conclude that if dim M = 4, then M is locally a
Riemannian product of a holomorphic submanifold and a totally real submanifold
of M. If dim M = 3, then Theorem 2 and a result in [5] imply that M is either (iii)
or (iv) of Theorem 1. Note that for dim M = 2 or 1, M is either a holomorphic
submanifold or a totally real submanifold. Thus a complete classification of totally
umbilical CR-submanifolds of a Kaehler manifold is obtained.

2. Preliminaries. We shall denote by V, V, V* the Riemannian connection
on M, M and the normal bundle respectively. They are related as follows:

(2.1) VxY =VxY +h(X,Y)
(2.2) VxN=—-AyX+V%N, New
where h(X,Y) and Ay X are the second fundamental forms which are related by

where X and Y are vector fields on M.
Now let R, R and R* be the curvature tensors associated with V, V and V+
respectively. The curvature tensor R satisfies

(2.4) R(JX,JY)Z =R(X,Y)Z, R(X,Y)JZ=JR(X,Y)Z

If X,Y,Z, W are vector fields on M, then Gauss and Codazzi equations are
respectively given by

(2.5) R(X,Y;Z,W) = R(X,Y; Z,W) + g(h(X, W), h(Y, Z))
- g(h(X7 Z)7 h(Y7 W))

(2.6) R(X,Y;Z,N) = g(Vxh)(Y, Z) - (Vyh)(X, Z)N),

where

R(X,Y;Z,N) = g(R(X,Y)Z,N)
(Vxh)(Y,Z) =V%h(Y,Z) - h(VxY,Z) — h(VxZ,Y).

A CR-submanifold is said to be totally umbilical if h(X,Y) = g(X,Y)H, where
H = (trace h)/n is the mean curvature vector.
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A totally umbilical submanifold of a Riemannian manifold which has nonzero
parallel mean curvature vector (i.e. V% H = 0) is called an extrinsic sphere. If M
is totally umbilical CR-submanifold, the equations (2.1), (2.2) and (2.6) become

(2.7 VxY =VxY +g(X,Y)H

(2.8) VxN = —g(H,N)X + VxN

(2.9) R(X,Y;Z,N) = g(Y,Z)g(VxH,N) — g(X,Z)g(Vy H, N).
Bianchi’s first and second identities are given respectively by

(2.10) R(X,)Y,Z)+R(Y,Z,X)+ R(Z,X,Y) =0
(2.11) (VxR)(Y,Z)+ (VyR)(Z,X)+ (VzR)(X,Y) = 0.

3. Three-dimensional totally umbilical CR-submanifold of Kaehler
manifold. We consider a 3-dimensional totally umbilical proper CR-submanifold
M of a Kaehler manifold M. Then we prove the following lemmas

LEMMA 1. H € JD*, and for z € D+, V% H = 0.

Proof. Since M is proper and 3-dimensional, dim D = 2 and dim Dt =1.
For X,Y in D the equation JVxY = VxJY and (2.7) give

JVxY +9(X,)Y)JH =VxJY +g(X,JY)H.
Taking inner product with NV € u, we get
9(X,Y)g(JH,N) = g(X,JY)g(H,N)
With Y = JX in the above equation, we have
IX||g(H,N)=0, ie  HeJD.

To prove the second part of the Lemma, let N € u. Then it follows from (2.9)
that R(Z,X;JX,JN) = 0 for X € D. Using (2.4) in this equation we get
R(Z,X;X,N) = 0. Using (2.9) in this last equation we have g(VzH,N) = 0,
from which it follows that VZH € JD*. We need to show that V3 H € p. From
(2.9) and (2.4) we get R(Z,X;X,Z) = R(Z,X;JX,JZ) = 0. Using linearity of
R, we then get R(Z,X;JX,Z) = 0. From this it follows that R(Z,X,X,JZ) = 0.
Now using (2.9) the last equation gives g(V4H,JZ) = 0, i.e. VLH € p. Thus
VLH € JD N p = {0}. This finishes the proof of Lemma 1.

LEMMA 2. Let {X,JX, Z} be an orthonormal frame field on M where X € D
and Z € D*. Then we have the following equations

VxX:aJX, VJxXZ—bJX+()éZ, VzXZCJX,
VxJX = —aX —aZ, VixJX =bX, VzJX = —cX,
VXZ:aJX, VJXZ:—aX, sz:(),

where a,b,c are smooth functions on M and a = ||H]||.
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Proof. We know from Lemma 1 that H € JD>. Since dim JD* = 1, one can
write H = aJZ for some smooth function o on M. Since M is totally umbilical
we get

(3.1) WX, X) = h(JX,JX) = h(Z,Z) = aJ Z
(3.2) AjzX =aX, AjzJX =alJX, AjzZ=aZ,
h(X,JX) = h(X, Z) = h(Z, JX) = 0.
Using the equation (2.7) and (2.8) in the equation VzJZ = JV zZ and taking inner

product with W € D, we get g(Vz, W) =0, i.e. VzZ € D+. Since g(Z,Z) = 1 we
also have VzZ € D. Therefore we have

(3.3) V27 = 0.

Using (3.3) we have

(3.4) 9(VzX,Z) =0, 9(VzJX,Z)=0.
Also using the equation (VxJ)(Z) =0 and (3.2) we get

(3.5) 9(VxZ,X)=0, ¢(VxZ,JX)=a.
Now using the equation (V xJ)(Z) =0 we have

(3.6) 9(VixZ,X) = —q, 9(VyxZ,JX)=0.

Similarly the equations (VxJ)(X) = 0, (VsxJ)(X) = 0 with the help of
(3.1) give

(3.7) d(VxX,2)=0, ¢(VyxJX,Z)=0.
The lemma follows from the equations, (3.3), (3.4), (3,5), (3.6) and (3.7).

LEMMA 3. Let {X,JX,Z} be the orthonormal frame field on M. Then we
have the following expressions for the curvature tensor of M

R(X,Z,Z) = a*X, R(JX,Z,Z)=a*JX
R(JX,Z,X) = (JX(c)+aa—ca+ Z(b)JX
R(X,JX,Z) = —-X(a)X — JX(a)JX
R(Z,X,JX)=(X(c) — Z(a) + ab—cb) X

R(Z,X,X)=—(X(c)+ab—Z(a) —cb)JX +*Z

R(Z,JX,JX) = (JX(c) + Z(b) + aa — ca)X + a*’Z

Proof. Using Lemma 2 and the definition of the curvature tensor R,
R(X,Y,Z)=VxVyZ —VyVxZ — V[X’y]Z, we get Lemma 3.
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Proof of Theorem 2. Using the expressions for the curvature tensor given by
Lemma (3) in Bianchi first identity (2.10) we get

[X(c)—Z(a)+ab—cb—X(a)]X +[JX(¢c)+aa—ca+ Z(b) — JX(a)]JX =0
from which it follows that

(3.8) X(c)—Z(a)+ab—cb—X(a) =0
(3.9) JX(¢)+aa—ca+ Z(b)—JX(a) =0
Applying Bianchi’s second identity (2.11) to Z we have
(3.10) (VxR)(JX,Z)Z + (VyjxR)(Z,X)Z + (VzR)(X,JX)Z =0
where

(VxR)(JX,Z)Z=VxR(JX,Z)Z — R(VxJX,Z)Z
—R(JX,VxZ)Z — R(JX,Z)VxZ.
Using Lemma 3 and Lemma 2 we obtain

(3.11) (VxR)(JX,2)Z = 20X (a)JX + a[JX(c) + Z(b) + aa — ca] X
=2aX(a)JX +aJX(a)X,

where we have used (3.9) to get the last equality. Similarly we get

(3.12) (VsxR)(Z,X)Z = —2aJ X (a)X

(3.13) (VzR)(X,JX)Z = (cJX(a) — ZX ()X — (cX(a) + ZJ X () J X.
Now using (3.11), (3.12) and (3.13) in (3.10) we found that the X-components and
the JX components give respectively
(3.14) (c—a)JX(a)—ZX(a)=0
(3.15) (2a— )X (o) = ZJX(a) =0.

Using the equation VyJZ = JVy Z, where V = X, JX or Z with the help

of (3.2) and Lemma 2 we get VizJZ = 0. Since V4zH = 0, from Lemma 1, and
H = aJZ we have

(3.16) Z(a) = 0.
Therefore, the equation [Z, JX](a) = [VzJX — V ;x Z](c) implies that ZJ X (a) =
(VzJX =V xZ)(a). Using Lemma 2 in this equation we get

(3.17) ZJX(a) = (a—c)X(a).
Using (3.17) in (3.15) we have
(3.18) aX(a)=0.

Now if we repeat the above arguments for the orthonormal frame field {W, JW, Z},
where W = —J X, we get the result in (3.18) for W with the same « as M is totally
umbilical i.e. we get aW(a) = 0, or
(3.19) aJX(a)=0.
Equations (3.16), (3.18) and (3.19) imply that o2 is constant. i.e. a is constant.
Using this and VJZ = 0for V = X, JX or Z we get ViH = 0 i.e. M is an
extrinsic sphere.

Now we have the following theorem.
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THEOREM 3 [2]. Let M be a totally umbilical 4-dimensional proper CR-
submanifold of a Kaehler manifold M. Then M is totally geodesic.

COROLLARY. Let M be as in Theorem 2 or Theorem 3. If dim M = 4, then
M s locally the Riemannian product of a holomorphic submanifold and a totally
real submanifold of M. If dim M = 3 then M is either (iii) or (iv) of Theorem 1.

Proof. The first part of the corollary follows from Theorem 3 and a result
of [3]. The second part follows from Theorem 2 and a result of [5].

Thus Theorem 1 is extended for dim M < 5.
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