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ABSTRACT. We obtain a formula of decomposition for

() = A [ SU@)e() do + / () dz
R™ R™

using the method of stationary phase. Here (S(t))icr is once integrated,
exponentially bounded group of operators in a Banach space X, with generator
A, which satisfies the condition:

For every z € X there exists § = §(x) > 0 such that tf/(z)fa —0ast—0.

The function ¢(x) is infinitely differentiable, defined on R™, with values
in X, with a compact support supp ¢, the function f(z) is infinitely differen-
tiable, defined on R™, with values in R, and f(z) on supp ¢ has exactly one
nondegenerate stationary point xg.

1. Introduction

In [8] Fedoryuk gives a formula for calculation of the integral [, ¢(2)elAS@)dz.
Here A is a sufficient large real parameter, p(z) and S(z) are infinitely differentiable
functions defined on R™, with values in R. The function ¢(x) has a compact support
supp ¢, o is a critical (stationary) nondegenerate point of the function S(z). By
definition, x¢ is a critical (stationary) point of the function S(z) if 9S(zo)/0x = 0;
a critical point zq is nondegenerate if det(92S(z¢)/0z?%) # 0.

Let C*°(R™) and C§°(R"™) denote, successively, a space of infinitely differen-
tiable functions defined on R™ with values in R, and a space of infinitely differen-
tiable functions with compact support, defined on R™ with values in R.

THEOREM 1.1. (see [8] or [16]) Let ¢(z) € C§°(R™) and S(z) € C*°(R"™), and
let S on supp ¢ has exactly one nondegenerate critical point xog. Then, for every
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real number \ such that |\| = 1, and for every integer N > 1, it holds

N-1
(1) I\ = / p(2)eP5 @ dy = AT/ 2elA5@) N g (6, 8) AT + Ry (N).

Rn j=0

Here aj(p,S) = (Pjp)(xo), where Pj is a linear differential operator of order
27, with coefficients in C*°. For residue Ry (\) it holds

(2) IRn(A)| < CyA 27N lllco(rny . where B = B(N) < oo.

The formula (1) gives an asymptotic decomposition of the integral I()\) as
A — £o00. The method giving decomposition (1) is called the method of stationary
phase. Maslov and Fedoryuk in [16] extend this method for calculation of the
integral ®(A) = [ eliA5@p(z)dz.

R
Here ¢(z) € C§°(X) (a space of infinitely differentiable functions defined on
R™, with values in a Banach space X, with compact support), S(z) € C*(R")
on supp ¢ has exactly one nondegenerate critical point xg, a linear and closed
operator A in a Banach space X is infinitesimal generator of strongly continuous
group (e(“A))teR, of bounded operators in X. It is known that there exist positive

real constants M and w such that He(”A)H < Mevltl t € R.
By the conditions given above Maslov and Fedoryuk prove:

THEOREM 1.2. [16] For every complexr number X\ with Re X > w, and every
integer N > 1, it holds

(3) ®(A) = el AS@(ALINT)™P/2(A—iNT) ™2 > " (A+X]) TF(A—iXI) " ari+ gn.
0<k+ISN

Here, coefficients ax; € X, residue gy € D(ANJF[%}H), p is number of positive,
n is number of negative eigenvalues of matriz SIl, (xo).

In this paper we extend the method of stationary phase to once integrated
group of operators in a Banach space.

2. Preliminaries from the Theory of
Integrated Semigroups and Groups

Integrated groups in Banach spaces have been introduced to study abstract
Cauchy problems, for example the Schrodinger problem in LP(R™) with p > 1,
see [12]. n times integrated semigroups were introduced by Arendt [1] and Hieber
and Kellermann [13] with n € N, and later Hieber defined « times integrated
semigroups with « > 0 [11]. Differential operators in Euclidean operators are
examples of integrated groups, see for example [12].

In [20] it is proved that « times integrated groups define algebra homomor-
phism and smooth distribution groups of fractional order are equivalent to « times
integrated groups.
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DEFINITION 2.1. [11] Given a > 0, a family of strongly continuous linear
and bounded operators (S(t)),5, on a Banach space X is said to be an « times
integrated semigroup if it satisfies S(0) = 0 and for all x € X and t,s > 0 the
following equality holds:

t+s ¢
(4) S)S(s)z = % [/ (t+s—7)"tS(r)xdr — /(t +5—r)2"LS(r)zdr]|.
!
s 0
An o times integrated semigroup (S(t)):>o is called nondegenerate if S(¢)z =0

for all ¢ > 0 implies that £ = 0. We consider only nondegenerate semigroup.

The generator (A, D(A)) of (S(t))i>0 is defined as follows: D(A) is the set of
all z € X such that there exists y € X satisfying

(5) S(t)x — e = /S(s)yds, t>0

Tlat+1)"
0

and Az := y. It is straightforward to check that (A, D(A)) is a closed operator.
The function ¢t — S(¢t)z, [0,00) — X is differentiable for ¢ > 0 if and only if
S(t)x € D(A) and in this case

(6) %S(t):c — AS(t)x + %x

In general, the growth of ||S(¢)||, if ¢ — oo, is bigger than exponential, see
for example [13, Example 1.2]. If ||S(¢)]] < < Met w1th M,w > 0, the condition

(4) is equivalent (by Laplace transform) to R(\) := A\ f e MS(t)dt; ReA > wis a

0
pseudoresolvent operator, i.e., R(A\) —R(u) = (1—A)R(A)R(p) for any Re A\, Re u >
w, see [11]. In this case A belongs to the resolvent set p(A) and R(A\) = R(\, A) :=
(A — A)~! with Re X > w.

DEFINITION 2.2. [20] An « times integrated group (S(t)):cr is a strongly con-
tinuous family of linear and bounded operators on a Banach space X such that
(S4(t) == S(t))t=0 and (S_(t) := —S(—t)):>0 are « times integrated semigroups,
and if t < 0 < r, then

T 0
(7) S(t)S(r)F(la)[/(st J215(s ds+/ (t+7— ) 'S(s)d ]

t+r t

holds when ¢t +r > 0, and

t+r
/(—H“—s"lS ds—i—/s—t—r"lS() 1

t 0

holds when ¢ + r < 0. The generator of (S(¢)):er is the generator of (S4(t))¢>0-
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In the case of (S(t))ier is exponentially bounded, this definition is equivalent
to saying that (A, D(A)) and (—A, D(A)) are generators of a times integrated
semigroups (see [18]).

3. The Method of Stationary Phase for Once Integrated Group

Let X is a Banach space. If (S(t))icr is « times integrated group on X for
a = 1, with generator (A4, D(A)), we will say that (S(¢))icr is once integrated
group on X, with generator A.

In this section we will obtain a result for once integrated, exponentially bounded
group of operators (S(t)):cr in a Banach space X that satisfies the condition:

S(t)x

t1/2+6

(*) For every x € X there exists § = d(x) > 0 such that —0ast—0.
Such a family of operators (S(t))ier exists. For example, if operators A and (—A)
are generators of once integrated local Lipschitz continuously semigroups .57 and S,
then (S(t))tcr, defined by: S(t) = S1(t) for t > 0, and S(t) = —Sa(—t) for t < 0,
is once integrated exponentially bounded group with generator A, which satisfies
the condition (*). Also, many other integrated groups satisfy that condition.

For the proof of main result in this section we need and give, without proof,
the known Morse’s lemma. Also, we prove several new lemmas, that we will use.

LEMMA 3.1. (Morse [16]) Let the function f(x) be defined on R"™, with real
values, and infinitely differentiable in a neighborhood of the point xqy, where xq is
nondegenerate critical point of the function f(z). Then, there exist neighborhoods
U and V' of the points x = xg and y = 0, and a diffeomorphism g : V — U in the
class C*°, such that

o) (Fo o)) = flao) + 2 > nys?
j=1

Here, j1; are eigenvalues of the matriz f.!, (zo), and det ¢g'(0) = 1.

LEMMA 3.2. Let (S(t))i>0 be once integrated, exponentially bounded semigroup
on a Banach space X, with generator A, which satisfies the condition (*). Let M
and w are positive real constants for which ||S(t)|| < Me“t for every t > 0. Then,
for every complex number €, such that Ree > w, the operator

[R(e, A)]Y2 = % 0/00 (j—\;)lS(t) dt

is a bounded operator from X into X, and, for every x € X it holds

(10) [R(e, A)"/?)*x = R(e, A)a.
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PRrROOF. Using the condition (*) it is easily to see that the operator [R(e, A)]'/2
is bounded. Let € > w is an arbitrary number, and x € X. Then,

Since S(t)S(s)z = [[S(t + u) — S(u)]z du, the integration by parts in interior
integral gives 0

[R(e, A)"/?) %z =

Because of the condition (*), the first expression equals zero.

t+s
Since A is a closed operator, and S(t+s)—S(s) = A [ S(u)du + tI, we obtain

1/212 4 et Tee e
R(g, A = — A =1+ I
[R(s,A)'?] "z - (Qﬁ) dt/g\/g /S(u)xdu—i—tw ds =1 + I,
0 0 s
where
4 7 —et\/ w° —€s
- e e
L=—|t|l—)dt | —=xd
1 7To/ <2\/f) /2\/§x >
0
4 ° —et\ '/ T _es s
- e e
IL=—A - .
2= — /(2\/5) dt/Q\/gds/S(u)xdu
0 0 s
Further,

0o 0 o'}
e

oo —€es 4 efet efss
—mder—/ dt/—xds.
t=00/ 2./s ) 2Vt 2./s

0 0

—4 efet
H=—1|t—
o ( 2\/5)
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Since the first expression equals zero, we have

o'} 2
(11) I = é(/e—mfdu) g f( a ‘”)
v ™ Ve
0

:i(ﬁfx:zx,

TE 2 €

Consider now the integral I;. We interchange the order of integration and

obtain
75t bs
:7/1/2\/_ /( > /S(u)zdu.
o—ct t+s
Put v = w= [ S(u)xdu. The integration by parts implies

2yt 5

7( _€t> dt/S Yz du = 2\/_/5’ xdu]oi —/Z:;S(t—l—s)xdt_

The first summand at the right-hand side is equal to 0,
t+s

e—et
— [ S(u)du
2Vt / )
S
and v/t e@=9)t2e = 0. Hence,

[e'e] e—at ’ t+s ooe_‘;575
— | dt Suxdu:—/ S(t+ s)xdt,
J(5) [ s Cs(+s)
0 s 0
Doefss e —et
I, =— d S(t dt.
2= — /2\/§ 8/2\/Z (t+ s)x
0 0
The substitution ¢ + s = u gives
4 ) e [eS) o )
e S 67 u—s
L =-A d S du.
2= /2\/5 S/Qm (u)x du
0 s

We interchange the order of integration and obtain

e—at
<M
2Vt

, M
(t 45— S)ew(t-‘ré) — 7ews\/l_€e(w—a)t’

so that

>
4y

o0

1
L=-A[eSuad
2T / Slu xu/\/gm

0

The substitution s = uv shows that
1 1

ds udv ~1/2 1/2 4, 11
/\/Ew/us Vuvy/u — uv /v (1=v)” (2 2) i
0 0 0
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where B(a, 3) denotes beta-function. Therefore,

r A 1
(12) I, = A/e_E“S(u)x du = A@ x = R(e,A)x — .
0

Finally, (11) and (12) imply

e—et

[R(E,A)1/2]2x = l%/ (2\&)/5@) dt] x=1+1=R(e, A)x. O
0

LEMMA 3.3. Let the family of operators (S(t))i>o satisfy the conditions of the
previous lemma and let j > 0 be any integer. Then, for every complex number &
such that Ree > w, we have

< R y 1 .
(13) /[efft(\/Z)J sy ae =1 (1) [RGe, 4)0,
0

REMARK 3.1. The condition (*) is necessary only for j = 0. Then we obtain
the assertion of Lemma 3.2.

PROOF. Let us take any x € X and put

I= /Oo e (VY] "S(t)e dt.

By analogy with the proof of the previous lemma we obtain

oo

I’ = —/ {e‘gt (\/E)j_l},dt/e_“ (\/E)j_l[S(t + ) — S(s)]xds

oo t+s

A/S(u)xdu—i—tm ds =11 + I,

= [l e [e= (v

0 0

where

I =— 725 {eet(\/i)j_l}ldtfess (\/E)j_lm ds,

oo t+s

0
I = —A/ [e—st(\/i)j‘l}/dt]oe—“(\/;)j‘lds / S(u) du.

0 0
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Further,

oo

/e‘gs (\/E)j_lx ds

0

I = (_t)e—st<\/g)j—1‘oo

t=0

oo oo

+/ei€t(\/i)j_ldt/efss(ﬁ)j_la:ds.
0 0
The first expression equals zero, so that we obtain

ey al e [

0 0
. 2 .
_ 1 Jj+1 e f(Jt1 1
| ()] e () 7

Consider now I5. We interchange the order of integration and obtain

(14) I

oo oo t+s
I = —A/e‘as (\/E)j_lds/ [e‘“(\/l_f)j_l}/ / S(u)z dudt.
0 0 s
The integration by parts implies that the interior integral equals
oo
- / eigt(\/{f)j_lS(t + s)z dt,
0
so that
oo oo
I, = A/efss (\/E)j_lds/efst(\/i)j_ls(t + s)x dt.
0 0
The substitution ¢ + s = u gives
I = A/e’“(\/g)j*lds/efa(ufﬂ (Viu—s) " S(u)x du.
0 s
We interchange the order of integration and obtain
I = A/e_E"S(u)xdu/ (\/E\/H)J;l ds.
0 0

The substitution s = uv gives

/u< s(u—s))j1d5:/1< uv(u—uv))j1udvzuj/lv(j_l)/2(1—v)(j_l)/de
0 0 0



THE METHOD OF STATIONARY PHASE FOR ONCE INTEGRATED GROUP

Here B and I" denote beta and gamma function. Therefore,

o0

_ 1 2 j+ 1 J,—cu
IQ—ﬁF (T)A/ue S(w)z du.
0
Since
i )
/(—u)je*wS(u)xdu: <@> x,
0
we have
—1)J ; ()
4! 2 €
By induction one can easily prove that for every integer j € Ny,
R(e, A)\Y i } I
ek el el = (— | gL _ -
(16) A( 5 ) x= (14| R(e, A) )7

The relations (15) and (16) imply

Jj+1 , I
(17) IQ = F2 <T> <R(€,A)J+1 - F) T
Finally, using (14) and (17) we obtain

P=IL+1,=T? (J%l) R(e, Ayt e,

81

O

LEMMA 3.4. Let (S(t))i>0 be once integrated, exponentially bounded semigroup
on a Banach space X, with generator A, which satisfies the condition (*). Let M
and w are positive real constants for which ||S(t)|] < Me*t for everyt > 0. Let e
be a compler number with Res > w, § >0, j > —1 integer, and v € X. Then,

for every integer N > 1 the next decomposition holds

5
2 \/ |+ 2 . . 2
(18) / (e_gt t]) S(tQ)x dt =T <]—; ) R(E,A)U"'Q)/zx +§iee0 5(62)33
N

+ et Z ckAR(e, Ak S(6%)z + zy,

k=1
where cy, are constants, and residue xny € D(AN*TL).

PROOF. Denote

§ 00 oo

(19) I:/(e’EtQtj),S(tQ)dt:/(e’stztj)/S(t2)dt—/(e’”ztj)lS(ﬂ)dt.

0 0 5
From previous lemma (the relation (13)) we see that for every j > 0,

7[e€t(\/g)jl} /S(t) dt=T <%> [R(e, A)](j+1)/2 )
0
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The substitution v/t = u gives

et }/S(t) dt =

[678“2u7’71}/5(u2) du=T (%) [R(e, A)]UHV2 .

Hence, for every integer j > —1 and every xz € X it holds

(20) 7 <o) s()wdr =1 (J%Q) [R(e, A)0+2/2
0

o 2 7 t
Consider now J = [ [e‘st tﬂ} S(t?)dt. Since S(t) = tI+ A [ S(u) du, we have
5 0
J = J; + Jo, where

00 t2

oo
N
/ —et? tj "2Idt and Jp = / (e—ef%ﬂ) A / S(u) du dt.
§ § 0
The integration by parts gives
o0 oo
Ji = ti+2e—et? 006 — 2/tj+le_5t2dt — _§It2eme Z/tj“e_stzdt.
t=
§ §

Since the operator A is closed, we have

t? [}
Jo = e_EtQtjA/S(u) du —A/e‘etzth(tQ)%dt
t=4

— eI [5(52) — 52I] — 2A/tj+1e_8t25(t2) dt
5
Hence,

(oo}
J = / —st® tf (t?) dt
§ oo o]

= 50" §(82) — 21/ti+1e*6f2dt—2A/tﬂ'+1e*“25(t2)dt
é 5
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The relations (19) (20) and (21) give

(22) I= j (e’EtQtj)/ S(t?)dt =T (T) [R(e, A))UH2/2 4 5ie=<0" 5(52)
0

oo

+2[/tj+le_5t2dt+2A/tj+le_5t25(t2)dt
§ §

Consider now I = [ 29+ §(¢2) dt. For the integral I we will use the
5
integration by parts by putting U = t/, dV = 2t e*EtQS(tz) dt. Then,

t? t?

V= /efauS(u) du = R(e, A)(el — A)/e*E“S(u) du.

0 0
t2
Consider now the expression (¢ — A) [ e=*“S(u) du. We have
0

t2

e *"S(u)du — A / e "S(u)du
0

(eI —A) | eSu)du=¢
/

O\w
©

putting S(u)du = dV and e~% = U

0 0 0 0
t° t2 t u
zs/e_E“S(u) du—e_5t2A/S(s) ds—a/e_‘E”A/S(s) ds du
0 0 0
t2

e "“S(u) du — et [S(t?) —t*I] —¢ / e~ [S(u) —ulldu

=&

= [uedute " (21— S(t%)].

O\w O\w ©
© ©

Because of

t? R
_ 1—e ¢t 2
5/ue Uy = ————— — e
€
0
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we have
t? R
—eu 1—e —et? 2
(eI —A) [e S(u)du:fffe S(t%).
0

Since R(e, A)/¢e is independent of ¢, we can put

_ —et? 5
V= R(s,A)( N g S(t2)>.
Now, we have
7 —et? 5 fo%e)
f:/ 29t e~ §(£2) dt = ¢/ R(e, A)( 65 I—e ¢ S(t2)>‘ s
t=
5

Hence,
(23) I=de R, S
+2R(e, A /tﬁ'1 —et? dt + jR(e, A) /e_Et = 1S t2
5 5

Now (22) and (23) give

)
/ V) Sy dt =T (3—; 2) [R(e, A)| 972 4 67e==0" 5(5)
0

o0

+2[/tj+1e_€t2dt+(5je_552AR(5,A)S(62 )+ 2AR(e, A /tﬂ+1e—5t2dt
§

oo

+ jAR(e, A) /e_Et t71S(t%) d
)

i.e.

0

2 ] 2 y . 2

I= / ) 2)dt:F(‘7—; )[R(57A)](]+2)/2+676_86 S(5?)
0

+5Te==AR(e, A)S(6%) + 2R (e, A) / e~ 4t + jAR(e, A) / == =112 dt
) 4

Now, for the last integral in (24) we use the same procedure as for the integral I.
If we continue to repeat this procedure, we conclude that for every N > 1, every
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7> —1, and every z € X,

)
/ —et? tj )x dt =T <%> R(E’A)(J‘H)/% + 53‘675525(52%
0

N
+ =% Z ckAR(e, A*S(6%)x + zy,
k=1

where ¢ are constants, and residue zy € D(ANT1). O

LEMMA 3.5. Let (S(t))ter be once integrated, exponentially bounded group on
a Banach space X, with generator A, which satisfies the condition (*). Let M
and w are positive real constants for which ||S(t)|| < Me*!* for every t € R. Let
p(x) € C§°(X). Then, for every complex number e, with Ree > w, and every
integer L > 0 it holds

9] , L
) ‘/S“%[%?}dw:R@Aﬂ”Z;mRmAﬁ+ab
for b, € X, ar, € D(ALFY).

, t
“"2?} dx. Since S(t) = tI+A of S(u) du, we have

PROOF. Denote J = [ S(2?) {
0

J= S"@”)S(:c?)ro - 7<p d — A75

First of all we assume that the function ¢(z) has a null of order m > 1 at the point
x = 0. Hence, g(;f)S(ch)’go =0, so that

- 1= o e

Let now ¢(z) € C§°(X) be an arbitrary function. Choose any ¢ > 0 and introduce
the function x(z) € C§°(R) with x(x) =1 for every real x for which |z| <.

For any fixed € with Ree > w, define the function . (z) € C§°(X) by ¢e(z) :=
@ p(z) (x € R). If the function ¢.(z) has the Maclaurin’s series ¢.(z) =
Z;‘V:o izl +Yn(z) (p; € X, N a positive integer), then the function ¢ (z) at
the point x = 0 has a null of order N + 1.

From the fact that ¢.(z) and the functions 27 are infinitely differentiable, the
same holds for the residue ¥y (x). Hence, ¢y € C°°(X). Consider the integral

J—!ﬂ@MmMA!ﬂfMMM@m.
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Decompose J as
(27) J=J+J-J).
By (26) we have

(28) J—jZ/w(w)[x()—llderA/S (@) [x(z) - 1] dx

:7@ )—1] dx+A/S (@) [x(z) — 1] du
1)

Consider [ S(2?)¢(z) [x(x) — 1] dx. If we take dv = 2xe’”25(x2)d:v, then,

s
from the proof of the previous lemma we see that

— R(e, A) (6 . 6”25(1:2)) .

3

Therefore, we obtain

5/ S(22) o(@) [\(z) — 1] da = 5/ 2xe‘”25(x2)% da
_ebele) U gy ( g S(xz)) :"
o) [(S 1 esen) (DD 1Y g,

o

Hence Z‘OS(x2)<p(x) [(2) — 1] dz € D(A).

Integrating by parts again we conclude that A [ S(z?)p(z)[x(z) — 1]dz €
5

D(AN*1) for every integer N > 1. Hence, for every fixed N > 1 we have

(29) J—J= /gp(x) [x(z) —1]dz + gn (gN c D(AN-H)).
5
Consider now
(0) A [ S)e)e) s
0 )

:A/S(mz)e*“ﬂgps(x) d:r—i—A/S(x?)e*Eﬁgog(x)x(x) dx = I + I,
0 5
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where
b o0
A/S e ve(x)de, I :A/S(ch)e_”zwe(w)x(az) dx.
0 5
Then
N b b
(31) L :ngjA/S(xQ)e_mzxjdx—i—A/S(ch) _Ex21j)N( ) dx
J=0 0 0

For every j we have

)
/ —ex? l’z)d.%'
0

5 5
4 . .
=e .’)SJS(.Z‘2)‘ —2/33]+1€_8x2d$—2A/$]+1€_Ex25($2) dx
0
0 0

From the Lemma 3.4 we see that for integers j > —1 and M > 1 it holds

5
2 \/
/(eﬂ o) () d F(J;Q)R(e A)GHD/2 | §ie=e® g(52)
0

M
+e75° N " e AR(e, A)FS(6%) + x
k=1
where ¢, are constants, and residue z; € D(AM*1).
From (32) and (33) for j > —1 we have

s
A / a:jHe*”:ZS(xz) dz
0

1. 2 R 1 /542 ;
_ j ,—€d 2 j+1_—ex (5+2)/2
= 266 S(6%) e dw——QF(—Q )R(s,A)

N)I — 0\0}

1 2
— 5 07 8(8%) -

M
o0 Z ckAR(g, A)kS(6?) — %.Z‘M.

k=1
If we put j instead of j + 1 in the last relation, then we obtain for j

2 07
5
(34) A/mje_” S(z =—
0

a1 (150 e o

[\Jl — O\%

1
—eo? chAR (e, A)FS(6%) — 5 -
k=1
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The relations (31) and (34) give now

N . 5
(35 h= Z(_% #) {W%)R(E,A)”“)/Q - 2/xje—”2dx
i=0 J

o 5
e chAR(E, A)kS(6%) + xM] + A/S(x2)e—a:z2wN(x) dz
0

k=1
N 7 2 - 7 2
(36) I, = Z @jA/S(xz)(fm ! x(x)dx + A/S(x2)67” Yy (x)x(z) dx
J=0 s 5

The sum of the last integrals in (35) and (36) equals
hy = A/S(mQ)e_”sz(x)X(x) dx and hy € D(ANT) for every N.
0

Integration by parts gives

/S(xQ)e*EIijx(z) dzx = /2.%676‘1’25(1‘2) %xjflx(x) dz
5 5
1 j—1 _e—aw2 —ex? 2 -
= -2/ x(x)R(e, A) I—e %% S(z%)
2 € s
em=’ —ea? g2y ) (L1 !
R(a,A)/( E I+e S(z ))(236 X(x)) dzx.
5

Since x(d) = 1, we have

2
6765

/S(x2)67612xjx(x) dx = %(V'AR(E, A) ( I+ 68525(52)>
5

+ Rz, A) 7(6; I+ eem?g(ﬁ)) (%xﬂ'*lx(x))'dx.
)

If we repeat the integration by parts further, we conclude that the integrals

A/S(xQ)efmzxjx(x) dz (by I5)
6

annul with the expression

1

M
(‘5) {6_652 ;CkAR(& A)S(6%) +aar|  (by I in (35)).
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Hence,
Ltl=A / S(@2)p(@)x(x) du
N

:Z(—%)%

=0

)
i+ 1
F(i) (e, A)J“/2+2/ e da| + hy.
2

0

From the last relation and

o0 [ee]

7= [en@ - [ s)ptax) ds
) 0
we obtain that
oo 1 N . + 1 ’
. - 1 Ap(d (G+1)/2 e et
N /go(x)x(x)dx hy -+ 2;% F( 5 )R(E A) +2/ dx]
J — 0

Using (27) and (29) we have

J = O/S(x2) {%}/dw = 6/¢(x) [x(z) — 1] da — O/w(x)X(x) dz + gy — hy
5

+ %i% F(‘%)R(E A)UtD/2 +2/ e " dm]
i=0 )

where gy and hy belong to D(AN*1).

Analogously calculating the integral J* = f S(x [ } dx we obtain

(o}

/s [ ] 7@ (@)= 1de+ [ plax(e)do+ g —
)

0
1 §
+ = Z (‘H ) —1)7R(e, A)U+1)/2 —2/$jesx2d:c],
0

where gy and hy belong to D(ANT).
Finally, for L > 0 the following decomposition holds

2k + 2
/S { ]d =J+ J'=2= R(s Al/QkaHF <T+> R(s, A)* +ay.
k=0

Hence, it holds (25) for by = klpori1 € X, ar, € D(ALTHL). 0

Analogously one can prove
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LEMMA 3.6. Let (S(t))ter be once integrated, exponentially bounded group on
a Banach space X, with generator A, which satisfies the condition (*). Let M
and w are positive real constants for which |S(t)|| < Me“!"! for every t € R. Let
p(x) € C§°(X). Then, for every complex number €, with Ree < —w, and every
integer L > 0, we have

o0 / L
(37) / S(—a?) {902(;”)} dr = R(—E,A)l/zkzz;]ckR(—e,A)k +dp,

for e, € X, dr, € D(AFHY).

THEOREM 3.1. Let (S(t))icr be once integrated, exponentially bounded group
on a Banach space X, with generator A, which satisfies the condition (*). Let M
and w are positive real constants for which |S(t)|| < Me“!t! for every t € R. Let
p(x) € C§°(X), f(x) € C°(R™), and f(x) on supp ¢ has exactly one nondegener-
ate stationary point xo. Then, for every complex number e, with |Ree| > w, the
following decomposition holds

(38) A/S dx—l—/cp()dx

RH. R‘IL
n L,
= [AS(f H{ (e, )2 3" by, R(te, A)Fr +ag, |,
r=1 k=0
where by, € X, ar, € D(AY" +1), L, € NU{0} forr =1,2,...,n
ProOF. We will use mathematical induction, Morse’s lemma, and next two

formulas proved in Lemmas 3.5 and 3.6.
For every complex number ¢ with Ree > w, and every integer L > 0 one has

o0 L
(39) A/S x) dx + / p(z)de = R(z, A)'/* Y "bpR(e, A +ay,
oo k=0

for by € X, ay, € D(AL+1).
For every complex number ¢ with Ree < —w, and every integer L > 0,

x L
/ S(— x)dr + / o(z)dr = R(—e, A)Y/? Z ckR(—e, A)¥ 4+ dy,
e k=0

for cx € X, d, € D(AEFY).
By Morse’s lemma, in some neighborhood of z, there exists a smooth mapping

n

z = g(y) such that f(z) = f(g(y)) = f(zo)+3 > piy?, where p1; are the eigenvalues
i=1

of the matrix 2/, (zo) and det ¢’(0) = 1. Denote a; := 3p; (i =1,2,...,n).

(i) Check the assertion of the theorem first of all for n = 1. By Morse’s lemma,
in some neighborhood of the point g, there exists a smooth mapping = g(y1)
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such that f(x) = f(zo) + a1y7. Then ¢(z)dz = (¢ o g)(y1)g'(y1) dyr = @(y1) dyr,
where @(y1) = (v 0 g)(y1)g'(y1). Therefore,

(41) — A [ S(f(@)e(@) de + | o(z)de
— A / S(f (o) + ary?) @) dys + / F) dy.
Rl

Definition 2.2 implies that for once integrated group (S(t)):cr it holds

S

S(H)S(s) = / S(t+u) — S(u)]du (¢ s € R).
0

If we work from the left with the operator A, then we obtain
AS(8)S(s) = S(t + 5) — S(t) — S(s).
Hence,
(42) S(t+5) = AS(t)S(s) + S(t) + 5(s) (t,s € R)
From (41) and (42) we get
B(4) = 4 [ [AS((a0)S(arsf) + S(f o)) + S(arsd)] ol don + [ o) o

Rt R

A/S(a1yf)¢(y1)dy1 +/¢(y1)dy11.
Rl

R1

= [AS(f(z0)) + 1]

We use now the relation (39) or (40), depending on the sign of a1, and we obtain

L
B(A) = [AS (o) + 1| A2 A2 Y buRe, A 4|
k=0

Hence, the relation (38) holds for n = 1.
(ii) Assume that (38) holds for ®(A) on R"~!.
(iii) Prove that the decomposition (38) holds on R", too. Let

y= (y17y27 ey y’n) = (ga y’n)7 where g = (y17y2a e 7yn71)-
Using Morse’s lemma, we get
/s m+/()m
R’VL

—A/S y) + anys) (7, yn)dy+/¢(§,yn)dy,

R™
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where u(y) = f(xo) +a1y? +- - +an_1y2_;. Now using the formula (42) we obtain

B(4) = A / [AS(u(@))S(any2) + Su(@)) + S(any?)] (7 yn) i dyn

R7L
+ [ e va) dy .
R’!L
Using the assumption (ii) we conclude that (38) holds on R™. O

References

[1] W. Arendt, Vector-valued Laplace transforms and Cauchy problems, Israel J. Math. 59(3)
(1987), 327-352.

[2] W. Arendt, C.J.K. Batty, M. Hieber, F. Neubrander, Vector-valued Laplace transforms and
Cauchy problems, Monographs in Math. 96, Birkhauser, Basel 2001.

[3] M. Balabane, H.A. Emamirad, Smooth distribution groups and Schroedinger equation in
LP(R™), J. Math. Anal. Appl. 70 (1979), 61-71.

[4] M. Balabane, H. A. Emamirad, LP? Estimates for Schrodinger evolution equations, Trans.
Amer. Math. Soc. 292 (1985), 357-373.

[5] M. Balabane, H. A. Emamirad, M. Jazar, Spectral distributions and generalization of Stone’s
theorem, Acta Appl. Math. 31 (1993), 275-295.

[6] A.E. Bernardini, The stationary phase condition applicability to the study of tunnel effect,
Mod. Phys. Lett. B 19(18) (2005), 833-888.

[7] M. V. Fedoryuk, Asymptotics integrals and series, Moscow (1987) (In Russian).

[8] M. B. ®enopiok, Memod cmayuonapnoti dasv u ncesdoduddepenyuarvroe onepamopsvs, ¥ MH
26 (1971), 67-112.

[9] J.E. Gale, P.J. Miana, One parameter Groups of Regular Quasimultiplier, University of
Zaragoza, 2004, preprint.

[10] V. Guillemin and Shlomo Sternberg, Geometric Asymptotics, Amer. Math. Soc., Providence,
1977.

[11] M. Hieber, Laplace transforms and a-times integrated semigroups, Forum Math. 3 (1991),
595-612.

[12] M. Hieber, Integrated semigroups and differential operators on LP spaces, Math. Ann. 291
(1991), 1-16.

[13] M. Hieber, H. Kellermann, Integrated semigroups, J. Funct. Anal. 84 (1989), 160-180.

[14] F. de Kok, On the method of Stationary Phase for Multiple Integrals, SIAM J. Math. Anal.
2 (1971), 76-104.

[15] J.L. Lions, Semi-groupes distributions, Portugal Math. 19 (1960), 141-164.

[16] B.II. Macaos, M.B. ®enopiok, Keasukaaccunweckoe npubaudicenue 0ai YpasHeHul Keat-
mosoti mexzarnuku, Hayka, Mocksa, 1976.

[17] V.P. Maslov, M. V. Fedoryuk, Semi-classical approzimation in quantum mechanics, Reidel,
1981, (Translated from Russian).

[18] O. El-Mennaoui, Trace des semi-groupes holomorphes singuliers a l’origine et comportement
asymptotique, These, Besancon, 1992.

[19] P.J. Miana, a— Times Integrated Semigroups and Fractional Derivation, Forum Math. 14
(2002), 23-46.

[20] P.J. Miana, Integrated groups and smooth distribution groups, University of Zaragoza (2004),
preprint.

[21] M. Mijatovié, S. Pilipovié¢ and F. Vajzovié, a-times integrated semigroups (o € RT), J. Math.
Anal. Appl. 210 (1997), 790-803.

[22] A. Requate, A. Becker, F.H. M. Faisal, Limits of a stationary phase method for ionization
of atoms in strong laser fields, Phys. Lett. A 319 (2003), 145-149.



THE METHOD OF STATIONARY PHASE FOR ONCE INTEGRATED GROUP 93

[23] J. Rezende, The method of stationary phase for oscillatory integrals on Hilbert spaces, Comm.
Math. Phys. 101 (1985), 187-206.

[24] J.J. Stamnes, Waves, rays, and the method of stationary phase, Optics express 10 (2002),
740-751.

[25] H. Thieme, Integrated semigroups and integrated solutions to abstract Cauchy problems, J.
Math. Anal. Appl. 152 (1990), 416-447.

Prirodno-matematicki fakultet (Received 21 11 2005)
75000 Tuzla (Revised 15 05 2006)
Bosnia and Herzegovina
ramiz.vugdalic@untz.ba

Prirodno-matematicki fakultet
71000 Sarajevo
Bosnia and Herzegovina



