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EXTENDABLE SHELLING, SIMPLICIAL AND
TORIC h-VECTOR OF SOME POLYTOPES

Dusko Jojié

ABSTRACT. We show that the stellar subdivisions of a simplex are extendably
shellable. These polytopes appear as the facets of the dual of a hypersim-
plex. Using this fact, we calculate the simplicial and toric h-vector of the
dual of a hypersimplex. Finally, we calculate the contribution of each shelling
component to the toric h-vector.

1. Introduction

A polytopal (polyhedral) complex is a finite set C of polytopes (including @) € C)
satisfying:
(i) if P € C and Q is a face of P, then Q € C;
(ii) For all P,@Q € C, PN Q is a (possible empty) face of both P and Q.

For the definitions and properties of polytopes, see [10]. A simplicial complex is
a special case of polytopal complex, the case when every polytope is a simplex.
In this paper we consider only pure complexes C, that is, complexes which satisfy
the condition that all the maximal faces with respect to inclusion, called the facets
of C, have the same dimension, called the dimension of C.

An example of a pure polytopal complex is the boundary complex C(OP) of a
polytope P; the set of the faces of P except for the polytope itself.

A shelling of a polytopal complex C is a linear ordering F}, Fs, ..., Fj of its
facets which is arbitrary for dim C = 0 (all F; are points), and for dim C > 0 has
to satisfy the following conditions (see [4] or Section 8 in [10]):

(i) The boundary complex C(0F}) of the first facet has a shelling.
(ii) For every i > 1, the intersection of F; with the previous facets is a begin-
ning part of a shelling of the boundary complex C(OF}), that is:

Flﬂ(UFJ) =G UGU--- UG,
j<i

for some shelling G1,Ga,...,Gi,...,Gy, of C(OF;).
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For polytopal complexes, the condition (i) is pleonastic, because the boundary
of any polytope is shellable, see [4]. Further, for simplicial complexes, the condition
(ii) can be simplified:

For every 7 < j < k there exist some [ < j and a vertex v of F}; such that

(1) FiﬂFjCFlij:Fj\{U}.

A polytopal (simplicial) complex C is extendably shellable if every partial shell-
ing can be extended to a complete shelling of C. This concept is essential for the
algorithmic use of shellings, but we know very few about extendable shellability.
Ziegler showed in [9] that the boundaries of “almost all” 4-polytopes are not ex-
tendably shellable.

For a d-dimensional polytopal (simplicial) complex C, we denote the number
of i-dimensional faces of C by f;, and f(C) = (fo, f1,.-., fa) is called the f -vector.
A generating polynomial for the f-vector is the f -polynomial:

f(Cx) =2 4 for® + fra®™ o+ faiz + fa

A new invariant, the h -vector h(C) = (ho, h1,-..,hq, har1) is defined to be the
coefficients of f(C,z —1):

(2) f(C, xr — 1) = h0$d+1 + hll'd + -+ hgx+ hgp1 = h(C,LL’)

The h-vector of a shellable simplicial complex C has the following combinatorial
interpretation. For a fixed shelling Fi, F5, ..., F} of C, we define the restriction R;
of the facet Fj:

R; ={v e V(F;): F;~{v} CF, for some 1 <1i < j},

that is, R; is a minimal new face at the j-th step in the given shelling.

The type of F}; in the given shelling is the cardinality of R;, i.e., type(F}) = |R;|.

Now, we have that
hi(C) = [{j : type(Fy) = k}|.

This interpretation of the h-vector was of great significance in the proof of
the upper-bound theorem and in the characterization of f-vectors of simplicial
polytopes, see [10].

The entries of the h-vector of a simplicial polytope are Betti numbers of the
associated toric variety. This can be generalized to nonsimplicial polytopes, to
define the toric h-vector, but we do not have combinatorial interpretation for the
entries of this vector.

In this paper, we use the combinatorial formula for the toric h-vector of Eulerian
poset given by Stanley [8]. To a graded poset P we associate two polynomials,
f(P,t) and g(P,t) recursively:

(1) For the Boolean lattice By, the only graded poset of rank 1, we have
f(Bi1,t) = g(Bi,t) = 1.

(2) If rank(P) =n+1 >0, then f(P,¢) has the degree n, say
f(Pt)y=nht +nhTt+.--+nl "=t + hlt" and we define
g(Pyt) = hi + (BT = hg)t + -+ (R, oy = R oy )t/
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(3) If rank(P) =n + 1> 0 we define

(3) fPty="Y" g(0p,a],t) (t— 1))

z€EP, a:<ip

The toric h-vector kT (P) = (hL,hT,... kL) of an Eulerian poset P is defined as
the vector of coefficients of the polynomial f(P,t).

For all simplicial Eulerian posets the toric h-vector coincides with the usual
h-vector, defined with relation (2). Further, for the entries of the toric h-vector of
any Eulerian poset of rank n + 1 holds h] = hL .

A poset P is quasisimplicial if for any coatom c of P, the interval [0,c] is
simplicial, that is, for any corank 2 element z of P, the interval [0, z] is a Boolean
algebra. From the formulae (3) and the fact that for all Boolean lattices B,, the
equality g(By,,t) = 1 holds, we can obtain that for a quasisimplicial poset P whose
h-vector is h(P) = (ho, h1,. .., h,) the toric h-vector of P is

)k for i < [n/2],
(4) hi = {hn for i > [n/2].

2. Polytopes T} are extendable shellable

The stellar subdivision of a polytope P in a face F' (see [6] for more details) is
a new polytope conv(P U xf"), where ¥ is a point of the form y — e(y? — y*),
where y* is in the interior of P, y*" is in the relative interior of F', and ¢ is small
enough. Let T} denotes a polytope obtained as a stellar subdivision of n-simplex

A, in a k-face S. Obviously, T} is simplicial and in [2] we can find that

(5) Ty = (An \ S) U (98 * Olka, S = {2°}) .
REMARK 1. Let us denote the vertices of S with r1,72,...,7x4+1; the vertices
of A, \ S denote with ¢y, co,...,ch_k, and let ¢, 11 denotes the new vertex z5.

Now, we have that the set of the vertices of 17" is

V(T]?) = {T17T27 e 7Tk+1} U {013023 .. '7Cn7kvcn7k+1}~

From the relation (5), we conclude that all facets of T} are just (n — 1)-simplices
F; ;= conv(V(T?)~Ari,¢}), foralli =1,2,...,k+1; j=1,2,... ,n—k,n—k+1.
Therefore, if we label rows and columns of a (k + 1) x (n — k + 1) rectangle
R(kt1)x (n—k+1) With vertices r1,72,..., 741 and c1,¢2,. .., Chk, Cn—gy1 of T,
then facets of T} correspond with (k + 1)(n — k + 1) squares of R q1)x(n—k+1)-

Now, with an appropriate labelling of the vertices, we can prove that the fol-
lowing complexes are combinatorially equivalent: 977" = O(Ak X Ap_p)* = 8AZ+1
(here A} is a simplicial n-disk, obtained as the union of k + 1 facets of an (n+1)-
simplex).

Note that the facets F;; and F,, of T}' share a common (n — 2)-simplex if
and only if i = p or j = ¢ (corresponding squares are in the same row or column
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of Rip41)x(n—k+1))- Now, it is easy to verify that the lexicographical order of the
facets of 17"

(6) Fi;<F,, & i<pori=p,j<gq

is a shelling order. In this order we have that type(F;;) = i+ j — 2, so we can
conclude that for 0 < k& < n — k the h-vector of the polytopes T} is h(T}) =
(1,2,....kk+1,... k+1,k,...,1).

THEOREM 2. Polytopes T]} are extendably shellable.

PROOF. Let F be a subset of the facets of 7}', which we can identify with
the squares in the rectangle R(yi1)x(n-k+1)- For all i = 1,2,... k + 1 we let
Fi={jen—k+1]:F;,; € F};ie., F; is the set of the squares from F contained
in the i-th row of Ry y1)x(n—k41)- We will prove that the following statements are
all equivalent:

(a) there exists a shelling order for the union of the facets contained in F.
(b) the sets F; form a chain: for all ¢, j we have that F; C F; or F; C F;.
(c) there exists a shelling of T}* with the facets from F at the beginning.

(a) = (b). Assume that for some 4,7’ there exists j such that j € F; and
j ¢ Fir. Now, from the shellability of F, for all j* € Fy/, the intersection F; ; N Fy j/
is contained in an (n — 2)-simplex, which is the intersection of F; ; or Fy ;; with a
facet from F, see (1). The only facets of T}* with the above properties are F; ;» and
Fir j. As we assumed that Fy ; ¢ F, then shellability of F implies that F; j; € F,
and therefore F; O F.

(b) = (c¢). We may assume that F; D Fo D ... D Fri1 (because we can relabel
the vertices of 5). We define the following linear order for the facets of T}

(7) F,j<Fpi< cither je F, I¢F, or i<kVi=k j<l

If F}, » precedes to Fi 4 in this order we consider the two possibilities:
1° a<c¢,whenb¢ Fo,d ¢ Foorbe F,,de F.orbe Fy, dé¢ Fe, and then

Fa,bmFC,dgFa,deC,d:FC,d\{Ta};

2° ¢ < a,whenb e F,,d ¢ F.,and then F, ,NF. q C F.pyNFeq = Fea~{cp}.

Note that F, 4 (and F.; in the second case) precedes to F, 4 in the given order.
Therefore, a shelling order for the facets of T}' is defined by (7).

Finally, the implication (¢) = (a) is obvious. O

It is shown in [5] that the cross polytope C’s (the convex hull of the standard
basis vectors in R™ and their negatives), is not extendably shellable in dimension
12 or higher. The cross polytope can be obtained as the dual of the product of
segments, or by successive stellar subdivisions of a simplex, so we cannot generalize
Theorem 2 in this way.
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3. Simplicial and toric h-vector of A}, _, (k)

The hypersimpler A,_1(k) is a polytope in R™ obtained as the intersection
of the n-cube C,, = [0,1]" with the hyperplane H}, = {z € R" : 3" | x; = k}.
In particular, A,,_1(1) and A,_1(n — 1) are (n — 1)-simplices. As the polytopes
Ap,—1(k) and A,,_1(n — k) are isomorphic, we can assume that 0 < k < n—k. The
face lattice L(A,—1(k)) of a hypersimplex is described with the following

LEMMA 3. Let
L,1(k)={(A,B): AC BCn]; |A| <k; |B| >k}
U{(4,4) : AC [n]; |A] = k} U {0}
If we define an order on L,_1(k) with (A,B) < (C,D) & A D C, B C D, then
L(An-1(k)) = L1 (k).
PRrOOF. Note that Hjy does not intersect the edges of C), in their relative

interior. Therefore, the only vertices of A,,_1(k) are vertices of C,, contained in
Hj,. The correspondence

1, i€ A,

A:{ahaQ?"'aak}g[n]v (A7A)<_)TA:(tlat25"'atn)a tz{()’ ’L¢A

gives us a bijection between the atoms of L, _1(k) and the vertices of A,,_1(k).
For any pair (A, B) of the subsets of [n], such that

(8) AcCcBCn); |Al<k—-1; [BlZk+1,

the linear functional @ +— 3=, 4 #;—_ ;¢ p ¥; reaches the maximum on the A, (k)
at the (|B| — |A| — 1)-dimensional face

n
Sa,B) = {a? eCy: th =k VicAxz;=1,Vj¢ B,x; = O}.
i=1

So, we establish a bijection between all of pairs (A, B) for which the relation
(8) holds and all (|B] — |A| — 1)-faces of A,_1(k). Also, it is easy to see that the
correspondence (A, B) — S 4,y defines a poset isomorphism between L,,_; (k) and
the face lattice L(A,—1(k)). O

Note that the face lattice of the dual polytope AZ_;(k) can be obtained by

applying the Fi-construction on the Boolean lattice B, see in [7].

REMARK 4. For a vertex T4 of A,,_1(k), denote by F4 its corresponding facet
in A¥_;(k). For 1 <k <n, note that A, _;(k) has 2n facets R; and Cj:

n—1
R, = {:E € Anfl(k) LX; = 1} = S({z‘},[n]) = COHV({TA 11 € A}),
Cj = {.%’ S Anfl(k) 1Ty = 0} = S(@,[n]\{j}) = COHV({TA ] §§ A})
Therefore, A¥_;(k) has 2n vertices: V(A}_;(k)) = {r1,...,mn,c1,...cn}. The

n—1

vertex Ty in A,_q(k) is contained in the facets R;, for i € A and Cj, for j ¢ A.
Therefore, the set of the vertices of Fiy is V(Fa) ={r;:i € A}U{c;:j ¢ A}.
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An edge £ = S(a- i}, Au{jo}) Of An—1(k), which contains T4, is contained in
the facets R;, for i € AN {ip} and Cj, for j € A°\ {jo}. So, we have that the
maximal face of F4, which corresponds to F, is an (n — 3)-simplex G (A) =
conv(V(Fa) ~ {7igs ¢io}).

For A = {a1,a2,...,ar} C [n], we denote the i-th row of a k x (n— k) rectangle
with 7q,,,_,. If A® = {b1,ba,...,b,_1}, then the j-th columns we denote with c,.
Now, from Remark 1 it follows that all of the facets of A¥ _, (k) are combinatorially
equivalent with T,?:f.

Note that G, ¢, (A4) and G;, ¢, (A~ {a}U{b}) denote the same faces of AY_, (k)
(the common facets of Fia and Fu {ayufs})- So, with

TigCio

Gr,.c,(A), for AC[n], |[Al=k; a<b ac A b¢ A,
we list all of (n — 3)-faces of A} _, (k).
Now, we consider a lexicographic order of the facets of A _, (k):
(9) Fy <, Fp & A<, B< min(A A B) € A

If we denote with I'4 the intersection of the facet F4 with the previous facets
in this order, we can prove that

Ty=F4n < U FA/> = U Groer (A)-

Fpor<pFa a€A, be[n]NA, b<a

Now, we use well known bijection between k-subsets of an n-set (facets of A% _, (k)),
and all shortest paths from lower left-hand corner, and ending at the upper right-
hand corner of a k x (n — k) rectangle. The squares above this path correspond
with facets of I'4 contained in I'4.

From Theorem 2, it follows that there exists a shelling for facets from I" 4, and
this shelling can be extended to the shelling of the whole F4, and therefore <y, is
a shelling order for the facets of A _; (k).

Further, motivated by (6), we can define the linear order of the (n — 3)-faces

of Ar_,(k):

A<y A/, or
GTme (A) < GTIwCz(AI) A= A/, Taq > Tk, or
A=A r,=r, and ¢, < .

It is easy to prove that this is a shelling order for (n — 3)-skeleton of A%_, (k).
Also, we can note in the above list, that from a facet Fy we take just the facets
which does not appear in I'4, i.e., facets whose corresponding squares are bellow
corresponding path. When the simplex G, ., (4) corresponds with the square (4, 5)
in a k x (n — k) rectangle, then its type in described shelling is ¢ + j — 2. Therefore,

the square (7, j) below the corresponding path, contributes the one to i+ j —2 entry
of h-vector of A*" ¥ (k).

n—1
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If we define a k x (n — k) matrix Ay ,_ with a;; = number of paths in
Rjx (n—k), in which the square (7, j) are below, then we have that

(AR = Y
i+j=k+2

By considering the possibilities for the first step in a such path, it is easy to
note that the matrices Ay, ,—j satisfy the following recursive relations:

0
0 A
10 A n—k — |. A n—k— + |: n— nf_lm_k n—
(0 e s I (o B i) R ()
0
THEOREM 5. For alln € N and 0 < k < n — k it holds:
n 0
(o) + () o I -

Zeros

®+®{WHA>G)5

(11) WA -1(F)) =

5 1
() 0
PrRoOOF. From Euler—Poincaré formula we know that the last entry of h-vector

is always equal 1. The above combinatorial interpretation for the h-vector of the
(n — 3)-skeleton of A¥_; (k) and relation (10) gives us that:

n—1
0
. k:ilw
_ 0 R =D(A% _,(k—1)) 0
WA (k) = ( n—d) (A >+( n-2 +| o
(Bt )= (o a;_y(h) 0 ()
(1)
Let us to denote with E(P) “the reduced” h vector of a polytope P, i.e., h(P) =
(h(P),1). Now we use Stanley’s trick to compute the h-vector of A} _, (k). From

the above we obtain the following recursive relations

h(AL_ (k) = (0. A(AL_y(K))) + (A(A%_y(k —1)),0)

+(0,...,0, (" H.0,...,0,1 — ("°H).
( k (x1) (:21))
-1
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Note that (}~1) — 1 is the last entry of h("™¥(A%_,(k —1)). The formulae (11)
will follow from the above relation and beginning conditions; A3(1) i A5(2) are
2-simplexes.

Now, we consider the toric h-vector of A¥_;(k). The polytopes A% _,(k) are
quasisimplicial, and from the formulae (4), for 0 < k < n — k we have that

WAL () = ((5), (6) + ()0 (B) + (1) ++-+ ()
@)+ ) e+ G (6 + (1), (6)-
Bayer showed in [1] how the shelling of the ordinary polytope could be used to
compute the toric h-vector. Here, we are able to compute the toric h-vector of

A% _, (k) from the shelling order described in (9). For this we need the following
theorem, see [3].

THEOREM 6. For a d-disk T' whose h-vector is h(I') = (ho, h1,...,hq,0) and
its boundary (d — 1)-sphere OT the following equality holds

hi(aF):h0+h1+~~~+h¢7hd+1_i7~~7hd+1, fOTO<i< [d/?]

With h%(t) we denote the contributions to h(AZ_;(k),t) of the faces that
appear for the first time when we add facet Fjy:

ha(t) = > g(G,t)(t = 1) ame,
GCFa,GEUp 4 FB
THEOREM 7. For 1 < a; < as < --- < ar < n and A = {ay,a2,...,ar} we
have h7 (t) = tm—k=1 Zle t2i-ai,
Proor. If we denote with A4 the intersection of the facet F4 with the facets

that came after F4 in the shelling order given in the relation (9), new faces are
exactly those from A4 \ OA 4. Therefore, from the definition of h%; we obtain:

hh= Y g(Ft)t—1)rmaml N g(P )t — 1) I 4 g(Fy ).
FeAy FeoA 4

The face posets of Ay and OA 4 are simplicial, and therefore we can compute their
contribution to the A% from the usual (simplicial) h-vector of A and dA. So, we
have

(12) Ry = (t — D)h(Aa,t) — (t = 1)2R(OA 4, ) +tF 7+ tF 2 4ot 41,

In a shelling order for A 4, the reverse order of the one given in (6), the contribution
of the squares from the (k+1—1)-th row (the row denoted with r,,) to the h-vector
of Ay is

i—1 n—k—a;+1 k—2it+a;
—_—~——————
ha, = (0,0,...,0,1,1,...,1,0,...,0).

Ifi — 1<k —2i+ a;, from Theorem 6, we know that the contribution of a; to the
h-vector of OA 4 is
i—1 i—1

——— ———
(0,0,...,0,1,2,...,¢mr...,7r,...,2,1,0,0,...,0)
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When we put this in (12), we obtain that the contribution of the a; to h7 is exactly
tn+2ifk7ai71 .

A similar calculation goes for the case i — 1 > k — 2i + a;, and the theorem

follows. O
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