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ABSTRACT. In [3] and [4] A. TorgaSev described all finite and infinite con-
nected graphs having 3,4 or 5 nonzero eigenvalues (not necessarily distinct).
In the same papers he has given a general method how to describe all con-
nected graphs with any fixed number of nonzero eigenvalues. In [2] M. Lepovié
applying his method described all finite connected graphs which have exactly 6
nonzero eigenvalues. We here describe all finite connected graphs with exactly
7 nonzero eigenvalues.

1. Introduction

Throughout the paper, G will denote a connected finite graph, |G| the order
of G (i.e., the number of its vertices), V(G) will be the set of vertices of G, and
n(G) will be the number of all nonzero eigenvalues of G (including multiplicities).
Consider the following equivalence relation on V(G): two vertices z,y € V(G) are
equivalent if they are not adjacent and they have exactly the same neighbors. Let
g be the corresponding quotient graph of G. We call g “the canonical graph" of G.

The canonical graph of a connected graph is also connected. A graph is called
canonical if no pair of its vertices has the same neighbors. The importance of
canonical graphs is given by the following theorem.

THEOREM 1. [3, [4] For any graph G we have n(g) = n(G).

Let n > 2 be a fixed integer. Denote by T'(n) the set of all nonisomorphic
graphs with exactly n nonzero eigenvalues, and by T.(n) the set of all canonical
graphs belonging to T'(n). By Theorem 1 is clear that describing the class T'(n) is
reduced to describing the class T,(n). In [3] and [4] it is also proved that the class
T.(n) is finite for any n > 2, and a general method for finding all graphs from the
class T.(n) is given. In particular, it is proved that any graph G € T.(n) has an
induced subgraph H with n vertices, belonging to T.(n). Such a subgraph H can
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not have 0 in this spectrum, and we call it the “co-kernel" of G, or a “basic graph'
of G. Clearly, each graph H € T(n) of order n is canonical, and the set H of all
such nonisomorphic graphs is evidently finite. Of course, a graph can have different
co-kernels.

Since every vertex x € V(G) \ V(H) is adjacent to some vertex in H, we have
that |G| < 2™ — 1, and there are no two vertices in V(G) \ V(H) which have the
same neighbors.

2. The main result

By above properties, a possible method to generate all the graphs from the
class T.(n) is clear. We start from the class A, and for any fixed graph H € H, we
apply the method of extension, so that each new added vertex is adjacent to some
vertices of H and no two vertices have the same neighbors. Then we investigate
all possible cases related to the adjacency relation of the new vertex and all added
previously, and separate all the graphs of this type which belong to class T.(n).
The previous procedure is obviously finite.

For n = 7 we get the following results. Among all 853 connected graphs with 7
vertices, there are exactly 342 graphs without zero in the spectrum. Hence, there
are exactly 342 basic graphs in the class T,(7).

Creating a computer program for mentioned method of extension of these 342
graphs, after a long computer work we got the following result.

THEOREM 2. There are exactly 23413 nonisomophic canonical graphs with ex-
actly 7 nonzero eigenvalues. Their orders run over the set {7,8,...,18}.

Since it is almost impossible to expose this whole list, we have some statistics
about nonisomorphic canonical graphs with seven nonzero eigenvalues (Table 1). In
the table n is the number of vertices of graphs, m is the number of their edges and
k is the number of nonisomorphic graphs with exactly seven nonzero eigenvalues
which have n vertices and m edges.

From Table 1 we have that (n,k) € {(7,342),(8,1384),(9,3466), (10, 5400),
(11,5656), (12,4031), (13,2037), (14,778), (15, 238), (16, 65), (17, 13), (18, 3) }, where
k is the number of nonisomophic canonical graphs with exactly 7 nonzero eigenval-
ues with n vertices.

We have made a condensation of this result. Namely, the set T.(7) can be
obviously ordered by the relation “to be induced subgraph", and we can separate
only the corresponding mazimal graphs. The set of all maximal graphs from this
set is of course finite.

Making a computer program for separating maximal graphs from the class
T.(7), we have got the following result.

THEOREM 3. There are exactly 183 maximal graphs with 7 nonzero eigenvalues.
Their orders run over the set {7,8,9,10,11,12,13,14,15,16,18}. All these graphs
are represented in Table 2.
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TABLE 1. Statistic about nonisomorphic canonical graphs
with 7 nonzero eigenvalues

m| k n|im| k n|im| k n|im| k n|m/|k
7 6 19 | 463 21 | 145 42| 28 43 | 74
8 | 17 20 | 396 22 | 231 43 | 21 44 | 59
9 | 37 21 | 290 23 | 376 44 | 15 45 | 65
10| 52 22 | 193 24 | 479 45| 6 46 | 49
11| 60 23 | 124 25 | 568 46| 5 47 | 54
12| 57 24 | 82 26 | 645 48 | 1 48 | 53
13| 45 25| 39 27 | 597 49 | 45
14| 31 26 | 21 28 | 553 || 13 | 28| 6 50 | 20
15| 19 27| 7 29 | 551 29 | 14 51 | 24
16 | 10 28 | 3 30 | 442 30| 30 52 | 17
17| 4 29| 1 31 | 337 31| b4 53 | 12
18| 2 30| 2 32 | 227 32| 94 54| 6
19] 1 33 | 138 33 | 110 55| 4
211 1 10|13 2 34 | 85 34 | 122 56 | 1
14| 8 35| 65 35 | 160 57| 2
8 1 15| 30 36 | 45 36 | 197 58 | 2
9 | 13 16| 71 37| 33 37 | 190 59 | 2
10| 36 17 | 161 38| 14 38 | 177 60 | 1
11| 88 18 | 263 39| 8 39| 173 61| 1
12 | 130 19 | 423 40| 3 40 | 146
13 | 193 20 | 553 451 1 41140 || 15 43| 6
14 | 216 21 | 633 42 | 126 44 | 7
15| 214 221614 (12|22 4 43| 90 451 9
16 | 177 23 | 660 23| 12 44 | 64 46 | 15
17 | 135 24 | 600 24 | 34 45 | 57 47 | 22
18| 90 25 | 470 25| 75 46 | 26 48 | 20
19 | 48 26 | 350 26 | 123 47 | 17 49 | 19
20 | 29 27 | 212 27 | 174 48 | 18 50 | 16
21 9 28 | 132 28 | 247 49| 5 51| 15
22| 3 29 | 106 29 | 318 50| 8 52 | 14
23| 1 30 | 52 30 | 397 51| 6 53 | 15
24 | 1 31| 35 31 | 399 52| 6 54 | 17
32| 13 32 | 407 53| 1 55| 19
10] 1 33| 9 33 | 367 56 | 16
11] 8 341 1 34 1330|1435 7 571 6
12| 28 36| 1 35| 311 36| 11 58 | 2

Continued on next page
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n|m/| k n|iml|kl|n|m]| k n|im|ki|n|m|k
13| 83 37| 1 36 | 280 37|21 59 | 5
14 | 166 37| 174 38 | 30 60 | 5
15276 (| 11| 17| 3 38 | 137 39 | 50 613
16 | 370 18| 8 39 | 82 40 | 56 623
17 | 445 19 | 34 40 | 52 41 | 58 63| 2
18 | 468 20 | 68 41 | 32 42 | 54 67 | 2
57 | 5 63| 8 17162 1 7213
16 | 52| 3 58 | 3 64| 9 63| 1
53 | 2 59 | 1 68 2 64| 3 || 18] 73| 2
54 | 5 60 | 2 69| 1 65| 3 81 |1
55| 6 61| 3 70| 1 70| 1
56 | 10 62| 4 7111
57 | 5 63| 8 17162 1 7213
16 | 52| 3 58 | 3 64| 9 63| 1
53| 2 59 | 1 68 2 64| 3 || 18|73
54 | 5 60 | 2 69| 1 65| 3 81 |1
55| 6 61| 3 70| 1 70| 1
56 | 10 62| 4 7111
TABLE 2. All maximal canonical graphs
with 7 nonzero eigenvalues
001 18 73 00080 00840 008CO 0351E 05633 0632D 1803F 063AD 0359E
056B3 28747 180BF 03D5E 06B6D O5E73 O5EF3 O06BED O3DDE
002 18 73 00040 08E33 12783 03A99 0D83C 06C96 1718C 19329 1Cbh26
08E73 0D87C 201BF 127C3 171CC 06CD6 03AD9 19369 1C566
003 18 81 O080FF OOF1F 20FOF 03373 055B5 069D9 19636 1AA5A 1CCOC
1FOF0 23363 255A5 269C9 37F00 39626 3AA4A 3CC3C 3FOEO
004 16 52 0100 2221 4448 0096 0196 2321 4548 8EOF 187D 22B7
44DE 18EB 23B7 19EB 197D 45DE
005 16 56 0100 0065 060A O70A 0165 32D6 34B9 981F 066F 4CB9
4AD6 O76F 33D6 4DB9 35B9 4BD6
006 16 64 207F 02BF 838F 0ODD3 15D5 1AB9 6476 3879 7C70 9B89
C786 DF80 E546 EA2A F22C FD40
007 16 64 047F 149F OBA7 49AB 3355 C372 2C6D 3C8D 7159 8EA6
B654 CCAA D392 EB60 F458 FB80
008 16 68 2000 OB1F 80FD OD4F 52B3 1397 4C6B 54E3 2D4F 3397
2B1F 6C6B 72B3 74E3 5FFC T7FFC
009 15 43 0201 000C 0862 1190 020D 4532 0A63 086E 119C 1391
OAGF 24D7 24DB 139D 453E
010 15 44 0005 0028 0B10 10C2 002D 10EA 10C7 0OB38 OB15 269E
10EF 26B3 4573 0B3D 455E
011 15 46 0401 0208 0066 0609 4898 2916 026E 0467 11B3 11D5
066F 2D17 13BB 13DD 48FE
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0427
0954
04AB
106B
05A5
01A7
1192
10C7
0517
0537
262
146
123
465
14B
073
43D
165
639
17A
34B
37D
E73
434

234
30C

00F1
1079
10B5
08B5
08D5
120F
0OEB
02E9
00F3
1073
068E
02CB
02DB
106F
068B
02CF
194
285
127
2A3
0B5
279
13E
2AF
535
1BC
693
3BE
DB5
04B

44A
198

1166

0A65

014F

094E

1156

086D

052D

052E

0355

0C6B

0749

1313

0337

066B

0977

0557

195
COB
oc7
1C6
159
4C5
7C8
4D7
9C6
3D8
719
3CF
7DA
14D
147
42D

263
co7
20F
COF
46F
68C
BC2
32F
ACA
5E8
96E
7CF
EEC
2B1
127
073

03AB

11B6

0C9D

149D

OBAC

02BB

111D

031E

0599

038F

10B7

0937

0537

0793

OC9F

307
B23
417
B17
2B7
557
DEO
5567
D94
9F0
CB6
BF7
F33
0D3
0D9
0D3

09CD

01CF

051F

OD1E

0A57

0AD6

0399

1194

070D

0397

125B

OA5B

04DB

0997

149F

11BB OES5D

469
4D3
879
2BB
35B
33B
EC1
8F9
E68
E43
F1A
6FB
F53
325
0B9
48D

OBOF
034F
0367
0B66
15AC
126D
OC6F
OE6D
11CE
052F
146D
04EF
O07EC
086F
OAEB
1AEE
499
2BD
TF8
47D
99D
78D
F50
979
F30
E85
ADD
77D
FAC
43E

61E
31E

1476

1336

OAE5

12E5

1457

0DD6

11F6

01F7

O0A77

0AD3

09B7

1537

1937

1197

1177

1D76

83E

17E

TFC

1DE

1FE

9EE

F84

1FE

FCO

FO6

FE2

7BE
FCC
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118
119
120
121
122
123
124
125
126
127
128
129
130
131
132
133
134
135
136
137
138
139
140
141
142
143
144
145
146
147
148
149
150
151
152
153
154
155
156
157
158
159
160
161
162
163
164
165
166

11
11
11
11
11
11
11
11
11
11
11
11
11
11
11
11
11
11
11
11
11
11
11
11
11
11
11
11
11
10
10
09
09
09
09
09
09
09
09
09
09
09
09
09
09
09
09
09
09

23
23
23
24
24
25
25
25
26
26
26
26
26
27
28
29
31
31
31
32
32
33
33
34
35
35
36
37
40
27
33
14
16
16
17
17
18
18
18
19
21
22
22
22
22
24
25
26
30

022
042
021
005
10E
106
08B
018
090
044
10C
034
1C2
003
022
086
201
017
OOF
186
02E
08F
06F
OEO
140
14F
300
OEO
107
038
09F
018
038
023
011
018
081
081
02B
049
0co
088
08B
00D
081
OF0
0A3
04B
O5F

030
021
041
021
093
083
0A5
012
146
083
031
109
125
164
115
051
402
OOF
017
078
1DO
117
OAF
11E
0B7
0B7
50F
11B
OF0
0C5
06F
006
052
00B
00A
OOF
102
101
OOF
OOE
10B
10B
10B
070
104
11B
11C
035
03F

0C1
085
098
0c2
425
418
0B4
0Ce
229
023
423
203
618
298
219
OE5
03F
OAB
0B3
497
237
227
0D7
21D
44F
45B
617
217
47F
146
237
00C
094
015
023
033
017
017
01B
130
107
035
035
08B
03A
127
03F
11F
12F

11C
109
106
138
219
205
740
123
40F
20F
059
055
425
136
053
529
O5F
14D
153
50F
26B
447
31B
46B
23D
23D
07B
46F
27F
183
13B
012
111
105
043
055
OOF
OOF
115
055
01D
056
056
097
O5F
14D
14F
O9F
0oD7

10E
41C
215
11C
035
031
09A
129
21D
439
095
0A5
40F
239
0B1
338
OAF
0B3
0AB
23B
2AD
OBB
535
4B3
50F
52B
OBD
4BD
3BB
21F
1CB
125
1EO
049
107
161
047
04B
066
063
02E
O06F
06C
OAE
O06F
18E
OCF
OED
1A7

60D
213
40B
293
151
049
30B
0ccC
11E
153
313
45A
28E
2C9
44F
1C3
157
155
14B
25D
5C9
15D
656
4Cc7
29E
2D5
ODE
4DE
3DD
22F
2C7
143
107
091
087
186
027
035
1C4
187
0B7
197
197
157
o077
0B7
OF5
173
1C7

28B
063
147
OE3
2E0
14F
147
60F
463
067
2E2
4AA
10F
1C6
3CC
24F
1A7
467
38E
369
30F
26D
1E9
34F
2AB
3A5
1EF
36F
3EE
237
363
0oD1
04B
061
01B
0AA
078
069
0B8
O0AB
07B
07B
07B
13B
OBB
07B
OFA
OF3
1FB

OF1
0c7
127
0c7
483
137
465
475
1E2
0c7
487
237
171
167
137
0oD7
1C7
387
475
2F1
4F1
473
696
397
1F7
5C3
2F7
2F7
1F7
1BB
393
0A9
08D
181
OFC
occ
O0F9
071
1D0
09D
0DD
0BD
1AD
07D
07D
0DD
175
16D
1FD

OE3
14B
0D9
44B
541
49B
31A
13B
2E1
499
44B
4CB
2F0
29B
23B
51B
1F8
6BA
61B
5A3
553
7B2
768
33B
3EB
6B1
37B
1FB
5BB
OFD
3FD
01E
02E
1FE
17¢C
OF0
17A
1FE
1EO
13E
OEE
ODE
1CE
16E
13E
OEE
17A
1FE
1FE

455
43D
0B9
13D
609
61D
474
395
2B9
3B8
13D
13D
471
49D
4AD
43D
3F9
75C
TF4
5C5
595
7CcC
T7A8
2FD
37D
749
3BD
3BD
5DD
17E
3FE

13E
3BE
67E
63E
3EE
2FE
638
ODE
1D6
3FC
3EE
3CE
2DA
46E
3EE
3BE
5FA
7F8
TEC
1FE
1FE
TF8
7D0O
1FE
3DE
TFE
3DE
3DE
5EE

85



86 LAZIC

167 08 13 25 26 C2 OB 13 C1 78 9C
168 08 15 O0A 29 54 27 C3 33 9D 5E
169 08 17 1B 27 4D 8B B4 6A D5 F2
170 08 17 49 93 OF 47 A5 39 71 FE
171 07 09 06 03 OA 15 49 70 2C
172 07 09 09 05 03 41 21 11 7E
173 07 11 34 4A 45 23 51 29 1E
174 07 11 03 06 OD 15 3A 65 5A
175 07 12 15 OB 45 23 51 29 7E
176 07 12 31 49 45 23 13 0D 7E
177 07 12 30 49 46 27 1B 1D 2E
178 07 12 23 58 25 26 1B 4D 56
179 07 13 21 41 OF 17 1B 1D 7E
180 07 14 25 51 2B 17 4B 1D 7E
181 07 15 23 43 OF 17 1B 7D 7E
182 07 17 17 OF 47 27 7B 7D 7E
183 07 21 3F 5F 6F 77 7B 7D 7E

We notice that all the graphs in the table are represented in the form:
ny N2 M3 a1 a2 as coe o Qng,

where n; is the ordering number of maximal graph, ne the number of its vertices, ns
the number of its edges and a1, a2, as, ..., an, denote the rows of adjacency matrix.
The coding is made by converting the row of adjacency matrix from binary cod into
hexadecimal.

We notice that for each graph from the above table the corresponding basic graph is
always induced by its first 7 vertices. So it can be easily found.

From Table 2 we have that there exist exactly 13 maximal graphs of order 7, 4 graphs
of order 8, 18 graphs of order 9, 2 graphs of order 10, 32 graphs of order 11, 13 graphs of
order 12, 63 graphs of order 13, 11 graphs of order 14, 19 graphs of order 15, 5 graphs of
order 16 and 3 graphs of order 18.

Any other canonical graph with 7 nonzero eigenvalues is then an induced subgraph of
the 183 maximal graphs and an overgraph of the corresponding basic graph of this maximal
graph. Hence, the complete list of all canonical graphs with 7 nonzero eigenvalues can be
easily generated by Table 1.
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