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ABSTRACT. We extend some results from [14] and [19], concerning wave-front
sets of Fourier—Lebesgue and modulation space types, to a broader class of
spaces of ultradistributions. We relate these wave-front sets one to another
and to the usual wave-front sets of ultradistributions.

Furthermore, we give a description of discrete wave-front sets by intro-
ducing the notion of discretely regular points, and prove that these wave-front
sets coincide with corresponding wave-front sets in [19]. Some of these inves-
tigations are based on the properties of the Gabor frames.

1. Introduction

Wave-front sets with respect to Fourier-Lebesgue and modulation spaces were
introduced in [19] and studied further in [18,20,/21]. Among other properties, it
was proved that wave-front sets of Fourier-Lebesgue and modulation spaces coin-
cide, and that the usual wave-front sets with respect to smoothness (cf. [13, Sections
8.1-8.3]) can be obtained as wave-front sets of sequences of Fourier-Lebesgue or
modulation spaces. Discrete versions of wave-front sets of Fourier—Lebesgue and
modulation spaces, related to those wave-front sets in [24], were introduced and
studied in [14]. In particular, it was proved that these wave-front sets agree with
corresponding wave-front sets in [19].

In this paper we put questions from [14,19] in a broader context, where we allow
the involved distributions to be Beurling or Roumieu type ultradistributions. This
is done by relaxing a polynomial type conditions on the involved weight functions,
into a subexponential type condition. An important benefit is that the families
of Fourier—Lebesgue and modulation spaces in [14}|19] are significantly enlarged,
since growth/decay properties of these weights are crucial concerning growth and
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regularity limitations on the involved distributions. For example, in this extended
situation, the modulation spaces might contain positive functions growing subex-
ponentially. We refer to [11127] for a review of these facts.

In this section we set the stage with a brief overview of basic notions. Then,
in Section [2] we introduce wave-front sets of a Beurling type ultradistribution with
respect to weighted Fourier—Lebesgue space and show that they satisfy appropriate
micro-local properties, Theorem[2.1] Then, in subsection 2.1 we show that the most
common wave-front sets of ultradistributions given in [12}/17,[22] can be described
within our approach, Proposition [2:1}

An important part of our investigations is to establish identification properties
between wave-front sets of Fourier—Lebesgue and modulation space types. This is
the subject of Theorem [3.1]in Section[3] Although we follow the framework of [19],
we note that several new problems appear when dealing with ultradistributions. For
example, several properties of the wave-front sets depend on properties of the short-
time Fourier transform in the framework of ultradistributions, cf. Proposition [3.2]

Finally, in Section [4 we introduce discrete versions of wave-front sets of ultra-
distributions and prove their invariance properties (cf. Theorem [4.2]). The main
ideas of our approach can be traced back to [14], see also [24}/25]. In order to
be self-contained, we could not avoid certain repetitions of [14]. However, here
we provide additional explanations of the construction and introduce the notion of
discretely regular points. We believe that the results in form of series, established
when introducing discrete wave-front sets, might be useful for numerical analysis of
micro-local properties of functions and ultradistributions. For example, we use Ga-
bor frames for the description of discrete wave-front sets and note that the Gabor
frame coefficients give information on micro-local properties of the signal in such
way. (See [7}8] for numerical treatment of Gabor frame theory.)

Since compactly supported smooth functions are used in the process of mi-
crolocalization we are limited to the use of weights with almost exponential growth
at infinity described by the Beurling-Domar condition. We refer to subsection [1.1
for the notions and to [10] for a discussion on the role of weights in time-frequency
analysis.

Our investigation can therefore be considered as the starting point in the study
of analytic wave-front sets and pseudodifferential operators with ultrapolynomial
symbols, also known as symbol-global type operators. This will be done in a sepa-
rate paper, |15].

1.1. Basic notions and notation. In this subsection we collect some nota-
tion and notions which will be used in the sequel.

We put N = {0,1,2,...}, () = (1 + [2[))/?, for 2 € R? and A < B to
indicate A < c¢B for a suitable constant ¢ > 0. The symbol B; < Bs denotes
the continuous and dense embedding of the topological vector space B; into Bs.
The scalar product in L? is denoted by (-,-)z2 = (-, -). Translation and modulation
operators are given by T, f(t) = f(t — z) and Mg f(t) = /&1 f(t).

1.1.1. Weights. In general, a weight function is a nonnegative function in L7 .

DEFINITION 1.1. Let w,v be nonnegative functions. Then



MICRO-LOCAL ANALYSIS IN SOME SPACES OF ULTRADISTRIBUTIONS 3

(1) v is called submultiplicative if v(z + y) < v(z)v(y), for each z,y € RY;
(2) wis called v-moderate if w(x +y) < v(z)w(y), for each x,y € RL

For a given submultiplicative weight v the set of all v-moderate weights will be
denoted by .#,.

If v is even and w € A, then 1/v Sw < v, w # 0 everywhere and 1/w € A,,.
In the sequel v will always stand for an even submultiplicative function. Sub-
multiplicativity implies that v is dominated by an exponential function, i.e.,

v < Cefl'l for some O,k > 0.

Let s > 1. By ,///{S}(Rd) we denote the set of all weights which are moderate

with respect to a weight v which satisfies v < Cek"‘l/s for some positive constants
C and k. The weight v satisfy the Beurling—Domar non-quasi-analyticity condition
which takes the form Y07 | Llogv(nz) < oo, # € R We refer to [10] for more
facts about such weights.

1.1.2. Test function spaces and their duals. Next we introduce spaces of test
functions and their duals in the context of spaces of ultradistributions. These test
function spaces correspond to the spaces C§°, . and C*° in the distribution theory

in [12}/26]. We start by giving the definition of Gelfand-Shilov type spaces.

DEFINITION 1.2. Let s > 1 and A > 0. We denote by 8§ (R?) the space of all
functions ¢ € C°°(R?) such that the norm

Il (f“a+ﬁ< Yl ))
¢lls,a = sup sup )P (g
° a,BENE zeR4 alspls

is finite. Then the spaces S¢)(R%) and S{*}(R?) are given by
SORY) = () SaRY) sHHRY) = [ sa®?).
A>0 A>0
The topologies for S®)(R%) and St*} (R¢) are given by the projective and inductive
limit, respectively, i.e.,
SE(RY) = proj lim S5(RY), SEHRY) =ind lim S5 (RY).
A—o0 A—0
We note that S4(R?) is a Banach space, for every A > 0, and its dual is denoted

by (S4)'(R%). Then the Gelfand-Shilov type distribution spaces (S¢))'(R?) and
(STh)(R?) are defined as

(SUY®RY = |J (S RY, (SE)RY = [(S)(RY).
A>0 A>0

These spaces are the strong dual spaces of S©)(R%) and S{s}(R?), and are called
the spaces of tempered ultradistributions of Beurling type and Roumieu type, re-
spectively. If s > ¢, then

SOR?Y) — SIHRY) = SORT) — SR
= (SEH(RY) = (SW)RY) <= (ST (RY) = (SW)(RY).
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In order to perform (micro-)local analysis we use the following test function
spaces on open sets, cf. [16].

DEFINITION 1.3. Let X be an open set in R?. For a given compact set K C X,
s>1and A >0 we denote by £} (X)) the space of all ¢ € C°°(X) such that the
norm

AlB

(L.1) Iells, a5 = Sup sup e

up sup Gl @)

is finite.

The space of functions ¢ € C*°(X) such that (1.1)) holds and suppp C K is
denoted by D5 (K).

Let (K,,)n be a sequence of compact sets such that K,, CC K41 and | K,,=X.
Then

EX)(X) = proj Jim (proj lim &3 g, )(X),
£0}(X) = proj lim (ind lim &3, )(X),

D) (X) = ind hm (pI‘OJ hm D5 (Ky)),
DHX) = ind hm (1nd hm DA(K ).

Obviously, D) (X) (DI} (X) resp.) are subspaces of £()(X) (of £{5}(X) resp.)
whose elements are compactly supported. We also remark that a usual notation
for the space DI}H(X) is G§(X) (cf. [22]).

REMARK 1.1. Let * denote (s) or {s}. Then D*, §* and £* correspond to C§°,
& and C, respectively, and D* C C§°, §* C . and £* C C'™°.

The spaces of linear functionals over D*)(X) and D{*}(X), denoted by
(DE))(X) and (DI} (X) respectively, are called the spaces of ultradistributions
of Beurling and Roumieu type respectively, while the spaces of linear functionals
over £6)(X) and £1°}(X), denoted by (£))(X) and (£{°})/(X), respectively are
called the spaces of ultradistributions of compact support of Beurling and Roumieu
type respectively, |[16]. We have

(EB(X) C(EWY(X), (E9)(X) C(ED)RY) and (£19)(X) C (ELH)RY).
Clearly,
EWY®RY C (St RY) C (DI (RY)
EDYRY) < (S (RY) C (DY) (RY).

Any ultra-distribution with compact support can be viewed as an element of
(SMY(R4). More generally, by similar arguments as in the distribution theory
in [12], it follows that £* are exactly those elements in §* or D* with compact
support.
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1.1.3. Fourier—Lebesgue spaces. The Fourier transform % is a linear and con-
tinuous mapping on .#’(R¢) which takes the form

~

(ZDE) =1 = @)~ | fa)e " do

when f € L'(R%). It is a homeomorphism on (St})(R%) (on (S®))(R%) resp.)
which restricts to a homeomorphism on S{8}(R?) (on S)(R?) resp.) and to a
unitary operator on L?(R%).

Let ¢ € [1,00], s > 1 and w € .#(53(R?). The (weighted) Fourier-Lebesgue
space 547L‘(1w) (R?) is the inverse Fourier image of L‘(Iw) (R%), i.e., ﬁL‘(]w) (R?) consists
of all f € (S®))(R?) such that Iflzrs, = I - w||a is finite. If w = 1, then the
notation .% L? is used instead of ﬁL‘(Iw). We note that if w(§) = (€)®, then ﬁL‘(Jw)
is the Fourier image of the Bessel potential space HP.

REMARK 1.2. Whenever it is convenient, we permit an x dependence for the
weight w in the definition of Fourier-Lebesgue spaces. More precisely, for each

w € M1 (R*) we let FL{ ) be the set of all ultradistributions f such that

1fllszs, = 17w, )

is finite. Since w is v-moderate, it follows that different choices of = give rise to
equivalent norms. Therefore the condition || f|| & L1, <0 is independent of z, and

it follows that % L‘(]w)(Rd) is independent of = although || - || & L, might depend
on .

2. Wave-front sets of Fourier—Lebesgue type
in spaces of Beurling type ultradistributions

In this section we introduce wave-front sets of Fourier—Lebesgue type in spaces
of ultradistributions of Beurling type.

Let s > 1, g € [1,00], and T' € R? ~. 0 be an open cone. If f € (§¢))'(R?) and
w € M5 (R*) we define

N 1/q
1) sy =lrsgs = ([ 1F©ut@ )

(with obvious interpretation when ¢ = co). We note that |- |, .r defines a semi-
(),

norm on (S®))'(R) which might attain the value +o00. Since w is v-moderate it
follows that different 2 € R gives rise to equivalent seminorms |f| grar - Fur-
T Ly

thermore, if ' = R4\ 0, f € ﬁL?w)(Rd) and ¢ < 0o, then |f|9zL?wF)z agrees with
the Fourier-Lebesgue norm Hf||5ng ) of f.

For the sake of notational convenience we set

(2.2) B=FL, =7L{,(R"), and |-|sr)=]"] FLoT -



6 JOHANSSON, PILIPOVIC, TEOFANOV AND TOFT

We let O3(f) = @ngJ )(f) be the set of all £ € R? \ 0 such that |f|gr) < oo, for
an open conical neighbourhood I' = T'¢ of {&. We also let £5(f) be the complement
of ©5(f) in R\ 0. Then O5(f) and Y5(f) are open, respectively closed, subsets
in R4 \ 0, which are independent of the choice of x € R¢ in ([2.1]).

DEFINITION 2.1. Let s > 1, ¢ € [1,00], B be as in (2.2), and let X be an
open subset of R%. If w € .#(,,(R??), then the wave-front set of f € (D*))(X),
WFEgs(f) = WFQL? )(f) with respect to 3 consists of all pairs (7, &) in X x (R4\.0)

such that & € X5(¢f) holds for each ¢ € D*)(X) such that ¢(xq) # 0.

We note that WF(f) is a closed set in R? x (R? \. 0), since it is obvious that
its complement is open. We also note that if z € R? is fixed and wy(¢) = w(z, £),
then WFg(f) = WngL(qwo) (f), since ¥ is independent of x.

The following theorem shows that wave-front sets with respect to # L‘(Iw) satisfy
appropriate micro-local properties. It also shows that such wave-front sets are
decreasing with respect to the parameter g, and increasing with respect to the
weight w.

THEOREM 2.1. Let s > 1, q,r € [1,00], X be an open set in R? and w,d €
M1y (R*) be such that r < q, and w(x, &) S V(x,). Also let B be as in (2.2) and
put By = F Ly (RY). If f € (DW)(X) and ¢ € D¥)(X), then

WFB(QD f) - WFBo(f)'

PROOF. By the definitions it is sufficient to prove Yp(pf) C Xp,(f) when
0 € DO)(X), ¥ = w, and f € () (R?), since the statement only involves local
assertions. For the same reasons we may assume that w(z,§) = w(§) is independent
of z. Finally, we prove the assertion for r € [1,00). The case r = co follows by
similar arguments and is left to the reader.

Choose open cones I'; and I's in R? such that T's C I';. We will use the fact
that if f € (£))(R%), then |f(&)w ()| < eNols1"" for some Ny > 0 and prove that
for every N > 0, there exist Cy > 0 such that

(23)  Ieflsry < On (Il + sup (IF(Qw(©)le ™)) when To €Ty,
£ERE

Since w € #((R2) by letting F(€) = | {(w(©)] and (&) = [3(€)0(€)] we get

o lira) = ( / 2 If‘(saf)(f)w(f)I“d§>1/q

q 1/q
< (/ ( Y(E—n)F(n) dn) d§) ST+ Ja,
Iy R4



MICRO-LOCAL ANALYSIS IN SOME SPACES OF ULTRADISTRIBUTIONS 7

J = ( / 2 ( [ wte=nr dn>qd£>1/q,
)z = ( / 2 ( [ we—mFw) dn)qcz)l/q.

Let go be chosen such that 1/rg+1/r = 1+1/q, and let x, be the characteristic
function of I';. Then Young’s inequality gives

e ([ (] senrma)e)”

= [[¢* Ocry F)[ o < 19l LrolIxr, Fll2r = CylflBo(ro),

where Cy, = |9 a0 < 0o. If p € DE)(X), then for every N > 0 there exist Cy > 0
such that

(24)  0(€) = [BOv(©)] < Cnem WHRIITME < NI,
In order to estimate Jo, we note that I's C T'; implies that
(2.5) [¢ —nl"* > 2cmax (|5, [n]'/*) = c(|€]V + n"/®), € E€Taeta ¢ Ty

holds for some constant ¢ > 0, since this is true when 1 = |{| > |n|. A combination
of (2.4) and (2.5 implies that for every N; > 0 we have

(€ —n) < Ce2Nlel +nl"/?)

where

This gives

r 1/r
B ([ (e p ) an) ac)
I's GFl
r 1/r
</ ( I 6‘2N1<lfl”ﬂ+n“%Nﬂnl”‘"(e—Nllnll“Fm))dn) d«s)
Ty Cry

_ 1/s
sup e~ M R())),
neR4

which proves (2.3)) and the result follows. d

N

N

Next we modify the definitions from [19] concerning wave-front sets with re-
spect to sequences of spaces. Let w; € %{S}(RQd) and ¢; € [1,00] when j belongs
to some index set J, and let B be the array of spaces, given by
(2.6) (Bj) = (Bj)jes, where Bj=ZFL{  =FL{ (R, jed.

If s > 1, f € (D®)(RY), and (B;) is given by (2.6)), then we let @?lgj_)(f)
be the set of all £ € R% \ 0 such that for some I' = I'¢ and each j € J it holds
|fB,(r) < co. We also let @i(anj)(f) be the set of all ¢ € R~ 0 such that for some

I' = T¢ and some j € J it holds | f|z, ) < oo. Finally we let E?g)(f) and Ei(%fj)(f)

be the complements in R% ~ 0 of @?g)(f) and Gi(rgj)(f) respectively.
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DEFINITION 2.2. Let J be an index set, ¢; € [1,00], w; € %{S}(RQd) when
j €J, (Bj) be as in (2.6, and let X be an open subset of RY.

(1) The wave-front set of f € (D) (X), of sup-type with respect to (B;),
WF(SEE)(f), consists of all pairs (z9,&) in X x (R? \ 0) such that & €
E?g)(apf) holds for each ¢ € D*)(X) such that p(z¢) # 0;

(2) The wave-front set of f € (D)) (X), of inf-type with respect to (B;),
WF(‘g{)(f) consists of all pairs (x9,&) in X x (R? \ 0) such that & €
Ei(rgi)(gof) holds for each ¢ € D*)(X) such that p(zg) # 0.

REMARK 2.1. We recall that if f € 2'(R%), and wj(z,£) = (£)7 for j € J = N,
then it follows that WF(SZI;;’) (f) in Definition [2.2]is equal to the standard wave front
set WF(f) in Chapter VIII in [12].

2.1. Comparisons to other types of wave-front sets. Let w € ///{S}(RM)
be moderated with respect to a weight of polynomial growth at infinity and let
f € D'(X). Then WngLz(zw)(f) in Definition is the same as the wave-front

set introduced in [19) Definition 3.1]. Therefore, the information on regularity
in the background of wave-front sets of Fourier-Lebesgue type in Definition 2]
might be compared to the information obtained from the classical wave-front sets,
cf. Example 4.9 in [19].

Next we compare the wave-front sets introduced in Definition to the wave-
front sets in spaces of ultradistributions given in [12|[17}[22].

Let s > 1 and let X be an open subset of R? The ultradistribution f €
(DY (X) (f € (DI} (X)) is (s)-micro-regular ({s}-micro-regular) at (xo, &) if
there exists ¢ € D) (X) (p € DI}(X)) such that p(z) = 1 in a neighborhood of
zo and an open cone I' which contains &y such that

(2.7) \F(of)(€) S e NE eeT,

for each N > 0 (for some N > 0). The (s)-wave-front set ({s}-wave-front set) of f,
WEF () (f) (WF 4 (f)) is defined as the complement in X x R? \ 0 of the set of all
(x0,&0) where f is (s)-micro-regular ({s}-micro-regular), cf. [22, Definition 1.7.1].

The {s}-wave-front set WF 4, (f) can be found in [17] and agrees with certain
wave-front set WF(f) introduced in [12] Chapter 8.4].

REMARK 2.2. Let s > 1, X C R% be open, f € (D1*})'(X), p € £1}(X) and
©o € D)(X) be such that ¢(z) = 1 in a neighborhood supp pg. Also let Ty, T be
open cones such that g C T'. If holds for some N > 0, then it follows by
straightforward computations, using similar arguments as in the proof of Theorem
that is still true for some N > 0 after ¢ has been replaced by ¢y. Hence
it follows that the following conditions are equivalent:

(1) (wo,&0) & WE 1 (f);

(2) for some ¢ € DI}(X), such that ¢(z) = 1 in a neighborhood of g, a
conical neighborhood T' of ¢ and for some N > 0, it follows that (2.7))
holds;
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(3) for some ¢ € D)(X), such that () = 1 in a neighborhood of g, a
conical neighborhood T' of £ and for some N > 0, it follows that (2.7))
holds.

Consequently we may always choose ¢ in D(*)(X) in the definition of WEF 1 (f),
when f € (DI} (X).
PROPOSITION 2.1. Let s > 1, and let B; be the same as in (2.6]) with ¢; € [1,00]
and w;(§) = JEY . Then the following is true:
(1) if f € (DN (RY), then
(lfsf) ﬂ WEs, (f) = WF 4 (f) € WF((f);
7>0
(2) if f € (D®)Y(R?), then
WF (o (f) = |J WFs, (f) € WFRP (/).
§>0
PrOOF. Let I' € R% \. 0 be a cone, ¢ > 0 and let 7,¢ € [1,00] be such that
r < ¢. Then Holder’s inequality implies that |f‘gLE' () < C|f\9~Lc(z () for a
“j Wite

constant C' > 0 which only depends on € > 0 and d. A combination of this fact
and (2.3)) then shows that if C; = ﬂLE’f)j)(Rd), then

ﬂWFBJ(f) = ﬂWFC](f)’ UWFBJ(f) = UWFCJ(f)

J>0 3>0 §>0 3>0
inf inf
WEF (5,)(f) = WF 2 (f), WE 57 (f) = WE R (/).
Hence we may assume that ¢; = oo, for every j. The result is now a straightforward
consequence of the definitions. The proof is complete. O

3. Wave-front sets with respect to modulation spaces

In this section we define wave-front sets with respect to modulation spaces, and
show that they coincide with wave-front sets of Fourier-Lebesgue types.

3.1. Modulation spaces. In this subsection we consider properties of mod-
ulation spaces which will be used in microlocal analysis of ultradistributions.

Let s > 1 and let ¢ € S¢)(R?) be fixed. Then the short-time Fourier transform
(STFT) of f € S(S)(Rd) with respect to the window ¢ is given by

Vel (.6 = 20" [ 1) S —o)e <y,

The map (f, ¢) — Vs f from 8(9)(Rd x SG)(R?) to S®) (R?9) extends uniquely
to a continuous mapping from (S®))"(R?) x (S§©))(R?) to (S (R>%) by duality.

Moreover, if ¢ € S)(RY) \ 0 fixed and f € (S))'(R?), then
(3.1) feSWRY = V,f e SO(R).

We refer to [11/27] for the proofs, as well as more details on STFT in the
context of Gelfand—Shilov spaces.
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Now we recall the definition of modulation spaces. Let s > 1, w € %{S}(RZd),
p,q € [1,00], and the window ¢ € SG)(R¥) N\ 0 be fixed. Then the modulation space

M(pu’g(Rd) is the set of all ultra-distributions f € (S))’(R%) such that

1£llazzs = 1 agpa0 = Vi f wllpe < oo,

Here || - ||z« is the norm given by

a/p 1/q
| F[|ppa = (/Rd (/Rd F(m,§)|pdx> dg) 7

when F € L} _(R??) (with obvious interpretation when p = oo or ¢ = 00). Fur-

thermore, the modulation space W&‘)Z(Rd) consists of all f € (S¢))'(R%) such that

HfHW(pw‘; = ||f||W(I:()1.¢ = ||V¢fw||L121,q < 0,

where || - [[zz.a is the norm given by

p/q 1/p
1Flge = ([ (] IF@opa) ar)

when F € L} (R2%).

loc

If w = 1, then the notations M?9 and WP9 are used instead of M(pol) and W(p;)z
respectively. Moreover we set M(pw) = W(pw) = M(pu’f; and M?P = WP = MPP, We
note that MP9 are modulation spaces of classical forms, while W?:? are classical
forms of Wiener amalgam spaces. (See [3| concerning the terminology.)

If s> 1, p,q€[l,00] and w € 453 (R??), then one can show that the spaces

9L‘(1w)(Rd), M(pu’g (R%) and W(’Z;')Z(Rd) are locally the same, in the sense that

ZLL, (RN (EDYRY) = MPIRY) N (ED) R = WEIRY) N (E) (RY).

This follows by similar arguments as in [23| (and replacing the space of polynomially
moderated weights 2(R??) with .#,)(R??)). Later on we extend these properties
in the context of wave-front sets and recover the equalities above.

The proof of the next proposition concerning topological questions of modula-
tion spaces, and properties of the adjoint of the short-time Fourier transform Vo F,

can be found in [1]. Here we recall that (V'F, f) = (F,Vsf), f € SG)(RY), when

s>1,we My (R*), ¢ € S\ 0and F(z,§) € Lz(jo’Jq)(RQd).

PROPOSITION 3.1. Let s > 1, w € #(R*), p,q € [1,00], and ¢,¢1 €
SN R), with (¢, d1)r2 # 0. Then the following is true:
(1) the operator V; from SGI(R?) to S©®)(R?) extends uniquely to a contin-
uous operator from Ll(gf) (R%) to M&%(Rd), and
1V Fllss < CVindlze, 1Pl

(2) M(p:i(Rd) is a Banach space whose definition is independent on the choice
of window ¢ € S®) . 0;
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(3) the set of windows can be extended from S©)(R%) \ 0 to M(lv)

3.2. Wave-front sets with respect to modulation spaces. Next we define
wave-front sets with respect to modulation spaces and show that they agree with
corresponding wave-front sets of Fourier—Lebesgue types. More precisely, we prove
that |19, Theorem 6.1] holds if the weights of polynomial growth are replaced by
more general submultiplicative weights.

Let s > 1,6 € SORY) N0, we Mgy, T C R <. 0 be an open cone and let
p,q € [1,00]. For any f € (S®)"(R?) we set

a/p 1/q
32 Ifley = flaory = ([ ([ Wot@gputoras)  dc)

when B = My = M{jR?).

We note that |f|gr) = ||f||M<pt)1 when I' = R?\ 0 and ¢ € S®(R?), and that

|f|6(¢,p) might attain +oo.
We also set

r/q 1/p
33 1o = flan = ([ ([ 1Vesto ot olac) i)

when B =W =W{i(RY)

and note that similar properties hold for this semi-norm compared to .

Let w € #(3(R*?), p,q € [1,00], f € (S®))(R?), and let B = M&‘i or
B= W(pw()l Then O5(f), L5(f) and the wave-front set WFg(f) of f with respect
to the modulation space B are defined in the same way as in Section [2| after
replacing the semi-norms of Fourier-Lebesgue types in with the semi-norms
in or respectively.

We need the following proposition when proving that the wave-front sets of
Fourier—Lebesgue and modulation space types are the same. The first part is an
extension of |1, Proposition 4.2].

(R%) 0.

PROPOSITION 3.2. Let s > 1. Then the following is true:
(1) if f € (@) (RY) and ¢ € S (RY), then

(3.4) Vo f(x,8)] S e_hlx‘l/sealgll/s, for some h >0 and € > 0;
(2) if f € (EEH/(RT) and ¢ € S©®)(R?), then ([B3.4) holds for every h > 0 and
e>0;

(3) if f € (D®Y(R) and ¢ € DR N0, then f € (E®))(R?), if and
only if supp V, f € K x R? for some compact set K, and then

(3.5) Vo f(z,8)] < 65|§|1/S’ for some £ > 0.

(4) if f € (D®)Y(R?) and ¢ € D®)(R?) N0, then f € (EH)(RY), if and
only if supp Vy f C K x R? for some compact set K and (3.5) holds for
every € > 0.
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PROOF. We only prove (1) and (3). The other statements follow by similar
arguments and are left for the reader.

In order to prove (1) we assume that f € (£())(R%) and ¢ € S©®)(R?). Also
let ¢» € D) (R) be such that ¢ = 1 in supp f. Then for some €,k > 0 we have

1/s

Vyd(a, &) S e M7 =2ee" - ana (o)) S el

By straightforward calculations, it follows that

Vb (@) = (Vo)) (. O] S (Voo ) * 17)(E)
B / Vi, & =)l )] dn £ /e*h\wl”we\s—m”seslnll“dn

_hlzlt/s —2e|n|/F 12e|€| /5 teln| L/ —hlz| +2ele|
< Nl /e Il *2el€]/ el gy < =hlal/*+2elé]

and (1) follows.

Next we prove (3). First assume that ¢ € D()(RY) \ 0 and f € (£))"(RY).
Since both ¢ and f have compact support, it follows that supp(Vyf) C K X RY.
Furthermore, |Vgf(z,&)| S sl HIE) | for some € > 0, in view of [1]. Since
Vs f(x, &) has compact support in the z-variable, it follows that

Vi f(x,€)] S el

In order to prove the reverse direction we assume that supp Vo f C K x RY,
for a compact set K. Assume that supp¢ C K and choose ¢ € D) (R?) such
that supp ¢ N2K = . Then (f,¢) = (||¢llz2) 2(Vsf, Vo) = 0, which implies that
f has compact support. Here the first equality is Moyal’s identity (cf. [9]). This
implies that f has compact support and the condition f € (D)) (R%) now gives
f e (E®YRY. O

THEOREM 3.1. Let s > 1, p,q € [1,00], w € ///{S}(RM), B= ,QL‘(Zw)(Rd), and

let C= M{j(R) or C = WS(RY). If f € (D) (RY), then

(3.6) WFg(f) = WFe(f).
In particular, WF¢(f) is independent of p and ¢ € S (R4 N0 in (3.2) and (3.3).

In the proof of Theorem 3.1} the main part concerns proving that the wave-front
sets of modulation types are independent of the choice of window ¢ € S (R4) 0.

PROOF. We only consider the case C = M (pj. The case C = W(pj follows by
similar arguments and is left for the reader. We may assume that f € (£())(R%)
and that w(z,£) = w(&) since the statements only concern local assertions.

In order to prove that WFe¢(f) is independent of ¢ € S®)(R?) \. 0, we assume
that ¢,¢; € S (R?) < 0 and let | - |¢, ) be the semi-norm in after ¢ has
been replaced by ¢;. Let I'; and I'y be open cones in R¢ such that I'y C T';. The
asserted independence of ¢ follows if we prove that

(3.7) |f|C(F2) < C(|f|C1(F1) + 1)’
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for some positive constant C. Let
O ={(z,6); €} CR?* and Q, =00, C R,
with characteristic functions y; and o respectively, and set

Fk(l‘,f) = |V¢1f($,€)|W(§)Xk($,€), k:1727

and G = |Vyo1(x, &)v(€)|. Since w is v-moderate, it follows from |9, Lemma 11.3.3]
that

|V¢f(x,§)w(m,§)| 5 ((Fl + F2) * G)(l‘,f),
which implies that |f|cr,) S J1 + J2, where

Ji = (/F (/R |(Fk*G)(x,§)|pdx)q/pd§>l/q, k=12

By Young’s inequality Ji < ||y * G| ppa < |G| 11 ||F1][zea = C[fle, (ry), where
C = [Gllzs = [Vyor (@, )v(©)ll1s < oo, in view of (E:1).

Next we consider Jo. For £ € I'y fixed and integrating over n € CI'y, it follows
from ({2.5)), Propositon and (3.1) that for some N, k,e > 0 and every h > 0 we
have

|(F2 % G)(z,8)] S // e NI gelnl = g=h(a—yl"*+le=n"") (e ) dy dn
R2d
5// o= NIl gelnl* g=hla=y| "/ *=he(le["/*+in*/) k(1 101 *) gy
R2d

_ 1/s _ 1/s _ 1/s _ 1/s
< =Milal/? kel // e~ Nilul'/* here=hlnl* g g
R2d

o 1/s o 1/s
< oMl ghoholel o oo

for some N > 0, provided h is chosen large enough. Therefore

= </r (/R (£ x G>(ﬂf,€)pd$> Q/pd€>1/q
S (/F2 (/Rd (e—N1|w1/se(k_hc)gl/s)pdx> q/pd£> 1/q .

This proves that (3.7)), and hence WF¢(f) is independent of ¢ € S®)(R%) \ 0.
In order to prove (3.6)) we assume from now on that ¢ in (3.2) is real-valued

and has compact support. Let pg € [1, 00] be such that py < p and set Cp = M&’)’q.

The result follows if we prove

(3.8) Oc, (f) € O5(f) € Oc(f) whenpy=1, p=o0,
(3.9) Oc(f) € Oc,(f).

The proof of the first inclusion in (3.8]) follows from the estimates
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Iflary S

R4

/F (/R |7 (fo( = 2)(©)w(©)] dx)qd§> N

- Vol (@ £o(©]d) ) = Clflewey.
(L ) «)

for a positive constant C'.
Next we prove the second inclusion in (3.8). We have

(
5( 17 (1 ¢(-—x>dx)<«s)w(5>|%£)l/q
(

1/q
Flews) = ( [ sw |v¢f<x,5>w<z,£>|qu)

2> z€RA

" 1/q
< ( [ s 107« 176 - x>>|><5>w<a>|wf)

2> x€RA

<(/ 1071+ $|><£>w<5>ws)l/q

< ( / (F-el+13 ~v|><§>>"d§)l/q,

where ¢ € D*)(X) is chosen such that ¢ = 1 in supp f. The second inclusion in
(3.8) now follows by straightforward computations, using similar arguments as in

the proof of (2.3]). The details are left for the reader.

It remains to prove (3.9). Let K C R? be a compact set chosen such that
Vs f(z,§) = 0 outside K x R%, and let p; € [1, 00] be chosen such that 1/p+1/py =

1+ 1/p. By Holder’s inequality we get

a/po 1/q
flewer = ([ ([ Vot outa.gmas) " de)

a/p 1/q
<c( [( [ Wettonmopas) de) " = Culfle

This gives (3.9), and the proof is complete.

REMARK 3.1. Let s > 1, p,q € [1,00], and w € 45 (R*). If f € (€)' (RY),

then it follows from the definition of the wave-front sets that then
feB < WFz(f) =0,
when B is equal to .# ng), M 5;3 or W(pu’)')z. In particular

FL]

¢ N EDYRY) = M2 A (EDY (R = WEI N (E9)) (R,
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by Theorem (3.1

In particular, we recover Corollary 6.2 in [19], Theorem 2.1 and Remark 4.6
in [23].

REMARK 3.2. In some situations we may relax the condition on the window
function ¢ € S®)(R?) into ¢ € StHRY). In fact, let s > 1, ¢ € SEHRY) <0
and let f € (St*})(R?). Then V,f makes sense as an element in (ST*}) (R?4) N
C>(R?%). Furthermore, if B = M(’l’g(Rd), then analogous versions of the sets
05(f), L5(f) and WFg(f) can be defined by replacing the condition ¢ € D) (R%
with ¢ € DI*}(R?). The investigations in this section then show that Theorem [3.1
still holds after the assumptions on f and ¢ were changed in this way.

4. Discrete versions of wave-front sets

The main goal of this section is to introduce discrete wave-front sets with
respect to Fourier-Lebesgue and modulation spaces, and to relate them with the
corresponding wave-front sets of continuous types, given in the previous sections.
To that aim, in the first part we introduce discrete analogues of Fourier—Lebesgue
norms and relate them to corresponding continuous ones, given in . Finally we
define discrete versions of wave-front sets and prove that they agree one to another
and to the corresponding continuous ones.

4.1. Discrete semi-norms in Fourier—Lebesgue spaces. In this subsec-
tion we introduce discrete analogues of the semi-norms in , and show that
these semi-norms are finite if and only if the corresponding nondiscrete semi-norms
are finite. The techniques used here are similar to those in [14].

Assume that ¢ € [1,00], s > 1, w € A (3(RY), B = ﬁL'gw)(Rd), and H C R
is a discrete set. Then we set

N 1/q N
118, = (Z |f<sz>w<sl>|Q) . FeORYN(SDYRY

&ieH

with obvious modifications when ¢ = co. As in the continuous case, we may allow
weight functions in ///{s}(de), ie, w=w(z,§). However, again we note that the

condition | f |g()}{) < 00 is independent of x € R?. For the proof of the main result
of this part, we need two lemmas.
We recall that by a lattice A we mean the set

A ={are; + -+ ageq; ay,...,aq € Z},

where e1,...,eq is a basis in R%.
The following Lemma was proved for distributions, cf. [14,24}25]|.

LEMMA 4.1. Let s > 1, f € (EGY(RY), T and Ty be open cones in R~ 0
such that To C T, q € [1,00], and let A C R? be a lattice. If |flBr) is finite, then

D . )
|f|§3(1)“0rm) is finite.
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PROOF. We only prove the result for ¢ < oo, leaving the small modifications
in the case ¢ = oo for the reader. Assume that |f|gr) < oo, and let H = TI'o N A.
Also let ¢ € D)(R?) be such that ¢ = 1 in supp f. Then

(F15t0rn)” = D 17 (@) (&)w(&)]”

§ied

= (2m) 2 Y ‘ / (& — ) f(mw(&) dn

&eH

123 (feswrman) 5= 32 ([ we-oron)

Here we set F(§) = |f(§)w(£)\ and ¥(&) = |p(&)v(€)] as in the proof of Theorem
We need to estimate S7 and S5. By Holder’s inequality we get

Gl </ v ) P (/ w(e —m" @& —ﬂ)l/qF(ﬁ))dn>q

S / wl& =) Fydn < ¢ | Plyidn = €'ty

&EH

q

S (51 + 52),

where

where

= 0147 sup 3 w(& —n)

neR? . cH

is finite by (2.4). This proves that S; is finite.
It remains to prove that Sy is finite. We observe that

(& = n'* > 2cmax (|G|, n*) = e + n]'*)

when & € H and n € (T, for some ¢ > 0. Since f € (£())(R%), it follows that
|F| < Mol for a positive constant No. Furthermore, since ¢ € DO(RY), it
follows that for every N > 0 we have ¢ < e~ NI This gives

q
< ( /G eNfl"”SeNon“sd’O
N

&ieH
< Z e—aNel&r|!/? (/ e—(Nc—NO)ﬁl/Sdn)q
&€H
where we have used the fact that w is v-moderate. The result now follows, since

the right-hand side is finite when N > Ny/c. The proof is complete. O

Next we prove a converse of Lemma, in the case when the lattice A is dense
enough. Let eq,...,eq in R? be a basis for A, i.e., for some zo € A we have

A:{x0+t161+-~-+tded; tl,...7td€Z}.
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A parallelepiped D, spanned by ey, ...,eq for A and with corners in A, is called a
A-parallelepiped. This means that for some xg € A and for some basis ey, ..., eq
for A we have D = {xo + t1e1 + -+ + tgeq; t1,...,tq € [0,1]}.

We let A(A) be the set of all A-parallelepipeds. For future references we note
that if Dy, Dy € A(A), then their volumes |D;| and |Ds| agree, and for convenience
we let ||A|| denote the common value, i.e., ||A]| = |D1| = |Dal.

Let A; and A, be lattices in R? with bases e, ..., eq and €1, . . ., €4 respectively.
Then the pair (A1, As) is called admissible lattice pair, if for some 0 < ¢ < 27 we
have (e;,e;) = c and (ej,ex) = 0 when j # k. If in addition ¢ < 27, then (A1, As)
is called a strongly admissible lattice pair. If instead ¢ = 27, then the pair (A1, As)
is called a weakly admissible lattice pair.

Here we note that if the lattice pair (A1, A2) is weakly admissible, then every
choice of ¢ in (7.2.2) in [12] gives rise to a Fourier series expansion of a D;-periodic
distribution f, where Dy € A(A1). Hence, there is an ambiguity concerning the
choice of ¢ for expressing f in a Fourier series. On the other hand, if (A1, Ag) is
strongly admissible and the restriction of f to the open set D; has compact support,
then the Fourier coefficients are defined in a canonical way. (See also below.)

LEMMA 4.2. Let s > 1, (A1, As) be an admissible lattice pair, D1 € A(Ay), and
let f € (EG))(R?) be such that an open neighbourhood of its support is contained
in Dy1. Also let T' and Ty be open cones in R¢ such that Ty C T'. If |f|§31()11m\2) 18
finite, then |f|gr,) is finite.

PROOF. Since D; contains an open neighbourhood of the support of f, we
may modify A; (and therefore D) such that the lattice pair (A1, Ag) is strongly
admissible, and such that the hypothesis still holds. From now on we therefore
assume that (A1, Az) is strongly admissible.

We use similar arguments as in the proof of Lemma [} Again we prove the
result only for ¢ < co. The small modifications to the case ¢ = oo are left for the
reader.

Assume that |f|§31()110A2) < 00, and let ¢ € D)(D?) be equal to one in the

support of f, where D? denotes the interior of the set D,. By expanding f = ¢f

-~ ~

into a Fourier series on Dy we get f(£§) = C' > cx, P(E—E&) f(&), where the positive
constant C' only depends on Ag. (Cf. e.g. (4.1)) below.) We have

~

> B - F(Qw(©)| dE S i+ Sa,

(flso) = [ \Fptelas =c [

0

where

&€,
S = /
To

q
de, Sy = /
To
Hl :FﬂAQ and H2 :CrﬂAg
We have to estimate S7 and S;. Let w be moderate with respect to the weight

~

> B - ) f(&w(©)

§€H,

~

> BE-a)f(&@w©)

§IEH,

q
dg,

v(-) = ekl By Minkowski’s inequality we get
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/(Z 1B — &)ole — &)1 Fle)w( >|)ng

§1€H

/ (Z |B(€ — &)v(E — &)1 F(&)w (&)‘I)d&c” S If@wE@),

§1€H, §i€H,

where C' = Csupe |3(€ — &)v(€ — &), < o0, and O = Cllglsny, < oo
This proves that Sy is finite when |f|§5D}mA2) < 00.
It remains to prove that S5 is finite. We recall that
€ =&l > 2emax(jg]"*, |&l'/*) > c(l€]'/* + |&'/*) when ¢ € T and & € Ho,

and use the same arguments as in the proof of Lemma [£.1] to obtain

-

S €EH,

</ e—qNCI£|1/S( Z —(Ne=No) &”“’) dg.
To

§1€EH>

N s Nole|1/s q
e~ NIE=&I™° o Nol&i] d¢

The result now follows, since the right-hand side is finite when N > Ny/c. The
proof is complete. U

THEOREM 4.1. Let s > 1, (A1, A2) be an admissible lattice pair, D1 € A(A1),
and let f € (E®))(R?) be such that an open neighbourhood of its support is con-

tained in Dy. Also let T and Ty be open cones in R% such that Ty C T. If |f|g?%m\2)

is finite, then \cpf|§£llomA2) is finite for every ¢ € D) (X).

For the proof we recall that |¢f|pr,) is finite when f € (E®))(RY), ¢ €
D) (X), and |f|Bcry is finite. This follows from the proof of Theorem H

PRrROOF. Let I'1, T's be open cones such that I'; C I'j4q for j =0,1, Ty CT,
gﬁ}mz) < 00. Then Lemma (4.2 shows that |f|zr,) is finite.

Hence, Theorem implies that o f|gr,) < oo. This gives |‘Pf‘z(/3£()1lom/\2) < 00, in
view of Lemma The proof is complete. O

and assume that |f|

4.2. Gabor pairs. In this subsection we recall in Definition the notion of
Gabor pairs, which are later on used in the definition of discrete version of wave-
front sets with respect to modulation spaces. We refer to [14] for an explanation
that conditions in Definition are quite general.

By Definition [£:1]it follows that our analysis can be applied to the most general
classes of non-quasianalytic ultradistributions, and it also points out the role of
Beurling-Domar weights in definitions of .% fL’(J )(Rd) and M(p’g (R%), cf. [2l10l/11].
On the other hand, a larger class of quasianalytic ultradistributions can not be
treated by the technique given here, since the corresponding test function spaces
do not contain smooth functions of compact support.
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Assume that ej,...,eq is a basis for the lattice Aj, and that (Aj,As) is a
weakly admissible lattice pair. If f € L2 _is periodic with respect to A;, and D is

loc

the parallelepiped, spanned by {ej,...,eq}, then we may make Fourier expansion
of f as
(4.1) flx) = Z et (™8, z € R?

&€l

2
loc

(4.2) o= /A Fly)e " weay.

(with convergence in Lj. ), where the coefficients ¢; are given by

Here y = yie1 + -+ + yqeq, dy = dy; ---dyg, and A = [0,1]%. For nonperiodic
functions and distributions we instead make Gabor expansions. Because of the
support properties of the involved Gabor atoms and their duals, we are usually
forced to change the assumption on the involved lattice pairs. More precisely,
instead of assuming that (Aj,As) should be a weakly admissible lattice pair, we
assume from now on that (A, Ag) is a strongly admissible lattice pair, with Ay =
{z;}jes and Ay = {§}1es. Also let s > 1 and

(4.3) ¢, € DPRY),  ¢ju(x) = d(x — a;)e" ™ i y(z) = p(x — a;)e ™

be such that {¢;;};j1cs and {1} 1cs are dual Gabor frames (see [6,9] for the
definition and basic properties of Gabor frames and their duals). If f € (S®))(R%)
then

(4.4) F=> s,
J,led

where

(4.5) cjp = Cou - (f,050)

and the constant Cy , depends on the frames only. Here (-,-) denotes the unique
extension of the L2-form on S®)(R4) x S®)(RY) into (S (RY) x (S®))(R?).
Note that the convergence is in (S))'(R¢) due to Proposition

DEFINITION 4.1. Assume that ¢ € (0,1], {z;},c; = A1 € R? and {{}1es =
Ay C RY are lattices and let A1(g) = eA1. Also let ¢,9 € C5°(R?) be nonnegative,
and set

¢ =¢(/e), @5, =6 (- —ex;)et,
,(/)5 = ¢(/5)a Js‘)l - ws( — 51;]»)@“'751)
when ex; € Aq(e) (ie., z; € A1) and & € Ay. Then the pair

(4.6) ({bsitier, A¥jitjier)

is called a Gabor pair with respect to the lattices A; and Ay if for each € € (0, 1],
the sets {¢5,};1es and {95} e are dual Gabor frames.



20 JOHANSSON, PILIPOVIC, TEOFANOV AND TOFT

By Definition and Chapters 5-13 in [9] it follows that if f € (S©)) (R)
and if ({¢;:}51e7, {¥;.1}j,1es) is a Gabor pair, then

@y F=> cule)e,

Jled
in (S®))(RY), for every € € (0, 1], where
(#.5)’ cja(e) = (F;950)-

We remark that if the pair in is a Gabor pair, then it follows from the
investigations in [9] that the lattice pair (A1, A2) in Definition is strongly ad-
missible.

The following proposition explains that any pair of dual Gabor frames satisfying
a mild additional condition, generates a Gabor pair. The proof can be found in |14].

PROPOSITION 4.1. Let ¢,9 € C5°(R?) be nonnegative functions and let ¢;,
and v be given by (4.3). Also, let Ay and Ay be the same as in Definition . If
{bji}jier and {11} ;1cs are dual Gabor frames such that

(4.7) > o —ap)v(-— ;) = A7,

holds, then (4.6)) is a Gabor pair.

REMARK 4.1. If ¢ = 4, then (4.7) describes the tight frame property of the
corresponding Gabor frame, cf. |9, Theorem 6.4.1].

REMARK 4.2. Let p,q € [I,00], w € M3(R*), and f € (E®)(RY). If
({@j1}jier.{¥ji}iies) is a Gabor pair such that (4.4) and (4.5) hold, then it
follows that f € M(p ?(R?) if and only if

w)

[ fllie = (Z (Z |Cj7l(6)w(mj7gj)|p>q/p)1/q

leJ NjeJ

is finite for every e € (0, 1]. Furthermore, for every ¢ € (0, 1], the norm f + || f||
is equivalent to the modulation space norm (1.3) (cf. [21/4,/5,/9].)

4.3. Discrete versions of wave-front sets with respect to Fourier—Le-
besgue and modulation spaces. We start with two definitions.

DEFINITION 4.2. Let s > 1, ¢ € [1,00], f € (§)(R%), X be an open subset
of RY, (z0,&) € X x (RY\0), w € A (53(R?) and B = LO/"L‘(Zw). The point (xg,&p)
is called discretely regular with respect to B if

(D)
|90f‘3(1‘r‘,[\2) < o0,
for some choice of strongly admissible lattice pair (A1, As) such that zy € Aj, an
open conical neighborhood T' of &, and some choice of ¢ € D) (X) such that

¢(x0) # 0.
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For the definition of discrete wave-front sets of modulation spaces, we consider

Gabor pairs ({¢j,l}j,l€]a {wj,l}j,lEJ)) and let ']:170 (5) = J:Eo (6’ ¢7 w) = on (87 ¢7 wv Al)
be the set of all j € J such that zg € supp ¢, or o € supp ¢ ;.

DEFINITION 4.3. Let s > 1, p,q € [1,00], f € (S®))(R?), X be an open
subset of R, (20,&) € X x (RY\0), w € #(53(R*) and C = M(pu’g(Rd). Also
let Aj,Ay € RY be lattices such that zo ¢ Ay, ¢,7 € D®)(R?) be such that
({@,1}i1e7,{¥j.1}51es) is a Gabor pair (with respect to A; and As), and let ¢;,;(¢)
be the same as in (4.5). The point (xq,&p) is called discretely regular with respect
to C if

(S (% ewewer)” )" <

&ETNAs N jET, (e)

for some € € (0, 1], an open conical neighborhood I" of £y, and for some ¢ € D(S)(X)
such that ¢(z¢) # 0.

The discrete wave-front set of f with respect to C (B), denoted DF¢(f)
(DF5(f)), consists of all (xg,&) € X x (R?~ 0), where f is not discretely regular
with respect to C (B).

Roughly speaking, (z9,&p) € DFc(f) means that f is not locally in C, in the
direction &;. The following result shows that our wave-front sets coincide.

THEOREM 4.2. Let s > 1, X C R? be open and let f € (D®))'(X). Then

(4.8) WE5(f) = WFe(f) = DFg(f) = DFc(f).
ProoOF. By Theorem [3.1]and Lemmas [4.1] and it follows that the first two

equalities in (4.8)) hold. The result therefore follows if we prove that DF(f) =
DFc(f).
First assume that (z9,&) ¢ DF5(f), and choose ¢ € D) (X), an open neigh-

bourhood Xy C Xy C X of g and conical neighbourhoods I', Ty of & such that

e [(CTI, p(®)=1 when =z¢€ X,

o |npf|§3%){) < oo, when H=A,NT.
Now let ({¢;.1}j.1e5,{¥;i}j1es) be a Gabor pair and choose € € (0,1] such that
supp ¢5 ; and supp ¢, are contained in X, when x¢ € supp ¢5; and zo € supp 5 ;.
Since

Cj,l(5) = C(f, w;,l)Lz(Rd) =Z(f(-/e - xj))(fl),
it follows from these support properties that if Hy = As N Ty, then

1/q I
(4.9) < > |y(f¢(-/a—xj))(€l>w(§l)|Q) = 1£ (/e = 25

& €Hy
= £ (/2 = 23) |50y
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when j € J, (). Hence, by combining Theorem with the facts that J,,(¢) is
finite and |¢ f |g();{) < 00, it follows that the expressions in (4.9)) are finite and

(S (¥ wosempamer)) " <o

§1€Hy N jEdy(e)

This implies that (xg,&) ¢ DFc(f), and we have proved that DF¢(f) C DFg(f).

In order to prove the reverse inclusion we assume that (xg,&p) ¢ DF¢(f), and
we choose € € (0, 1], Gabor pair ({#;};ie7, {¥).1};.1es) and conical neighbourhoods
I, Ty of & such that Ty C I' and

ao (DX ﬁ(fwc/sxﬁ)(@)w@)w)q/p)l/q<oo7

GEH NjEda,(e)
when H = A, NT. Also choose ¢, x € D*)(X) such that ¢(xg) # 0 and
k(x) Z Y(x/e —x;) =1, when x € suppe.
J€Jay (€)
Since Jy, (¢) is finite, Holder’s inequality gives

(D)

oIy =] X en vt —a)

JE€Jzy (€)

(X

§I€Ho " jEJyg(e)

(x (=
§I€EH) " jEJyg(e)
where Hy = Ay NT. By Theorem and (4.10) it now follows that the right-
hand side in the last estimates is finite. Hence, |¢ f \53[()}10) < 00, which shows that

(z0,&) ¢ DFp(f), and we have proved that DFg(f) C DF¢(f). The proof is
complete. O

B(Ho)

1/q

Z((or) f (/e —xm(@)w(m) )

q/p\ 1/q
If((w)fw(-/a—%))(&)cu(&)l”) ) ,

We may define discrete versions, DF(i%fj)( f) and DF(i,’};fj)( f), of the wave-front
sets WF(’%fJ)(f) and WF(IEfJ)(f) of sequence types, as it is done in [14]. Then it
follows that Theorem H.2] can be extended to involve such wave-front sets. Hence
Proposition is still true, after WF(lng)( f) and WF(IZ{)( f) are replaced by
DF(i%fj)( f) and DF(igfj)( f), respectively. In particular we obtain the following dis-
crete interpretation of the wave-front set WF 4, (f).

COROLLARY 4.1. Let g € [1,00], s > 1, and let wi(§) = ek|5|1/s, £eRY k> 0.
If f € (D®)(RY), then

N DFgre (f) = WEF(f)-
k>0
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We remark that a discrete analogue of WF 4y (f) also can be introduced in a
similar way as in [24,125]. Let us denote this set by WF, r(f), and refer to it as
toroidal s-wave-front set. It can be proved that

WF,7(f) = T% x Z* N WF 5, (f),

where T? is the torus in R4.

A significant difference between the toroidal wave-front sets and our discrete
wave-front sets lies in the fact that WF, r(f) only informs about the rational
directions for the propagation of singularities of f at a certain point, while DF(f) =
WEF(f) takes care of all directional for f to that point, we refer to [14] for an
example.
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