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A NEW MODEL OF
NONLOCAL MODIFIED GRAVITY

Ivan Dimitrijevi¢, Branko Dragovich,
Jelena Grujié, and Zoran Rakié

ABSTRACT. We consider a new modified gravity model with nonlocal term of
the form R~ F(0)R. This kind of nonlocality is motivated by investigation of
applicability of a few unusual ansétze to obtain some exact cosmological solu-
tions. In particular, we find attractive and useful quadratic ansatz OR = ¢R?.

1. Introduction

In spite of the great successes of General Relativity (GR) it has not got the
status of a complete theory of gravity. To modify GR there are motivations coming
from its quantum aspects, string theory, astrophysics and cosmology. For example,
cosmological solutions of GR contain Big Bang singularity, and Dark Energy as a
cause for accelerated expansion of the Universe. This initial cosmological singularity
is an evident signature that GR is not appropriate theory of the Universe at cosmic
time ¢ = 0. Also, GR has not been verified at the very large cosmic scale and dark
energy has not been discovered in the laboratory experiments. This situation gives
rise to research for an adequate modification of GR among numerous possibilities
(for a recent review, see [1]).

Recently it has been shown that nonlocal modified gravity with action

(1.1) /d%\/_( — GA+OR]-'( )R)

where R is scalar curvature, A-cosmological constant, F(O) = >°°°  f,00" is an
analytic function of the d’Alembert—Beltrami operator

1
= ——=0u,V~99""0y, g=det(gu
\/_—g 12 (H)

and C is a constant, has nonsingular bounce cosmological solutions, see [2, 3], 4}, [5].
To solve equations of motion the ansatz R = r R+ s was used. In [6] we introduced
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some new ansétze, which gave trivial solutions for the above nonlocal model ([L.TJ).
Here we consider some modification of the above action in the nonlocal sector, i.e.,

(1.2) S = /d‘*w\/_ erR 'FO)R )

and look for nontrivial cosmological solutions for the new ansétze (see [6]). Note
that the cosmological constant A in (I2) is hidden in the term fy, i.e., A = —87G fo.
To the best of our knowledge action (.2 has not been considered so far. However,
there are investigations of gravity modified by 1/R term (see, e.g. [7] and references
therein), but it is without nonlocality.

2. Equations of motion

By variation of action (I.2]) with respect to metric g"* one obtains the equations
of motion for g,

1 _
(21) RuV = (V¥ = gDV = 5o R FO)R

+y In (g (0O (R"Ho O 'R+ O(R"HD"'R)

n=1 2 =0 G
-9 I:ll —1 Vanlfl — _ 124
' (R™7)0 R) ol
V=FOR*'-R2FO)R.
The trace of the equation (Z1J) is
oo n—1
(22) RV 430V 4> fod (0.0(RHo*0" 'R+ 20RO 'R)
n=1 =0
R
— -1 —
2R F(O)R = —.
The 00 component of ([Z1]) is
1
(2.3) RooV — (VoVo — gooO)V — —gOOR—lf(D)R
- f — 1-1 —1 —1
+y o0 R+ OYR-HO™ 'R
7;1 9 ;0 900 ) ( ) ) ;
_ lip-1 n—1-lpy _ _ Y00
2000 (R~1)8,0 R) el

We use Friedmann-Lemaitre-Robertson-Walker (FLRW) metric ds? = —dt? +
a?(t)( 1fq;:rz + 7r2d6? + r? sin® fd¢?) and investigate all three possibilities for curva-
ture parameter k (0, £1). In the FLRW metric scalar curvature is R = 6 (% + g—i + %)

and Oh(t) = —02h(t) — 3HO;h(t), where H = £ is the Hubble parameter. In the
sequel we shall use three kinds of ansétze (two of them introduced in [6]) and
solve equations of motions ([222)) and ([23]) for cosmological scale factor in the form
a(t) = a0|t — tola.
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3. Quadratic ansatz: OR = ¢R?
Looking for solutions in the form a(t) = ag|t — to|® this ansatz becomes
(3.1) a2a — 1) (ga(2a — 1) — (@ — 1)) (t — to)~*

ak

k2
+ o (1= o+ 6g(20 — 1))(t — to) 2072 4 Lo (¢ — )4 = 0,
3a0 ao

Equation (31 is satisfied for all values of time ¢ in six cases:

(1) k=0, a =0, q€R,

(4) k:_lv 0121, Q¢07 a0:17
(2) k=0, a:%, q € R,

(5) k7£05 OAZO, q:O,
(3)k207 a#ou%u q:a(g;il), (6)]{#0, Oé:l7 qZO

In cases (1), (2) and (4) we have R = 0 and therefore R~ is not defined. Case

(5) yields a solution which does not satisfy the equations of motion. Hence there
remain two cases for further consideration.

3.1. Casek =0, q= O[(‘;T’il) For this case, we have the following expressions
depending on the parameter a:

a—1
R R =6a(2c — 1)(t — tg) 2
q a2a—1)’ o(2a ) 0)
a=a0|t—t0|o‘,

H=a(t—to)™ ",
Roo = 30[(1 — a)(t — t0)72,

Goo = 30[2(t — to)iz.
We now express O"R and 0" R~ in the following way:

O"R = B(n,1)(t — t) "2, O"R™' = B(n,—1)(t — to)>" 2",

B(n,1) = 6a(2a — 1)(=2)"n! ﬁ(l —3a+2l),n>1,

=1
n

B(n,-1) = (6a(2a — 1)) 2" [[2 = )(-3 = 3a+ 21), n > 1,
=1
B(0,1) = 6a(2a — 1), B(0,—1) = B(0,1)"".

Note that B(1, ~1) = —g3gH5 = ~2(3a +1)B(0,1)7! and B(n,~1) = 0 if
n > 2. Also, we obtain

F(O)R = i FaB(n, 1)(t — to) 22,

n=0
FO)R™ = foB(0,—1)(t — to)*> + f1B(1,—-1).
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Substituting these equations into trace and 00 component of the EOM one has

rty " faB(n,1) (=3r + 6(1 — n)(1 — 2n + 3a)) (t — to) >

1

+7Y  fa(rB(n,—1) +3B(n+1,-1)) (t — to) >
n=0

+2r Z fn’Yn(t - tO)_zn =
(3.2) n=1

i fnr‘_lB(n, 1) (g — An) (t — to)—2n
n=0

1
+ 3 furBln,—1) A, (t — to) 2" + = Zf,, (t —to)~

n=0

r2

167G

(t —to) 2,

—r2 «

_ _ -2
T 327G 20 — 1(t fo) ™"

where r = B(0, 1) and

%_ZBZ ~1)(B(n—1,1)+2(1 =) (n—1)B(n —1 —1,1)),

n_ZBz—1 B(n—1,1)+4(1 1) (n—1)B(n—1-1,1)),

-1 — 9 —
Ap =6a(l—n)—r a _r3zn-a
22a—1) 2 2a-1

Equations (3:2)) can be split into system of pairs of equations with respect to
each coefficient f,,. In the case n > 1, there are the following pairs:

fa(B(n,1) (=3r +6(1 —n)(1 — 2n + 3a)) + 2r?y,) =0,

fn (B(n, 1) (g - An) n gan) —0.

Taking % to be a natural number one obtains:

(3(a=1))! 3a—1
B(n, 1) = 6a(20 — DA nl g 2 < ,
-1
B(n1)=0, n>>2"1
2
Ja—1
v = 2B(0,~1)B(n —1,1)(3na — 2n® —3a — 1), n < 0‘2 :
9 3a—1
0n =2B(0,-1)B(n—1,1)(2n* +3n+ 3a —3an+1), n< 5

>3a—1
5




NONLOCAL MODIFIED GRAVITY 191

Ifn > 30;17 then B(n,1) = v, = §, = 0 and hence the system is trivially

satisfied for arbitrary values of coefficients f,,. On the other hand for 2 < n < 30‘2_ 1
the system has only the trivial solution f, = 0.

When n = 0, the pair becomes

fo(=2r+6(1+3a)+3rB(1,-1)) =0, fo=0

and its solution is fy = 0. The remaining case n = 1 reads

C 3 B(L 1) + rB(L, —1) + 271) = ——
fl( 3r (1,1) +rB(1,-1) + 71) 167G’
1 U
Ai(rB(1,-1) = 'B(1,1)) + =(B(1,1) +7d1) ) =
fl( 1(rB(1, -1) =7 B(1,1)) + 5 (B(1, )+T1)) 321G 20— 1’
and it gives f1 = —%-

3.2. Case k #0, a =1, ¢ =0. In this case
a=aplt—to|, H=(t—ty) ', R=s(t—ty) 2
k
5:6(1+—2), OR=0, Ro =0,
agy
O"R™! = D(n, —1)(t — to)*~ ",
D(0,-1)=s"', D(@,-1)=-8s"' D(n,—1)=0, n>2.

Substitution of the above expressions in the trace and 00 component of the EOM
yields

1
3fo+ Y fasD(n,—1)(t —to) > + 4f1(t —to) (t—to) 2,

n=0

- S
T 167G

1
605+ 3 Jo +6 D fuDln, ~1)(1 —n)(t — to) "
n=0
S

_ _ —2
32\ to) ™"

+2f1(t —to)* =

This system leads to conditions for fo and fi:

_9f _ _py2__ 9 R
1 o s 9
§f0+2f1(t—to) ——327TG(t—t0) .
The corresponding solution is
fo=0, fi=— fu€R n>2

647G’
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4. Ansatz "R =c¢, R, n>1
Presenting (1”1 R in two ways:
O" 'R = Oe, R"™ = ¢,,((n + 1)R"0R — n(n + 1)R" ' R?)
=co(n+1)(cR"? —nR"'R?) = ¢, R"?

it follows
(4.1) R? = R®,
(4.2) Cnt1 = cn(n+1)(c1 — n),

where k2 means (R)?2.

The general solution of equation ([&I]) is

4

4.3 R=——=, toeR.
( ) (t — t0)2 , lo €
Taking n = 1 in the ansatz yields
(4.4) OR = ¢ R%.
The substitution of (@3] in (E4) gives H = ?)z(il%f This implies

0)"
2c1 43

(45) a(t) = a0|t — t0| 3, ag>0.
Using ([@3) in the equation

a  a? k
RZG(E-F 2+¥>

a?
gives
(t —to)?%ij — %y = —2k(t — to)?, where y = a*(t).
It can be shown that the general solution of the last equation is

~ NG ~ _ /57 ~ o~
a®(t) = Gyt —to| "5 + Calt —to| o — 3k|t —to|2, Ci1,Ch € R.

By comparison of the last equation with (4.3 one can conclude:

(1) If ¢; = 0, then k must be equal to —1. In this case "R =0, n > 1.
(2) If ¢1 # 0, then k must be equal to 0. In this case ¢; = £(— 9+ V/57).

4.1. Case "R = ¢, R™*!, ¢; = 0. From the previous analysis, it follows:

k=—1

, a(t) = V3t —to|, H(t) =
4

= — n = > = .
R =N O"R=0, n>1  F(O)R=fR

It can be shown that

(4.6)

(4.7) O"R™ = (-1)"4n! ﬁu — D2 =D)(t —tg)>.
=0
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From (1) it follows "R~ =0, n > 1. Then

(4.8) FO)YR™Y) = foR™' + AOR™.
Substituting (@6 and (@8] in the 00 component of the EOM one obtains
fO 2 1
DO —¢ 21+ —— =0
gt —to) +2h+og
and it follows
-1
4, - - f.eR, n>2
( 9) fO Oa fl 167G’ f € n
Substituting ([@6]) and (@8] in the trace equation one has
1
—2fo(t —to)2 —Af; — —— =0
fo(t —to) fi 1nC

and it gives the same result (Z3]).

4.2. Case "R = ¢, R"t!, ¢; = %( -9+ \/ﬁ) In this case:

4 2c1 +3 1
k=0, R=——  H=-22"'% — anlt — 13 2c1+3) 0
7 (t —t9)2’ 3(t —to)’ a = aol ol y ap > U,

Roo = 3a(1 —a)(t —t0) ™%, Goo = (3a(l - a) +2)(t — to) 2,
O"R = 4" e, (t —to) "2, ¢ =1.
One can show that "R~ = M (n, —1)(t — to)>~2", where

261+3
o = ,
3

1
MO~ =7, M1L-1)=—(a+2), Mn-1)=0, n>L

Also one obtains

FOR = 4" fren(t —to) "2,

n=0
FOR™ = foM (0, ~1)(t —to)* + f1M (1, ~1).
Substituting ([@I0) in the trace equation it becomes

(4.10)

1 _92 = n —2n
(4.11) —R(f—to) —2fo—3;4 fnen(t —to)

n—1

+ ifn(ZM(h DA (1= D~ e+ zcn_o)(t —to) 72"

1=0
+ A AM(1, —1) + 3M(2, —1))(t — to) "2 = 0.
To satisfy equation (ZIT]) for all values of time ¢ one obtains:

1
fo=0, fi(2a+1)= “Torc’

1
fn( — 3¢, + ZM(Z, —1)41_1((1 —D(n—Dep_1-1+ 2cn_1)) =0, n>2.
1=0
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Suppose that f, # 0 for n > 2, then from the last equation it follows

1
—3cn+ > ML, -1)4"H (A = )(n —Den—1-1+ 200-1) =0
=0

and it becomes
(4.12) cn1(n® —cin —2¢; —4) = 0.

Since ¢,—1 # 0, condition [@I2) is satisfied for n = —2 or n = ¢; + 2. Hence, we
conclude that f, = 0 for n > 2. In such a case the 00 component of the EOM
becomes

1 9 5
1 3 5 9 9 5
+2f0(2a 2a+1>+f101(3a 3+ 2)(t — to)

+ 8 M0, —1)(1 — 1) (t —to) "2 + 3a(3 — a)M (0, —1) fo
—3ala— 1M1, =1)fi(t —to) 2 =0.

In order to satisfy equation [I3)) for all values of time ¢ it has to be

4 10 2
fo=0, f1(§C§+§C%+201+1>:m(gcf—FCl—l).

The necessary and sufficient condition for the EOM to have a solution is
c1(8¢2 +18¢1 +3) = 0.
Since ¢; = é( -9+ \/57), the last condition is satisfied.

5. Cubic ansatz: OR = gR?

Recall that we are looking for solutions in the form a(t) = ag|t — to|*. In the
explicit form the ansatz reads

ala — 1)(3(2a — 1)t —to)h a%(t - to)-2a-2)
k 3
= 18q(a(2a T (- to)_%‘) .
It yields the following seven possibilities:
()kE=0, a=0, ¢ €R, k=0, a=1,q¢=0,
(2)k:0,a:%,q€R, 5)k#0, a=0, ¢ =0,

B)k=-1,a=1,¢#0,a0=1, (6)k#0, a=1,¢=0,
(M k#0, a=1%, g=—ag/T72.

Cases (1), (2) and (3) contain scalar curvature R = 0, and therefore we will not
discuss them. Cases (4), (5) and (6) are also obtained from the quadratic ansatz
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and have been discussed earlier. The last case contains:

1
= apy/ |t—t0|, H(t)z

2(t —to)’
6k

3
R(t)= =t —to]™Y, Rpp= —-—.
( ) (l0| 0| ) 00 4(t—t0)2

One can derive the following expressions:

O"R = N(n, )|t — to| 2", TR = N(n,—1)|t — to|* =2,
6k

N(0,1)= =, N(0,-1)=N(0,1)""
ap
n—1 1
N - >

N(n,1) = (20 + 1) (2z+2), n>1,

=0
n—1
(5.1) 3
- = —_ —_ = >
N(n,—1) H (20 — 1) (21 2), n>1,

an (n, )|t —to| 2",

SN fN (D)t
n=0

Substituting (G.I)) in the trace equation we obtain

—2N(0,1)” an (n, 1)|t — to] 2"
N(0,1 an (n,—1) — N(0,1)"2N(n, 1))|t — to| 2"
+3an (n,—1) — N(0,1)"2N(n, 1))[t — to| 72"

+anZNl ~1)((1=20)(=2n+ 20+ )N(n -1 —1,1)
n=1

_ N(0,1) _
_ _ 2n — I\ e 1
+2N(n—1,1))[t — to 16nC [t —to] .
This equation implies the following conditions on the coefficient fj:
N(0,1)
=0 Ta

Since N(0,1) # 0, the last equation never holds and therefore there is no solution
in this case.
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6. Concluding remarks

Using a few new ansétze we have shown that equations of motion for nonlocal
gravity model given by action (LZ) yield some bounce cosmological solutions of
the form a(t) = ag|t — to|*. When ¢t — oo then R — 0 and these solutions lead to
fo = 0 and hence A = 0. In particular, the quadratic ansatz OR = ¢R? is very
promising. Note that ansatz "R = ¢, R"T!, n > 1, can be viewed as a special
case of ansatz OR = ¢R?2.

It is worth noting that equations of motion (Z2)) and ([23]) have the de Sitter
solutions a(t) = ag cosh(\t), k = +1 and a(t) = ape™, k = 0, when f; = % =
R fnER N>

This investigation can be generalized to some cases with R~PF(0J)R? nonlocal
term, where p and ¢ are some natural numbers satisfying ¢ —p > 0. It will be
presented elsewhere with discussion of various properties.
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