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ON RICCI TYPE IDENTITIES IN MANIFOLDS
WITH NON-SYMMETRIC AFFINE CONNECTION

Svetislav M. Mincié

ABSTRACT. In [18], using polylinear mappings, we obtained several curvature
tensors in the space Ly with non-symmetric affine connection V. By the same
method, we here examine Ricci type identities.

1. Introduction
Consider N-dimensional differentiable manifold My on which a non-symmetric
affine connection % is defined. If X(My) is a Lie algebra of smooth vector fields
and X,Y € X(My), then the mapping %;%(MN) X X(Mpy) = X(My) given by

2 1
(1.1) VxY =VyX +[X,Y]

2
defines an other non-symmetric connection V on My [14]. That means that we
have

(% [ [ (% [
Vy,4+v, X = Vy, X + Vy, X, nyX = fVy X,

0 9 9 9 9
VY(Xl +X2)=VyX1+VyX2, Vy(fX)ZYf-X-i-fVYX,
for 6 = 1,2 and X,Y, X1, X5, Y7,Ys € X(My), f € F(Mpy), where F(My) is an

1 2
algebra of smooth real functions on M. In that case we write Ly = (Mxy,V, V)
1 2
and Ly call a space on non-symmetric connections V, V.

If we introduce local coordinates z!

(@I it will be

2 1
(1.2) Vajak = V5, 0;.

s, 2N and put 9/9z* = 0;, in view of
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1 ,
Denoting coefficients of the connection V in the base 0y, ...,y with L%, we have
1 ) 2 1 .
Vo, 0; = L_ijaiv Va,0; ([EZI) Vo, 0k = L;jai, where =_ denotes “equal with respect
to (L2)".
Further, if we take by definition

0 0 0
T(X,Y)=VyX —-VxY +[X,Y], 0€{1,2},
it follows

2 1
T(X,Y)=-T(X,Y)=-T(X,Y),
2 1 1 2
(T(X,Y)=T(X,)Y) = (V=V=V).

We proved in [18] how it is possible to obtain several curvature tensors in Ly by
polylinear mappings. It is proved that among these tensors there are 5 independent
ones:

1 1 1 1 1 1
(1.3) R(X;Y,Z)=VzVyX —VyVzX + Viv, 21X,
2 2 2 2 2 2
(1.4) R(X;Y,Z)=V;zVyX —VyVzX + V[yyZ]X,
3 2 1 1 2 2 1
(1.5) R(X;Y,Z)=V;zVyX —-VyVzX+V, X-V., X,
Vy Z VzY
4 2 1 1 2 2 1
(16) R(X;KZ):VZva—VyVZX-FvQ X—Vl X,
Vy Z VzY
(1.7)

5 1 1 1 2 1 2 2 1 2 1 2
R(X;Y,Z)= 5(Vzva—Vysz+V2VyX—VyVZX—FV[yyZ]X—FV[y’Z]X),

while the rest can be expressed as linear combinations of these five tensors. For

X =09/027 = 9;, Y = 0y, Z = 8;, one obtains

1 _ . _ _
(1.8) Ry = Ljy — L+ L5 Ly — L5 Ly,

J

2 ‘ . . .
(1.9)  Rjw = Lijy = Liju+Li;Lip = Li;Liy,

(L.10) Ry = Ljyy — Lij e+ L5 Ly, — L L+ L (L — L),

(111) R’L*k:l == L;k,l - ,[Lj7k+L§kL'le - Llek—*—Lzl(L;J - L.;p)’

J lj~'p
5. 1 . . . ) . . , ,
(1.12) i = i(L;'k,l+L;cj,l_L}l,k_L;j,k—"L?kL;znl'i_sz e =L Ly — L L)
2. Identities for a vector and for a covector by both connections

2.1. Consider an expression

2.1) (V2Vy X — Vy VX)), mv e {1,2).
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Let us quote the relations (for p =1,2)

(Vy X)(w) = VX (@)] = X(Vyw),  (Vyw)(X) = Y[w(X)] - w(Vy X).
and denote
(2.2) Q) VyX = X € E(My), b) Vaw = € X (My).

Then we have

(V¥ X)(w) = (VX)) = Z[X(w)] - X(V70)

(2a) (2)
5 ZVy X)@)] = (Vv X)(@)
(2.3) 5 2V X @] - X(Vy X))~ (YIX(V)] - X(Vy V)

— ZY[X ()] - ZIX (Vyw)] - Y[X(Vzw)] + X (Vy ¥V w),
and one gets
vop oo v poov

(2.4) (VzVyX = VyVzX)(w) =[Z,Y][X(w)] = X(VzVyw — VyVzw),
ie.,

(V2Vy X =Vy V2 X) (@)= (2, Y][X ()] = (V2 Vyw—Vy Vzw)(X), gv € {1,2}.
From

(25) (Vizy X)) = Vizy[X @) = X (Vizyw) = [2, V)X (@)] + (Vy.2@)(X),
we find the first addend on the right side and substitute in (2.7). We obtain

14 14 14 14 14
(26) (VzVyX —VyVzX + Viy,z2X)(w)

v VoW v
=—(VzVyw = VyVzw+ Vi zw)(X), pve{l,2}

DEFINITION 2.1. The equations (24) for u,v € {1,2} are Ricci type identities
for a vector in Ly.

1
2.2. Taking p = v =1, we obtain the corresponding identity for V:

1 1 1 1 1 1
(27) R(X,KZ)(W) = —(Vzvyw—VYVZW-i-V[yﬂz]w)(X).
Denoting
1 11 101 1
(2.8) R(w; Y, Z) =VzVyw - VyVzw+ V[yz]w,

the equation (ZT]) gives a relation

1 1

(2.9) R(X;Y, Z)(w) = —R(w; Y, Z)(X).
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In order to write the equation ([24) in local coordinates for p = v = 1, we take
X =X90;,Y =0, Z =0, w=dx'. For the left side in (24) we obtain
11 11 .
L= (Val VakX - Vak ValX) (d:vl)
1 , 1 , ,
= [VBL (X\J]gaj) - ka (X\Jla])](dxl)
1 1

= [(X{,).10; +X L0, — (X u)kaj—X@Lgkap](dxi)

1 1

= (X ‘k),la;.+xﬂ LE6, — (X fl),kal x4 Lfk(S;
1 1 1 1

(X\k)l+X|k _(Xrl)yk_X\JlL;k
1 1
X\k|z+Lk1X|p—X\il\k Ly X,
11 11 1
= X{p = Xl +TkzX\p

11 11

For the right-hand side in ([24]) we obtain
. 11 11 .
R = [51, (M(X(dﬂ)) + X(Valvcf)k dz' —Vp, Vy, diCl)
1 , 1 .
= O—I—X[Val(— . dl‘p) — Vo, (=L del'p)]

and from £ = R, we have

(2.10) X|ikl - X\ilk = }ﬂale TkzX|p7
1 1 1

i.e., the known identity in local coordinates. So, we have proved the following
theorem.

1
THEOREM 2.1. In the space Ly, with non-symmetric affine connection V by
equation (Z4) for p = v = 1 the first Ricci type identity for a vector is given. That

identity can be written in forms (Z3), (Z8), (Z9), here R is given by (L3)) and R
by Z8). The corresponding identity in local coordinates is (210).

2.3. By using equation [24]) and the condition X (w) = w(X) € F(Myr), we
obtain the equation analogous to (Z4]) (X and w have changed the roles):

(211) (6zeyw — %y%zw)(X) = [Z, Y][w(X)] — w(%zeyX — %y%zX)

DEFINITION 2.2. Equations (211 for u,v € {1,2} are Ricci type identities for
a covector in L.

Equation (ZTIT)) can be obtained also by consideration of the expression on the
left-hand side in (ZTITI)). The known Ricci identity for a covariant vector in local
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coordinates can be obtained from (Z.I1I) by substituting w = w;z?, X = 9;, Y = 9,
Z = 81:

1 Jlp:

(212) wj“d — wj\lk = —R?klwp — T,flaw
1 1

1

So, the following theorem is valid.

1

THEOREM 2.2. In the space Ly, with non-symmetric affine connection V, by

equation (ZII)) for p = v = 1, the first Ricci type identity for a covector is given.
The corresponding identity in local coordinates is (212]).

2.4. For p=v =2 from ([27) is obtained

2 2 2 2 2 2 2 2
(213) (Vzva - VyVZX)(w) = [Z, Y] [X(w)] - X(V2Vyw - VYVZCU).
From here

2 2

(2.14) R(X;Y, Z)(w) = —R(w; Y, 2)(X),
2 2 2

where R is expressed by V analogously to (Z8) and R is given in ([3]). Surpassing

to local coordinates, from (ZI3]) one obtains

[p
2

(2.15) Xy = Xy = B X7 + T X
2 2

and also equations similar to (ZTIT)), 2I2) (for a covector).
Thus, we state

2

THEOREM 2.3. In the space Ly with non-symmetric affine connection V, de-

fined by (1)), the second Ricci type identity for a vector is given by equation (2.13).
The corresponding identity in local coordinates is (Z.15]).

3. Identities for a vector and covector
obtained by combinations of both connections

3.1. Putting p =1, v = 2 into ([Z4]), we get the identity

2 1 1 2 2 1 1 2
(31) (VZVyX - VyVZX)(W) = [Z, Y][X(w)] - (V2Vyw - VyVZw)(X)
and from (Z.0))
1 1 2 2

2 1 12 2 2
(3.2) (Vzva—VYVZX—f—V{y)Z]X)(w) = —(V2VY(U—VyVZW+V[y7Z]w)(X)
Analogously to (LH), let us put
102 2 1

3 2 1
(3.3) Rw;Y,Z)=VzVyw—-VyVzw+V: w—-V. weX" (My)
Vy 2 Vv Z
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and (B:2) becomes

3 1 2 2
VyZ VyZ
3 1 2 2
=—(R(w;Y,Z)+V: w—-V:i w+ Vyzw)(X).
VzY VyZ
Because of
1 2 2 1 2
(Vz X_V1 X+V[yz]X)(w)=(V2 X—V1 X)(w)
VzY Vy 2 VzY VyZ-i—[Z,Y]
1 2
=WV. X-V. X)w)
VzY VzY
and
1 2 2 1 2
—(V: w-=V: w+Vyzw)(X)=—-(V: w-V, w)(X)
VzY Vy 2 VzY VYZ-"-[Z,Y]

2 1
(Ve w—-V. w)(X)
VzY VzY

Il
<]w

2 (0] - w(éézyﬁo - %Zy[ww)] + w&@zyﬁo

1 2
=V, X-V: X)w),
VzY VzY

we see that the right-hand sides of these equations are identical and from (B):

3 3

(3.5) R(X;Y, Z)(w) = —R(w; Y, Z)(X).

3.2. Ifweput X = X99;, Y = 0, Z = 9, w = da’, equation @) will be
written in local coordinates as follows. For the left-hand side £ we have

2 1 1 2 .
L= (Val VakX - Vak ValX) (d:vl)

2 . 1 . .
= [Vo,(X{,05) = Vo, (X{,0;)](dz")
(3.6) = [(X,).10; + X7, 13,0, — (X)) £0; — X7, 12,0, (da’)
= (X\ik),l + kaij - (X|il),k - X\le;k

1 2

_ ) 7 P 7 7 _ ) [ P 7 S
=X{pp = X — Lin(X{p, = X)) = Xjip — X — L T X7,
1 2 21 1 2 1 2 21

where

Ip
1 1

X\ik|l = (X\ik),l +kaL§p - X7, Lis
1 2 1

IZpok'
2

X\il\k = (X\iz),k +Xflei)k -
21 2 2
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For the right-hand side one obtains

2 1 12 .

(37) R = —(Valvakdﬁcz — Vo,V dzl)(X)

= (L}, da? — Ly, LY dx® + Ly, da? + Lj, L?, dz®)(X)

= (Lppy — L Ly — Liy o + LigLyp) XP.
By virtue of B6) and B7), from £ =R it is
(3.8) X\ik|l_X|il|k:‘§;lep7

1 2 21

and, analogously to that exposed above, for a covariant vector w it is obtained

— P
(3.9) Wjlk|L — Wik = ~ LT Wp-
12 21

4 4
3.3. Introducing R(X;Y, Z) into (B.2]) by virtue of (LO) and defining R(w;Y, Z)
according to

4 1 2 2 1

2 1
(3.10) R(w;Y,Z2)=VzVyw—VyVzw+V: w—-V: weX (My),
VyZ Vy 2

equation [B2)) gives

4 1 2 2
(R(X,Y,Z)+V1 X -V, X+V[y7z]X)(W)
VY Vy Z
4 1 2 2
=—(R(w;Y,2)+V: w—=V: w+Vyzw)(X)
VzY VyZ
3
As in the case of R, we obtain
4 4
(3.11) R(X:Y, Z)(w) = —R(w:; Y, 2)(X).

Putting X = 9;, Y = 9y, Z = 9, w = dz’ and taking into consideration ([B.I0), we
get

4 , 2 , 2 , 2 | ,
R?klap(dzz) = —[Vo, (= Lyydz”) — Vo, (= Lj,dz") + VLglapdifZ - VLilapdxl](aj),

4
from where for R the value (ILII)) is obtained. In view of (LI0O)), (LI it is

4 3 .
g D — 7 P
Rjkl - Rjkl =TTy

and, using (B8) and (39), we obtain

(3.12) X — X :ézzi)lep_FT;slelva
1 2 21

(3.13) Wikl = Wik = ey + TG Tw.
1 2 21

Now, we can state the following theorem
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1
THEOREM 3.1. In the space Ly with two non-symmetric affine connections V,

2
V, linked by equation (L), the third Ricci type identity for a vector is given by

equation BI)). This identity can be written also in forms B2), B3) and BII).
From 23), for p = 1,v = 2, one obtains the third Ricci type identity for a
covector. The corresponding identities in coordinates are (B8), B3), BI2) and

B.13).

5
3.4. In order to obtain an identity in which R appears, let us start from the
expression which appears in (IT). So,

1 1 2 2 1 2 2 1
(V2VyX +VzVy X —VyVzX — VyVZX)(o.))

B2V [X ()] - ZIX(Vyw) - VX (V)] + X (Vy V)

L 2Y[X ()] - ZIX (Vyw)] - VX (V7)) + X(Vy V)
Y Z[X ()] + YIX (V)] + Z[X (Vyw)] - X(V2Vyw)

Y ZIX(@)] + Y[X(V20)] + Z[X (Vyw)] - X(V2Vyw)Hw),
that is

1 2

1 2 1 2 2 1
(3.14) (V2VYX +VzVy X —VyVzX — VyVZX)(w)

N =

1 1 1 2 2 1 2 2 1
= [Z, Y][X(w)] + EX(VYVZW +VyVzw —-VzVyw — Vzvyw).

DEFINITION 3.1. Equation (BI4]) we call the combined Ricci type identity for
a vector in L.

Using (7)), from (BI4) it is obtained

(315) R(X:Y. Z)(w)+ (Vizy 1 X)(w)

1 1 1 2 2 1 2 2 1
=[Z, Y][w(X)]—|—5(VyVZw—l—Vszw—VZVyw—VZVyw)(X).

From
0 0 0
(V[Z,Y]X)(W) =[Z,Y][X(w)] - X(V[Z,Y]w) =[Z,Y][w(X)] + (V[Y,Z]w)(X)a
we find the first addend of the right-hand side and substitute into ([B.I3]). So,

R(X:Y, 2)(@) + (Vizy) X) (@)

= (Vizr X)(@) + (Vizye)(X)

1 1 1 2 2 1 2 2 1
+ g(VYVZw +VyVzw—-VzVyw — Vzvyw)(X),
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5
where R is given in (7). Denoting
(3.16)

5 1 1 1 2 2 12 2 1 1 2
R(w;Y,Z) = 5(VszOJ +VzVyw - VyVzw - VyVzw + Viy,z1w + Viy, z1w)
the previous equation gives

5 5

(3.17) R(X:Y, Z)(w) = R(w; Z,Y)(X).
Substituting here X = 8;, Y =y, Z = 9;, w = dz’ and taking into consideration

5.
B.18), for R}, (LI2) is obtained.
5 5
REMARK 3.1. We see that relation between R and R is not of the form relating
9 0
to R, R, 8 =1,2,3,4. In fact using the corresponding values from [22]

B= R(X:Y.Z) + 1(+(X,Y), Z) + 7(+(X, Z),Y),

8 1.1 2 2 1 11 2 2 1 2
R = §(VZVYX +VzVy X = VyVzX —VyVzX + Viy, 21X + Viy, 21 X)

IO{(X;Y,Z) —7(7(X,Y),2) —1(7(X, Z),Y).

5 0 8
We conclude that R — 2R = R and
5 5 8

R(X3Y,Z)(w) = R(w; Z,Y)(X) = —R(w; Y, Z)(X).

So, we have

1
THEOREM 3.2. In the space Ly with two non-symmetric affine connections V,

2
V, linked according to [LLT)), by equation BIl) the combined Ricci type identity
for a vector is given. Some other forms of BI4) are BIR)-BIT). From BIH)

combined Ricci type identity for a covector is obtained:
1 1 1 2 2 12 2 1
(3.18) 5(Vszw +VyVzw—-VzVyw — VZVyw)(X)

1 1 1 2 2 1 2 2 1
= S(V2Vy X +VzVyX = VyVzX = Vy V2 X)(w) + [Z,Y]w(X)]

From ([B.I4)) and (BI8) we obtain the corresponding combined Ricci type iden-
tities for a vector and covector respectively local coordinates:
1

_ . _ _ 5
§(X|Zkl + X — X[k — X)) = Ry X?,
1 2

12 21

5 0
_ p
(Wjkt + Wi — Witk — wWijie) = (R —2R)%, wp,
1 2 12 21

N | =

0. 0. . .
where R, is defined by L}, = %(Lék + L%;), i.e., by symmetric connection coeffi-
cients.
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0 0
DEFINITION 3.2. The objects R, ( = 1,...,5), defined by R : X x X x X — X*

0
on My, we call dual curvature tensors in relation to R.

4. Identities for a tensor field ¢ of the type (r,s)

4.1. Let us consider a tensor field of the type (r,s), which will be denoted
=t, i.e., consider a mapping t: (X*)" x (&) = F(MN). So

[ ]

twh ... W X1, X)) € F(MY),

S
is a differentiable function on M.

kA
As known, a covariant derivative Vyt is also of a type (r,s). As in (2I]), one
S

v o Kor M v or
can consider the expression (VzVyt — VyVzt)(w, ... ,w", X1,..., Xs).
S S

2
4.2. Let us examine nearer the case (r,s) = (2, 1), i.e., 11€ =t. We have

fo2 I I
(Vyllf)(wl,wz;X) = Vy[t(w', w?; X] — t(Vywh,w?; X)

p p
—t(w', Vyw?; X) — t(wh,w?; Vy X).
p _
Denoting Vyt = t, we have
(Vszt)(w wh X) = (Vzt)(w w? X)
5 Vz[f(w17w2;X] - E(Vzw17w2;X) - f(w1762w2;X) - f(w17w2;6ZX)
— V2[(Vyt) (! o? X] — (Vyt)(Vaw',w? X) — (Vyt) (!, Vzw?: X) — (Vi)' V2 X)

5 Vz{Vy[ tw', w?; X] — t(%ywl,wz;X) — t(wl,%ywz;X) —t(wl,wz;VyX)}
4

— {Vy[t(Vzw17w2;X] — t(%y%zw17w2;X) — t(%zw17%yw2;X) — t(%zw17w2;%yX)}
2 1l o 2 1S 2 18 & 2 1o 2.&
—{Vy[t(w",Vzw" X] —t(Vyw ,Vzw5 X) —t(w,VyVzw"; X) — t(w, Vzw"; Vy X)}
L 12 & o1 2.8 1 & 2 128 &
—{Vy[t(w ,w; VzX] —t(Vyw ,w;VzX) —t(w ,Vyw ;VzX) — t(w ,w"; VyVzX)}.
wherefrom
voop2 poovo2 1 2 2 2.
(41) (Vzvyllf - Vvallf)(w , W ,X) = [Z, Y][ilf(w w X)]

14

(Vzvyw —VyVZw w X)

(W VZVYW —VyVZw X)

[ VSN ) ’—‘H-l\-"

—t(w!, w? SV Vy X - VszX)
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4.3. In the general case, starting from

T

1% H T
(4.2) (Vyt)(wh, . w5 X1, ., X)) = vy[g(wl, conw X X))

=1

S

S M
—Zt(wl,...,OJT;Xl,...7Xj_1,vYXj,Xj+1,...,Xs),
j=1

we get

v o Kor M v.or S
(VzVyt —VyVzt)(w', ..., w5 X1,..., X,) = [Z,Y][tw', ..., 0" X1,..., X,)]

ks
T . v 14 . 14 v . .
(4.3) — 5 lsf(wl, W TV Vywt = Vy Vgt o™ W X, X))
i=1

S

S v M noov
—Zt(wl,...,w;xl,...,Xj,l,vzvyxj—vvaXj,XjH,...,XS).
j=1

Consider some particular cases, obtained from ([2)). For example:

1
1) For p = v =1,r = 1,8 = 0 that is for g = X, from (Z4) corresponding
identity is obtained, i.e., in coordinates, (2.I0), and for r = 1, s = 0 it

follows (ZITI), respectively (Z12I)

2) For p = v =2, r =1, s = 0 analogous relation ([ZI3]), and equations
corresponding to (211 and ([2I2) are obtained.

3) For uy=1,v=2,r=1, s =0 we obtain BI]) and for »r = 0, s = 1 the
corresponding equation follows, where the roles of X and w are exchanged.

4) For r = 2, s = 1, relation (@) follows.

4.4. Identities [@3)) can be written so that in them curvature tensors figure
1
explicitly. For example, for y =v=r=s=1, V=V we have

(V2%vL = Ty at) (@ X) = [, [{(w; X))

1 1
- {(Vzvyw —VyVzw; X) — {(w; VzVy X — VyVzX)

1 1 1
(R(w;Y, Z) = Viy,zjw; X) — 1{(% R(X;Y,Z) = Viy,z1X)

L 1 11 1
(B(w; Y, 2); X) + 1Yy, zjw; X) = Hw; R(X3 Y, 2)) + H(w: Viy, 2 X)-

1
= V[Z,Y][{(W;X)] -

1
=Vizy] [{(W;X)] -

In view of [@2) it is

ok Roh

1 1 1

Vizy)t) (@ X) = Vizy [{(W; X)] + {(V[Y,Z]W; X) + {(W; Viy,21X),

=k =
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the previous equation gives the identity

(4.4)

1 1 1 1 1 1
(V2Vy115 — VyVZilf)(w; X)
1 1 1 1

= (Vizy) D) X)] — {(Blw; Y, 2); X) — i{w: R(X: Y, 2)).

Herefrom, in the local coordinates one obtains

. . 1. 1 . .

7 g4t _ Dt P_ ppP 4t _ P

tj\kl tjllk - Rpkltj Rjkl P Ty jlp
1 1 1

Finally, from the exposed, the following theorem is valid.

12
THEOREM 4.1. In the space Ly with two non-symmetric connections V, V,

linked with equation (LT)), equation [&3]) represents general Ricci type identity for

a

T
tensor t of the type (r,s). The equations obtained previously for a vector and a
S

covector, also (&4, are particular cases of (3.

10.

11.

12.

13.

14.

15.

9 LA
In [@3) we see how the quantities R and R can be introduced.
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