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GENERALIZED COHERENT PAIRS
ON THE UNIT CIRCLE AND
SOBOLEV ORTHOGONAL POLYNOMIALS

Francisco Marcellan and Natalia C. Pinz6n-Cortés

ABSTRACT. A pair of regular Hermitian linear functionals (I/,V) is said to
be an (M, N)-coherent pair of order m on the unit circle if their correspond-
ing sequences of monic orthogonal polynomials {¢n(2)}n>0 and {¥n(2)}n>0

satisfy
M N
Y aindl D () =D bjatng(x), n 20,
i=0 j=0

where M, N,m > 0, a;, and bjp,, for 0 <4 < M, 0 < j < N, n >0,
are complex numbers such that aprn, # 0, n 2 M, by, # 0, n > N, and
ain =bin =0,%1>n. When m =1, (U,V) is called a (M, N)-coherent pair
on the unit circle.

We focus our attention on the Sobolev inner product

(p(2),9(2)), = (Up()7(1/2)) + A(V,p™ (2)g™ (1/2)), A >0, mezt,

assuming that U and V is an (M, N)-coherent pair of order m on the unit circle.
We generalize and extend several recent results of the framework of Sobolev
orthogonal polynomials and their connections with coherent pairs. Besides, we
analyze the cases (M, N) = (1,1) and (M, N) = (1,0) in detail. In particular,
we illustrate the situation when U is the Lebesgue linear functional and V
is the Bernstein—Szegé$ linear functional. Finally, a matrix interpretation of
(M, N)-coherence is given.

1. Introduction

In the theory of orthogonal polynomials with respect to measures supported
on the real line the notion of coherent pair (in our terminology, (1,0)-coherent
pair of order 1) arose in the framework of Sobolev orthogonal polynomials and it
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was introduced by Iserles, Koch, Ngrsett and Sanz-Serna [4]. From this pioneering
contribution, coherent pairs and Sobolev orthogonal polynomials have been widely
studied and extended in recent decades (for a historical summary, see e.g., the
introductory sections in the recent papers [6] and [8] as well as [9]. Lately, de
Jesus, Marcelldn, Petronilho, and Pinzén-Cortés [5] generalized all those works
focussing the attention on the Sobolev inner product

(p(z), r(2))x = / p() r(z) dpo + A / ™ (@) ™ () dpsr, A >0, m € Z,

where p(z) and r(z) are polynomials with real coefficients. The positive definite
Borel measures po and pq supported on the real line are said to be a (M, N)-coherent
pair of order m if their corresponding sequences of monic orthogonal polynomials
(SMOP) {P,(x)}n>0 and {Qn(z)}n>0, satisfy an algebraic relation

M N
(1.1) Z a/’L',nPfy(LT’an’L-(x) = Zbi,nQn—i(I)a n =0,
=0 =0

where M, N are fixed non-negative integers, {a; n }n>0, {bintn>0 C C, anrn # 0 if
n>M,by,#0iftn>N, a;, =0b;,, =0 when i > n.

Similarly, in the framework of orthogonal polynomials of a discrete variable,
Alvarez-Nodarse, Petronilho, Pinzén-Cortés, and Sevinik-Adigiizel [1] analyzed the
case when pg and pp are discrete measures supported either on a uniform lattice or
on a g-lattice, and they are an (M, N)-D,-coherent pair of order m, v = w € C~{0}

orv =g € Cx{0,1}, when in (II) instead of the standard derivative operator
p(z+w)—p(z) p(qz)—p(z)

w (g—1)x
and the g-difference operator, respectively.

In this work we will deal with the analysis of coherent pairs in the framework
of the theory of orthogonal polynomials on the unit circle. The structure of the
manuscript is as follows. In Section 2, we will state the basic definitions, notations
and results which will be useful in the forthcoming sections. In Section 3, we will
introduce the Sobolev inner product

(12) (p(2),4(2)), = U;p(2)T(1/2))+A(V, 0™ (2) g™ (1/2)), A >0,m € Z",

and we will study its corresponding sequence of monic orthogonal polynomials
when the regular Hermitian linear functionals & and V form an (M, N)-coherent
pair of order m. In this way, we will highlight the cases (M,N) = (1,1) and
(M,N) = (1,0). These results generalize those given by Branquinho, Foulquié-
Moreno, Marcellan, and Rebocho in [2]. Finally, as an example, we will consider the
cases when U is the Lebesgue linear functional and V is the Bernstein-Szegé linear
functional. In Section 4, we will analyze (M, N)-coherent pairs of hermitian linear
functionals on the unit circle from a matrix point of view, showing an interesting
relation between the Hessenberg matrices associated with the regular Hermitian
linear functionals that constitute such an (M, N)-coherent pair of order 1 (see [7]
for the case of the linear functionals on the real line). As a special case, we will
study the case when U is the linear functional associated with the Lebesgue measure
on the unit circle. Furthermore, when (U, V) is an (M, N)-coherent pair of order

you consider either D,p(x) = or Dyp(z) = , the difference
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m on the unit circle, we will give a matrix representation of the multiplication
operator by z in terms of the basis of Sobolev polynomials orthogonal with respect
to ([2), involving a matrix similar to the Hessenberg matrix associated with U.

2. Preliminaries

Let us consider the unit circle T = {z € C : |z| = 1}, the linear space of
Laurent polynomials with complex coefficients A = span(c{z" NS Z}, and a linear
functional & : A — C. We can associate with U a sequence of moments {cp }nez
defined by ¢, = (U, z™), n € Z, and a bilinear form (p(z), q¢(2))u = U, p(2)q(1/2)),
where p,q € P, the linear space of polynomials with complex coefficients, and
(U, f(z)) denotes the image of f(z) € A by the linear functional &. Notice that

(p(2),4(2)),, = (p(z)7(1/2),1),, = (1,B(1/2)q(2)),, = (@(1/2),B(1/2)),,, p,q€EP.

When c_,, =¢,, n > 0, the linear functional i is said to be Hermitian. In this
way, an Hermitian linear functional U/ is said to be quasi-definite or regular (resp.
positive definite) if det(T,) # 0 (resp. > 0) for n > 0, where T}, = [¢; ]} j_, 7 =
0. Notice that in this case U is an Hermitian bilinear form. Besides, an Hermitian
linear functional U is regular if and only if there exists a (unique) sequence of monic
orthogonal polynomials on the unit circle (OPUC, in short) with respect to such a
linear functional, i.e., if there exists a sequence of monic polynomials {¢,(z)}n>0
such that deg(én(2)) = n, n = 0, and (¢m(2), ¢n(2))t = Kndmn, kn # 0. This
sequence of monic OPUC {¢,,(z) }n>0 satisfies the forward Szegd recurrence relation

(2.1) Pn(2) = 2¢n-1(2) + andj_1(2), n =1, ¢o(2) =1,

where ¢* (2) denotes the reversed polynomial of ¢,,(z) defined by ¢ (2)=2"¢,,(1/2),
n >0, and a, = ¢,(0), n > 0, are said to be the Verblunsky coefficients of U. The
sequence of monic OPUC {¢,,(z)}n>0 is completely determined by the sequence of
Verblunsky coefficients {ay }n>0 which satisfy |a,| # 1 (resp. < 1) for n > 1 when
U is regular (resp. positive definite) [10), [11].

On the other hand, for every positive definite Hermitian linear functional U we
have an integral representation of the associated inner product as

Py = UpT0/2) = 5= [ o a1/ du(e), 2=, pa e,

where p is a nontrivial probability measure supported on an infinite subset of T
[10, 11]. In this way, the Bernstein—Szegd linear functional with parameter —C
is a well known and elementary positive definite linear functional associated with

the measure du(f) = %%, C € C, |C] < 1, such that the corresponding
monic OPUC and moments are ¢o(2) = 1, ¢,(2) = 2" (2 + C), n > 1, and
cn = (=C)", n = 0, respectively. Notice that for C = 0, you recover the Lebesgue
linear functional.

From (21I), it is easy to check that the multiplication operator by z in terms

of the (monic orthogonal) basis {¢,(z)}n>0 is given by
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n

Z¢n(z) = ¢n+1(z) - an+1<¢n(z)a ¢n(z)>u Z %

TN LN\ ¢j z), mnz0,
= (0i(2), 65 (2))y, )

which can be written in a matrix form as

(2.2) 2®(2) = He®(2),

where ®(z) is an infinite vector and H,, is an infinite lower Hessenberg matrix given
by ®(z) = [cZ)O(z), #1(2), ---}T, and

1, ifj=Fk+1,
= — <¢n(z)1¢n(z)> — . .
Hy = [hkvj}k,];o = —m opp10y, if <k,
0, ifj>k+1

On the other hand, for fixed m,n > 0, qbgn](z) = qbgzi)m(z)/(n + 1) will
denote the monic polynomial of degree n, that is the mth derivative of the monic
polynomial of degree n + m, ¢n1m(2). Here (n + 1), is the Pochhammer symbol

defined by (a), =ala+1)---(a+n—1),n>1, and (a)y = 1.

3. Sobolev orthogonal polynomials and
(M, N)-coherent pairs of order m on the unit circle

Let us consider the Sobolev inner product

(0(2),4(2)), = / p(2)7(1/2) dpto(2) + A / P (2) (1)) dyua(2), A> 0, m € Z*,

where p,q € P, uo, p1 are nontrivial probability measures supported on an infinite
subset of the unit circle T. These measures are associated with positive definite
Hermitian linear functionals ¢ and V), respectively, defined on A, and whose se-
quences of monic OPUC are {¢n(2)}n>0 and {¢(2)}n>0, respectively. Thus, the
Sobolev inner product can also be written as

(3.1) (p(2).q(2)), = U, p(2)T(1/2)) + AV, p™(2) ¢ (1/2))
= <p(z), q(z))u + )\<p(m)(z), q(m)(,z)>v7 p,gEP, A>0, meZT,

where (-, - ), and (-, - )y are the inner products associated with & and V), respec-
tively. Moreover, using this notation, we can also consider the case when U/ and V
are regular Hermitian linear functionals.

On the other hand, the sequence of monic Sobolev OPUC with respect to the
inner product (-,-) will be denoted by {S,(%; A) }n>o-

Every monic Sobolev OPUC S,,(z; A), n > 0, can be written as

wWo,0 s Wo,n—1 wo,n
1
Sn(z;A):—71 ) ) ) , nzl,
det ([wk,j]z,j:o) Wp—1,0 "'° Wp—1n—-1 Wp—1n
1 . anl on

So(z;A) = 1, where wy; = (2%, 27), = up—j + Ak = m + 1)pm(j — m + 1)muvr—_j,
k,7 > 0. Thus, every coefficient of S, (z;A) is a rational function of A such that
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its numerator and denominator are polynomials of the same degree. Hence, there
exist the monic limit polynomials

(3.2) Tn(z) = lim S,(z;A), n>0.
A—00

\%

In this way,
(3.3) <Tn(z),zj>u =0, j<min{n,m}, and <T,(Im)(z),zj>v =0, j<n—m

As a consequence,

B n (2) Z)>u g 2), Gjrm(2 )>u (s
B4 Il ‘]Z BRNE WA DN ¢J+m< Drtremz)yyy )

for n > m, as well as

Gy DEn) oo nTZn (2)/ (4 D, 5(2))

o Dm 2= () (),
for n > 0. Thus,

Y %(2) = wn(z)a

il G+ D (Tntm(2)s 0jem(2))y
pnlz) =0 +Z (7 + D (Gj4m(2), djam(2))y R

From [B3), for n > 0 we get

o " (Tu(2), 55(2:0)),5(z0) . = (Ta(2), Si(2;0)),,55(2: )
Tl )_JZ::O (8j(z: M), 8j(:N), = 5l ’AHJ;L (S;(z: M), Sj(z:A)),

and together with (BEI) for n > m,

+Z SNy g +i—z)>“¢]<>

S (z; )\)>

t\z

Finally, from (B.J]), we obtain that <¢n(z),zj>/\ =0, for j < n < m, and hence
Sn(z;A) = ¢n(2) for n < m, (since the uniqueness of the sequence of monic OPUC).
So, we have proved the following result.

PROPOSITION 3.1. Given the Sobolev inner product [BJ), it follows that

- j + D ATt (2), 0j0m(2))yy ) >
, , =0,
(n+1)m <¢J+M(z)7 ¢j+m(z)>u % o

<
,i
M

(3.6) J=0

(z;\) +Z N, SZ )\)>L>{A Si(#; 2_: z ¢J(z))>>u ¢ (2),

n = m, and S,(z;\) = ¢n(2), n < m, where the monic polynomials T,,(z), n > 0,
are given by (IB:ZI)
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Now, we are interested in the case when the regular Hermitian linear functionals
U and V form a (M, N)-coherent pair of order m on the unit circle, which means
that their corresponding sequences of monic OPUC {¢,(2)}n>0 and {¢n(2)}n>0
satisfy the following algebraic relation

M N
B7) )+ it (2) = Ya(2) + D bintn-i(2), n =0,
=1 =1

where M, N are nonnegative integers, and the sequences {a; n }n>0, {bin}n>0 C C
are such that aprn #0,n 2> M, by, #0,n > N, and a3, = b;, =0, 7 > n.

In this case, what does (B8] become? Our aim now is to answer this question.
If we substitute (33 in (37) and then we integrate m times the resulting equation,
B0 becomes, for n > 0,

N
¢n+m Z ¢n 'L+m ) n+m n z+m 7
n+1)m Jrz ”L —z—i—l)mi n+1)m Zl n—i+1)m, +Znnjz

Consequently, if we apply < k> for k=0,1,...,m—1, to both sides in previous
equation, and using (B3], it follows that Z o finju] r =0 k=0,....m—1,

which is a linear system with a unique solution since det ([u] klp e 0) 7é 0. There-
fore, K, =0, =0,...,m—1,n > 0. Thus,

N

¢n+m d)nfier (z) Tn+m(z) Tnfz'er(z)
(8. Z m—i+1)ym (41 ; =i+ 1)y,
Furthermore,
(3.9)

n+m
n+m Z n i+m Z) S’ﬂJr’m(Z’ >‘) Cjn,\
— T 'Ln = + #Snf'mZ;Aan>0a

n+1)m Z (n—i+1)m (n+1)m = (n+1), "7F (z)

where from (B.8) and [B3), the coefficients ¢j .2, 1 <j<n+m,n >0, are

CjnA

(Sn—sim (25 ) Sy (2 DA 55

i,n ¢n +m S"*. m ’)\ S "
:Z a; +n()z+1)j+ (Z )>Z/{ +)\sz,n<wn 1( ) S,fl ]+m(2;)\)>v’
P m i=1

and, as a consequence, ¢;,x = 0 for j > i or j > K = max{M,N} or j > n. So,
from B8) and B9) we get, for n > 0,

K

(n+ 1),
¢n+m JF Z it D i n®Prn—itm (z) = Sner(Z; )\) + ]:Zl Cj,nyASn*jer(Z; )\)~

Besides, from the previous proposition S,,(z; A) = ¢,,(2) for n < m.
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Conversely, if the previous equation holds, we can apply (-,p(z))» on both
sides of this equation, for any p € P, _Kkim—1. As a consequence,

(04 L G 670 ) E) =0
\Z

In other words,

<( ml (5 +Z“z e ) ol )>v:0’ g€ Py k1.

Since o
J(2) + D ainoli(2) = ¥n(2) + D bjmtni(2), n >0,
=1 =1

then bj,, =0, n—j < n— K —1, which is a (M, K)-coherence relation of order m.
Summarizing, we generalize the relation between Sobolev orthogonal polyno-
mials and (1,0)-coherent pairs on the unit circle stated in [2].

THEOREM 3.1. If (U, V) is an (M, N)-coherent pair of order m of Hermitian
linear functionals on the unit circle given by B20), then Sy (z;\) = ¢n(z), n < m,
and

M
(n+1)m
1 nTm T 1\ YnPn—itm
(3.10)  dny (Z)+;(n—z+1)ma’ Pn—it (72
= Snym(z;A) + ch,n,,\snﬂurm(z; A), n=0,
j=1
where K = max{M,N}, ¢jnr=0 forn<j< K, and
(3.11)
Cinx = (TL + 1)m [i ai,n<¢n7i+m(z)7 Snfjer (Z, )\)>L{
j.m, <Sn—j+m(2; A)s Sn—jrm(2; )\)>)\ = n—i+ 1),

N
FAD i (Pn—i(2), Sémhm(m»v} 1<j<K.
i=j
Conversely, if there exist sequences of complex numbers {a; n}n>0, 1 <7 < M,
and {¢cjnr}tn>0, 1 < Jj < K, such that BI0) holds with a;,, =0 if n —i+m <0,
and cjpx =0 ifnfj+m< 0, then

K
¢[m] + Z Q;, n¢[m] n(z) + Z b‘,nwn—j (Z); n 20,
j=1
ie., (U,V) is a (M, K)-coherent pair of order m on the unit circle (assuming
brkn #0,n> K), where bj, =0 forn <j <K, and

(&7 (2) + M aindl™(2)), s (2)),,

bjn = (Vn—j(2), bn—j(2))v ’

1<j<min{K,n}, n=>0
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REMARK 3.1. For j = K and n > K BII) reads

n+1)m aM,n
Sn—K-i—m(Z; )\)7 Sn—K—i—m(Z; )\)>/\ (n - M + ]-)m

<¢n—M+m(Z)a

CK,'FL,)\ = <

¢n—M+m(Z)>u5M,K +A(n = N + 1)imbnn(¥n-n(2), 1Pn—N(Z)>V(51\f,1K’ .

Thus, for every n > K we will claim that

o if M > N and appn # 0, then cxpnx # 0,

o if M < N and by, # 0, then cx n x # 0,

o if M = N(= K) and amnbn, # 0, then cxnn # 0 holds if and only if
aK,n<¢n—K+m(Z)a ¢n—K+m(2)>U+)‘(n_K+1)%an,n<¢n—K(Z)a wn—K(z»V # 0.

Applying Theorem [B1] we obtain the monic Sobolev OPUC S,,(z;\), n > 0,
as well as the coefficients ¢jn, 1 < j < K, n > 0, assuming that (U,V) is
an (M, N)-coherent pair of order m of Hermitian linear functionals on the unit
circle. Nevertheless, we can compute the sequences {(Sy,(z; A), Sy (2;A))a}n>0 and
{¢jnatn>0, 1 < j < K, without knowing the explicit expressions of the monic
Sobolev OPUC S,,(z;A), n = 0. Of course, if we also want to obtain these monic
Sobolev OPUC polynomials, then we can use (310).

Indeed, let
(3.12)

T~ Qin, bzn: n+1mbzna 77,20,
m—i+1)y = ' ( Jmbi,

where @;,, = ENL =0fori>mn,ap, =1 and EO,n =(n+1)m, forn > 0.

Since (I0) and BII)) hold setting co n,x = 1 for n > 0, from B7) and BI0),

it follows that ([BIT]) becomes, for n > j and 0 < j < K,

M M
Sn—j+mCin, A = Z Zfdi,naé,nfj<¢nfi+M(z)a bn—j—eym(2)),
i=j £=0
M K
- Z Z @i nCon—j A Pr—itm(2), Sn—j—om (25 )‘)>u
i=j (=1
N N _
+A Z Z bi,nbé,n—j <wn—z(2); wn—j—é('z»v
i=j (=0
N K _
- A Z Z bi,nzé,nfj,)\<wn7i(z); Sr(;?—l;—ﬁ-i-m (Za A)>v7
i=j =1
where (Pn—itm(2), Sn_j—t+m(z;A))uy = 0, and <¢n_i(2),57(z3.4+m(2;)\)> =0, for

i1<j4+Llorj+l>K(>M,N). Consequently, for n > j and 0 < j < K, we get
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M
Sn—j+mCjnx = Zai,naifj,nfj<¢n7i+m(z)a ¢n—i+m(2)>u
i=j
N ~ =
+ A Z bi,nbi—j,n—j <'¢n—i (2)7 wn—z(z)>v
i=j
K—j
Z Ctn—j,\ Z az n ¢n z+m( ) Snfjféer(Z; >‘)>u
=1 i=j+£
*)\Zcén JsA Z bzn wn % ) T(Lm}_g+m(z;>‘)>v
i=j+L
Notice that, according to (B.I1]), the sum of the last two terms is equal to — f;lj

Con—jASn—j—t+mCj+en,x- Therefore, replacing n by n + j, we have got the recur-
rence relation stated in the following theorem.

THEOREM 3.2. If (U,V) is an (M, N)-coherent pair of order m on the unit
circle given by [B1), then

K—j
(3-13) SntmCintiA = CinA — Z ConACitentjaSn—t4m, 0<XJ< K, n=0,
=1
S = (In(2), On(2))u;, n <M, cjpr=0,n<ji< K, conr=1,n >0, where
M
CinA = Z@,nﬂ Qi jin{Dntjitm(2), Dntj—ivm(2))y,
i=j N _
+ )\Zgi,n+jgi—j,n<wn+j—z( )s Yntj—i( >Va 0<j <K,

i=j
with Sn, Qi n and Ei,m n >0, given by BI2), and K = max{M, N}.

REMARK 3.2. e For the recurrence relation appearing in ([3.13), we can asso-
ciate the following matrix with K + 1 rows and infinitely many columns

Sm Sm+1 Sm+2
0 ci1,h ci2x c13A
0 0 €223 C23) C24)

0 0 0 CK, KA CK,K+1,A CK,K+2\
which indicates the order for the computation of the sequences {Sm1n}n>0 and
{¢jnt+jrtn>0, 1 <j < K, through its decreasing diagonals.
e For j =0, 3I3) becomes the following non-homogeneous linear difference
equation of order K satisfied by {sp}n>0
K

2
Sn+m T Z |C€,n,)\| Sn—l4+m = CO,n,/M n =0,
=1
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Sp = <¢n(z), gf)n(z))u, n <m, and ¢jnx =0, n < j < K, where for n > 0,

M N
CO,n,)\ = Z |Fdi,n|2<¢n7i+m (Z)a d)nfier (Z)>Z/{ + A Z |bi,n|2<wn7i(z)a ¢n71(2)>v
i=0 i=0
The sequences {s, = (Sn(2;A), Sn(2; A))atnz0 and {¢jna}nz0, 1 < j < K,
fulfill some additional properties in the cases when U and V constitute a (1,1)-
coherent or (1,0)-coherent pair of order m of Hermitian linear functionals on the
unit circle. This will be the topic to be studied in the next two subsections.

3.1. (1,1)-coherent pairs of order m on the unit circle. Let (U, V) be
a (1,1)-coherent pair of order m of regular Hermitian linear functionals on the unit
circle such that

(3.14) O™ (2) + a1 n ™ (2) = 1hn (2) + bntn_1(2), 1 >0,

with a1,0 = b1,0 = 0. Let {Sn(z;A)}n>0 be the sequence of monic Sobolev OPUC
with respect to inner product (BI) and let s, = <Sn(z;)\),5'n(z;)\)>)\, n > 0,
denotes their square norm in terms of the Sobolev inner product. Then,

i. From Theorem Bl the monic Sobolev OPUC S, (z; A), n > 0, satisfy

n—+m
¢m+n (Z) + al,nd)ernfl(Z) = Sern(Z, )\) + Cl,n,)\Sernfl(Z; )\)7 n 2 0;
and Sy, (z; \) = ¢p(2), n < m, where
1 n+m
Clin ) = St |: " al,n<¢m+n71(z)v¢m+n71(z)>u

+ A (1 + Db (o 1(2), U1 ()

In particular, ¢19,» = 0.
ii. From Theorem [B.2] the sequences {sy }n>0 and {c1,n,x >0 satisfy
2
Sn4+mCln+1,\ = Cl,n,)\ and Sn+4+m = CO,n,)\ - |Cl,n,)\| Sn4+m—1, n = 07

where

1
i = nrmt 2 1,04 1{Pmrn(2), Pmin(2)),,

n+1
+ )‘(n + 1)m(n + 2)mb1,n+1<wn(z)a %(2)%},

2
Co,n A = <¢n+m(2); ¢n+m(2)>u + %72771)|a1,n|2<¢n+m_1(2), ¢n+m—1(2)>u

+ A+ 12, [($n(2), ¥n(2)), + b1l (Pn1(2), Yn-1(2)),,]-
Therefore, if (1,n,,x 7# 0 for n > 0, then s, and ¢; 5, n > 0, are given by

G l? C1,n2

b
Sm+n Cl,n+1,\

(3.15)

(3.16) Smint1 = Cont1,x = Conx — Cn—1,AC1,nn, 1 =0,

with C1,0,x = 07 Sm = C0,0,)\a Sp = <¢n(z)7 ¢n(z)>?/la n <m.
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iii. Rewriting the equations in BI8) we get ¢1.1,x = (1,0,4/€0,0,x, and

(SR

_ o CO,n,)\ C1,n—1,A
Clin ) = - , N

Clin—1,A  Clin+1,A

|<1,n,)\|2

)
CO,n+1,A — Sm4n+1

n > 0.

WV

17 Smin =

As a consequence, when (;,, » # 0 for n > 0, every constant s, 4,, n > 0, and
Ci,n,x, M 2= 1, can be represented by continued fractions as

2
= |Cl,n,)\|2 |C1,n+1,)\| ]
Sm4+n = — — n}O7
[Comt1 [Co.nt2.n
Ci,n,2 Cl,n+1,x}
= CO,"%)\ C1,n—1,x C1,m,2
Cln,\ = — — —, n>1.
Cl,nfl,/\ Co.nt1.2 Co,n+2,1
C1,m,0 Clnt1,0

iv. From the theory of continued fractions, it is possible to define a sequence
{@n.}n>0 as follows

(317) wo,N = 1 and TWn+1,A = Sm+4nWn,X, N 2 0.

So, when s, € R, n > 0, (for instance, when U and V are positive definite Hermitian
linear functionals), then the first equation in (3I6) becomes

@nt2x = C0nt 1A Tni1n — [Cnal2@nn, 1 =0, @iy =Coon, wWon =1

As a consequence, since (1,2 # 0, n > 0, let us consider the sequence of monic
polynomials {w, (x; A) }n>0 such that @, (0; A) = w, , n > 0, satisfying the three-
term recurrence relation

(3.18) @n+1(73A) = (T + Con,n)@n (25 A) — |Cl,n71,/\|2wn71(555 A, n=0,
' wo(z;A) =1, w_i(x;A) =0.

From Favard’s theorem, the sequence of monic polynomials {w, (z; A)}n>0 is or-
thogonal with respect to some regular linear functional on P, which will be positive
definite when (p.n,» € R. Then, this sequence will be orthogonal with respect to
some positive Borel measure supported on the real line. Therefore, the sequences
{Sn}n>o and {Cl,n,)\}n>0 fulfill

_ @n11(0; ) @n(0; )

S = C = e — n > 0.
m+n wn(O, )\) ) 1,n+1,A Cl,n,)\ w"+1(0; )\); =

REMARK 3.3. If 1,0 € R and (3 ,,x # 0 for n > 0, then the same analysis
done in the previous item iv holds for the second equation in ([BI). In fact, using

<1,n,)\/<1,n71,)\
9n+1,/\ = —on,)\; n =1, 91,>\ = —GO,A, 90,/\ =1,
Cl,n+1,\ C1,1,\
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instead of (B1T), we get the existence of a SMOP {6,,(x; \) } >0, such that 6,,(0; \) =
0r,» for n > 0, which satisfies the three-term recurrence relation

i (w:3) = (2 222 Y9, (2 ) - 20Xy (), 2,
1,n—1,A 1,n—2,A

Oa(x; \) = (fc + go’i/\)l%(ﬂ?; A) — Cr0000(z; ),

Yy

(3.19)

01(z;0) =+ Coon,  bo(z;A) = 1.

Additionally, if (o px,Cinx € Rand ¢ px > 0 for n > 0, then {0, (x;X)}n>0 is
orthogonal with respect to some positive Borel measure supported on the real line.

Finally, in this case, the sequences {s,}n>0 and {cina}tn>0 satisfy c110 =

1,01 Zngig and

C1m,0 en(oy )\) 9n+1 (O; )\)
= — = AN > 1.
Cln+1,\ i I (00 Smitn = Cln—1,x 6.0 0) n

EXAMPLE 3.1. In [3] Section 4] it was proved that if (i4,V) is a (1, 1)-coherent
pair of order m of Hermitian linear functionals on the unit circle given by (BI4),
such that I/ is the Lebesgue linear functional, V is normalized, i.e., vo = 1, |b11 —
ai,1| < 1, and, either a12 = a11 —b1,1 (i-e., by 2 =0) or by vy = 0 for some N > 2,
then a1, = a1,1 — b1,1 as well as by, =0 for n > 2, and V is the Bernstein—Szeg6
linear functional with parameter —a1 2 = b11 —a1,1. In this way, (¢, (2), dn(2))u =
(2" 2"y =1,n 20, (Yn(2), n(2))y = (2" +a122" "1, 2" +a1 22"y = 1—]a1 o/?,
n > 1, and (Yo(2),%o(2))y = 1. Thus, from @BI5), the coefficients (o, and
|C1.m0|%, n = 0, appearing in the three-term recurrence relation (3.I8) satisfied by
the associated SMOP {w,(z; A) }n>0, are (o = 1 + A(m!)? € R,

CO,I,A =1+ (m —+ 1)2|a171|2 —+ )\[(m —+ 1)']2(1 - |a1,2|2 + |b171|2) S R,

n+m)?
Conr =1+ (7172)|a172|2 A+ 17 (1—Jar2’) €R, n>2,

n+m+1
n—+1

Coxr=(m+Dars +AXmD2(m+ b1, Cax= aiz2, n =1,

where a12 = a1,1 — b1,1. Additionally, from previous equations, the coefficients of
the three-term recurrence relation ([819) satisfied by the SMOP {6,,(x; A) }n>0 are

2
Comn 148 a2 + A+ 1)2, (1 |a12[?)

Clno1x B g y n22

Coan 14+ (mA41)2aii? + Nm + DIP(1— |arof* +[b1,1]%)

Cron (m+1)ar1 + AX(mD2(m+1)b1 1 ’
SHIPY n(n+m+1) C11n 242 41,9

= ,n>=2, = .
Cim-1a (n+1)(n+m) Gon  (mA+1)ars +Amh)?(m+1)bi s

3.2. (1,0)-coherent pairs of order m on the unit circle. When the reg-
ular Hermitian linear functionals & and V form a (1,0)-coherent pair of order m
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on the unit circle, i.e., BI4) reads

O (2) + arndl 1 (2) = ¥n(2), n 20, a19=0,a1,#0,n>1
all the results obtained in the previous subsection hold taking b1 , = 0, for n > 0.
In particular, the coefficients (i ,,x and o,n,x, n = 0, become
n+m+1

Cl,n,)\ = ni—l-l al,n+1<¢m+n(z)a ¢m+n(z)>ua

Comn = (Bnpm(2), bmpm())y + T

la 1n| <¢n+m—1(z)v¢n+m—1(2)>u
—l—)\(n—i—l) <wn( )s wn(z)>v7

i.e., constants and polynomials in the variable A of degree 1. In this way, in the
item 1iv, it is possible to show that w,(0; \) is a polynomial in \ of degree n with
leading coefficient H (j +1)2,(¢;(2), wj(z)>v, n > 1, using induction on n and
BI]). Consequently, since a1, # 0 for n > 1, from (BI8), the monic polynomials
wWn(A) = wn(0; )\)/(H] 0(] + 1)2,((2),%(2))y), n = 1, are a SMOP in the
variable A because they satisfy the following three-term recurrence relation

(3.20) Wnt1(A) = ()\ + an)&n( ) — Bnton—1(A), n >0, @wo(N) =1,

_ _(Pm(2),Pm(z
where oy = W’ bo=

. <¢n+m(z)v¢n+7n(z)> + M|al,77n|2<¢)n+m—1(Z)a¢n+m—1(z)>u
- (n+ )2 (¥n(2), ¥n(2)),,

01,0 {1 (), G n-1(2))y,
(1) (¥ (2), ¥ (2)), (Yn-1(2), Yn—1(2))y,

As above, {@p4+1(A) }n>0 is the SMOP with respect to some positive Borel measure
supported on the real line if o, € R and B,41 > 0 for n > 0 (for instance, when U
and V are positive definite Hermitian linear functionals).

Finally, the sequences {s, }n>0 and {c1.n,x}n>0 satisfy

n ) n>1)

671:

n>1.

wn

@n-1(N)

Tnt1(A) 1
=

Smtn = HnTO\), n=20, cipr=Fk
n

, n=>1,

with

(n + ]-)m <¢m+n71(z)7 ¢m+n71(z)>b{

M)y (n-1(2), na(2))y

ExAMPLE 3.2. In a similar way as in Example B], taking into account that

b1, =0, n > 0, let us consider a (1, 0)-coherent pair of order m, (U, V), such that U

is the Lebesgue linear functional and V is normalized, i.e., vo = 1. If |a1,1| < 1, then

a1, =a1,1, n = 2, and V is the Bernstein—Szeg6 linear functional with parameter

_al,l- HGDCG, <¢n(2)7¢n(2)>u = 1; n 2 07 <¢n(2)a¢n(2)>v =1- |a/1,1|2; n 2 1)

(100(2),v0(2))y = 1. As a consequence, (p o = 1 + A(m!)?, and for n > 1,

= (n+1)5 (Wn(2), ¥n(2))v,  Fn=ain

n+m)a n+m)2|ay 1|2
-1 = %, Comr =1+ (n# + A+ 17, (1= a1 ).
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lav?

Besides, ag = ﬁa Bo=0, p1= D A=Jaral® = 0,

2
1+ —(ntfzn) |a1,1|2

2
ER, n>1, Bn= 11|

(n+ 1)2,(1—|a1.1[?) )t (1 - Jara)?)?

are the coefficients of the three-term recurrence relation (320) satisfied by the
corresponding SMOP {0, (A) }r>0-

an: ) 227

4. A matrix interpretation of (M, N)-coherence on the unit circle

Let & and V be two regular Hermitian linear functionals defined on A, and
let {¢n(2)}n>0 and {¢n(2)}n>0 be their corresponding sequences of monic OPUC.
(U, V) is said to be a (M, N)-coherent pair on the unit circle if

n+1 n— z+1
(41) n4+1 +Z Qjn Z+1 —wn +sznwn i 77‘207

holds, where M, N are non-negative integers, a; n, b; n, n = 0 are complex numbers
such that apsn, #0 forn > M, by, #0 forn > N, and a;, = b;,, =0 for ¢ > n.
If we consider the infinite dimensional vectors

®(2) = [90(2), d1(2),--]" s @1(2) = [d1(2), da(2),---]"
U(2) = [go(2),91(2),--]"
then we can formulate the (M, N)-coherence relation (&) in a matrix form as
(4.3) A1 (2) = BY(2),
(4.4) Ad'(2) = BY(2),

(4.2)

where A, Ay, and B are infinite matrices whose Oth rows (counting the rows from
zero)are [1 10 ---],[10 ---], and [1 O ---], respectively, and their corresponding

nth rows, for n > 1, are
\Lnth position

aM.n L. %2 @in 1 o
[ L,_g n—M+1 n—1 n n+1 0 }
n—M+1 zeros
aAM,n .. al,n 1 ..
[L,_Q n—M+1 n n+1 0 }

n—M zeros

[0 o 0 byg o bin 1 0 }

n—N zeros

respectively. Thus, A is a lower Hessenberg matrix with M + 1 nonzero diagonals,
whose entries of its superdiagonal are %H, n > 0, and the entries of its main
diagonal are 1 and a;", n > 1, and A; and B are nonsingular lower triangular
matrices with M + 1 and N + 1 nonzero diagonals, respectively, such that the

entries of their main diagonals are ?, n = 0, and 1’s, respectively.
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Also, we can consider the multiplication operators by z in terms of the bases
{on(2)}nz0 and {¥n(2)}nz0 given in @2),
(4.5) 2®(2) = He®(z) and 2¥(z) = HyU(2),
where Hy and H, are the infinite lower Hessenberg matrices associated with U/

and V), respectively. So, in this context, first we state a general result and, as a
consequence, we apply it to coherent pairs .

LEMMA 4.1. If the sequences of monic OPUC {¢n(2) }nz0, {¢n(2)}n>0 satisfy
(4.6) P'(z) = MU (z),

where ®(2) and U(z) are given by @2) and M is an infinite matric (such that its
Oth row s zero since ¢y(x) =0), then

(4.7) HIM = 2HyMHy + MHZ, =0,

where Hy and Hy are the Hessenberg matrices associated with {¢n(2)}n>0 and
{n(2)}n>0, respectively.

PRrROOF. We have that

(E5)

MHU(2) + (z) =220 (2) +0(2) = (z0(2)) =2 Hy0e(z) B2

HyMU(2),

or, equivalently,
(4.8) D(z) = (HeM — MHy) ¥ ().
Hence,

= =

Ho(HoM — MH,) U (2) He®(z) (E:E) (HeM — MH ) H ¥ (2). (I
ProPOSITION 4.1. If (U,V) is an (M, N)-coherent pair of regular Hermitian
linear functionals on the unit circle given by [@3), then

9 0 0 0 9
o [AIIB] 2 {A#B] Hy + {A#B} Hy =0,

where 0 = [O 0o -- } is the zero row.

PRrROOF. The result is a straightforward consequence of Lemma 1] taking as
M the matrix obtained from .AI_IB by shifting the matrix one position downward,
i.e., adding a zero row to top. (Il

PROPOSITION 4.2. Let (U, V) be an (M, N)-coherent pair of reqular Hermitian
linear functionals on the unit circle given by [&4), such that the matriz A is a non-
singular matriz (e.g., when M =1 and N > 0, we have that a1, # 0, n > 1, and,
as a consequence, A is a nonsingular upper bidiagonal matriz). Let consider the
matrices My and M., which are similar to the corresponding Hessenberg matrices
of U and V, respectively, such that

(4.9) My = A’Hd).A*l and My = B'HwB*l.
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Then,
(Mg — My)? = [Mg, My],
where [Mg, My] is the commutator of My and My defined by [Mgy, My] =
MMy, — My M.
Proor. From @4) and @1), HZA™'B—2HyA ' BHy + A~ BHZ = 0 holds.
Therefore, multiplying on the left by A and on the right by B! in both sides of
the previous equation and taking into account (@3]), the previous equation becomes

0=M$—2M¢M¢+M2 = (./\/ld)—./\/lw)Q — [My, My]. (I

REMARK 4.1. When U is the Lebesgue linear functional we get qbgn ] (2) =2" =
dn(z), m,n = 0. So, if (U,V) is an (M, N)-coherent pair of order m, m > 0, and U
is the Lebesgue linear functional, then ([B1) becomes

M N
¢n(z) + Zai,ngbnfi(z) = wn(z) + Z bi,nwnfi(z); n 2 0;
i=1 i=1

which can be written in a matrix form as
(4.10) A 0(2) = BU(z),

where ®(z), U(z), B are given as in (@), and the infinite matrix A; is as B, i.e.,
it is a lower triangular matrix with M + 1 nonzero diagonals, whose entries of its
main diagonal are all 1’s and its nth row for n > 1, counting the rows from zero, is

0 -+ 0 amm -+ ain 1 0 --

n—DM zeros

-~

Consequently, A; is nonsingular as B. Hence,

AH AT B () B D00 B 2 A40() P 280 (2) B B, U(2),
from which we can conclude that A;Hy A7 ' = /\7¢ = My = BHyB™!, where
Hey and Hy are the Hessenberg matrices associated with ¢/ and V, respectively.
Therefore, Hg and H, are similar matrices.

=

4.1. A matrix interpretation of Sobolev orthogonal polynomials and
(M, N)-coherence of order m on the unit circle. Let us recall that there is
a close relation between Sobolev orthogonal polynomials (M, N)-coherent pairs of
order m of regular Hermitian linear functionals on the unit circle, m > 1. More
precisely, in Theorem B we showed that the (M, N)-coherence relation of order m
on the unit circle [B7) satisfied by the sequences of monic OPUC associated with
the regular Hermitian linear functionals &/ and V implies (BI0), i.e.,

M K

(z)ner(Z) + Zaz’,n(bnfﬂrm(z) - Sner(Z; )\) + Z Cj,n,/\Snfjer (Z; )‘)7 n
i=1 j=1

and S, (z;A) = ¢n(2), n < m, where K = max{M,N}, ¢jnn =0, n < j < K,

i = (2 0 >0, G = 0,0 >0, g = 1, 0> 0. Here S,(2; 1), n > 0,

WV

0,
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are the monic Sobolev polynomials on the unit circle orthogonal with respect to
inner product BI)). In this way, if we write these algebraic relations as

AD(z) = Cs(z; \),

where @(z) = [¢o(2), ¢1(2), -+ ]", s(z;0) = [So(2;A), Si(z;A), ---]", and
\l/(ner)th position

[0 o 0 amm - @, 100 }
n—M+m zeros
[0 o 0 Cxpa cr Claax 10 }
n—K+4m zeros
are the (n + m)th rows, respectively, n > 0, and [0 --- 010 ---] are the first m

rows, counting from zero, of the lower triangular matrices A and C (notice that
these matrices have M + 1 and K + 1 nonzero diagonals, respectively, and 1’s as
entries of their main diagonal), then we obtain the following result.

PropoOsSITION 4.3. If (U, V) is an (M, N)-coherent pair of order m, m > 1, of
reqular Hermitian linear functionals on the unit circle, then the matriz represen-
tation of the multiplication operator by z in terms of {Sn(z;A)}n>o0, the basis of
monic Sobolev OPUC with respect to the inner product B.1), is given by

zs(z; A) = Mg, g, 28(2; A),

where Hs ¢ s a lower Hessenberg matriz similar to the Hessenberg matriz asso-
ciated with the linear functional U.

PROOF. Since

w50 B e Aaa(z) B2 o A, 0(2) B 01 Am, A Cs(2 ),

and if Hg g x = C_I,Z”H@Z_lc = [C‘lj]?{dj [C‘lvﬂ _1, then the proof is complete.
O
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