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ABSTRACT. We determine curvature properties of pseudosymmetry type of
hypersurfaces in Euclidean spaces E*+1, n > 5, having three distinct nonzero
principal curvatures A1, A2 and A3 of multiplicity 1, p and n—p—1, respectively.
For some hypersurfaces having this property the sum of A1, A2 and A3 is equal
to the trace of the shape operator of M. We present an example of such
hypersurface.

1. Introduction

Let H be the second fundamental tensor of a hypersurface M immersed isomet-
rically in a semi-Riemannian space of constant curvature N™*1(c), with signature

(s,n+1—35),n >4, where c = ﬁ and k is the scalar curvature of the ambient
space. For precise definitions of the symbols used we refer to Section 2 of this paper
and Sections 2 and 3 of [16] (see also [3L[5,14.[341[50]). Let Uy C M be the set of
all points at which the tensor H? is not a linear combination of H and the metric
tensor g of M. Curvature conditions of pseudosymmetry type on hypersurfaces M

in N 1(¢), n > 4, satisfying on Uy C M the equation
(1.1) H? =tr(H)H? + ¢ H,

where 1) is some function on Uy, were investigated in several papers: [1L[71[8ITTIT2]
151161221 [23][25][261[34][37]. For instance, the Cartan hypersurfaces satisfy (L))
(see, e.g., [12] Theorem 4.3], [16, Example 5.1(iii)]). Examples of hypersurfaces
in Euclidean spaces E"*1 n > 5, as well as in semi-Euclidean spaces E**1, with
signature (s,n+1—s), n > 5, satisfying (IT)) are given in [I] and [11], respectively.
For further examples we refer to [15[161123]26]27][311135].
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Curvature conditions of pseudosymmetry type on hypersurfaces M in N**1(c),
n > 4, satisfying on M \ Uy the equation

(1.2) H? = 4H + pyg,

for some functions ¢ and p on this set, were investigated among others in [2/[7[9]18]
27.133.1351/451[47,[54]. Examples of hypersurfaces in spaces of constant curvature
satisfying (L2)) are given among others in [27][35][43,56,57]. It is obvious that
(I is a special case of a more general equation

(1.3) H3 = ¢H? + ¢y H + pg,

where ¢, 1 and p are some functions on Uy. Hypersurfaces M in N1 (c), n > 4,
satisfying (L3) on Uy C M were investigated for instance in [6,2150]. Here we
investigate curvature conditions of pseudosymmetry type on hypersurfaces M in
En*1 n > 5, satisfying (I3)) on Uy. We can also consider ([L3]) with ¢ = tr(H) on
Up, i.e., the equation

(1.4) H? = tr(H)H? + ¢ H + py,

where ¢ and p are some functions on Uy. Hypersurfaces M in N (c), n > 4,
satisfying (L4) on Uy C M were investigated in [4[830,5TIH53]. In [30] Proposition
2.1] it was proved that for every hypersurface M in N2(c) equation (L) reduces
on Uy C M to ([I). Evidently, p = 0 on Uy. The assumption that dim M = 4
is essential. In Section 5 we present an example of a hypersurface M in En*!,
n > b, having at every point three distinct principal curvatures A;, Ay and As
of multiplicity 1, p and g, respectively, where n = 1 + p + ¢, satisfying (L4]) with
nonzero function p. In [50] Proposition 4.1] it was shown that the tensors R-C, C-R
and C - C of a hypersurface M in N*1(c), n > 4, satisfying (L3) on Uy C M are
expressed on this set by a linear combinations of the Tachibana tensors Q(g, R),
Q(S,R), Q(S,G), Q(H,G) and Q(S,g A H), and the tensors g A Q(H, H?) and
H A Q(g,H?). In Section 3 we present these formulas in the case when M is a
hypersurface in EZT1 n > 4. Further, in the next section we present these formulas
in the special case when M is a hypersurface in E"*!, n > 5, and at every point
of the set Uy of a hypersurface M there are three distinct principal curvatures of
multiplicity 1, p and p, respectively, where n = 2p + 1. In Section 5 we present an
example of such hypersurface.

2. Preliminaries

Throughout the paper all manifolds are assumed to be connected paracompact
manifolds of class C*°. Let (M, g) be an n-dimensional, n > 3, semi-Riemannian
manifold and let V be its Levi-Civita connection and Z(M) the Lie algebra of vector
fields on M. We define on M the endomorphisms X A4 Y and R(X,Y) of E(M)
by

(X MaY)Z =AY, Z)X — A(X, Z)Y,
R(X,Y)Z =VxVyZ - VyVxZ—VxyZ,
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where A is a symmetric (0, 2)-tensor on M and X,Y, Z € Z(M). The Ricci tensor S,
the Ricci operator S, the tensor S? and the scalar curvature x of (M, g) are defined
by S(X,Y) = tr{Z = R(Z, X)Y}, g(SX,Y) = S(X,Y), S2(X,Y) = S(SX,Y)
and k = trS, respectively. The endomorphism C(X,Y’) we define by

1 K
C(X,Y)Z =R(XY)Z — — (X Ao SY +8X N Y — —=X A, Y) Z.

Further, we define the (0,4)-tensor G, the Riemann—Christoffel curvature tensor R
and the Weyl conformal curvature tensor C of (M, g) by

G(X1, X2, X3, X4) = g((X1 Ag X2) X5, X4),

R(X17 X2) X?n X4) = g(R(Xla XQ)X?M X4)a

C(X1, X2, X5, Xa) = g(C(X1, X2) X3, X4),
respectively, where X1, Xo,--- € E(M).

Let B(X,Y) be a skew-symmetric endomorphism of Z(M) and let B be a
(0, 4)-tensor associated with B(X,Y") by

(21) B(Xl,XQ,X3,X4) :g(B(Xl,XQ)Xg,X4).
The tensor B is said to be a generalized curvature tensor [44] if

B(X17X2;X37X4) + B(X27X3;X17X4) + B(X37X15X27X4) = 07
B(X15X27X3;X4) = B(X3;X47X17X2)~

Let B(X,Y) be a skew-symmetric endomorphism of Z(M) and let B be the tensor
defined by (ZI)). We extend B(X,Y) to a derivation B(X,Y)- of the algebra of
tensor fields on M, by assuming that it commutes with contractions and B(X,Y) -
f =0, for any smooth function f on M. Now for a (0, k)-tensor field T, k > 1, we
can define the (0, k + 2)-tensor B - T by

(B T)(Xlaan,Xay) = (B(X,Y) T)(Xlﬂ "an;XaY)
— TBX,Y)X1, X, Xp) — - — T(X1, ..., Xp—1, B(X, Y)X}).

If A is a symmetric (0, 2)-tensor then we define the (0, k + 2)-tensor Q(A,T) by

QAT Xy,..., Xis X,)Y)=(X AN Y -TH(Xq,..., X5 X,Y)
=-T(XAaY)X1,Xo,...,. X)) = —T(Xq,..., Xp—1, (X Aa V) Xy).

In this manner we obtain the (0, 6)-tensors B- B and Q(A, B). Setting in the above
formulas B=RorB=C,T=RorT=CorT=5 A=gor A=S5, we get the
tensors R-R, R-C,C-R,C-C, R-S,C-S,Q(g,R), Q(S,R), Q(g,C) and Q(g, S).
Let A be a symmetric (0, 2)-tensor and T a (0, p)-tensor, p > 2. According to [22],
the tensor Q(A,T) is called the Tachibana tensor of A and T, or the Tachibana
tensor for short. We also remark that in some papers, the (0, 6)-tensor Q(g, R) is
called the Tachibana tensor (see, e.g., [39H411[46.[55]). For symmetric (0, 2)-tensors
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E and F we define their Kulkarni-Nomizu product E A F' by
(ENF) (X1, X2, X5, X4) = E(X1,X4)F (X2, X3) + E(X2, X3)F (X1, X4)
— E(X1,X3)F (X2, X4) — E(X2, X4)F (X1, X3).

Clearly, the tensors R, C;, G and E A F are generalized curvature tensors. For a
symmetric (0,2)-tensor E we define the (0,4)-tensor E by E = $E A E. We have
g=G= %g A g. We note that the Weyl tensor C' can be presented in the form

1 K
(2.2) C—R—mg/\s-f—mG
We also have (see, e.g., [15] Section 3])
(2.3) Q(E,ENF)=—-Q(F,E).

Now ([22)) and ([Z3)) yield Q(g,C) = Q(g, R) + (1/(n — 2))Q(S,G). For a symmet-
ric (0,2)-tensor E and a (0, k)-tensor T k > 2, we define their Kulkarni-Nomizu
product E AT by [12]

(ENT) (X1, X9, X3, X4;Y3,...,Y%)
= E(X1, X4)T (X2, X35,Y3,...,Yy) + E(Xa, X3)T(X1, X4, Y3, ..., )
— B(X1,X3)T(Xo, X4,Ys,...,Yk) — B(Xo2, X4)T (X1, X3,Y5,...,Y%).
Using the above definitions we can prove

LEMMA 2.1. [11[72] Let E1, Ey and F be symmetric (0, 2)-tensors at a point
x of a semi-Riemannian manifold (M, g), n > 3. Then at x we have

EiNQ(Ey F)+ Ex ANQ(E1, F) = —Q(F, E1 A Es).
IfE = E1 = EQ, then

3. Hypersurfaces in semi-Euclidean spaces

Let M, n > 3, be a connected hypersurface isometrically immersed in a semi-
Riemannian manifold (N, g"). We denote by g the metric tensor induced on M
from ¢gV. Further, we denote by V and V¥ the Levi-Civita connections correspond-
ing to the metric tensors g and g%, respectively. Let £ be a local unit normal vector
field on M in N and let e = g™V (¢,€) = 1. We can write the Gauss formula and the
Weingarten formula of (M, g) in (N, g") in the form: VYY = VxY +eH(X,Y)¢
and V¢ = —AX, respectively, where X,Y are vector fields tangent to M, H is
the second fundamental tensor of (M, g) in (N, g"V), A is the shape operator and
H¥(X,Y) = g(A*X,Y), k > 1, H' = H and A' = A. We denote by R and RV
the Riemann-Christoffel curvature tensors of (M, g) and (N, gV), respectively. Let
2" = 2" (y"*) be the local parametric expression of (M, g) in (N, g"), where y* and
a" are local coordinates of M and N, respectively, and h, 4,5,k € {1,2,...,n} and
p,rt,u € {1,2,...,n+ 1}. The Gauss equation of (M, g) in (N, g"V) has the form

oz"

(1) Ruige = Ry BY BB B + e(HuHy — HigHa),  Bf = 55
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where Rﬁitu, Rpijr and Hyy, are the local components of the tensors RN, Rand H,

respectively. If (N, g"V) is a conformally flat space then we have [23] Section 4]
= €
Chijre = HGhijh + Hnijh + — (9N (H? —tr(H)H))

1
32 SRR )

hijk’

(k — 28,4B} Bt g™ + ),

where §,«t are the local components of the Ricci tensor S of the ambient space, Ghijk
are the local components of the tensor G and k and k are the scalar curvatures of

(N, g"™) and (M, g), respectively.
Let now M be a hypersurface in E?™ n > 4. Clearly, B.) and (32)) read

K

3.3 Rniji = €eHpiji, e wa——
( ) h _]k‘ € hljk /J/ (n _ 2)(n _ 1)

respectively. Contracting (B3] with ¢” and g*" we obtain
(3.4) Spi = e(tr(H)Hp — Hpyy), £ =e((tr(H))* — tr(H?)),

respectively, where tr(H) = g Hpy, tr(H?) = gth,%k and Shy are the local com-
ponents of the Ricci tensor S of M. We recall that on every hypersurface M in
E"*1 n > 3, we have the following identity R - R = Q(S, R) [32]. We prove now
that on M in E?™! n > 3, we also have

PROPOSITION 3.1. On every hypersurface M in E**L n > 3, the following
identities are satisfied

gAQ(H,H?) =eg AN Q(S, H),
(3.6) HAQ(g,H?) =etr(H)Q(g,R) —eH A Q(g, S).

PRrROOF. From (B4) we have
(3.7) H? = tr(H)H — €8,
and this yields
gAQ(H,H?) =g AQ(H,tr(H)H —£S) =g AQ(S, H).
Thus [B3) is proved. Further, using (Z4), (33) and 1) we obtain

HAQ(g,H?) = tr(H)H A Q(g, H) — eH A Q(g, 5)
= 7‘51‘(H)H/\Q(H,g) *5H/\Q(Q,S)

=tr(H)Q(9,H) —eH N Q(g, 5)
= 6tr(H)Q(g,R) —eH A Q(ga S)

Our proposition is thus proved. O
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Let now M be a hypersurface in E? ™1, n > 4, satisfying (L3) on Uy C M. We
set (cf. [60, eq. (34)])
b1 =c¢e(¢p—tr(H)),

b= 5 (6(2tr(H) - ¢) — (tr(H))* — ¢ — (n — 2)ep),

n_
1

Bs =eptr(H) + m(w(Qtr(H) —¢)+(n—3)p),

Ba = B3 — efatr(H),

fs = — = + et + By tr(H),

Bs = Ba,

where the functions ¢, ¢ and p are defined by (3.

(3.8)

PROPOSITION 3.2. If M is a hypersurface in EPTY n > 4, satisfying (L3) on
U C M, for some functions ¢, ¥ and p, then the following conditions are satisfied
on this set

(3.9) S? =S + 1 H + Y9,
(3.10) (n=2)R-C=(n-2)Q(S,R)+pQ(H,G) - prg NQ(H, S),
(3.11) (n—2)C-R= (% + 20+ B tr(H) ) Qlg, R)
+ (n—3)Q(S, R) — B H A Q9. 5),
(3.12) (n—2)C-C=p1Q(S,gNH)+ B1Q(H,G)

+ (n = 3)Q(S, R) + 85Q(g, R) + S2Q(S, G),

Yo = p(¢ — 2tr(H)),
(3.13) = 9(¢ = 2te(H)) + p+ tr(H)(¢* + ¢ + (tr(H))?),

o = —(¢% + o + tr(H) (tr(H) — 29)).

PROOF. We denote by SZ, the local components of the tensor S2. Evidently,
we have
Shr = 9" SniSkj = Hyy — 2te(H) H), + (tx(H)) H.
Applying in this (I3)) we obtain
S% = (¢* + o + tr(H)(tr(H) — 2¢)) H?
+ (6 — 2x(H))g + ({6 — 2tx(H)) + p) .

The last relation, by making use of (817) and BI3)), turns into (30). Further, we
also have on Uy (cf. |50} Proposition 4.1]): (BI2) and

(3.14) (n—2)R-C = (n—2)Q(S,R) + pQ(H,G) + (¢ — tr(H))g A Q(H, H?),
(3.15) (n—2)C-R= (% +s¢)Q(g,R)+ (n—3)Q(S, R)
+ (¢ - tI‘(H))H A Q(ga H2)7



CURVATURE PROPERTIES OF SOME CLASS OF HYPERSURFACES 171

where f1,..., 85 are defined by 8). Now BI0) and (BII) are an immediate
consequence of (BH), (38), B.3), BI4) and BI5). O

4. Hypersurfaces with three principal curvatures

In this section we consider hypersurfaces M in E"t! n > 5, having at every
point of the set Uy C M three distinct principal curvatures A1, Ao and Az. First
we note that from (3) it follows that

(4.1) d=M+A+A3, Y=—(MA+MAzs+AA3), p=AAAs.

Moreover we assume that A1, A2 and A3 are of multiplicity 1, p and p, respectively.
Evidently, n = 2p + 1. Further, 33), (34) and 33) lead to

tr(H) = A\ +p(\a + X3),  tr(H?) = X2 +p(\3 + \2),
_ n—3 _ 1 2
B = B (A2 + A3), ﬁ2——n7351—¢+

s =~ (n(H)B2 — 61 + (n— 3)p),

(42)  fa=—— (0= 3 tr(H)Ba 4 681 — (0= 8)p),  fs = P+ tr(H)hr.

Using now ([B.3) and (@I we find
Yo = —A1A2A3(A1 + (2p — 1) (A2 + A3)),
7 =p(p =123 +A3) +p(p — DA + M)\
+ (3p%(p—2) +4p — DXaAs (A2 + A3) + (20° — 2p + 1)A1 dos,
43)  =—@-1DO3+X) — (-2 02 +X3) — (20— 3) s,

From (34) and (£2) it follows immediately that the eigenvalues pi1, p2 and ps of
the Ricci tensor S of M are expressed on Uy trought the following relations

p1 = A(tr(H) — A1) = pAr(Az + As),
p2 = Aa(tr(H) — X2) = Xa(A1 + (p — 1)A2 + pA3),
(44) p3 = )\3(1}1‘([‘[) - )\3) = )\3()\1 +p)\2 + (p - 1))\3)

Now ([{4) yields

(4.5)  (p1 = p2)(p1 — p3)(p2 — p3) = (M1 — A2) (M — A3) (A2 — A3)((p — 1)A2 + pAs)
(PA2 4+ (p — DA3) (M + (p — 1) (A2 + A3)).

PROPOSITION 4.1. Let M be a hypersurface in E" ™1, n = 2p+1 > 5, having
at every point of Uy C M three distinct principal curvatures A1, A2 and A3 of
multiplicity 1, p and p, respectively. We have

(i) The Ricci tensor S of M has at a point x € Uy three distinct eigenvalues
p1, p2 and ps if and only if at this point we have

((p = DAz +pA3) (A2 + (p — DAs) (M1 + (p — 1) (A2 + A3)) # 0.

K

n—1
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(ii) If the Ricci tensor S of M has at a point x € Uy three distinct eigenval-
ues p1, p2 and ps, then 1, defined by BI3), is nonzero at this point, and in a
consequence H = 7{1(52 — 7S —Y9).

PROOF. (i) follows immediately from (€3]).
(ii) Suppose that v4 = 0 at z. Then from @9) it follows that S has at x only
two distinct eigenvalues, a contradiction. O

The above results, together with (33]), Lemma 2.1 and Proposition 3.2, imply

THEOREM 4.1. Let M be a hypersurface in E"*', n = 2p +1 > 5, having
at every point of Uy C M three distinct principal curvatures A1, Ao and A3 of
multiplicity 1, p and p, respectively. Let U C Ug be the set of all points at which
Ricci tensor S of M has three distinct eigenvalues p1, p2 and ps. Then on this set
we have

(4.6) R = %’Yf2(52 — 725 = 709) A (5% =725 — 109),

(n—2)R-C = (n—2)Q(S,R) + 5@(52, Q)

1
(47) + (5= 22)Q(5.6)+ 2 1 Q5. 57,
71
(n—2)C-R=(n—3)Q(S,R) + (nL + 20+ B tr(H)) Qlg, R)
51’70 B172 1 B1

(4.8) SRQ5,6) - Q9,551 8) - 18 A QLo S),

(n—2)C-C=(n-3)Q(S,R) + B:Q(g, R)

+ (5 - R g5, 69

(4.9) +%Q( S/\S)+ﬂ1Q(S,g/\SQ)+ﬂ4Q( Q).

REMARK 4.1. Let M be the hypersurface considered in Theorem 4.1. By
making use of (L) we state that the curvature tensor R of M is expressed on
Uy C M by a linear combination of the Tachibana tensors:

1 — 1 — 1
G=5gNg, gAS, gnS® SAS S=3ISAS, 522552A52.

Results on hypersurfaces in N1 (c), n > 4, with the curvature tensor R having the
above property are given in [21] and [52]. Hypersurfaces in N**1(c), n > 4, with
the curvature tensor R which is expressed by a linear combination of the tensors
gANg, gNS and S A S were investigated in [35]. For instance, the Clifford torus
SP(y/p/n) x S"P(y/(n—p)/n), 2 < p < n—2,n # 2p, has this property [35]
Corollary 3.1]. We also mention that semi-Riemannian manifolds with the curvature
tensor R expressed by a linear combination of the tensors gAg, gAS and SAS were
introduced and investigated in [10]. For further results on this class of manifolds
we refer to [131[17,19[20124][27[29/311/3642].
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5. Example

EXAMPLE 5.1. (i)(cf. [48, Section 2], [49, Section 2]) Let a1 = ay(¢) and
ay = a(t) be positive smooth functions defined on an interval I = (0;¢9) C R,
to > 0, such that ) # 0 and o, # 0 for every t € I, where o} = 921 and of, = 422,

Let x = x(t,ul,...,uP, vl ... v?) be a parametric expression of ? subset M ofd;n
(n + 1)-dimensional Euclidean space E"™ n=p+q+ 1, p > 2, ¢ > 2, defined by
(5.1) = a1 F) + asFy,
Fy = (cosu!,sinu! cosul, ... sinu' ... sinuP~!cosuP, sinu'...sinu?,0,...,0),
Fy = (0,...,0,cosv',sinv! cosv!, ... sinv!...sinv? ! cosv?, sinv' .. sinv?),
where u', ..., uP, v, ... ;09 € (0,%) and 0 occurs (¢ + 1)-and (p + 1)-times, respec-

tively. We set

(5.2) E=pB(— dbF + i Fy), Bl =/t 4+ a2

Further, we have (Fy, F1) = (Fy, Fy) = (£,£) = 1, where (-, ) denotes the standard
scalar product of E"*1. Differentiating (5.1 we obtain

0
T = 8_3; =) P + oy Fy,
ox 8F1 ox 8F2
(53) I;ZW:OQW:OQF{]C, x;:w:O@W:OQFQI“

where k € {1,...,p} and l € {p+1,...,p+ q}. Using (B2) and (B3)) we can easy
check that

(5.4) (&) = (€, 2)) = (& 2p) =0.
We assume that at x we have
foTy + przy + -+ pr; + ﬂp+1x;+1 +oo-t Nerqx;)-i-q =0,

where g, . .., tp+q € R. The last relation, by (G.3)), turns into

O/INO / ’
a1 F1+ﬂ1F11+"'+NpF1p
aq

aHHo
+ 042( ;2 F + Hp+1F21p+1 +F Mp+qF2lp+q) =0.

This and the definitions of F} and F5 lead to

O‘ILU'O / ’_
Fi+ by + -+ ppky, =0,
aq
!
Qs [ho
a5 Fo 4 ppy1Fopiq + o pipigFop iy = 0.
Since the vectors Fi, Fiy,..., Fi,, resp. Fa, Iy, q,..., Fy, . are linearly indepen-

dent vectors (see, e.g., [38, Example 2, pp.329-331]) at = we have

/ /
a1 1o Q5 o
1_“7M1f...fupf07 Qako

gy == —0.
oy s Hp+ Hp+q
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Thus the vectors xy, x,..., 2}, ¥ q,..., 2}, are linearly independent at every
point of M. Therefore we can state that M is immersed isometrically in E**!. In
addition, from (B4 it follows that & is the unit normal vector field of M. Further,
differentiating (5.2)) we obtain

0
€= % = —(ahB) Py + (a8,
0 0
(5.5) & = a—ugk =—ahfFy, &= a_fl = o BF,

da da . :
where of = S+ and of = <22, From (E3) and (BE) we obtain the Weingarten

formula for M

/v / 1
gy — 0y

3
§ = (afay — ahoy)fwy = ——5—5= i,

a)” +al
/ -1 7 / ! -1 7 /
§ = —ay by, §=ay ofx.
Thus we have
)\7/// ///3)\771/ Aa = -1 7
1= (ajay — afay)B”, 2 =a; ayf3, 3= —Qy qpP.

(ii) It is easy to see that if at every point of M we have
(5.6) (p—Dre=—(g—1)As3

then the second fundamental tensor H of M satisfies (I.4) on Uy C M. Evidently,
B0) yields (p — 1)agad, = (¢ — 1)an oy, which is equivalent to

/ —1
g = c—l—q—a%,
p—

where c is a constant. Note that from (@J]) and (5.6) we get easily
tr(H) = A1 + pAa + gXs
=Mt+Xt+A+@E-—Di+(@—DIs=XM+ X+ A3 =0.

Thus (L3) turns into (TF).
(iii) We consider the case: p = ¢ > 2. Now ([B6) gives Ay = —A3. Thus

E)- @) and () yield
(725:)\1; 1/):>\§a p:7>\1>‘§7
tr(H) = A1, tr(H?) =M+ (n —1)\3,

n—3
Br=PB2=ps=0, B3=ps=
n—2
Yo =ATA3, m=-MA3, 2=,
p1 =0, p2=2X(A—X2), p3=—-Xa(A1+ ),

k=tr(H))? —tr(H?) = —(n — 1)A\2 = —(n — 1)3.

Ps
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We also have

§° = anISQ_ nil(nil +(tr(H))2)S,
n—1)tr(S3 r(S? K
(tr(H))Q:—( 122’5 (S)+2t’(€5’)7n_1'

Conditions ([{1)—-(9), by making use of the above presented formulas, turn
into

(5.7) R-C:Q(S,R)ﬁ—ﬁQ(SQ—nils,G>,

(5.8) C-R= Z:‘;’Q(S,R),

(5.9) C~CZ_‘;’<Q(S,R)+$Q(S2nfls,c:)>,
respectively. From (5.7)) and (5.8)) we get immediately

(5.10) (n72)(R-CfC-R):Q(S,R)Jr%Q(SQfnilS,G).

Thus the difference tensor R - C' — C - R is expressed by a linear combination of
some Tachibana tensors. We mention that hypersurfaces in spaces of of constant
curvature with the tensor R-C — C'- R expressed by a linear combination of certain
Tachibana tensors were investigated among others in [16122][26]28]51]. We also
note that (59) and (BI0) yield (n —3)(R-C —C - R) = C- C. Thus the difference
tensor R-C — C - R of M is a conformal invariant.
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