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ABSTRACT. Let K be a nonempty closed convex subset of a real Banach space
X, T : K — K anearly uniformly L-Lipschitzian (with sequence {ry}) asymp-
totically generalized ®-hemicontractive mapping (with sequence ky, C [1,00),
limp— 00 kn = 1) such that F(T) = {p € K : Tp = p}. Let {an}n>0, {BE}n>0
be real sequences in [0, 1] satisfying the conditions:

(i) Zn>0 an = 00

(i) limp—oo an, BE =0, k=1,2,...,p—1.

For arbitrary zo € K, let {n}n>0 be a multi-step sequence iteratively
defined by

Tnt1 = (1 —an)zn +an T, n >0,
yn = (1= BR)an + BTy, &
(0.1) v = (=B e+ 8L T e, n20p 22

Then, {@n }n>0 converges strongly to p € F(T'). The result proved in this note
significantly improve the results of Kim et al. [2].

=1,2,...,p—2,

1. Introduction

Let X be a real Banach space and J the normalized duality mapping from X
into 2% defined by J(z) = {f € X* : (z, f) = ||z]|> = ||f]|*}, where X* denotes
the dual space of real Banach space X and (.,.) denotes the generalized duality
pairing between elements of X and X*. We first recall and define some concepts
as follows. Let K be a nonempty subset of real Banach space X.

DEeFINITIONS 1. Let T': K — K be a mapping.
(1) T is said to be uniformly L-Lipschitzian [I}, 5] if there exists a constant
L > 0 such that |T"z — T™y|| < L||x — y||, for any =,y € K and Vn > 1.
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(2) T is said to be asymptotically generalized ®-hemicontractive with sequence
{kn}tnzo if F(T) # 0 and for each n € N and z € K, 2* € F(T), there exists
constant k, > 1 with lim,_, k, = 1, strictly increasing function ® : [0,00) —
[0, 00) with ®(0) = 0 such that

(T"w = T"a", j(@ — %)) < kallw — 2| = ®(||lz — 2*|)).

The class of asymptotically generalized ®-hemicontractive mapping is the most
general among those defined in [5].

(3) A mapping T : K — X is called Lipschitzian if there exists a constant
L > 0 such that

[Tz —Ty| < L|lz -y, forall z,y € K

and is called generalized Lipschitzian if there exists a constant L > 0 such that
[Tz — Tyl < L([|lz — y[| + 1), for all z,y € K.

It is obvious that the class of generalized Lipschitzian map includes the class of
Lipschitz map. Sahu [5] introduced the following new class of nonlinear mappings
which are more general than the class of generalized Lipschitzian mappings and the
class of uniformly L-Lipschitzian mappings. Fix a sequence {ry }»>0 in [0, co] with
rn — 0.

(4) A mapping T : K — K is called nearly Lipschitzian with respect to {r,} if
for each n € N, there exists a constant k,, > 0 such that

|77 = T7y|| < ka(lle =yl +72), for all 2,y € K.

A nearly Lipschitzian mapping T with sequence {ry}n>0 is said to be nearly uni-
formly L-Lipschitzian if k, = L for all n € N.

Observe that the class of nearly uniformly L-Lipschitzian mapping is more
general than the class of uniformly L-Lipschitzian mappings. We establish a strong
convergence theorem for a more general class of map in real Banach space. It is
worth noting that comparing [2] Theorem 2.1] our result have the following features:
(i) The modified Mann iterative process is replaced by Multi-step iterative process.
(ii) We removed the condition that {r,/ay,} is bounded.

(iii) Our restriction imposed on «,, is much weaker than those in [2] Theorem 2.1].

Furthermore, our result also improves and extends the corresponding results in
[1, [3]. For this, we need the following Lemmas.

LEMMA 1.1. [A] Let X be real Banach Space and J : X — 2% be the normalized
duality mapping. Then, for any x,y € X

e+ gl < ll2]* + 2y, g (z + ), Vil +y) € J(@+y).
LEMMA 1.2. [4] Let @ : [0,00) — [0, 00) be an increasing function with ®(x) =0

<=0 and let {b,}22, be a positive real sequence satisfying

an =400 and lim b, = 0.
n— o0

n=0



A CONVERGENCE THEOREM OF MULTI-STEP ITERATIVE SCHEME... 283

Suppose that {an}S is a nonnegative real sequence. If there exists an integer
Ny > 0 satisfying

a2,y < a2 +o(by) — by®(ant1), Vn = Ny,

where lim,, s olba) _ 0, then lim, o a, = 0.
bn

2. Main results

THEOREM 2.1. Let K be a nonempty closed convex subset of a real Banach
space X, T : K — K a nearly uniformly L-Lipschitzian (with sequence {ry}n>0)
asymptotically generalized ®—hemicontractive map (with sequence k, C [1,00),
limy, o0 kn = 1) such that F(T) = {p € K : Tp = p}. Let {an}nz0, {8} n>0
be real sequences in [0, 1] satisfying the following conditions:

(i) Zn>o Qp = 00

(ii) imy, oo, =0=48%  k=1,2,...,p— 1.

For arbitrary xo € K, let {x,}n>0 be iteratively defined by (OI). Then, {zn}n>0
converges strongly to p € F(T).

PROOF. Since T': K — K is an asymptotically generalized ®-hemicontractive
mapping, there exists a strictly increasing continuous function @ : [0, 00) — [0, c0)
with ®(0) = 0 such that

(2.1) (T"x = T"p, j(x = p)) < knllz = pl* = @(llz = pl)),
for x € K, p € F(T), that is
(2.2) (T" = kn D)z — (T = knD)p, j(2 = p)) < =®([lz = pl])-

Choose an zg € K and x¢ # Tz such that ||xg—T"xo||||zo—pl|+ (kn—1)||z0—p||* €
R(®) and denote ag = ||zg — T"xo||||xo — p|| + (kn — 1)||zo — p||*. Indeed, if ®(a) —
+00 as a — 00, then ag € R(®); if sup{®(a) : a € [0,00]} = a1 < 400 with a1 < ag
Then for p € K, there exists a sequence {u,} in K such that u, — p as n — oo
with u,, # p. Clearly, Tu, — Tp as n — oo thus {u, —Tu,} is a bounded sequence.
Therefore, there exists an ng such that ||w, —T™u |||, —p||+ (kn—1)||un—p||* < &
for n > ng. Then we redefine g = uyp, and ||zo—T"z0||||xo—p||+ (kn—1)||m0—p||* €
R(®). This is to ensure that ®~!(ag) is well defined.

We first show that {z,}72, is a bounded sequence.

Set R = ® (ap); then from (ZZ), we obtain that |z, — p|| < R. Denote

Bi={zeK:|lz—p| <R}, Be={xeK:|z—p|<2R}.

Now, we want to prove that x, € By;. If n = 0, then zg € B;. Now assume
that it holds for some n, that is, x,, € B;. Suppose that, it is not the case, then
lnsr — ol > R > £.

Since {ry} € [0, 00] with 7, — 0. Let M = sup{r,, : n € N} and denote

®(R/2) ®(R/2) ®(R/2) }
24R? " 12R[(2R+ M)L + R]’ 12R[2((2R+ M)L + R) + M]LJ"

Tp = min {17
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Since lim,,_yoo ¢y = 0 = ﬁ,’j, for k=1,2,...,p—1 and lim,,_, k, = 1. Without
loss of generality, let 0 < ay,, B, k, — 1 < 79 for any n > 0. Then, we have the
following estimates from (1)) for k =1,2,...,p— 1.

lynt = pll < @ = B2z — pll + B HIT w0 — pll < R+ 70L(R+ M) < 2R,

then y?~! € B,. Similarly,
lyn =2 = pll < @ = B2 )|z — pll + B 2T "y~ = pll < R+ L(2R + M) < 2R,
then y?~2 € By ..., we have

lyn = pll < (L= B)llzn — pll + BullT s — pll < R+ 70L(2R + M) < 2R,
then y! € B,. Therefore, we get

st — pll < (1= an)llzn — pll + anl| T2 = pll < R+ 7oL(2R + M) < 2R.
Also we have the following relations,
[2nt1 = @nll < @l T yp — zall < an(I Ty — pll + 20 — o))

T

<
< 7(L(2R+ M) + R).

< 5n||Tny721 — ||+ anHTnyrlz — Zn |
< BallTyn = pll + llzn — pll) + (I Ty — pll + |20 — o)
< 279(L(2R+ M) + R).
Using Lemma [T and the above relations, we have
(23)  Nzaar = pl* < e — pll* + 200 (T, — @0, j(@nr1 — p))
= |lzn = plI* + 200 (T" Tp11 — Tny1, §(@Tns1 — p))
+ (@nt1 — T, j(Tns1 — p))
(T = T g1, (01 — p))
<lan = plI* + 200 (knllzn41 = plI* = @(llzns1 = pll))
=20 ||znsr = pll* + 200 L(lyn — znsa D 2041 — ol
+ 20| Znt1 — Tall |01 — Pl
<l = pl* + 200 (kn — Dz — plf?
=20 ®([|lzn11 — pll))
+ 200 L([lyn = zns1l)llzns1 — poll
+ 2o |znt1 — 22041 = pll

lyn = @na

P(R/2
< Nn = pl|? = 20, @(R/2) + 201, (]Z/ )
O(R/2) O(R/2)

<l = pll* — an®(R/2) < R,

which is a contradiction. Hence {x,}22, is a bounded sequence.
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We next prove that ||z, — p| — 0 as n — .
Since lim,, oo @y =0 = ¥, lim,, o0 ky, = 1 and {z,,} is bounded. Clearly,
Tim g — 2l =0, i Ly} — ] = 0.
Thus from (Z3]), we have
Jnss — I < llzn — Pl + 200 (T2 — 2, j(@ns1 — p)
= l|lzn = ol + 200 (T" %011 — Tpt1, j(Tnt1 — p))
+ (Tnt1 = Tn, J(Tnt1 — p))
ATy = T @01, § (@ns1 = p))
<lzn = plI* + 20 (kn |21 — plI* = (2041 = pl))
= 20n|znt1 = plI* + 200 L([lyp — zns1lD 201 = ol
+ 2ap||Znt1 — Tull [P0t — Pl
< Nm = pII? + 20k — 1)lzns1 — I
= 2008 (|21 = o) + 200 L(llyp — zns1 Dllznsr — ol
+ 2an||Znt1 — Tull [P0t — Pl
= llzn = pll* = 200 ®([[znt1 — pll) + o(an),
where
20 (kin = Dllznss — oI + 20 (g — 2nsa Dlzns1 — pl
+20an|[#n41 — Tl |2ngr — pll = o(an).
By Lemma [[[2] we obtain lim,,_,« ||z, — p|| = 0. O

REMARK 2.1. If we set p = 0 and 3. = 0, then the modified version of the
result of [2] holds as a special case of our theorem.
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