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COMPLETENESS THEOREM FOR CONTINUOUS
FUNCTIONS AND PRODUCT CLASS-TOPOLOGIES

Radosav Djordjevié, Vladimir Ristié¢, and
Nebojsa Ikodinovié

ABSTRACT. We introduce an infinitary logic Ly (O™, C™)new which is an ex-
tension of L, obtained by adding new quantifiers O™ and C", for every n € w.
The corresponding models are topological class-spaces. An axiomatization is
given and the completeness theorem is proved.

1. Introduction

In [7] a topological class logic La (O, C) appropriate for the study of topologies
on proper classes was developed. The logic La (O, C) is an infinitary logic with new
quantifiers O and C'. The corresponding semantics consists of a classical first-order
structure X whose domain K is a class, with addition of two classes T and C of
subsets of K such that (K, T, C) is a topological class-space introduced in [2] (see
Definition 2.1). The intended meaning of Oxp(x) (Czp(z)) is that the set defined
by ¢(z) belongs to the class T (C). The logic Ls (O, C) is analogous to the logics
L, (0) and Ly, ,(O) developed in [14] for ordinary topological spaces. In [13],
the author investigated the logics Ly, (O™ )new and Ly, (O™ )neo, with quantifiers
O™ for each n € w in order to give a formal treatment of continuous functions on
product topologies.

In this paper, following the ideas from [7] and [13], we continue the study
of topological class logics and introduce the logic La(O™,C™),¢c. appropriate for
continuous functions and product class-topologies.

All above mentioned logics are of the form Ls(Q1,Q2,...), i.e., they are exten-
sions of an admissible fragment Ly of L, with new quantifiers 1, Q2, ... Here,
we give some general remarks and a short (mainly informal) overview of the notions
relevant to our consideration.

The original purpose of admissible sets was to generalize classical computability
theory from natural numbers to ordinals. The Kripke—Platek set theory, KP for
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short, is considered as a minimal subsystem of ZF necessary for a good notion of
computation. KP arises from ZF by omitting the Power Set Axiom and restricting
Separation and Collection to Ap-formulas. An admissible set is a transitive set A
such that (A, €) is a model of KP. The smallest example of an admissible set is
the set of hereditarily finite sets HIF which corresponds to classical computability
theory. Another example of an admissible set, important in this paper, is the set
HC of hereditarily countable sets. To emphasize the analogy with computability
theory, for an arbitrary admissible set A, the elements of A are called A-finite, a
subset of A that is definable in (A, €) by X-formula, with parameters in A, is called
A-computable enumerable (A-c.e.), and a set X C A is called A-computable if both
X and A \ X are A-c.e.

If L is a countable first-order language and A is an admissible set such that
A C HC and w € A, the admissible fragment L, is the set of all L, formulas
that belongs to A. L, is an A-computable set, and is closed under basic syntactical
operations. The Barwise compactness theorem is one of the most significant results
related to admissible fragments: If A is a countable admissible set, and I is an
A-c.e. subset of L, such that every A-finite subset of I' has a model, then I" has
a model.

Barwise compactness is in the heart of a techniques developed by Raskovié
n [11]. After that paper, the technique has been applied for proving completeness
theorems for many infinitary logics with generalized quantifiers [4-7,12]. Roughly
speaking, adding new quantifiers to infinitary logics is one of the most frequent
and high acceptable ways to incorporate into the realm of logic those structures
whose related concepts are left out of the first-order logic (such as: probability
spaces, topological spaces, etc.). Here, our attention is focussed only on n-ary
quantifiers (n > 1) which can be applied to a single formula and bind an n-tuple
of variables. More precisely, if L is a first-order language (a vocabulary) and @
is an n-ary quantifier, then the set of formulas L, (Q) is built in the standard
way with the additional formation rule: if ¢ is a formula and Z is an n-tuple of
variables, then QZy is a formula. A weak-model for L, (Q) is a structure of the
form (A, q), where A is an L structure and ¢ is a set of subsets of the universe A.
The truthfulness of an L, (Q)-formula in such models is defined inductively in
the usual way with the new clause:

(Aq) = QTp it {de A" | (A q) = old]} € q.

Of course, there are many concrete interpretations of @ (Q “there exist infinitely
many"”, Qr, “there exists uncountable many” [10], Q>, “to have probability at
least 77 [9,12], Qopen “to be open” [14], etc.).

Combining a consistency property argument and the Henkin construction yields
an Ly, (Q)-version of the weak completeness theorem (see [6,11]). In order to
obtain stronger completeness theorems, we have to carry out more interesting model
constructions according to the intended meaning of a new quantifier. The key step
of Raskovié¢’s technique is the construction of a middle model whose all subsets
satisfy some desirable conditions being true in a weak model only for L. (Q)-
definable subsets. If K = L U C is introduced in the construction of a weak model
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(C is a set of new constant symbols and C' € A), then a desirable middle model is
obtained by Barwise Compactness applied on a theory of many sorted logic whose

language contains (at least) two kinds of variables: X,Y, Z, ..., variables for sets,
and z,v, z, ... variables for urelements. Predicates are E,(x1,...,2,,X), n > 1,
with canonical meaning (z1,...,2,) € X, and Q(X). Constant symbols are A,

for each K, (Q)-formula ¢. Finally, when a middle model is properly constructed,
it have to be transformed to a strong model. This strategy will be applied in the
proof of Completeness theorem for Ls (0™, C™)pew.

The rest of the paper is organized as follows. Section 2 contains a short overview
of topological class-spaces. In Section 3, the syntax and the corresponding seman-
tics of the logic La(O™,C™)pe, are described. A sound and complete axiomatic
system is given in Section 4. This section contains the main result of the paper,
i.e., the completeness theorem for L (O™, C"),e,,. We conclude in Section 5.

2. Preliminaries

The notion of topological class-space was introduced in [2], and further devel-
oped in [3]. The metatheory is NBG class theory.

DEFINITION 2.1. [2] Let K be a class and T and C classes of subsets of K.
We call the triple (K, T,C) a topological class-space if the following axioms are
satisfied:

for any subset x of K there exists a € C such that z C a;
KCy) ifue T and a € C, then a \~ u € C.

Elements of T are open subsets, while elements of C are closed subsets of K.

(KTq) if u,v €T, thenunNveT

(KT2) for any i, if u; € T, j €4, then ;¢ u; € T;
(KT;3) for any = € K there exists u € T such that z € u;
(KTy4) if u € T and a € C, then u \ a € T;

(KCy) if a,b€ C, then aUb € C;

(KCs) for any 4, if a; € C, j €4, then [, a; € C;
(KCs)

(

Many examples of topological class spaces can be found in [2,3]. The following
theorem is an answer to the question when an ordered pair (Br,Bc¢) of classes of
subsets of a class K defines a class-space over K.

THEOREM 2.1. [3] Let K be a proper class and By and B be classes of subsets
of K such that

(1) Ve e K3s €Br x € s.
(2) for every subset m C K there is f € Bo such that m C f.
(3) VseBrVfeBe (sNfeBrAf~seBeo).

Then there is the least class-topology (K, T, C) such that By C'T and Bo C C.

If K and L are classes, recall that a map from K into L is every class F C K x L
such that Vo € K 31y € L (x,y) € F.
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DEFINITION 2.2. [2] Let (K, Tk, Ck) and (IL, Ty, Cp) be class-spaces. A map
F: K — L is continuous iff the restriction F [ u to every u € Tk is a continuous
function.

THEOREM 2.2. [3] Let (K,Tg,Cx) and (L,TL,Cr) be class-spaces and let
F: K — L be a map. Then the following are equivalent:

(1) F is continuous.
(2) For all u € Tk, and all w € Ty, uNF~1(w) € Tk.
(3) For allv € Ck, and all w € Cr, vNF~H(w) € Ck.

The product of two class-spaces (K1, T1,Cq) and (Kg, T, Cs) is the class-space
(K, T,C), where K=K; x Ky and the basis for T and C are the classes Ty =
{ri'(w) Ny (v) |u€ Ti,v € To} and Co = {m; ' (u) Ny (v) | u € Cy,v € Ca},
where m; : K — K; and 75 : K — Ky are projection maps. The classes Ty and
Cp do not satisfy the conditions of Theorem 2.1, so let T” be the class of all finite
unions of the elements of the class T, and C’ be the class of all finite unions of
the elements of the class Cy. It is obvious that the classes T’ and C’ are closed
under finite intersections. In fact, the classes T/ and C’ form the base of the
topological class-space (K, T,C). Note that To C T’ and Cy C C’ and the classes
T" and C’ satisfy the conditions of Theorem 2.1, and there is the least class-space
(K,T,C) such that T/ C T and C’ C C. It is not difficult to see that the class
T = {Uz | = is a finite intersection of members of T'} is exactly the class T of the
open sets. Similarly, the class C = {Nz | z is a finite union of members of C'} is
the class C of closed sets. Furthermore, each open set O € T is a union of sets of
the form O; x O3, where O; € T1 and Oy € Ts. This fact is of the great importance
for our axiomatization given here.

3. Syntax and semantics of the logic L, (0", C"),c,

We assume that A is a countable admissible set such that A C HC and w € A.
We refer the reader to [1, 8] for a detailed treatment of admissible sets and the
infinitary logic L. Briefly, we note that the set of formulas of L, is the set of
all expressions in A that are built from atomic formulas using negation, finite or
infinite conjunction, and the quantifier V.

Let L be a X-definable set which contains a set of finitary relation symbols.
The infinitary logic La(O™,C™)pe. is an extension of Ly obtained by adding new
quantifiers O"x1,...,z, and C"zq,...,T,, for every n € w, where x1,...,x, is a
tuple of pairwise distinct variables.

DEFINITION 3.1. The set of formulas of Ly (O™ C™),e., is the least set such that:
(1) Each atomic formula of first-order logic is a formula of Ls (O™, C™)pew;
(2) If pis a formula of Ly(O", C™)pey then —gp is a formula of Ly (O™, C™)pew;
(3) If ¢ is a formula of Ly(O™, C™),ew then Vzp, Jzp, O"axq,..., 2,0 and
C"x1q,...,znp are formulas of La(O™,C™),ew; occasionally, we use the
abbreviation Q" for Qz1 ...Qx,, Q € {V,3};

(4) If @ € A is a set of formulas of Ly(O™,C™)pe. with only finitely many
free variables, then A ® is a formula of L (O™, C™),cy.
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Three types of models are relevant for our logic.

DEFINITION 3.2. A weak model for Ly (O™ C™)pe, is a structure (K, T, Cp)new,
such that IC is a first-order structure of a language L whose universe K is a class,
and T,,, C,, are classes of subsets of K.

A middle model for Ly(O" C™)pey is a weak model (K,T,,, C,,)new, such that:

(a) For each (x1,...,z,) € K" there is U € T,, such that (x1,...,z,) € U;

(b) For every subset X C K" there is F' € C,, such that X C F;

(c) ForallU € T, and F €C,, UNF €T, and F\U € C,.
A complete topological class model for Ly (O™ C™) e, is a weak model (K, Ty, Cp)new
such that for each n € w, (K", T,,,C,) is a topological class-space, T,, is the n-th
topological product of T; on K and C,, is the n-th topological product of C; on K.

The satisfaction relation = is defined inductively in the usual way with the
new clauses:

(’CaTna(cn)nEw ': kala"'71'1950[991;"'7xk;b1a"'7bl] iff
{(ala"'aak) | (K;Tn;(cn)new ': Cp[ala"wak;bla"'abl]} € Tk
for (by,...,b) € K
(IC,']Tm(Cn)nEW)=Ckxl,...,xkap[xl,...,xk,bl,...,bl] iff
{(at,...,ar) | (K,Tn,Cpnew E ©lar,...,akb1,...,b]} € Cy

for (by,...,b;) € K.

4. A complete axiomatization

Ly(O",C")pnew has the following set of axioms, where ® = J, ., ®n,
O, ={p € D|¢isa formula of Ly(O,C) with n+1 free variables}, and &, ®,, € A,
n cw:

(1) All axioms schemas for Ly;

(2) Vai,...,x0(p & ) = (O"x1,..., 200 < O"21, ..., 200);
Vi, ..., Zn(p < ) = (CMxy,. . xnp < CMay, .., xpt));
(3) O"x1,...,xpe(x1, ..oy Tn) = O"y1y oo s Yn@(Y1y - -« Yn);
Cnmla"'axn@(mla"wxn)4>Cnyla"'aynsa(yla"wyn);
(4) O"a1, ... zn(z1 # 21);
anla"'axn(ml 7&1‘1),
(5) O"x1,...,xne ANO™ 1, ..., 200 = O"x1,..., x5 (0 AY);
C"21y. .y ANC™ 21, o xp) — CMayy oo 20 (0 V );
(6) O"x1,...,xno ANC™x1,...,xy) — O"x1,..., 25 (0 A —0);
O"zq,..., 20 ANC"21,. .., 20 — C"x1, ..., x0 (-0 AY);
(7) vyonmla"'axnw(mlau xnay) - Onxla"'7xnzly90(x17"'axn;y);
Vycnmla"'7xn¢(m1a"'7xnay) - C" mla"'7any50(m1a"'7:En;y);
8) A O"xy,...,2p0— O™z, ..., 2, \/ D;
ped
N C'zy,....¢xp0 — C"xq, ..., 20 \ D

pED
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9) O"x1,..., 0@ AO™Tpi1, ooy Tnem® — O™y T (0 AD);

C"1, .o T @ AC™ T i1y oo Tem ) — O™ ™My o T (0 AD);

(10) O™x1,...,xnp(x1,...,Zp) %Ok:ﬂil,...,xikga(:ng(l),...,:ng(n));
anla"'axnsﬁ(zla"wxn) 4>Ckmilﬂ'"7xik<p(xa(1)a"'ax0'(n))a
where o: n — n, |on]| =k and 0 = {i1 < -+ <ir};

[Informal meaning: The permutation, projection, or consolidation of an
open set is open (see [13])]
(11) O™z, ..., 2n(T1, -y Tn) = V21, 2O Fapg, o (. 20);

[Informal meaning: Any projection of an open set is open.]
(12) vrz\V Vo 3G (0" Ze(Z,9) A (T, G));
m eEPpmpn_1
[Axiom corresponds to the condition (KT3).]
) A A viEV Vo 3mG(CRER(E ) AVRE(p(, E) — (i, §)));
n ped, k1 mpeEPy, k1
[Axiom corresponds to the condition (KCs).]
(14) O™y (y) — /l\ A VE(O"T0(E,T) —

0€P, 111
— Om-i—n—kg’ Yk+15- -5 Ym (Elyla - Yk (1/)(?7) A 90(27 Zj)) A 9(5, 17)));
[Informal meaning: ¢(z1,...,2n,¥y1,-..,Yk) defines an (n, k)-ary continu-

ous relation, i.e., under the restriction to any open set, the inverse image
of a slice of an open set is open.]

(15 A A Vu V \ Ix11 - X1k - TR - Tk,
n peP, _1 KEW™ (P1,0vspn) EPry X oo X Py,
n
(Onﬂp(f) A (i) — ( A (Ozgi(z, @iv, .. wig,) A @i (wi, @i,y o Tig,)) A
i=1

n
/\Vyla cee 7yn( /\ @i(yiaxila s 71'“9-;) - sa(yla . 7yn))>);
i=1
(for simplicity the formula ¢ is written without parameters);

[Informal meaning: Every open set is the union of open boxes, i.e., if

(1,...,2n) € U € T,, then there exist Vi,...,V,, € Ty such that
(1,...,2n) EViI X -+ xV, CU|
(16) V"gj'/\ V \/ 31‘11 X1 E|£L'n1 « o Tnl,
k @€Prin_1lEW™ (p1,...,0n)EPy X..X Py,

1=

))A
n

/\Vxl,...,xn( N @i(zi,ziq, ... xqy,) — —mp(xl,...,xn)));
i=1

(for simplicity the formula ¢ is written without parameters);
[Informal meaning: If (z1,...,z,) € F € C,,, then there exist V,. ..,
T; such that (z1,...,2,) € Vi X --- x Vyand (V3 x --- x V)N F
(see [2,3]).

and the rules of inferences:

n
(CnfSO(f) A =p(y) — ( N Oxpi(x, zi1, ... wi,) AN 0i(ys, Tins - -, Ty,
1

(R1) From ¢ and ¢ — 1, infer .
(R2) From ¢ — 9, for all v € ¥, infer o = A .
phew
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(R3) From ¢, infer Va .

Axioms (2)—(8), (12) and (13) formalize our notion of topologies on classes and
they are analogue to the axioms of the Ly (O, C'). Axioms (9), (10) and (11) describe
products of topological class-spaces. Axiom (14) enforces the constraint that an
(n, k)-ary relation defined by a formula ¢(z1,...,2n, 41, .-, Yk) is continuous (see
Theorem 2.2, and [13]). Axioms (15) and (16) capture the fact that for each n € w,
T,, is the n-th topological product of T; on K, and C,, is n-th topological product
of C; on K.

The soundness theorem for L (O™, C™),e,, holds since all the axioms represent
properties of the topological class-spaces. We prove that the axiomatization is
complete with respect to the class of complete topological class models. In the proof
we combine Keisler’s construction for the weak completeness theorem in [10], with
Sgro’s construction from [14] and Raskovié’s middle-strong construction from [11].
Two simple statements will be used in the middle-strong construction:

(1) Y C K and Y is not open, then there is ¢ € Y such that if U is open
and U CY then c¢ U.

(2) If Y C K and Y is not closed, then there is ¢ ¢ Y such that if F' is closed
and Y C F then c€ F.

Let T be a set of sentences of Ly (O™, C™) e, such that T is ¥1-definable over A
and consistent with the axioms of Ly (O™, C™)pcw. Let 9°" and HCk, k € w, be the
sentences of Ly (O™, C™),¢,, introduced for each formula 6(z1, ..., 2k, y1,...,Yn) as
follows:

(0) 69" is Vg T (-0 H(Z, ) = N A 00" 9),
m x€Pmir_1
where QSk(f, ¥) is
v Z((OFax (@, 2) AVFE(x (T, 2) — 0(3,9))) — (0(Z, 9) A ~x(&, 2))).
(C) 6" is Vg E(-Cr () - A N 6S (@),

where Hgk (Z,7) is
v Z((Crax(d, 2) AV*T(0(3,5) — x (7, 2))) = (=0(Z,9) A x(Z, 7))

Note that Hgk (x1,..., Tk, Y1,---,Yn) is the set of k-typles (z1,...,z)) wich are

in 6, but not in any open subset of # defined by x using parameters, and 0°" means
that for any parameters, if 6 is not open then it is not equal to any union of open
sets definable in La (O™, C™)pey,- Similarly, Hgk (1, Tk, Y1,---,Yn) is the set
of k-typles (z1,...,xr) which are in any closed superset of 8 defined by x using
parameters, and 0C" means that for any parameters, if 6 is not closed then it is
not equal to any intersection of closed sets definable in Ly (O™, C™)pew. It can be
shown (as in [7]) that I' = T'U {QOk,OCk | 0 is a formula in , k € w} is consistent
in Ly(O™, C™)pew. By Keisler’s construction of weak models, we get a set model
with the properties of topological class-spaces (see [7] for more details). In the
weak model (IC, Ty, Cp,)ne, of the theory T, the condition (KCs) holds, by Axiom
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(13), only for Ly (O™, C™),ew-definable sets. The construction of the middle model
extends (KCj3) to all subsets of K™, n € w.

THEOREM 4.1 (Middle Completeness Theorem for Ly (O™, C™)pew). Let T be a
set of sentences of Ly (O™, C™)pew such that T is 31 -definable over A and consistent
with the azioms of La(O™, C™)pew. Then there is a middle model of T.

PRrROOF. Let K = LUC be the language introduced in the Keisler construction
of a weak model of I" where C is a set of new constant symbols and C' € A. Let M be
a language with two kinds of variables: X,Y, Z, ... variables for sets and =z, y, z,
variables for urelements. Predicates of our language are E,, (21, ..., %, X), O"(X)
and C"(X), n € w, with canonical meaning (x1,...,z,) € X, X is an open set of
n-typles and X closed set of n-typles. Constant symbols are C, for each formula
@ of Ly(O™,C™)pew- Let S be the following theory of Mj:

(1) Axiom of well-definedness
VX /\ _‘Hxla--'7xn7yn+1a'"7ym(Em(x17-"7xn7yn+17"'7ymaX)/\

nm
AEn (21, ... 20, X)),
where {1,..., 20} NV {Yn+1s- -, Ym} = 0;
(2) Axiom of extensionality
Va1, .o & (En(x1,. .0 20, X) & Ep(z1,...,2,,Y)) & X =Y
(3) Axiom of specification

(a) via (vm?jylv e 7ymEn+m(f 9,CRr) < En-i-m(fa G, CR))
for each atomic formula R(z1,...,Zn,C1,...,Cn) of Ka;
(b) VT (En (¥, C-y) <> —En(Z C«:));
(¢) V'Z (En(Z,Cra) < N\ En(Z,Cy));
pED
(d) V"Z (En(Z, Cvayp) > YeE14n(x, %, Cy));
(e) V'@ (En(Z, C’gw) < B, (2, T, Ctp));
(f) v X

D
<
3
8
o
3
2
3
3
<
)
T
L
Ja
Q
,S
l\_/

(4) Axiom of subbases

(a) V"7 3X (0" (X) A Ea(@ X));
[ see Ly(O™,C™ )new—axmm (12)]

(b) VX Y (3'TE, (7, X) — C™(Y) AVE(E, (&, X) — En(,Y)));
[ see Ly(O™,C™ )nEw—amom (13)]

(c) YX VY VZ (0"(X B (%, 2) <

)ACT(Y) = (v (
<

[ see La(O™, C™),cw-axiom (6)]
(d) VX VY VZ (O"(X)AC™(Y) = ((V"Z (En(Z, Z) <

[ see Ly(O™, C™)pen-axiom (6)]
(5) Axioms of complete topological product and continuity
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(a) VX VY VZ (O™(X) AO™(Y) AV E (Enym (T, Z)
“ En(x1,.. 20, X) AN Ep(n41, - .. ,x,H_m,Y)) — O”“‘m(Z));
[ see Ly(O™, C™)pey-axiom (9)]
And En(ma(l)a cee 7xa(n)aX)) - Ok(Y))a
o:{l,...,n} =-{1,...,n} and the range of o is {i1 < iz < -+ < ig};
Similarly for the predicates C™;
[ see Ly(O™,C™)pen-axiom (10))
(c) VX VY (O™(X) AVFZ (Fyrgts -2 Yn En(® Ykst, - yn, X) —
— ka+1, R (En_k(xk+1, R ,l‘n,Y) 4
< En(x,... ,xn,X))) — O"‘k(Y));
[ see Ly(O™,C™)pey-axiom (11)]

() VXV"f(O”(X)AEn(f,X) 3y ... ( ( AYNo (:EZ,Y)>/\
E

AV ( (> Y3) = Eu(7. X)) ) )
[ see Ly(O™,C™)pew-axiom (15)] .

(e) VXV"JE(C”(X)/\ﬁEn(:E,X) = HYl...HYn< A (O(Yi)/\El(xi,Yi))/\

i=1

H >3

A (A Buyi V) > ~Ea(3.X)) ));
i=1
[ see Ly(O™,C™)pen-axiom (16))
(f) VX VY VZ (O™(X)NO™(Z) —
— (VZl, s Ay Ykt - Ym ((Elyla .. 7yk(Em(y1a e '7y’m’X) A
/\EnJrk(zla sy RAny Y1y 7yka )) /\En(zla e .,Zn,Z) N4
<~ Eernfk(zla sy Any Ykt1s - 7ym; ) - Oernik(Y))))a
for each (n, k)-ary relation g;
[ see Ly(O™, C™)pey-axiom (14)]
(6) Axioms which are transformations of all axioms ¢ of Kx (O™, C™)pew
Vi, ..., xn Ep(xr, ..., 20, Cy);
(7) Axioms of realizability of all sentences ¢ in T’
Vo Ey(z,C,).

The theory S is ¥-definable over A and each Sy C S, Sy € A has a standard
model since the axiom

AR AAVAREAY mG(CR (2, ) AVEE(p(T, F) — (T, F)))

n QE(S))ntrk—1 m ¢E(Sé)m+k71

holds in the weak model (K, T,,, Cy,)new, which can be transformed to a standard
model for Sy (see [7]), where Sy C S}, S| € A is closed under substitution of the
constant symbol from K and disjunction, and

(S0)n = {p € S} | ¢ has n + 1 free variables}.



128 DJORDJEVIC, RISTIC, AND IKODINOVIC

It follows by means of the Barwise compactness theorem (see [1]) that S has a
standard model B, which can be transformed to a middle model (K, T,,, C;,)new of
T, similarly as in the logic La(O, C). O

Let (K, T},,C! )new be the middle model of T' where T is 3;-definable over A
consistent with the axioms of La(O™,C")pew. Classes T/, and C!, for each n € w
satisfy conditions 2.1, so we can form the classes

T,, = {z |  is a finite intersection of members of T/}

and

C,, = {z | x is a finite unionof members of C/ }.

As in the logic Ly (O, C) we can prove that
K,

/ 1 _
Tn; (Cn)nEw =Lp(0",C")pecw (IC) Tm (Cn)nEwa

where T,, = {Jz | * € T,} and C,, = {Nz | = € C,} for each n € w using the
sentences #°° and C* for each formula 0(21,- -y 2Zny Y1y -« -3 Yn) Of La(O™, C™)pcw.
The given structure will be a complete topological class model for T. We have thus
proved the following theorem.

THEOREM 4.2 (Completeness Theorem for Ly(O™, C™)pey). If T is X1-defin-
able over A and consistent with the axioms of La(O™,C™)pecw, then there is a
complete topological class model of T .

5. Conclusion

We introduced the logic Ls (O™, C™)ye, related to topological class-spaces and
suitable for studying continuous functions and product class-topologies. A sound
and complete axiomatization is given, and the completeness theorem is proved. The
proof illustrates the power of Raskovi¢’s middle-model method in producing new
results. In general, it is worth noticing that Barwise compactness and the great
expressive power of infinitary logics can provide more subtle models that can be
obtained from ordinary compactness of the first-order logic.
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