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THE FOURTH POWER MOMENT
OF THE DOUBLE ZETA-FUNCTION

Isao Kiuchi

ABSTRACT. We prove the fourth power moment of the Euler-Zagier type dou-
ble zeta-function (2(s1,s2) and provide an improvement on the € results of
Kiuchi, Tanigawa, and Zhai. We also calculate the double integral under cer-
tain conditions.

1. Introduction

Let s; = g +it; (05, t; € R, j = 1,2) be complex variables, and let {(s) be
the Riemann zeta function, which is defined as >, n~* for Res > 1. The double
zeta-function of the Euler—Zagier type is defined by

1

(1.1) Ca(s1,82) = Z meinse
1<m<n

which is absolutely convergent for oo > 1 and o1 + 02 > 2. The proof of Atkinson’s
formula for the mean value theorem of the Riemann zeta-function ((s) (see Atkinson
[2] or Ivié¢ [7]) is applied applies to series (1.1). Double zeta-function (1.1) has many
applications to mathematical physics. In particular, some algebraic relations among
the values of double zeta-function (1.1) at positive integers have been extensively
studied by Ohno [17]. Some analytic properties of this function have been obtained
by Akiyama, Egami, and Tanigawa [1], Ishikawa and Matsumoto [6], Kiuchi and
Tanigawa [12], Kiuchi, Tanigawa, and Zhai [13], Matsumoto [14, 15|, Zhao [19],
and others.

1.1. Mean square formula. Matsumoto and Tsumura [16] were the first
to study a new type of the mean value formula for fQT |¢(s1, 82)|2dty with a fixed
complex number s;. They conjectured that when o1 + 02 = %, the form of the
main term of the mean square formula would not be CT" with a constant C, and
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that, most probably, some log-factor would appear. Their results were considered
by Ikeda, Matsuoka, and Nagata [5], who showed that

T <1 1)
/2 [Ga((s1, 82) [Pty = (rnz_:lm $(s2) _; ns2 )T

(1.2)

O(log? T') it o1 + 02 =2,
O(T472017202) if 3 <oy + 0y < 2.

Here, the coefficient of the main term on the right-hand side of (1.2) converges if
o1+ o2 > % Ikeda, Matsuoka, and Nagata deduced that the asymptotic formula

T
1
(1.3) / (Cals1, 89) 2ty = ———Tlog T + O(T)
2 |s2 — 1]

holds on the line 01 + 09 = % This result implied that the conjecture of Matsumoto
and Tsumura on the line 01 + 09 = % was true. Tkeda, Matsuoka, and Nagata made
use of the mean value theorem for Dirichlet polynomials and suitable approxima-
tions to the Euler-Maclaurin summation formula to obtain formulas (1.2) and (1.3).
Assuming that 2 <1 < T,0< 01 <1,0< 02 <land 0 < 01 + 02 < %, Kiuchi
and Minamide [11] recently considered five formulas for the mean square of the
double zeta-function (z(s1, $2) concerning the variable ¢; and showed that, for any

sufficiently large positive number T' > 2,

T
2 201+205—3 4(4 - 201 - 202) 4—201—20
dty = (2m)271 202 4201203
/2 |C2(s1, 52)[7dty = (2) (A= 20, — 209)|52 — 1]°

_1 5
(1.4) v O, tTE oo

with 1 < o1 +09 < % and 2 <ty < T1_§(01+"2),

T ) .
(1.5) /2 |Ca(s1, 82)[*dty = %TQ + O(ty * (logts)T?)

1
with 01 + 09 =1 and 2 < ty < L2

C(4 — 20’1 — 20’2)
(4 =201 — 202)|s2 — 1)?

T4720'1 —202

T
(1.6) / (Cals1, 50) 2ty = (22142723
2

3-201 —209

with % <o14+092<1,and 2 <ty <T521-22 and

T
2 . C(3) 3
(1.7) /2 |C2(s1, 52)[7dty = WT

n O(TQ) if o1+09=
Oty ' T%\/TogT) if o1+ 09 =

and +/logT < to < T%,
and 2 <t9 < +/logT.

NN
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Furthermore, they derived the formula

4(4 — 20y — 202) T472017202
(4 — 20’1 — 20’2)|52 — 1|2
o 5 1-201 —209 3-201 209
71 ‘72T5—01—02) if T3 201202 Lty < T5 201202
1—2(7172(72

1T3—201—202) if 2 <ty < T 3=201—202

T
(1.8) / |C2(Sla 82)|2dt1 — (27T)2U1+20273
2

o

for 0 < o1 + 02 < 5. They used the mean value formula for |((c + it)| and a weak
form of Kiuchi, Tamgawa and Zhai’s approximate formula for {2(s1, s2) to obtain
formulas (1.4)7(1.8). Kiuchi and Minamide also showed that

D o=

5] |

3
) ' t§—0'1—0'2
(1.9) CQ(O’l +Zt1,0‘2+lt2)=ﬂ(1t7>
2
forl1 <oy 409 < 2, 2<t <Tand2<ty < T 30173022 and
3
tifo'lfo'g
(110) C2(0'1 +it1,0’2+it2)zﬂ<lt7)
2

3—207 209

for 0 <oy 409 <1,2<t <T,and 2 <ty < T5 2122 ° with ¢ being any
small positive constant. Formulas (1.9) and (1.10) provide a certain improvement
on the Q-results of Kiuchi, Tanigawa, and Zhai [13].

1.2. Fourth power moment. Before the introduction of our theorems, let
us recall the 2k-th power moment of the Riemann zeta-function (o +it). It is well
known that

! - di(n)

/ IC(o + it)|*dt = (Z 7’;20 )T +O(T? 7))+ 0(1)
2 n=1

holds, when o > 1 is fixed and k > 1 is a fixed integer (see Theorem 1.10 in [7], or

[8]), where the divisor function di(n) is the number of ways n can be written as a

product of k fixed factors. Then, in the case k = 2, we have

T 4

: ¢*(20)
1.11 / Clo+it)|*dt =
(111) Ko il =
for ¢ > 1 and any small positive number €. The higher power moment for the

Riemann zeta-function (1 + it) was derived by Balasubramanian, Ivié, and Ra-
machandra (see Theorem 1 in [3]), who showed that

/T|(g(1+zt“dt (Z'dk >T+O((logT)k2)

T+O(T* )+ 0(1)

holds for any complex number k and (((s))F =Y 07, d’;(s") in o > 2. For the case
of k = 2 in the above expression, we have
! g < SO 1
(1.12) / |C(1 +4t)| dt = R0 T+ O(log™T).
2
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Ivi¢ [9, 10] obtained the formula
¢*(20)
((40)

for 3 < o < 1. The fourth power moment for the Riemann zeta-function ¢(% + it)
in the critical line was obtained by Heath-Brown [4], who showed that

T
(1.13) / |¢(o +it)|[*dt = T +O(T* %7 log® T)
2

’ 1 A\ : 4—k I4e
(1.14) (5 +it)| dt =T exliogT)** + O(TF)
9 2
k=0
holds with ¢y = ﬁ, and the other constants c; being computable.

The main purpose of this paper is to prove the fourth power moment for the
double zeta-function (2(s1,s2) within the region 0 < 03 <1, 0 < 03 < 1, and 0 <
01 + 02 < 2 without using the mean square formulas (1.4)—(1.8). We use formulas
(1.11)—(1.14) for the fourth power moment of |((c + it)| and Lemma 3 below, as
well as Lemma 2 below, which was derived from a weak form of the approximate
formula of Kiuchi and Minamide [11] for {2(s1, $2) to obtain the following formula.

THEOREM 1.1. Suppose that 2 < t1 < T, 0 < 01 < 1,0 < 09 < 1 and
01+ o2 = 1. Then, for any sufficiently large positive number T > 2, we have

r ¢2) T
4 _ 2 2
(1.15) /2 |C2(51, 82)| dtl = 12’/T2<(4) |52 — 1|4 + O(t2 (1Ogt2T )

1
with 2 <ty < L2,

’l
REMARK 1.1. Inserting to = % into (1.15), the right-hand side of the formula
(1.15) is estimated by T3 log* T, but if we can take to = %, we can estimate that

T'log* T. The main term of this theorem is not TlogA T (A > 0), but 7% since the
analytic behavior of the double zeta-function (a(s1, s2) depends on both s; and ss.
This observation in fact supports the result of Kiuchi, Tanigawa, and Zhai.

As an application of (1.15), we consider the evaluation of the double integral

N T
/ / |C2(51752)|4d2‘:1d?ﬁ27
2 2

and then we deduce the following.

COROLLARY 1.1. Let 0 < 01 < 1,0 < 092 < 1 and o1 + 09 = 1. Within the

1
region 2 < N < %, we obtain

IR 4 5n2 m 2 201 1
R oottty 2 (T a2 27Y (L)
T3/2 /2 G2 (51, 52)["dtrdts — 172803 \ 2 an— It o? +0 N

as T — oco.
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Hence, this observation may be regarded as an average order of magnitude for
the double zeta-function, which is

52 (7r 12 201 )
" (L _man 12—
17280% 2 o1 4+ 0%

’l
if0<0'1<1,0<02<1701+02:17and2<N<IZgJT'

THEOREM 1.2. Suppose that 2 < t1 < T,0< 01 < 1,0 < 09 < 1, % <
01+ 02 < %, and 01 + o9 # 1. Then, for any sufficiently large positive number
T > 2, we have

T
(1.16) / |Ca(s1, 82)[*dt; =
2

(27T)401+402—6 C4(4 _ 20.1 _ 20.2) T7—401—402
7—401 — 4oy ((8 — 4oy —4oa)  |s2 — 1]*

+ O(t;%T%—Sal—Saz)

for 2 <ty < T1=3(01402) gnd 1 < o1 +o09 < %, and

(1 17) /T |< (S ) )|4dt _ (27T)40'1+402—6 C4(4 — 201 — 20-2) T7—401—402
) 5 2(81, 82 YT 40, — 4oy C(8 — 40, —40a)  |so — 1[4

- 1
O(ty *TO-3n—30zte) if2 <ty S TTo 22 5,
_3_ _ 1 3—201—209
oty 2™ ‘72T%—301—302) if T 21203 T8 L fy < T5 21202

for%<01+02<1.

THEOREM 1.3. Suppose that 2 < t1 < T, 0 < 01 < 1,0 < 09 < 1, and
0<or4+02< % Then, for any sufficiently large positive number T > 2, we have,
(2,/T)401+40276<4(4 _ 20.1 _ 20.2) T7740'17402
(7 — 40’1 — 40’2)C(8 — 40’1 — 40’2) |52 — 1|4
+ O(tg—401—402T) + O(t53T6_401_402)

T
(118) /2 |C2(81,52)|4dt1 =

+O(t2—%—01—02T%—301—302) + O(t54T6_301_302+6)

3—207 —209

for 2 <ty < T5-201—202,

REMARK 1.2. An average order of magnitude for double zeta-function (1.1)
derived from the asymptotic behavior of the integrals of the double zeta-function
with (1.15)—(1.18) holds when the ratio of the order of ¢; to that of t3 is small.

However, it is often difficult to determine their analytic behavior for a general ratio
of the order of ¢; to the order of ¢5.

From Theorems 1.1, 1.2, and 1.3, we are able to determine an additional proof
for the Q-result of Kiuchi, Tanigawa, and Zhai [13], and Kiuchi and Minamide [11].

COROLLARY 1.2. Let0<o01<1,0<092 <1, and2 <ty <T. Then, we have
3
570’170’2

. . t
(1.19) CQ(O’l +Zt1,0‘2+lt2)=ﬂ(1t7>
2
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forl1<oy+o0g< % and 2 <ty < T1-3(Orte2) =< gpg

5§—01—02

. , %
(1.20) C2(0'1 +1t1,09 + ’Ltg) = Q(T)
2

3-201 209 . .
for 0 < o1 +09 <1 and 2 <ty < T5 217202 °, where € is any small positive

constant.

Formulas (1.19) and (1.20) are equivalent to (1.9) and (1.10), respectively, and
Corollary 1.2 provides an improvement upon the 2-result of Kiuchi, Tanigawa, and
Zhai [13].

THEOREM 1.4. Suppose that 2 < t1 < T, 0 < 01 < 1,0 < 03 < 1, and
% < 01 + 02 < 2. Then, for any sufficiently large positive number T' > 2, we have

T

(1.21) / |G (51, 52)[*dty = O(t3T)
2

for% <o1+09 <2, and

T log* -5 . 2
(1.22) / o1, 5[ty = | T s + Ot *Tlog™ T) - if 2< 12 < (1og T3,
2 ’ O(t2T) if to > (log T)3

f07’0'1+0'2: %

To improve our theorems, we must obtain a sharper estimate for the integral
f2T |E(s1,52)|*dt; in Lemma 2.2 below, but this is very difficult.

Notations. When g(x) is a positive function of x for « > z, f(z) = Q(g(z))
means that f(z) = o(g(z)) does not hold as x — oco. In what follows, € denotes any
arbitrarily small positive number, not necessarily the same ones at each occurrence.

2. Some lemmas
Let a be any complex number and x(s2) = 2(2m)%2 ! sin(Zs2)I'(1 — s2). The
generalized divisor function o4(n) is defined by >, ,, d*. We use a weak form of the
approximate formula of Kiuchi, Tanigawa, and Zhai [13] to prove our theorems.

For our purpose, it is enough to quote the following weak form, which follows from
Lemma 1 of Kiuchi and Minamide [11].

LEMMA 2.1 ([11]). Suppose that 0 < o1 <1 and 0 < o9 < 1. Then, we have

S1+s9—1 1
St —1) SC(s1 + s2) + E(s1, 52),
52—1 2

where the error term E(s1,s2) is estimated as

(2.1) Ca(s1,82) =

|t2|%701702 if0<o;+oy<1,
(22) E(Sl, 52) < |t2|% log |t2| Z'f0'1 + 09 = 1,
|t2|% z'fal + 09 > 1.
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Note that the error term in this lemma is independent of ¢t;. We establish a
formula for the fourth power moment of (2(s1, s2). Using (2.1), (2.2), and Hoélder’s
inequality, we deduce the following:

LEMMA 2.2. For 0 < o1 < 1, 0 < 09 < 1 and any sufficiently large number
T > 2, we have

T
(2.3) /2 Ca(51, 82)| dt

S L4 L+ L0 + I + I+ I I+ L IF + 13 1)),

where
1 T A
(2.4) Ilm/Q IC(s1 + s2 — 1)[dta,
1 /7
(2.5) Iy=— [ [¢(s1+s2)|"dts
16 /5
T T|t2|6746174(r2 if0<op+oy<1,
(26) 13 = / |E(81,82)|4dt1 <<, T|t2|2 10g4 |t2| Zf o1+ 09 = 1,
2

T|t2|2 if o1 + 09 > 1.
Kiuchi and Minamide [11] suggested that
(1 +id'~*1752)(n)

+ 0(|t2 |max(0,1701 702)+5)

(27)  E(s1,52) = x(s2) )

1_ 3
ng% e
1 1 max(0,1—01—02)+e¢
=x(2) ) e e T Ot )
mig izl

holds, where * denotes the Dirichlet convolution. The first term on the right-hand
side of (2.7) can be written as

1 1

X(Sz)z ooy ZTIJFO("')
m<M I<L

with M > 1, L > 1 and ML = ‘Qt—fr‘ We use the approximate functional equation

of the Riemann zeta-function [18, Theorem 4.13] and the simplest form of the

approximation to the Riemann zeta-function [18, Theorem 4.11] to obtain

1 1 —0o2 3—02 \fO2—
x(s2) Z oo ey :C(SQ)*ZZTQJFO(L log [t2]) 4+ O(|t2|2 =72 M2 71)
m<M I<L

with 0 < o9 < 1, and

1 Lt

> = L)+ gy HOLT)
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with 0 < o1 < 1, respectively. Taking the product of the above formulas and using
(2.7), we see that the function E(s1,sz) is given by

1 L L= 1
E(51752):<(52)C(51)*<(51)Zl§+HC(52)+ s Zlg+0("')~

I<L Li<t

Roughly speaking, in the case where |t1]| < [t2|, the true order of magnitude of
the function E(s1,s2) may be regarded as |E(s1,s2)| =< [((s1)]|¢(s2)|- Thus, it
follows from the above and Lemma 2.1 that |(2(s1, s2)| < |¢(s1)]|¢(s2)|. However,
in the case where |to| < [t1/* (0 < a < 1), the order of magnitude of the function
E(s1, s2) is smaller than that of the first term on the right-hand side of (2.1); hence,
(2.7) implies the error term of (2.1).

To deal with the integrals I; (j = 1,2, 3), we shall use Lemma 2.3 and formulas
(1.11)~(1.14).

LEMMA 2.3. For any sufficiently large positive number T > 2, we have

T 46—2 +4

S\ 4 - (2’IT) C (2*20’)
(2.8) /2 |¢(o + it)|*dt = 35— 1o C(1—1o)
with 0 < o < &,

T34 4 O(T272" log® T)

(2.9) /2 ()[4t = ﬁ%)ﬂ + O(T?1og* T)

with 0 =0, and

T
(2.10) /2 IC(o +it)[*dt =

with —1 < o < 0.

(202 (2 — 20)
3—40 ((4—40)

T3—4a + O(T3—30’+6)

PROOF. Since the functional equation is ((o +it) = x(o +it)((1 — o —it) (see
Titchmarsh [18] or Ivi¢ [7]), the equality |((1 — o —it)| = |{(1 — o + it)| and the
formula

. 4 t 2—4o 1—4
(o +it)| :(%) FO(T) (>t > 0),

we can integrate by parts and use (1.13) to obtain
T T
/ (o + it)|*dt = / (o + i)[AC(L — o + it)|*dt
2 2
1\2-40 [T T
= ( ) / 2749 |¢(1 — o + it)|4dt + 0(/ (1 — o+ z‘t)|4dt)
2 2

2
(2m)*7 2 ¢*(2 — 20)

— T3—40’ O T2—20 1 3 T
3—40 ((4—40) +0( og"T)

for0 <o < % Similarly in the case of o = 0, we have, by integrating by parts and
using (1.12)

/2 (i) *dt = / ()¢ + i)t
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T T
S t2|¢(1 +it)|*dt + O / t|¢(1 + it)[*dt
4r2 J, 9

_ C4(2) 3 2 4

In a similar manner, we deduce from (1.11) that formula (2.10) holds. O

3. Proofs

3.1. Proofs of Theorem 1.1 and Corollary 1.1. We set 2 < t; < T and
1
2 <ty < %. We shall evaluate the integral fQT |C2(51, 52)|*dt1 under the condition
0<o01<1,0<09 <1,and o1 4+ 02 = 1. From (1.12), we have

(3.1) I L {/:m |C(1+z‘t)|4dt/:+t2 |<(1+z‘t)|4dt} =O(T).

" 16
Similarly,
1 THto 24to
(32) ne e [ - [ e,
|s2 — 1] 2 2
Inserting (2.9) into (3.2), we obtain
¢*2) (T +t2)® — (t2+2)° (T+t2)?*, 4
. I = log? T
(3:3) U7 Tor2¢(4) 52 — 1[* O( lso — 1% °® )
¢*(2)

= T3 5372 t54T% 10g* T)).
12mC(A)fsg — 1 T O T + 0t T log 1)

From (2.6), we have
(3.4) Iy = O((t3 log* t2)T).

Substituting (3.1), (3.3), and (3.4) into (2.3), we observe that all error terms on the

right-hand side of (2.3) are absorbed into O(t, : (log t2)T'%), completing the proof
of (1.15).
As an application of (1.15), we shall evaluate the double integral for the double

zeta-function (z(s1, s2):
N T
/ / |Co (51, 52)[*dt1dts.
2 J2
From (1.15), we have

N T
/ / |C2(51752)|4dt1dt2
2 2
<4(2) /N 1 3 Q/N s
= J9. 2,71\ ———dty | T T2 t-2 log todt
127T2C(4) 9 |82—1|4 2 +0 y o ~ logtlaatiz
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for 2 < N < LZ.. Tt follows that

N
1 1 7 L2 21 — o) 1
/2 1 T 12 ™ T o ar(-m2) TR

and
N s *© _s 3
/ ty 2 10gt2dt2 = / iy 2 logtodts + O(N_E 10gN).
2 2

Then, we easily see that

N T
/ / |C2(31752)|4dt1dt2
2 2
o1 12 2(1 — o)

s
= |- _ T3
1728(1—0‘2)3(2 1—0’2 4+(1—0’2)2>
+O(TEN"21og N) + O(T%) + O(T*N~1).

— Tan

i
Hence, for 0 < o1 < 1,0< 02 < 1,01 +092=1,and 2 < N < %,we obtain, as
T — o0,

I . 5w m 2 201 1
€ ettty > 2 (T a1 2 270y (L),
T3/2 /2 |C2(51, 82) [ dt dty — 172853 \ 2 an P g + O N

Therefore, we obtain the assertion of Corollary 2.1.

3.2. Proof of Theorem 1.2. Throughout this section, we assume that 0 <
o1 < land 0 < 092 < 1. As in the proof of Theorem 1.1, we shall calculate

the integral fQT |C2(s1, 82)|*dt; under the condition that 1 < o1 + 02 < % with
2 <ty < T'3(@1192) From (1.11) and (2.5), we have

1 Ttts " 2+to o
E{/Q |C(o1 + o9 + it)] dt—/2 |C(o1 + o9 + it)] dt}O(T).
From (2.4) and (2.8), we have
(2m)4e1+402=6 (4(4 20, — 25 (T + to)7 401402 _ (1, 4 2)7—4o1 402

(3.5) I

(3.6) I =

7—40’1—40’2 C(8—40'1—40'2) |52—1|4
T t 4—201—209 i
+O<( + t2) 1og3T)
|52 — 1%

(@)t om0 (44 — 201 — 205) 1
T —doy — 4oy ((8 — 4oy — 4dog) |sg — 1]*
+ O(t;3T674617402) + O(t2_4T472017202 10g3 T)

T7—401 —409

From (2.6), we have
(3.7) I3 = O(£3T).
Substituting (3.5), (3.6), and (3.7) into (2.3), we observe that all error terms on the

right-hand side of (2.3) are absorbed into O(t;%T%*&”*&’?). Hence, we derive
formula (1.16) with 2 < t2 < T1=3(01+02)  Ip a similar manner as above, we
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shall calculate the integral f2T |C2(51, 82)|*dt; in the case of % < 01+ 09 < 1 with

2< g < T55s By (1.13) and (2.5), we have

(3.8) I = O(T),

and by (2.6)

(3.9) Iy = O(ty 471 ~4o2),

By (2.4) and (2.10) we have

(3.10) I = ﬁ /2T [Clo1 + 02 = 1+ ity + t2))[dts

¢4 — 201 — 209) 7740140z
(7T — 401 — 402)C(8 — 4oy — 4doa) |s2 — 1]*
+ Oty 37641402y | O(15 46301 —Boutey,

Substituting (3.8), (3.9), and (3.10) into (2.3), we observe that all error terms
on the right-hand side of (2.3) are absorbed into O(t, *T0-371=302%¢) jf 2 <
ty < T5%1=23 % or into O(t;%_al_‘”T%*&’l*&”) if TFm=m e <ty <
T5=21=%5 . We derive formula (1.17) with 2 < t3 < T5=rm=505 Next, we shall
calculate the integral fQT |C2(s1, 82)|*dt1 in the case where o1 + 09 = % under the
assumption that 2 <t < T2. By (1.14) and (2.5), we have

—_ (27‘1’)401 +402—6

(3.11) I = O(Tlog* T),
and by (2.6), we have
(3.12) I3 = O(t5T).
By (2.4) and (2.10), we have
1 4 1 4
(3.13) L W/Q ‘((*§+i(t1 +t2))‘ dty
SO

— —3m4 —4 %4»5
= o) [y O T + 0 TE),

Substituting (3.11), (3.12), and (3.13) into (2.3), we observe that all error terms on
the right-hand side of (2.3) are absorbed into O(t;*T%+¢) if 2 < o < T3+ and
O(t2_2T4) if T3¢ <ty < T%. We derive the formula (1.17) with o1 + 09 = % and
2<ty < T3, Thus, we obtain the assertions of Theorem 1.2.

3.3. Proof of Theorem 1.3. Assuming that 0 < 07 < 1, 0 < 03 < 1, and
0<o1409 < %, we shall calculate the integral fQT |Ca(51, 82)|*dt; with 2 < to <
T5=%1=755 . Similar to the above theorems, (2.5) and (2.8) provide us
(3.14) I = O(T? o4z,
and by (2.6)

(3.15) Iy = O(ty 47142,
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By (2.4) and (2.10), we have

¢4 — 201 — 209) 7740140z
(7T — 401 — 402)C(8 — 4oy — 4doa) |s2 — 1]*
+ O(t53T6—401—402) + O(t54T6_301_3U2+6).

Substituting (3.14), (3.15), and (3.16) into (2.3), we observe that all error terms on
the right-hand side of (2.3) are given by

(3.16) I = (2m)tortioa =0

O(tggfo'lfcmT%fSUlfSUg) + O(tg*401*402T)
+ O(t2—3T6—401—402) + O(t2—4T6—301—302+6)

3—207 —209

for 2 < to < T3-271-222. Hence, this completes the proof of Theorem 1.3.

3.4. Proof of Theorem 1.4. Throughout this section, we shall assume that
0<o; <1land0< o9 < 1. We shall calculate the integral f2T |C2 (51, 82)|*dt; with

3 <o1+0, <2 When 2 <0y +40; <2, (1.11), (1.13), and (2.4)—(2.6) tell us that

(3.17) IL=0(T), I =0(t;*T), I3=O0(iT).

Substituting (3.17) into (2.3), we derive formula (1.21). Similarly, in the case of
o1+ 02 =3, (1.11), (1.14), and (2.4)—(2.6) tell us that

1

18) I —
(3.18) I3 27255 — 1|4

o(T), I3=0(3T), I, = Tlog* T+ O(t; *T'log® T).

Substituting (3.18) into (2.3), we observe that all error terms on the right-hand
side of (2.3) are absorbed into O(t;%Tlog?’ T) if 2 <ty < (logT)?, and that the

right-hand side of (2.3) yields O(£2T) if t > (logT)%. Hence, we derive formula
(1.22).

Acknowledgements. The author would like to thank the referee for his/her
careful reading of the earlier version of this paper and giving many valuable sug-
gestions.

References

1. S. Akiyama, S. Egami, Y. Tanigawa, An analytic continuation of multiple zeta-functions and
their values at non-positive integers, Acta Arith. 98 (2001), 107-116.

2. F.V. Atkinson, The mean-value of the Riemann zeta-function, Acta Math. 81 (1949),
353-376.

3. R. Balasubramanian, A. Ivié, K. Ramachandra, The mean square of the Riemann zeta-
function on the line o = 1, Enseign. Math. (2) 38 (1992), 13-25.

4. D.R. Heath-Brown, The fourth power moment of the Riemann zeta-function Proc. Lond.
Math. Soc. 38(3) (1979), 385—422.

5. S. Ikeda, K. Matsuoka, Y. Nagata, On certain mean values of the double zeta-function, Nagoya
Math. J. 217 (2015), 161-190.

6. H. Ishikawa, K. Matsumoto, On the estimation of the order of Euler-Zagier multiple zeta-
functions, I11. J. Math. 47 (2003), 1151-1166.

7. A. Ivi¢, The Riemann Zeta-Function, John Wiley and Sons, New York, 1985 (2nd ed. Dover,
2003).



10.

11.

12.

13.

14.

15.

16.

17.

18.

19.

THE FOURTH POWER MOMENT OF THE DOUBLE ZETA-FUNCTION 241

, Mean Values of the Riemann Zeta Function, Lect. Note Ser. 82; Tata Institute of
Fundamental Research, Bombay; Berlin—-Heidelberg—New York; Springer 1991.

, Some problems on mean values of the Riemann zeta-function, J. Théor. Nombres
Bordx. 8 (1996), 101-123.

, On mean values of some zeta-functions in the critical strip, J. Théor. Nombres Bordx.
15 (2003), 163-178.

I. Kiuchi, M. Minamide, Mean square formula for the double zeta-function, Funct. Approxi-
matio, Comment. Math. 55 (2016), 31-43..

I. Kiuchi, Y. Tanigawa, Bounds for double zeta-functions, Ann. Sc. Norm. Super. Pisa, Cl.
Sci. (5) 5 (2006), 445-464.

I. Kiuchi, Y. Tanigawa and W. Zhai, Analytic properties of double zeta-functions, Indag.
Math., New Ser. 21 (2011), 16-29.

K. Matsumoto, On the analytic continuation of various multiple zeta-functions, In: "Number
Theory for the Millennium, Proc. Millennial Conf. Number Theory", Vol. II, M. A. Bennett
et al. (eds.), A K Peters 2002, 417-440.

, Functional equations for double zeta-functions, Math. Proc. Camb. Philos. Soc. 136
(2004), 1-7.

K. Matsumoto, H. Tsumura, Mean value theorems for the double zeta-function, J. Math. Soc.
Japan 67 (2015), 383—406.

Y. Ohno, A generalization of the duality and sum formulas on the multiple zeta values, J.
Number Theory 74 (1999), 39-43.

E. C. Titchmarsh, The Theory of the Riemann Zeta-Function, Second Edition, Edited and
with a preface by D. R. Heath-Brown, The Clarendon Press, Oxford University Press, New
York, 1986.

J. Q. Zhao, Analytic continuation of multiple zeta function, Proc. Am. Math. Soc. 128 (2000),
1275-1283.

Department of Mathematical Sciences (Received 25 10 2014)
Yamaguchi University (Revised 05 01 2015)
Yamaguchi

Yoshida

Japan

kiuchi@yamaguchi-u.ac. jp



