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NEW IMMERSION THEOREMS FOR
GRASSMANN MANIFOLDS G3,,

Zoran Z. Petrovi¢ and Branislav I. Prvulovié

ABSTRACT. A Grobner basis for the ideal determining mod 2 cohomology of
Grassmannian (3, obtained in a previous paper, is used, along with the
method of obstruction theory, to establish some new immersion results for
these manifolds.

1. Introduction

The theory of Grobner bases is one of the most powerful tools for deciding
whether a certain polynomial in two or more variables belongs to a given ideal.
An example where this problem is of particular interest is the mod 2 cohomology
algebra of Grassmann manifold Gi, = O(n + k)/O(n) x O(k). By Borel’s de-
scription, this algebra is just the polynomial algebra on the Stiefel-Whitney classes
wy, W2, ..., w of the canonical vector bundle «; over Gy, modulo the ideal Jj 5,
generated by the dual classes Wy 41, Wnt2, .- -, Wntk-

A reduced Grobner basis for the ideal Js , has been obtained in [6]. Based
on that result for odd n, some new immersions of Grassmannians G 2141 were
established.

In [9] reduced Grobner bases for all ideals Jy, , were determined. We use this
result and the method of modified Postnikov towers (MPT) developed by Gitler
and Mahowald [3] to get new immersion results. In the following, imm(Gs,,) stands
for the immersion dimension of Grassmannians G3

imm(G3,,) := min{d | G5, immerses into R%}.

Some lower bounds for imm(Gs,,) were established by Oproiu in [5], where
he used the method of the Stiefel-Whitney classes, and from the general result
of Cohen [1] one has an upper bound for imm(Gs,). In [7] it is shown that
imm(Gs,,) = 6n — 3 if n is a power of two.

Now we have the following new immersion results.
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THEOREM 1.1. If n >3 and n =1 (mod 8), then G, immerses into R6"=6.

This theorem improves Cohen’s result whenever a(3n) < 6 (as usual, a(3n)
denotes the number of ones in the binary expansion of 3n). For example, if n =
142" + Z;Zl or+2i-1 — 1 4 97 4 ortl. 2283—*1 for some r > 3 and s > 0, we have
that 3n = 3+ 2" +2"+25%L 50 a(3n) = 4. When s =0, i.e., n =2"+1 (r = 3), by
Theorem [[.T] and Oproiu’s result, we have that 6 - 2" — 3 < imm(G32r4+1) < 6-2".

THEOREM 1.2. Ifn =6 (mod 8), then Gs,,, immerses into R67—5,

The best improvement of Cohen’s general result obtained from Theorem [[.2] is
in the case n = 2 + Z§:1 227 s > 1. Then 3n = 2 + 2%**2 and so we are able to
decrease the upper bound for imm(Gs,,) by 3. For example, by this theorem and
Oproiu’s result, we have that 29 < imm(G3s6) < 31.

THEOREM 1.3. Ifn >3 and n =2 (mod 8), then Gs, immerses into R"~7.

Again, there is a number of cases in which Theorem [[3] improves previously
known results. In particular, when n = 2" 4+ 2, » > 3, we have an improvement
by 3. In this case, using Oproiu’s result and this theorem, we have 6 - 2" — 3 <
imm(G372r+2) < 6-2" + 5.

In this paper we present only a proof of Theorem [Tl The other theorems may
be proved by using the same techniques.

REMARK 1.1. The detailed proofs of all three theorems can be found in [8].
Actually, this paper is an abridged version of [§]. In addition to these proofs, the
preprint [8] contains the already mentioned result from [7] and the construction of
Grébner bases for Js ,,. This construction is not included in this paper, since these
Grobner bases are obtained in full generality in [9].

2. Grobner bases

Throughout this section, we denote by Ny the set of all nonnegative integers
and the set of all positive integers is denoted by N.

Let G}, be the Grassmann manifold of unoriented k-dimensional vector sub-
spaces in R™* and wi,ws, ..., wy the Stiefel-Whitney classes of the canonical
bundle 7 over Gg,. It is known that the cohomology algebra H*(Gi,n;Z2)
is isomorphic to the quotient Zs[wq,ws, ..., ws]/ Ik, of the polynomial algebra
Za[wy,wa, ..., wg] by the ideal Ji ,, generated by the polynomials Wy, 1, ..., Wnik-
These are obtained from the equation

QI+w w4 +wp)1+w +w2+---) =1.
For k = 3 (which is the case from now on), one has
Wy = Z (404 (T wiwbws, reN,
a+2b+3c=r

where it is understood that a, b, ¢ € Ny.
Let n > 3 be a fixed integer. We define a set of polynomials in Zs[wq, wa, ws).
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DEFINITION 2.1. For m, ! € Ny, let
gi= (T (s,
a+2b+3c=n+1+m+21
As before, it is understood that a, b, c € Ny. Note that go,0 = Wp41.

The following theorem is a special case of Theorem 14 from [9].

THEOREM 2.1. The set G = {gm, | m+1<n+1, m,l € No} is the reduced
Grébner basis for the ideal Js, = (Wpt1,Wnt2, Wnts) with respect to the grlex
ordering on monomials with wy > ws > ws.

The polynomials g, ; € G for | =n + 1 and | = n are calculated directly from
Definition 2Tt

_ . n+1 _ n _ n
go,n+1 = W3 ,  gon = W1W3, gi,n = W2Ws3 .

Now, the following equalities may be obtained by using the well-known formula
(Z) = (agl) + (Zj), a,b € 7 (it is understood that (Z) = 0 if b is negative), along
with some convenient index shifting
Im+2,l = Gm,i+1 + W2gm,i + W1Gm+1,1,
Im+1,1+1 = W3gm,l + W1Gm,1+1,
gm,1+2 = W3Ggm+1,1 + W2Gm, 1+1-

We list a few elements from G which will be needed in the following section.
One may obtain them by the repeated use of the previous equalities

g1n—2 = ’LU%’(UQ’LUZ,:_2 + wlwg_l 4 wgwg—2’

g2,n—3 = w%w%wg_3 + wgwg_3 + wg_la

g3.n—3 = ’wlwgwg73 + w%'wg72,

3,n—a = wiwgwy ™ +wiwiwy ™ + wywy ™t + wawy”?,
g5n—4 = wgwg"l + wlwgfl,

2 4 n—5 5 n-5
Jan—5 = WWaW3 ° + wawsz °,

96.n—5 = wiwh® +wh L.
In the following, we will also use the fact that the set {w{wiw§ | a+b+c < n}
is a vector space basis for H*(G3,n; Z2) (see, e.g., [9, Proposition 13]).

3. Immersions

As before, let w; be the i-th Stiefel-Whitney class of the canonical vector bundle
v3 over G, (n > 3) and let r be the (unique) integer such that 271 < 3n < 272
ie,2.2" <n<3-2". It is well known (see [5, p.183]) that for the stable normal

bundle v of G3,, one has

r+1 —n—3

(3.1) w(v) = (1 +wi + w3 +wiws +wi)(1 4w +we + ws3)?

For n < 2" — 3, by the result of Stong [10] ht(w;) = 2" — 1 and by the result of
Dutta and Khare [2] ht(ws) < 2" — 1. Also, w3 = 0 since 3-2" >3- (2" — 3) >
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3n = dim(Gs,,) and we have that (1 +w; + wa +w3)?" = 1. This means that in
this case (22" < n < 2" — 3) formula (BI) simplifies to

(3.2) w(v) = (14w + w2 + w?wl + w2)(1 +w; + wy +wsz)? 73,

In order to shorten the upcoming calculations, we give two equalities concerning
the action of the Steenrod algebra Ay on H*(G3 ,;Z2) which can be obtained by
using the basic properties of Ay and formulas of Wu and Cartan. It is understood
that a, b and ¢ are nonnegative integers.

Sql(wwawS) (a+b+c)w a“wgwg + bwfw2 w§+1,

S¢* (wiwyws) = (“*S*C) T2 whws + b(a + cJwitrwy ! ws ™
+ (b4 )wiwhHws + (b)wl wh2ws T2,

In the rest of the paper, it is understood that n is a fixed integer such that
n>3and n =1 (mod 8).

LEMMA 3.1. If v is the stable normal bundle of G, then
(a) w;(v) =0 fori>3n—38;
(b) wi(v) = wa(v) = 0;
(c) wy(v) = w3.

PROOF. As above, let 7 > 3 be the integer such that 2771 < 3n < 272, If
n > 27, then n must be > 2" + 1. So we have that 2"T! < 2n — 2. The top class
in expression 1), (wiw} + w3)w? B degree 6 +3- (2" —n —3) <
6+3-(n—5)=3n—9and (a) follows in this case.

If n < 27, then we actually have that n < 2" — 2 (since n = 1 (mod 8)), so
formula ([B:2) holds. The top class there is in degree 6 + 3 - (2" — n — 3) and, since
3n > 271 we have that 2" < 3n, implying 6 +3 - (2" —n —3) < 6+ 3 255
6+ 3-(n—6)=3n—12. This proves (a).

Parts (b) and (c) we read off from formula (B.1I) (using the fact that 27+ —n —
3 =4 (mod 8))

w(v) = (2" —n — 3)w, =0,
V ( T+1,n 3) + (2r+1 n— 3)w2 — 0’
uu(u)zzuéA+ wh (7wt ) (s
b B+ (5 =

and the lemma follows. O

LEMMA 3.2. For the map Sq*: H3""5(G3.,; Zo) — H*"~4(G3,n;Z2), we have
Se(wudul ) = whud~? + wywdul~® + whel = + wpw]
S (wiwawy ™) = wiwy™? + wiwiwy ™

2 2 2 2
SQ( 5 ) =wiwy T+ wawy
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PROOF. We use the Grobner basis G to calculate:
2wiwi ™) = (g)w%wgwg_ll +2(n— 2)w?w2wg_3

SQQ(U’1U}2U’3
2,3 n74+(§)w%w§z72

+ (n = 2)wjwywy

~ whudug + vt
=093n—-a+t w1w§w§_3 + w;*w;}“‘ + wgwg_Q + w%wg_Q.
Since g1 = 0 in H*(G3.n; Z2), we obtain the first equality. Also,
Se(wrwawy =) = ("3 wwgwd ™ + (0 — uiel~? + (n— wyuduy
and using the congruence n = 1 (mod 8), we directly get the second equality.
Similarly,
”72) 2w % 4+ (n — 2)w2wg_2 = w%wg_2 + wgwg_Q,
]

n_2) = ( o JW1W3

SQQ(U’3
and we are done.
LEMMA 3.3. The map Sq*: H3""*(G3.n;Z) — H*""2(G3.n;Z2) is given by
the following equalities:
S (i) = wywg ™ + whug,
) = S¢?(whu ™) = S¢*(wpwi )
4 wgwg_Q} is a vector space ba-

= wlwg_l.

Sq* (wiwswy
PrOOF. The set {wiwy ™2, wywiwy > wiwy™
sis for H3"~4(G3 n;Za). We proceed to the calculation.
S (wiwy™?) = (g)w%wg_Q + (n — 2)wiwswy 2 = wiwgwy >
=01n-2+ wlw;f‘l +w
S¢?(wiwiwy ™) = (3)wiwiw; ™ + 2(n — 2)wiwswl >
+ (n — Dwiwiwy > + (;)wlwg_

2 n—2 n—1 2, n—2
Qwz T =wiws A+ wyws 7

1 n—1
=wiwsg °,
3, n—3 5, n—4

w7+ nwyws

S (wywy ™) = (Hwiwswy ™ +4- (n — 4w w}
+ (3)“)%“’;72 = wiwy ™" = g5 poa +wrwh Tt = wwh
Sq2(w2w§’*2) = (ngl)uﬁwgwg72 +(n— 2)w1w371 +(n— 1)w§w§72
[l

= wlwgfl

LEMMA 3.4. The map Sq*: H3"73(G3 n; Zo) — H*""2(G3.n; Zs) is given by
Sq' (wiwy~?) = Sq* (wy™1) = 0.

Swy™? and wi™! form an

1 n—2 2 n—2
Sq (wrwewy ™) = wawy ™ <,

PrOOF. We know that the classes wiwowy ™=, w
additive basis for H3"73(Gj5 n;Z2). Using the Grobner basis G, we have
1 n—2 2 n—2 n—1 2, n—2 2, n—2
Sq (wrwewy ™ %) = nwiwews” ~ FwWiws T = gin—2 T WiwWE = wiwy -,
1/,,.3,, n—3 3,,n—3 2, n—2 3,,n—3 2, n—2
Sq (wswg™°) = nwywywsy”° + 3wiwsy = wwiwy © + wiwy < =gz p—3 =0,

Sqt(wy™) = (n — Dwywy~™t =0,
]

and the lemma is proved.
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In the proof of the following lemma, we shall make use of the fact that for any
cohomology class v and any nonnegative integers m and k,

k Squ)2", 28 | m
Sq™ 2%y ( )

The case k = 1 is obtained from the Cartan formula and the rest is easily proved
by induction on k.
LEMMA 3.5. For the class wywiwy > € H*"75(G3 ,,;Z2), we have
(a) SgSq' (wiwjuwy™) = wi™,
(b) S¢*(wiwzwy™) =0,
(c) (Sq* +w3)(wiwiws™) =0.

PROOF. One has

4, n—5 2,4 n—5 —4

Sq* (wiwywy ™) = nwiwswy™° + dwwiwy
2.4 n—>5 n—>5 5 n—>5,
= wiwywy " = gapos + wiwy " = wiwy "

and

Sq*Sq* (wiwswy ) = (N wiwiwy  +5(n — 5)wiwiwy ™ * + nwiwy O+ (3)wiwy ?

6, n—5 n—1 n—1
= WoW3 " = gen-5+ Wy = =Wz .

This proves (a). Also,
S¢? (wiwywy ™) = (D) wiwywy ~® + 4(n — Hwiwiwy ™
+ (n — Dwiwiwy ™5 + (Q)wlwgwg 3
and since n =1 (mod 8), this is obviously equal to zero.
Finally, for (c) we use the Cartan formula and we get
(Sq* +wd)(wrwhul =) = wd S (wnl~®) + wi Set(whud ) + wiw§ul =S,

n—>5
Now, since n — 5 is divisible by 4, wiw} > = (wng))T)4 and so S¢®(wiwy?) =0
and

n—>5 4 n—5 n75 4
Sq* (wiwy~®) = (Sq (w2w34 )) ((1+—)w1w2w3 +wy * +1) =wy!

where the latter equality holds because 222 is an odd integer (sincen =1 (mod 8)).

1
We conclude that

4 2 4 n—>5 n—1 6 n—>5
(8" + w3)(wrwwy ™) = wiwy~ +wiwaws = wigen—s =0,

and the proof of the lemma is completed. O

LEMMA 3.6. For the classes wlwgwg_3 wgwg_Q € H*"*(G3,n;Z2), we have

(a) Sq'(wiwiws™ 3)=w§w3 +wiT Sqt (wawy ™) = wiT

(b) S¢?(wiwiws > + wowl~?) = 0.
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PROOF. (a) We have
Sq* (wiwiwy™?) = nwiwiwi 3 + 2wiwawly? = wiwiwy ?
= g2.n—s + wiwy T +wi Tt = wiwi T +wiT,
Sqt (wowh™2) = (n — Nwywowy 2 + wi ™ = wi™t.
(b) Similarly,

S (wrwiws " +wswl ?) = Zwwiwy P +2(n—2)wiwswl 4+ (n—1)wiwiwy >

+ @)wlwg T4 ("2 1)w%w2wg 24 (n— 2)wwg Y4 (n— 1)w§w? 2=,
and we are done. O
LEMMA 3.7. For the class wiwg ™ e H3""%(G3.;Z2), we have
Sq? (wiwsg™ 3 = w1w2w§72
PRrROOF. We simply calculate:

Sqg*(wywy™?) = ("gl)wi’wQPQ + (n — 2)wiwewy " = wiwawh "2,

and the lemma is proved. (I

Proor orF THEOREM [I1l It is well known that the Grassmann manifold Gy, »,
is orientable if and only if n + k is even, and therefore, Gs, is orientable (the
orientability of G, can also be deduced from Lemma BTl (b)). We shall use the
theorem of Hirsch [4] which states that a smooth orientable compact m-manifold
M"™ immerses into R™*! if and only if the classifying map f,: M™ — BSO of the
stable normal bundle v of M™ lifts up to BSO(I).

BSO()

oy
M™ ——— BSO
The dimension of Gz, is 3n, and hence, we need to lift f,: Gz, — BSO up to
BSO(3n — 6). The 3n-MPT for the fibration p: BSO(3n — 6) — BSO is given in
Diagram 1 (K, stands for the Eilenberg-MacLane space K (Z3,m)).
The table of k-invariants is the following one.

ki: (Sq? +w2)w 5=0

k3t (S¢* +w2)Sq'wsn—s + Sq'wzn—3 =0
k3 (Sq* + wi)wsn—s + SPwzn_3 =0

ki (Sq? +wa)ki +Sq'ky =0

According to Lemma BT (a), f}(wsn—5) = win—5(v) = 0 and f}(wsn—3) =
w3n—3(v) = 0, so there is a lifting g1: G3,, — E1 of f.
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BSO(3n — 6)
q3
k?
Es Kspn—3
7
s
/7 q2
s
/ 1 1 1
h o, kL kL x kL
, . E, K34 X K3p,_3 X K352
/ -
/o9 _ 7
/ - - q1
i
s fv W3n—5XW3n—3

G3p————>BSO —————— K3, 5 X K3,_3

DIAGRAM 1.

Let us remark here that for every lifting g: Gs, — E; of f,, one has

(3.3) S¢*(g* (k1)) = Sq' (9" (k)
This is obtained by applying g* to the relation (Sq? +ws)ki = Sq'kd in H*(E1; Zs)
(which produces the k-invariant k?) and using Lemma 311 (b).

We have a lifting g1 : G5, — F1 and in order to make the next step (to lift f, up
to Ey), we need to modify g; (if necessary) to a lifting g such that g*(ki) = g* (ki) =
g*(kgl)) =0. By ChOOSiDg amap aX BZ G3,n — K3, X K3p_g = Q(K3n_5 X Kgn_g)
(ie., classes a € H*"6(G3,,;Z2) and 8 € H3"*(G3 n;Z2)), we get another lifting
92: Gs., — Fj (induced by g1, o and ) as the composition:

(axp)xg1

A B
Gsn — Gz X Gap Ksp—6 X Kzp_a x E1 — By

where A is the diagonal mapping and p: Q(Ksp,—5x Ks,—3) X E1 — Ej is the action
of the fibre in the principal fibration ¢; : £1 — BSO. By looking at the relations
that produce the k-invariants ki, k3 and ki and using Lemma Bl we conclude that
the following equalities hold (see [3] p. 95]):

93(k1) = gi (k1) + (Sq* + w2 (v)) () = gi (ki) + S¢Py;

95(k3) = gi(k3) + (Sq* + w2 (v))Sq' o+ Sq' B = gi (k3) + Sq*Sq'a+ Sq' B;

95 (k3) = g7 (k3)+(Sq" +ws(v)) (@) +S¢*B = gi (k3)+(Sq" +w3) () +5¢*B.
First, we need to prove that g7 (ki) is in the image of S¢*: H3"7%(G3 ,,;Z2) —
H3""4(G3 ;7). Let us assume, to the contrary, that gi (ki) is not in this image.
The classes wiwy 2, wywdwy >, wiwy™* and wew}y 2 form a vector space basis for
H3"=4(G3 ,; Z2) and from Lemma B2 we conclude that the sum of all basis elements
and the sum of any two basis elements are in the image of Sg?. This means that
gi (k1) is either a basis element or a sum of three distinct basis elements. Now, by
looking at Lemma 53] we see that Sq¢?(g}(k})) € {wiw§ ™ wiwy ™' + wiwy =2}
and from formula (3.3) we have that Sq¢?(g7(ki)) = Sq*(g;i(k3)). But according
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to Lemma [34] and the fact that the set {wjw} ", w3wy ™2} is a vector space basis
for H3"=2(G3,n;Z2), Sq* (g7 (k})) cannot belong to {wywy ™" wiwh ™t + wiwy 2},
This contradiction proves that we can find a class o € H3"75(G3 ,,; Z2) such that
Sq*a = gi (ki)

Since {wiwy ', wiwy 2} is a basis for H3""2(G3 ,; Zs), by Lemma [33} there
is a class B € H3""%(G3,,; Z2) such that Sq¢?8 = g} (kd) + (S¢* +w3)(a), and so we
have a lifting g2: G, — F1 (induced by g1 and these classes o and ) such that
g3(k1) = g3 (43) = 0.

There is one more obstruction for lifting f, up to Ea: g3 (ki) € H>"73(G3 n; Z2).
Since g3(ki) = 0, by equality ([B.3) we have that Sq*(g5(k3)) = 0 and according
to Lemma B4, g;(k3) must be in the subgroup of H3"~3(G3 ,;Z2) generated by
wiwy ™3 and wh~'. Observe the classes o := wywjwy > € H3%(G3.,,;Zs) and
8 = wlw%wg_g + wgwg_Q € H*"*(G3,n;Z2). By Lemma 35 (a), S¢®Sq¢*a’ =
w4 ™! and according to Lemma (a), S¢'B" = w3wy 3. This means that we
can choose the coefficients a,b € {0, 1} such that S¢*Sq'(ac’) + Sq*(b3') = g3 (k).
Finally, from LemmaB.H] parts (b) and (c), and Lemma[B6{(b), we conclude that for
the lifting g: G, — F4 induced by g2 and the classes aa’ and b’ all obstructions
vanish, i.e., g* (ki) = g*(k3) = g* (ki) = 0.

Therefore, the lifting g lifts up to E», i.e., there is a map h: Gz, — E> such
that gioggoh=q og= fo.

For the final step, we observe that the set {wjwow} 2, wiwy > wi~ '} is a
vector space basis for H3"73(G3.,;Z2). By looking at the relation that produces
the k-invariant k? and according to Lemma B.6((a), Lemma 3.7 and Lemma B.Ii(b),
one sees that the indeterminacy of k7 is all of H3"73(Gj5,,;Z2). Hence, the lifting
h: G3, — E» can be chosen such that h*(k%) = 0. This completes the proof of the
theorem. O
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