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APPLICATIONS OF (p, q)-GAMMA FUNCTION
TO SZASZ DURRMEYER OPERATORS

Ali Aral and Vijay Gupta

ABSTRACT. We define a (p, ¢) analogue of Gamma function. As an application,
we propose (p, q)-Szdsz—Durrmeyer operators, estimate moments and establish
some direct results.

1. Introduction

In the last two decades the quantum calculus is an active area of research
among researchers. The quantum calculus find applications in a number of areas,
including approximation theory. The relationship between approximation theory
and g-calculus encouraged the mathematicians to give g-analogue of known results
(see [3]). This rapid development of g-calculus has led to the discovery of new
generalization of this theory. This produces some advantages like that the rate
of convergence of g-operators is more flexible and better than the classical one.
Since the g-calculus is based on one parameter, there is a possibility of extension
of g-calculus. In this direction Sahai—Yadav [14] established some extensions to
post-quantum calculus in special functions. A question arises: can we modify the
operators using (p, q)-calculus such that our modified operator has better error
estimation than the classical ones. For this purpose, we will define (p, ¢)-Szdsz—
Durrmeyer operators. Several well-known operators may extend to (p, q)-analogues.
Mursaleen et al introduced the (p, ¢)-analogue of the Bernstein operators in [10].
There both point-wise convergence and asymptotic formula are considered. Other
important class of discrete operators has been investigated by using (p, q)-calculus.
For example (p,q)-Bernstein—Stancu operators appeared in [9] (p,q) Bleimann—
Butzer-Hahn and (p, q)-Szész Mirakyan operators have been studied recently in
[1,11]. Very recently, in order to obtain an approximation process in the space of
(p, ¢)-Bernstein operators, the authors [5] defined Durrmeyer type modification of
(p, q¢)-Bernstein operators.
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212 ARAL AND GUPTA

Motivated by all the above results we propose Durrmeyer type modification
of the (p, q)-Szdsz Mirakyan operators using an integral version of (p, ¢)-Gamma
function (as we know it is first in literature).

The paper is organized as follows: the next section contains some basic facts
regarding(p, q)-calculus, we also introduce (p, q)-analogue of Gamma function. The
construction of the announced class of operators is presented in Section[3] Section [4]
deals with the quantitative type estimate with a suitable modulus of continuity.
The last section is devoted to weighted Korovin type theorems and we estimate
the approximation of bounded functions by announced operators with the help of
a Lipschitz-type maximal function.

2. Notations and Preliminaries

Following the definitions and notations of [14]:
Set Ng = {0} UN, the (p, ¢)-numbers are defined as
Pt —q"
lpg =" +p" Pq+p" PP+ p" P4 = p—
for n € N. The (p, g)-factorial [n], 4! of the element n € N means

n

[n]p.q! = H[k]p,mn >1,[0],, =1
k=1

The (p, g)-binomial theorem is given by
((p,bx); =5 (P, 9)) oo
((pax); = (P, q))oo”

where ((a,b); —; (9, 9))oo = [y (ap™—bg™). Two different (p, ¢)-expansions named
E, 4 and ey 4 of the exponential function x — e” are given as follows:

1%0((a,b); =5 (p, q), ) =

s pn(nfl)/Z .
epal®) =Y L Po((1,0); = (p. q), 2),
n=0 p.a-
> qn(nfl)/2
(21) Epyq(x) = Z 7'1,71 =1 (I)O((Oa 1); ) (pv Q)’ —l’).
n—0 [lp.q!

We know that 1Po((1,0); —; (p,q),x)1Po((0,1); —; (p,q), z) = 1, that is the follow-
ing relation between (p, ¢)-exponential functions

(2.2) €pq() Epg(—z) =1

holds. We mention that these (p, ¢)-analogues of the classical exponential functions
are valid for 0 < ¢ < p < 1. Moreover E, ,(z) and e, 4(z) tend to e* as p — 1~
and ¢ — 1.

It is obvious by the (p, ¢)-derivative formula D, ,f(x) = fez)=flaz) o # 0 that

(p—q)z
Dp,qu,q(x) = Ep,q(qx),
(2.3) D, E, 4(ax) = aE, 4(aqz).
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PROPOSITION 2.1. [13]| The formula of (p, q)-integration by part is given by

b a
| 100)D009(0) dpar = 58190~ Fl@)ata) = [ 9(02) Dy (@) o
a 0
DEFINITION 2.1. For any n € N, we define a (p, ¢)-Gamma function by
Ipq(n) :/ P(nil)(nﬂ)mxnilEp,q(_qx) dp.q-
0

LEMMA 2.1. For any n € N, we have I', 4(n + 1) = [n], 4!
PrOOF. From (2.1) we have E, ,(0) = 1 and from (2.2)) we have
Epq(00) = wlggo Epq(x) = Jggo epq(—T) = Jggo Po((1,0); =3 (p, q), —)
O . o
~ i @0 = (0w
v=o0 ((p, —2); = (P, 9)) oo
Also from (2.3) we can write

]-—‘p7q(n+ 1) :/ pn(’ﬂfl)/Q‘rnEpﬂ(iqx) dp,q:r
0

= —/0 Pn(nil)/%nDp,qu,q(_I) dp,qT.

By Proposition using (p, ¢)-integration by parts for f(z) = 2" and g(x) =
E, ¢(—x), we have

pn(nfl)/anflEp,q(_qx) dp,ql'

p(n_l)(n_z)/an_lEth(_qx) dp,q® = [n]pqLpq(n).

Thus, we have

Lpq(n+1) = [nlp,elpqe(n) = [nlpg[n = 1pelpqe(n —1) = [n]pq! i

An alternate form of (p, ¢)-Gamma function without integral expression for n
nonnegative integer, is given in [12] by

(re )y,

Lpo(n+1)= (p—q)"

=[n]pq!, 0<g<p.

3. (p, q)-Szész—Durrmeyer Operators and Moments

In order to introduce a (p, ¢) Durrmeyer variant for Szasz—Mirakyan operators,
we present a construction due to Acar [1]. The (p, g)-analogue of Szdsz operators
for z € [0,00) and 0 < ¢ < p < 1 defined by in the following way

k=2nly.q

(3.1) Snpa(fi2) = Z Sf{f}g(ﬂ?)f(q[k:]p’q)7
k=0
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where
1 gFE=1)/2

p,q([n]p,qag) [k]p,q! ([n]p,q:ﬂ)k.

In case p = 1, we get the ¢-Szdsz operators [2]. If p = ¢ = 1, we get at once the
well known Szész operators.

LEMMA 3.1. [1] Forz €z €[0,0), 0 < g < p < 1, we have
2
(1) Supa(152) =1, (2) Supqltiz) =qz,  (3) Snpq(t’iz) = pga® + -z

The Szasz operators defined by are discrete operators. The integral mod-
ification of these operators was proposed in [7]. Different variants and g-analogues
in [3] and [6]. As an application of the (p, ¢)-Gamma function, we introduce below
the Durrmeyer type (p, ) variant of the Szdsz operators as

DEeFINITION 3.1. The (p,¢)-analogue of Szasz—Durrmeyer operator for z €
[0,00) and 0 < ¢ < p < 1 is defined by

npa(F32) = [n]pg Z S / k(k_l)/2WEpﬂ(_Q[n]nqt)f(ql_kpkt) dp,qt

where s7 () is defined in

It may be remarked here that for p = ¢ = 1 these operators reduce to the
Szasz—Durrmeyer operators.

LEMMA 3.2. Forz €z € [0,00), 0 < ¢ <p <1, we have
(2) S 7p7q(t J:) [n] +px
g x 2
(3) Sn,p,q(ﬁ;x) = %x + [2]”1 4 [2]p.qq ]

M]p,q P[”]g,q

PROOF. Using Definition [2.1] Lemmas [2.1] and we have

Sppa(l;2) Zs k<'H>/2ME (—q[n]p.qt) dy gt
npoa e nk k]p.q! p,q\—4|M|p,ql) Op,q

- f} sﬁ:%(x)”f(’“ o,

=0 Klp.q!

and next using [k + 1], , = ¢* + p[k],.4, we have

5 o b % k—1)/2 1k k ([n]p.gt)"
Snopq(t; ) = an’,k(x) ; p q P By g (—an]p,qt) dpgt

k=0 [k]pvq!

- i lpak+2) k1]
_ pa (:U)ql k-Pyg _ P (ic)ql k p.q

kZ:O ok [k]p.qa'[n]p.q kZ:O ok (lp.q

0 k
=3 s (a)g " (¢" + p[Klp,q)

=0 [Mlp.q
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q q

p
= ——Snpqe(Liz) + =Sp pq(t;x) = + px
[1]p,q - g M []p.q
and
~ 1 it
Snpa(t'52) = £r=3 s (@)
P =0
= k- - ([n]p,qt)"+>
/ pk(k 1)/2q2 %p%%Ep,q(—q[n}p,qt) dy gt
0 P,q°
1 & _
= o 23%,(11@(37)‘12 2k
P4 k=0
o0 _ n t k+2
/0 p(k+1)(k+2)/2p 1([%;’](1),Ep,q(_qm]p7qt) dp,qt
p.q
L pa oy 22k Lpa(k +3)
= > (g
p[n];%,q kZ:O " [K]p,q!
 — B
= e ST+ 2yl T
P4 k=0
1 oo
= o 2 Sk (@ O 4 02 + ) Mg+ 07 2na)
P4 k=0
’ 2pg +P [2]p.q0°
N ?S"vpvq(tzw) + [][]:;](Isn’p’q(t; =)+ p[:;’]é Sn.p.q(1;7)
P.q .9
_ Ii(pqx2+ ¢ ) + ([2]p.q +P)qz n [2]p,qq2
q []p.q [lp.q plnl3 4
= ])7312 + [Q]g,qx + [2]1742(12. 0
q [n];l%q p[n]p,q
REMARK 3.1. For 0 < ¢ < p < 1 we may write
3 q
Sn,;n,q((t - (E)7£L') = [’I’L] + (p - ]-)‘T7
D,q
3 32 2 22 —29)x (2], .42
(3.2) Sn,p,q((t - x)27x) _ (p pQ+Q)$ n ([ ]p,q Q) n [ ]p,q2q .
q [n]qu p[n]p,q

4. Quantitative Estimate

By Cg[0,00) we denote the class of all real valued continuous and bounded
functions on [0,00). The norm |||z is defined by

[flles = sup )If(x)l-

ze[0,00

For f € Cp the Steklov mean is defined as

@y pe) =g [ R = fa 2 o) dude
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By simple computation, it is observed that

() [fn = flles < wa(f;R).

(ii) If f is continuous, then f}, f”" € Cp and

5 9
||f}/1||CB < Ew(fah)7 ||f},l/HCB < ﬁLwQ(.ﬁh)a
where the first and second order moduli of continuity are respectively de-
fined by
W(f,6) = suwp [f@+u)— flz+o),
z,u,v>0
lu—v|<6
wa(f,0) = sup |[f(z+2u)—2f(x+u+v)+ flz+2v), ¢=0.
z,u,v>=>0
lu—v[<8

THEOREM 4.1. Let ¢ € (0,1) and p € (q,1] The operator §n,p,q maps space Cp
into Cp and ||Sn p.q(f)lles < |[fllos-

PROOF. Let ¢ € (0,1) and p € (g, 1]. From Lemma [3.2] we have
1Sn.p,q(f7)|
0

= _ n)p.qt)* _
< [nlpg Z Si’i(m) / pk(k 1)/2%Ep,q(_Q[n]p,qtﬂf(ql kpkt”dp,qt
k=0 p:q-:

gy [ k2 ()’
< s (f@)lnlpg Yo stit@) [ PR B gl )
z€[0,00) k=0 0 [ p,q°

sup [ f(#)|Snp,q(1,2) = [|fllcs- O
z€[0,00)

We are going to study the degree of approximation in terms of the first and
second order moduli of continuity.

THEOREM 4.2. Let g € (0,1) and p € (q,1]. If f € Cp[0,00), then
|§n,p,q(f7 z) — f()|

<o w:z]p,q) <¢[Z1p,q +yfiyato =)

gw 1 (P° = 2pq + @) [n]p,q42° 2 90\ [2]p,q4
i 2" <f, [n}p,q) [2 " q " ([QLW 20) + plnlpg |

PROOF. For z > 0 and n € N and using the Steklov mean f;, defined by (4.1)),

we can write
1Snpa(fs2) = F@)] < Snpa(|f = fuls2) + [Snpa(fn = fr(@), @) + | fu(@) — f(2)].
First by Theorem and property (i) of the Steklov mean we have

Supallf = fals @) <USupalf = fi)lcs <IF = fulles < walf,h).
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Since S, p.4 is a linear positive operator we get

- ~ 1 -
[Sn.p.a(fr = fu(@), @) < i (@) Snpq(t = 2,2) + SN lon Snpa((t = )%, x).
By Lemma [3:2] we have
~ 5

Bupalfs = a0 < gulsi) (o + (o= 1))

9 ~
+ 5592 (fi 1) Snpa((t = 2)%, @),

where gn’p’q((t — )%, x) is given by (3.2). For z > 0, h > 0 and choosing h =
1/[n]p,q, we get the desired result.

O

REMARK 4.1. For ¢ € (0,1) and p € (g,1] it is seen that lim,_,[n]p, =
1/(¢—p). In order to consider the convergence of (p, ¢)-Szdsz—Durrmeyer operators,
we assume p = (p,) and ¢ = (g, ) such that 0 < ¢, < p, < 1 and for n sufficiently
large p, = 1,q, — 1, pi¥ = a,qr — b, so that [n],, 4, — 00. Such a sequence can
always be constructed for example, we can take p, =1—1/2n and ¢, =1 —1/n.
Clearly lim, 00 p? = e V/2, lim,, 00 ¢" = ¢~ and limy, 00 [P]p,, g, = 00.

5. Direct Estimates

Let us denote by H,2[0,00) the set of all functions f defined on the positive
real axis satisfying the condition |f(z)| < M(1 + 2?), where M; is an absolute
constant depending on f. By C,2[0,00), we mean the subspace of all continuous
functions belonging to H,2[0,00). Also, let C*,[0,00) denote the subspace of all
functions f € C,2[0,00), for which lim ;| ﬁ—i)g is finite. The class C7,[0,00) is
endowed with the norm

/()]

z€[0,00) 1422

1fllz2 =

We discuss below the weighted approximation theorem, where the approxima-
tion formula is valid for the positive real axis (see [4]).

THEOREM b5.1. Let p = p, and q = q, satisfies 0 < ¢, < pn, < 1 and for n
sufficiently large p, — 1, g, — 1 and qj; — a and pj} — b. For each f € C,[0,00),

we have lim,,_, ||§n,pmqn (f) = flle= =0.

Proor. Using Korovkin’s theorem, it is sufficient to verify the following three
conditions
(5.1) dim (|8, 4, (¢, 2) —2"]2 =0, v =0,1,2.

Since Spp, 4. (1,2) = 1 the first condition of (5.1)) is fulfilled for v = 0.
For n € N, we can write,
an x

+ (pn—1) sup
[n]pn,qn z€[0,00) 1+ 22

||Snwpn>lIn (t,SC) - I||ac2 <
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3 2
~ D T [2]pn dn z
10 () = e < (22 1) s sup
b4 ¢ qn z€[0,00) L+ 33‘2 [n]pn,qn z€[0,00) 1+ .1?2
[2]pmqn qn 1

pn n]pnvqrz 276[0 00) 1 + LL'27
which implies that for v = 1,2 we have limy, o0 [|Snp, g, (%, 2) — 2%||z2 = 0. O
We give the following theorem to approximate all functions in C2[0, 00).

THEOREM 5.2. Let p = p, and q = q, satisfies 0 < q, < pn, < 1 and for n
sufficiently large pp, — 1, ¢, — 1 and ¢ — a and pI' — b. For each f € Cy2[0,00)
and o > 0, we have

|§n,pn,qn(fa r) — f(o)]

lim sup =0.
N30 2€[0,00) (1 + z2)1+a
PRrROOF. For any fixed g > 0,
19 pnsan (f>2) = f(2)]
Sup (1 + 2)1-‘1—0(
z€[0,00) z
— sup |Sn,pn,qn(f7x) — f(z)] + sup |Sn,pmqn(fa r) — f(x)‘
z<T0 (1 +x2)1+a ) (1 +$2)1+a
< Snpn.an (F) = fllcro,q)
S g (14 12, 2) |f(z)
+ [ fllz2 j;fo (1 + 22)+ + ;;150 (1+ 22)ite’

By Lemma 3.2 and the well known Korovkin theorem, the first term of the
above inequality tends to zero for a sufficiently large n. By Lemma 3.2 for any

fixed zg > 0, it is easily seen that sup, >, 15n.pn .00 (L+22.2)] tends to zero as n — oco.

(1ta2)Tte
We can choose xg > 0 so large that the last part of above inequality can be made
small enough. This completes the proof of the theorem. O

Now we establish some point-wise estimates of the rate of convergence of (p, q)-
Szasz—Durrmeyer operators. First, we give the relationship between the local
smoothness of f and local approximation. A function f € C]0,00) is is said to
satisfy the Lipschitz condition Lip, on D, a € (0,1], D C [0, 00) if

(5.2) lf(t) — f(x)] < Myt —=x|¥, te€]0,00)and z € D,
where My is a constant depending only o and f.

THEOREM 5.3. Let f € Lip, on D, D C [0,00) and a € (0,1]. We have
. 3_9 2 212 _9 9 2\ @/2
Sunatsr) - S < (LD Pha 202 | Bloat)

q [n]p.q plnl,
+2d%(x; D)

where d(x; D) represents the distance between x and D.
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PRrROOF. For zy € D, the closure of the set D in [0,00), we have
[f(&) = f(@)] < [f(8) = fzo)| + [f(x0) = f(z)], =« €[0,00).
Using we get
(5:3)  [Supa(fiw) = f(@)] < S F(8) = f(@o)l,2) + |f (z0) — f(x)]
< My 5 n.p, ,1(|t —x0|*, x) + My|zo — x|
p =

Then, with Holder’s inequality with L

(5.4) gn,p,q(“ —z|% ) < (Sn7p7q(|t - a:|2, x))% (S’mth(L x))lig-
Also gn,p,q is monotone
gn7p7q(|t —zo|%, ) < (§n7p7q(|t - x|a7x))% + |zo — 2|
Using (5.3)), (5.4) and (3.2]), we get the desired result. O

Now, we give a local direct estimate for (p, ¢)-Szdsz—Durrmeyer operators using
the Lipschitz-type maximal function of order « introduced by Lenze [8] as

(5'5) aja(f, .23) = sup M

~—, wx€l0,00) and a € (0,1].
t#z, tel0,00) |t — 2]

THEOREM 5.4. Let f € Lip,, on D and f € Cg|0,00). Then for all x € [0, 00),
we have

-3

3— {EQ 2 _ €T 2\ 2
1S pa(fr2) = f(2)] < @alf, x)<(p 2pq +@)e’ (1212, — 29) N [2],.44 >

q []p,q p[n]nq

ProOOF. From we have
|f(t) = f(2)]
|‘§n,p,q(f7 x) - f($)|

< @alf, 2)[t — [
< Snpa(lf(t) = f(2)], 2)
< @a(f,2)8npq(lt — 2|7, 2).

Applying Holder’s inequality with p := E and ~i=1- 7, we have
|Snpa(f,2) = f(2)] < Ba(f,2)Snpq((t — )% 2)%.
Using (3.2)), we have our assertion. O
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