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SECTIONAL CURVATURE IN 4-DIMENSIONAL
MANIFOLDS OF NEUTRAL SIGNATURE

Graham Hall

ABSTRACT. We consider the sectional curvature function on a 4-dimensional
manifold admitting a metric g of neutral signature, (+, +, —, —) together with
a review of the situation for the other two signatures. The main results of
the paper are: first, that if the sectional curvature function is not a constant
function at any m € M (actually a slightly weaker assumption is made), the
conformal class of g is always uniquely determined and in almost all cases g
is uniquely determined on M, second, a study of the special cases when this
latter uniqueness does not hold, third, the construction of the possible metrics
in this latter case, fourth, some remarks on sectional curvature preserving
vector fields and finally the complete solution when (M, g) is Ricci flat.

1. Introduction

The sectional curvature function has been studied for metrics of positive definite
and Lorentz signature and a brief summary of this work which is relevant to the
present article will be given at the beginning of Section 2. The purpose of this
paper is to consider the case when g has neutral signature.

To settle notation, g, unless otherwise stated, is a smooth metric of neutral
signature (+,4, —,—) on a 4-dimensional, smooth, connected manifold M with
Levi-Civita connection V, sometimes written, collectively, as (M, g). For m € M,
T M denotes the tangent space to M at m, B,, denotes the 6-dimensional vector
space of 2-forms (here referred to as bivectors) at m and x denotes the Hodge
duality (linear) operator on B,,. Let ~ denote the equivalence relation on nonzero
bivectors at m given by By ~ By < By = kB; for k € R and let the resulting
equivalence classes of projective bivectors be denoted by PB,,. Topologically, B,,
and PB,, are R® and PR®. The matrix rank of any nonzero member F € B,, is an
even number and if it is 2, F' is called simple and may be written in components
as F% = pig® — qop® for p,q € T,,M (sometimes abbreviated to p A q). The 2-
dimensional subspace (2-space) of T,,, M spanned by p and ¢ is uniquely determined
by F' and called the blade of F'. The set of all simple members of B,, is denoted
by SB;, and one easily passes to the subset (projective simple bivectors) of PB,,
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denoted by PSB,, which is in bijective correspondence with the collection of blades
of members of SB,,. If u,v € T,, M the inner product g(m)(u,v) is denoted by
w-v and 0 # u € T, is called spacelike, respectively timelike or null, if u-u > 0,
(respectively < 0 or = 0). A 2-space W of T;,, M is called spacelike if each nonzero
member of W is spacelike, or each nonzero member of W is timelike, timelike if
W contains exactly two, null 1-dimensional subspaces (null directions), null if V
contains exactly one null direction and totally null if each nonzero member of V'
is null. Thus a totally null 2-space consists, apart from the zero vector, of null
vectors any two of which are orthogonal. This classification of 2-spaces is mutually
exclusive and exhaustive.

The set of all spacelike (respectively, timelike) 2-spaces at m is denoted by S,,
(respectively, T,,) and the combined set of all null and totally null 2-spaces at m is
denoted by N,,. A member F € SB,, is called spacelike, (respectively timelike, null
or totally null) if its blade is of that type and F is then spacelike if FaF,, > 0,
timelike if F®F,;, < 0 and null or totally null if F®®F,, = 0. If one defines an
orthonormal basis z,y,s,t of T,, M by x -z =y-y = —s-s=—t-t =1 and its
associated null basis (of null vectors) I,n, L, N where V2l = = +t, v2n = = — t,
V2L = y+sand V2N =y — s so that ln = LN =1 (and all other such inner
products are zero) then, for example, 2 Ay and s At are spacelike, x At (= =l An)
is a timelike, [ Ay and [ A s are null and [ AN and n A L are totally null 2-spaces at
m. One may always extend an orthonormal basis at m to a smooth orthonormal
basis on some open neighbourhood of m and hence, as above, extend a null basis
at m to a smooth null basis in this neighbourhood. The manifold theory associated
with the above bivector (and related) sets is discussed in [12] and one may identify
PSB,, with the 4-dimensional, compact, connected Grassmann manifold G, of all
(real) 2-spaces at m and define its open submanifold Gy = Gy ~ N,,, which is the
disjoint union of the two open submanifolds S,, and T},. In the usual manifold
topology on G,, each member of N,, is a limit point of S,, and of T,,.

+
Now define the Lie algebras (under matrix commutation) S, = {4 € B, :

A = A} and S = {A € B,, : A = —A} which are Lie-isomorphic to each other
and to o(1,2). It is known that the Lie algebra B,, is the Lie algebra product

+ - + -
By, =S, ® S, and that the only simple members of S}, and S,, are totally null
+ —
[22] and conversely any totally null bivector lies in S, or S,,. Further, the blades
Jr -
of two totally null bivectors, one of which is in S, and the other in S,,, intersect

Jr —
in a unique null direction whereas if they are both in S,, or both in 5, their
intersection is trivial. It is also useful to note that if F' € B,, is null its unique null
direction is orthogonal to all other members of its blade and that it may be written

+ = +  + - =
as = F + F for unique, nonzero, totally null members F' € S, and F € S, and
Jr —
where the blades of F' and F intersect in the unique null direction in the blade of

JF —_
F.IfPeS,,and Q€ S,,, P*Q,, =0.
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The Riemann tensor Riem with components R%.q, its associated Ricci tensor
Ricc with components R,, = R, the Ricci scalar R = Rabg“b and the cor-
responding Weyl conformal tensor C' with components C%.4 are related at each
m € M by

R
(1'1) Raped = Cabed + Eabed + EGabcd
where G is the tensor with components Ggpeq = %[gacgbd — Jadgbe)s
1 ~ ~ ~ ~
(12) Eabcd = 5 [Racgbd - Radgbc + Rbdgac - Rbcgad]

and where the tracefree Ricci tensor Rice has been introduced with components
Eab = Rap — %gab. Then E(m) = 0 if and only if ﬁi\c/c(m) = 0, that is, Ricc = %g
at m, which is equivalent to the Einstein space condition at m.

The Weyl conformal tensor at m may be classified algebraically [8] in a manner
similar to that given by Petrov in the Lorentz case [16] (the Petrov classification).
The details of this are not needed except for the concept of a principal null direction
of C at m. A null direction spanned by a null [ € T,,, M is called a principal null
direction for C(m) # 0 if Cupeal®l® = lypa + ppla for some 1-form p at m. Such
null directions are important in this classification and have the property (which is
useful later) that if kg € T;,, M spans a principal null direction of C'(m) then the null
directions spanned by those null vectors in some open neighbourhood of k¢ in the
topology of T,,, M cannot all be principal null directions of C(m) since they force
the contradiction C'(m) = 0. This result is trivially true in the Lorentz case since,
for C(m) # 0, only finitely many such directions may exist, but less obviously true
in the present case since it is possible for infinitely many such directions to exist in
neutral signature even if C'(m) # 0 [§].

2. The Sectional Curvature Function on (M,g)

The sectional curvature function at m is a real-valued function defined on the
open submanifold G,, of Gy, o : G — R and given, for a representative member
F of SB,,, by

51 = RadeFachd RabchabFCd

21) Tl = S med FF —  2F W Ey,

It is clear that this definition is independent of the representative member F used
to fix the member of G,,. (For the function o, the identification of PSB,, with
G, through a representative member of SB,,, will always be made.) Now a simple
bivector F is null or totally null if and only if Gapeq F*°FY (= F**F,;) = 0 and so
such members of G,,, must be excluded from the domain of ¢,,. The interpretation
of o(F) for F € G, is as follows; there exists a neighbourhood U of m such
that the geodesics of V starting from m with initial directions in the blade of F
generate a 2-dimensional submanifold M’ of U (and hence of M) such that M’ has
an induced metric A from g and 0,,(F) is then the Gauss curvature of M’ with
respect to h at m. It seems that sectional curvature is essentially what Riemann
had in mind in his famous address on curvature [18]. If o,, is a constant function on
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G, (CI) holds at m with C' = E = 0 and o,, is, in this case, trivially continuously
extendible to a (constant) function on G,.

If g is positive definite oy, is defined on the whole of G, for each m and provided
it is not a constant function on G,, for any m in some open dense subset of M,
the collection of functions o, at each m € M uniquely determines the metric on
M from which it came (and this applies for all dimensions > 4) [15]. For Lorentz
signature, all 2-spaces are either spacelike, timelike or null, as defined above, (with
totally null ones impossible) and thus o, is only immediately defined on the set of
non-null 2-spaces G,,. If, however, o,, is continuously extendible to a single null
2-space (in the usual manifold topology on G,,), it is a constant function on G,
and hence (trivially) continuously extendible to a constant function on the whole
of Gy, [6) [T, 13] and the components Rupcq are proportional to Gapeqd at m. [In
fact, to achieve the constancy of o, on G,, it is sufficient to achieve it on S,, or
on T,,, as is easily checked (cf [5]).] Again in this case if o, is not a constant
function on G, for any m € M the collection of functions o, at each m € M
uniquely determines each set N,, = G,, ~ G, and hence, as is easily shown, the
null cone at each m. In fact it uniquely determines the metric on M from which
it came except in certain very special circumstances [6l 19, [7]. Further, if g is
Ricci-flat and nonflat (in the sense that Riem does not vanish over any nonempty
open subset of M) the functions o, for each m € M uniquely determine the metric
on M which gave rise to them in all cases [6], [7].

From now on, unless specified to the contrary, g has neutral signature.

LEMMA 1. (i) If op, is a constant function on Sy, or on T,, it is a constant
function on G, and hence continuously extendible to a constant function on Gy,.

(ii) If ko € TruM is null and Rapk®k® = 0 for each null k in some neighbourhood
of ko € T, M, (M, g) satisfies the Einstein space condition Ry = %gab at m.

(iii) Let Fy € Ny, and suppose RapeqFF = 0 for each F € UN N, for
some open neighbourhood U of Fy in G,,. Then the constant curvature condition
Raped = %Gabcd holds at m.

PROOF. (i) The proof is straightforward. Suppose o, is a constant function
on S,, with value d. In the usual basis let Q = x At be timelike and construct the

spacelike members P = z A (t + ay) for « > 1. Then define the tensor Hupeq =

Raped — 2dGapeq S0 that Hapeq P P® = 0 for each . This is a polynomial in o and
vanishes for all a > 1. It follows that Hapeq@Q* = 0 and hence that o,y Q) =d.
The proof when o, is a constant function on T}, is similar.

(ii) The set of null directions at m is a 2-dimensional, smooth submanifold
of PR3. Using the null basis [,n, L, N for T,,M given in Section 1 and choosing
projective coordinates y, z in this submanifold about the null direction spanned by
ko(=1) = (1,0,0,0), so that k = (1, —yz,y, z) for suitable y, z € R, the condition
Rupk®k® = 0 becomes a polynomial relation P(y,z) = 0 on an open subset of
R2 and hence all polynomial coefficients are zero. So Rgy = Roz with all other
components of Ricc vanishing at m and the result follows from the completeness
relation gqp = lanp + Naly + Lo Ny + NoLyp.
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(iii) Suppose Fp is null in the given condition for (iii). So in a null basis at m
chosen so that, say, Fy = [ Ay, one has Rapeql®ytl¢y? = 0. Defining a symmetric
tensor T at m by Ty, = Reaapl€l?® and considering the members [ A (y + pL) and
IN(y+vN) with p, v € R sufficiently small that these members are in U N N,,, one
gets T'(y,y)(= Tupy®y®) = T(y, L) = T(L,L) = T(y, N) = T(N, N) = 0 and, since
Tawpl® =0, also T(1,1) = T(l,n) = T(I,L) = T (I, N) = 0, which imply 7'(L, N) = 0.
It follows that Tup = alaly + b(laLy + Laly) + c(laNy + Nalp) and so T, = 0,
that is, Rqpl*1” = 0 at m from the definition of 7. Since this last equation then
holds for each null vector in some neighbourhood of [ in T, M it follows from part
(ii) that the Einstein space condition holds at m. Then the remarks following (L2))
show that E(m) = 0 and so from (I.I)) and the above form for 7" each null direction
in some open neighbourhood of that spanned by [ is a principal null direction for
C(m) as given at the end of Section 1 [8] with, allowing for an abuse of notation,
the 1-form p a linear combination of I, L and N. It follows that C(m) = 0. If Fj is
totally null, say Fy =1 A N in the null basis, a similarly argument and result arise
by considering the bivectors I A (N + AL) for A € R sufficiently small. The result
now follows and, for dimension 4, strengthens a result in [2]. O

LEMMA 2. For (M,g), if F and F’ are bivector representatives of two distinct
members of Ny, the bivector F + AF', for some 0 # X € R, (is simple and) also
represents a member of Ny, if and only if the 2-spaces represented by F and F’
intersect in a null direction (and then the bivector F + AF' represents a member of
Ny, for all A € R). Thus the subset Ny, C G, may be used to fix the collection of
null vectors of g at m.

PROOF. Let F,F’ represent distinct members of N,,. Then F and F’ are
independent and simple and if their blades intersect in a null direction, say k,
F=kAuand G = kAwv for u,v € T, M. Then whether F and F’ are null
or totally null, ku = k.v = 0 and it easily follows that F' + AF’ represents a
member of N, for all A € R. Conversely, write ' = pAgq, F/ = r A s and
F+ M =¢eA f for p,q,r,s,e,f € T,, M, for some 0 # A € R and with F, F’
and F' + AF’ representing members of N,,. One may always choose p.p = p.q =
ror =r.s=e.e=ce.f =0 and then a contraction of F'+ A\F’ = e A f with e gives
(e.q)p— (e.p)g+ A(s.e)r — A(e.r)s = 0. If p, ¢, r and s are independent in T, M one
achieves the contradiction that e is orthogonal to each member of the basis p, ¢, 7, s
for T;,, M and so it follows that p, ¢, and s are not independent and hence that the
blades of F' and F” intersect in a direction spanned, say, by k € T;,M. Now write
F = kAr’ and F' = kAs’ and suppose that & is not null. Then one may choose r’ and
s’ null with each orthogonal to k. Then since F', F' and H = F + AF’ represent
members of N,,, Fp,F*® = FlibF’“b = H,,H® = 0 from which it follows that
F.pF'® =0 and so (k.k)(1'.s') = 0. Since k.k # 0 one finds 7’.s’ = 0 and so 1’ A s’
is totally null. But k.7/ = k.’ = 0 and so k € ' A s’ which contradicts the fact that
k.k # 0 (or, alternatively, that F' and F” are independent). So k is null (and hence
F + AF’ is null or totally null for all A € R). [It is remarked that a consideration of
the null 2-spaces [ Ay and n Ay in a null basis shows that it is insufficient for simple
bivectors F, F’ representing 2-spaces in N, to have intersecting blades in order
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that F' + A\F’ represent a 2-space in N, for any 0 # X € R.] It is then clear that
N, in particular those “pencils” of the form F + AF’ which lie in N,,, reproduce
the set of null vectors of g at m. O

It is remarked first that the 2-dimensional manifold of null directions which
emerges in this lemma serves to distinguish the signature of g, being topologically
St x St for neutral signature and topologically S? for Lorentz signature. Second, it
is pointed out that in the Lorentz case the set Z of all members of all 2-spaces in
N,,, consists, apart from the zero vector, of all spacelike and all null vectors at m
and, as an alternative to lemma 2, the null cone is then the boundary of this set
(in the natural topology on T,,M) and is hence determined by it (cf [17]). This
fails for neutral signature since Z is then equal to T;, M.

The next lemma considers the continuous extendibility of the sectional curva-
ture function to N,,

LeEMMA 3. (i) Consider (M,g) with m € M, let A= S, UTy, = G, and let
F be a representative bivector in N,,. Suppose that RapeqF°F? £ 0. If U is any
open neighbourhood of F in G, o is unbounded on ANU.

(ii) If o, is continuously extendible to a single member of N,, it is a constant
function on G, and hence may be extended continuously to G,,. Thus the constant
curvature condition holds at m.

PROOF. Since F is necessarily a limit point of A, the proof of part (i) is essen-
tially the same as that given in [13] (see [17] and cf [1]). The idea is to consider the
restriction f to S° of the natural projection RS — PR® (that is, B,, — PB,,) and
to show that the map h : S> — R given (using an identification mentioned earlier)
by hQ) = RapcaQ?Q°? is bounded away from zero on some compact neighbour-
hood of Qo € f~1(F) whilst noting that Gapea FOPFed = Q.

For part (ii), if o, is continuously extendible to Fy € N,, then oy, is continuous
asamap {Fp}UA — R. Suppose o, (Fo) = aandlet V = (a—e,a+¢€) for 0 < e € R.
Then if U = 0,,'V, Fy € U, U is open in {Fy} UA with U = ({Fo} UA)NW for W
open in G, and UNA # () since Fy is a limit point of A. Then o, is bounded on U
and since ANW C U, oy, is bounded on ANW. Also W is an open neighbourhood
of Fy in G,, and then it follows from part (i) that Rapeq FGPF§? = 0 and, in fact,
this latter result is true for each member of W N Ny,. Then Lemma 1(iii) shows
that the constant curvature condition holds at m. Thus o,, is a constant function
on G, and trivially continuously extendible to G,,. O

THEOREM 1. Suppose that g and ¢’ are smooth metrics on a 4-dimensional,
smooth, connected manifold M with g of neutral signature and that the (closed)
subset B C M of precisely those points where Riem (for g) vanishes has empty
interior in the topology of M (so that (M, g) is nonflat.) Suppose also that g and
g’ determine the same sectional curvature function at each m € M and that for no
m € M~ B is it a constant function. Then, using a prime to denote corresponding
quantities with respect to g’ one has, on M, for some real-valued, nowhere-zero
function ¢ : M — R



SECTIONAL CURVATURE IN 4-DIMENSIONAL MANIFOLDS 83

(i) ¢' = ¢g, (ili) R'"*bed = ¢R bed; (v) R' =R,
(ii) R poy = ¢*Rabeas  (iv) R, = ¢Rap, (vi) C' = ¢C.

PROOF. It is perhaps unrealistic to demand that Riem is nowhere zero on
M and this is why the subset B is introduced (but with the reasonable nonflat
assumption, int B = (), where int denotes the interior operator in the manifold
topology of M). The condition that the sectional curvature function o, for g is
not constant at any m € M ~ B and equals the sectional curvature function o,
for ¢’ on this subset means (Lemma 3(ii)) that the subset of G,, on which o, and
o), are not defined is the same subset for both g and ¢’ and, in fact, equals the set
N,,, as defined for g and for ¢’. Thus from lemma 2 the set of null vectors for these
metrics agree everywhere on M ~ B and hence ¢’ is conformally related to g on
this subset. It follows that ¢’ and g are conformally related on M (and that ¢’ has
neutral signature) and so part (i) of the theorem holds and for ¢ : M — R smooth
since g and ¢’ are. It is remarked that since Riem vanishes on B the sectional
curvature functions o/, and o,, are zero maps for each m € B. It then follows that
Riem’ vanishes on precisely the subset B. To see this note that (ZII) and part (i)
of the theorem show that R/, ,F**F° =0 at each m € B and for each (simple) F
representing a spacelike or timelike 2-space at m and hence, by continuity, for each
simple F' at each such m. Applying this for the simple bivectors x Ay, x A s,...,s At
in G,, formed from the orthonormal basis z, y, s, t for T},, together with some other
judiciously chosen simple bivectors and the symmetries of R/, one sees that Riem’
vanishes on B and, by reversing the argument, nowhere else. Now the equality of
the sectional curvatures together with part (i) gives (R.,;.q — ¢°Rabed) F*PF =0
for each simple F' and then, by a similar argument to that given in the last sentence,
one sees that (ii) holds on M. Then (iii), (iv) and (v) immediately follow. For (vi)
use (L)) and (IT2) to compute the Weyl conformal tensor directly using the results
previously found (including Rzlb = @Ry, and recalling that C' has components
C®eq). [It is remarked that, although (i) above implies the equality of the Weyl
tensors, they may each be zero. In fact, if one assumes that the Weyl tensor of g
(and hence of ¢’) is nowhere zero on M one immediately has ¢ = 1 on M (from
(vi)) and so ¢’ = g on M but this will not be assumed here. The result (vi) applies
in all cases. O

Continuing with the assumptions of theorem 1 the argument now follows that
given in [6], [7]. Let U C M be the open subset of M on which the Weyl tensor
of g (and hence of ¢’) is not zero (and so U C M ~ B) and let V' C M be the
open set on which d¢ does not vanish. Then ¢ = 1on U, UNV =0 and ¢ is a
(nonzero) constant on each component of int(M \ V). It follows that Riem’ = Riem
on int(M \ V) since their metrics differ only by a constant conformal factor. Now
Riem’ and Riem cannot vanish over any nonempty open subset of int(M ~ V)
(by the definition of B) and so part (iii) above shows that ¢ = 1 on int(M \ V).
Define the closed subset W C M comprising precisely those points of M at which
¢ =1. Then U C W and int(M \ V) C W. Then disjointly decompose M as
M = V Uint W U K where the closed set K is defined by the disjointness of the
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decomposition and has empty interior in M since any nonempty open subset U’
contained in K would necessarily satisfy U’ NV = () and so ¢ would be constant
on each of its components. Thus, since int B = @), U’ is not contained in B (and so
Riem is nonzero and ¢ = 1 over the nonempty, open subset U' N (M ~ B) of U’). Tt
follows that U’ N (int W) # () contradicting the disjointness of the decomposition.
Thus M has been disjointly decomposed into the open subset int W where ¢ = 1
(and hence ¢’ = g) together with the open subset V where d¢ does not vanish and
which is conformally flat for g and ¢’ (since UNV = @) and a closed subset K with
empty interior. So leaving aside the subset K one is left with the open set int W,
where ¢’ = g, together with (perhaps more interestingly) the conformally flat open
subset V upon which d¢ is nowhere zero.

3. Analysis of the Subset V

On V one has a nowhere-zero closed 1-form d¢ with components ¢, and V is
conformally flat for g and ¢’, C’ = C = 0. One could now argue as in [7] but the
following is a little easier and gives the same results. From C = 0 and (L1]) and
(T2) one has at each m € M and for the metric g

1.~ - - - R
(31) Rabcd(E gaeRebcd) = §[Racgbd - Radgbc + Rbdgac - Rbcgad] + EGabcd

and also the conformally flat Bianchi identities, one for each of the connections V
of g and V' of ¢/,
1

1
(32)  Reap — Rebsa = g[gacR,b — ger ] R/ca\b - R;b\a = g[gwafb - gébR:a]

where a comma denotes a partial derivative and a semi-colon and the symbol |
denote covariant derivatives with respect to V and V', respectively. Now evaluate
the second in ([B:2), using Theorem 1 parts (iv) and (v), and subtract from it ¢ times
the first in (8:2). The partial derivatives disappear and terms in Pg, =TI'j%2 —T'¢,
arise where I" and T are the Christoffel symbols from V and V', respectively, and
where, since ¢’ = ¢g (and ¢® = g%¢;)

1, _
(33) Pl = 567008 + 002 — 695
One finds after a short calculation
(34) ¢bRac - ¢aRbc = (bRaePbec - (bRbeP;c = Rbe¢egac - Rae¢egbc

A contraction with ¢*¢ then shows that Eabqﬁb = 0 and a back substitution into
B reveals that Eacgbb fébcgba = 0 and hence that Eab = Y, ¢p for some function
¥ :V — R. Thus ¢(¢%¢s) = 0on V. If, at any m € V, 1(m) = 0 then Ricc(m) = 0
and so E(m) = 0 from (L2)). Then (LI)) shows that Rupecqd = %Gabcd at m. Now if
R(m) # 0, 0., is a constant function at m € M ~\ B and a contradiction is obtained
and if R(m) = 0, Riem(m) = 0. It follows, since int B = ), that 1) cannot vanish
over any nonempty open subset of V. So ¢*¢, = 0 on V and hence ¢® is null on
V (and, from Theorem 1(i), with respect to both metrics g and ¢’). [Thus in the
positive definite case and from the definition of V', V = @) and the result in [15] is
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recovered.] A use of B3) now gives ¢ap = dqp + ¢~ ' Pahp and this enables further
V and V’ covariant derivatives to be taken as follows.

(35) ¢a;bc = (¢a|b);c - ¢_2¢a¢b¢c + ¢_1¢a¢b;c + ¢_1¢a;c¢b

and so

(3'6) (¢a\b);c = (ba\bc = ¢a|eP176c + ¢€|bP;c = (2¢)_1[¢a|c¢b + ¢c|b¢a + 2¢a;b¢c]
Putting (35) and (B.0) together gives

(37) ¢a;bc - ¢a;cb = ¢a|bc - (ba\cb + (2¢)71[¢a;c¢b - ¢a;b¢c]

(which corrects a minus sign error in equation (9.48) in [7] but which ultimately
cancels out without problem in that reference). Using the Ricci identities for V and
V' in ([B1) followed by a contraction with ¢® (and noting that since ¢u.p = Gp:a,

Gaipd” = 0) one gets
(3.8) O [paR%ape] = 0°[PaR ape] = G[0° paR%ape]

Then @31, the condition ¢%¢p, = 0 on V and the above expression for Rice give
Ropead®d? = f%¢a¢c. Thus if R(m) # 0 for some m € V, R does not vanish in
some open neighbourhood of m and hence ¢ = 1 and d¢ vanishes on this neighbour-
hood, contradicting the definition of V. It follows that R = 0 (that is, Ricc = Ricce)
and R,y = ¥oq0p on V. Thus

(39) Rabcd¢d =0

holds on V' whilst (7)) and the Ricci identities give ¢g.cp = Gapdpe on V. So
QDasb = g @y for some function o on V' and another application of the Ricci identity
together with ([B.9]) shows that ag, is locally a gradient, ag, = p 4 on some suitable
open neighbourhood U” of any m € V and for some function p on U”. Thus
X = e ”d¢ is a parallel 1-form satisfying ¥ =du on U” for v : U” — R and
so ¢ = ¢(u) and p = p(u). Finally it follows from B2) that R.p = yxaXp for
v:U" = R with v = y(u).

Since Riem cannot vanish over any nonempty open subset of M there exists
m € V and a neighbourhood of m such that Riem does not vanish at any point of
this neighbourhood. Construct a null basis I,n, L, N at m with [* chosen equal to
g™xs(m) = x%(m) and then a basis IAN, IAn, nAL, INL, LAN and nAN for B,,
in terms of symmetrized products of which Riem(m) may be written. Now since
the Weyl tensor C' and R vanish on V, (1)) gives Riem = E and so (see, e.g.[4])
*Riem = — Riem”™ on V. Also, from (3) Riem(m) may be reduced to a sum of
symmetrized products of A =IAN, B=IAL and C = LAN and the expression for
Ricc shows that the terms in C vanish. Then the relation * Riem = — Riem™, noting

that A € gm and B € Sy, (see Section 1) shows that in some open neighbourhood
V' of m (assumed to satisfy all the conditions placed on the above set U”) where
Riem does not vanish and chosen to allow a smooth extension of the null basis to
V' consistent with [* = x® one has

(310) Rabcd = ﬂ(AabBcd + BabAcd)
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for a smooth nowhere-zero function g : V' — R (and from which one now has
Ry = 2B141p). A consequence of this is that for any totally null 2-space represented

+ -
by a totally null bivector F' at m € V' (and which is necessarily in S, or Sp,),
+ - +
RapeaFPFed = (), whereas if F is null, one may write F = F + F with F €
+ — —
Sm, F € Sy, and with each totally null (see Section 1) and so Ropeq FOPFed =

+ - + —
28(F® Ap)(F B,y) which is not zero unless F' is a multiple of A or F is a multiple
of B (cf Lemma 3(i)). Also if X is a spacelike (respectively timelike) 2-space at
m and Y its spacelike (respectively timelike) orthogonal complement and which

are represented, respectively, by the (simple) bivectors F' and F' whose blades are
o+
X and Y (and noting that F' + F € S,,), the conditions * Riem = — Riem™ and

F®F,, = F*F,, show that the sectional curvatures of X and Y differ only in sign.
Returning to (3I0) one has Agpl” = 0 and hence (Agpl®).. = 0 on V. Thus,
since [ is parallel on V', (Agp.ck€)I® = 0 for any k € T, M (m € V') and so, since

+
Agpick® is in Sy, for each k, A is a recurrent 2-form on V', Agpe = Agppe and
similarly for B, Bgp,c = Bapqc for 1-forms p and ¢ on V’. One can then compute
from the Ricci identity and (B10)

(311) Aab;cd - Aab;dc[: Aab(pc;d - pd;c)] = AebReacd + AaeRebcd =0

to see that p, (and similarly ¢) are locally gradients of, say, the functions a and
b, respectively and which are defined on the, possibly reduced, subset V’'. Thus
A and B may be locally scaled to parallel bivectors A’ = e"®*A and B’ = e *B,
respectively. Thus Riem is recurrent on V', Raped.e = RapedTe, o0 V'’ where r = p+q
is a gradient (as it must be by Walker’s theorem [21]). Clearly Ricc (Rap = 25140p)
is also recurrent on V', Rup.c = Rapre with r, = 8713, and @3.2) with R = 0 reveals
that 8, is proportional to [, and is hence null. Thus the infinitesimal holonomy
group of (M, g) has constant dimension (= 2) on the open subset V' of V' and
so equals the holonomy group on any component of V’. This holonomy group
is represented by the (2-dimensional) holonomy algebra labelled 2¢g in [22]. [It is
remarked that the above calculation shows that, on V', Ricc is of Segre type {(211)}
and recurrent on V' (but not properly recurrent since it is (locally) proportional
to a parallel, symmetric second order tensor on V') and again this holonomy result
follows from [10].] One thus has

THEOREM 2. Let M be a 4-dimensional manifold with nonflat metric g of
neutral signature. Let g’ be any other metric on M whose sectional curvature
function o), at m € M equals that of g at each m € M. Suppose that for no
m € M \ B is o,, a constant function. Then g and g’ are conformally related
on M (and hence g’ has neutral signature). Also one may disjointly decompose
M =V UintW UK such that ¢ = g on int W, K is a closed subset of M with
int K = (0 and V is an open subset of M on which g and g' are conformally flat
and the above general analysis of this section holds.
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One can add more here. From [21] one sees that on the open dense subset
of V where Riem does not vanish the conditions of Walker’s nonsimple K spaces
are satisfied and so in some connected, open neighbourhood of any point of this
neighbourhood one may choose coordinates u, v, x,y with u as above such that the
metric takes the form

(3.12) ds* = H(u,r,y)du® + 2du dv + dz* — dy?

where [, = u , and, from the conformally flat condition, H (u,z,y) = d(u)(z? — y?)
for some smooth function §. This is the analogue, for this signature, of the confor-
mally flat plane waves of general relativity [20], the latter appearing in a similar way
in the study of sectional curvature in Lorentz signature [6} [19]. To see that non-
trivially related pairs g and ¢’ of solutions exist with identical sectional curvature
functions suppose that M = R* with metric g as in ([312). Then since the function
¢ above is a function only of v and may be chosen positive, let ¢/ = e2°(")g for
some smooth function p on M. A computation of Riem’ and use of Theorem 1(ii)
shows that the sectional curvatures of g and ¢’ are equal if and only if

p—p*=0(u)(e* —1)

(where a dot denotes d/du) solutions of which are known (see [19]).

4. Sectional Curvature Preserving Vector Fields

Let f be a smooth map on some open neighbourhood W of M into M, let u, v
be independent members of T, M for m € W and let m’ € M with f(m) = m/.
With f, the usual differential of f and assumed to be an isomorphism at each
m € W, suppose the sectional curvatures of u A v at m and f.u A f.v at m’ are
equal for each such choice of m, u and v (in the sense that neither is defined or each
is defined and equality holds). Then f is called sectional curvature preserving on
W. Similarly a smooth vector field X on M is called sectional curvature preserving
on M if each of its local flows is sectional curvature preserving in the above sense
[6]. It is now easily checked from theorem 1 that the collection of all sectional
preserving vector fields SCP(M) on M is a subalgebra of the (finite-dimensional)
Lie algebra of conformal vector fields on M (each member satisfying, from theorem
1, Lxg = wg and Lx Ricc = wRicc where £ denotes the Lie derivative and w
is some function on M). Clearly SCP(M) contains the Killing algebra of M but
contains no proper homothetic vector fields. Now consider a (connected) coordinate
neighbourhood W’ in the open subset V' (as described in the last section) of the
type in which BI2) is written. Then R, = —2§(u)l,ly and X € SCP(W') if
and only if either (i) Lxg = wg and Lx Ricc = wRice for some function w(u)
(and necessarily w = 2w?d), or (ii) Lxg = wg where w(u) satisfies @ = 2wd (and
necessarily £x Ricc = wRicc). The details of the Lie algebra SCP(W’) may then
be explored in a similar way to that in the Lorentz case [9, [14]. This should be
compared with, for example, a study of such vector fields on any component of
the open subset int W of Section 2 where SCP(int W) coincides with the Killing
algebra on int W.
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5. Final Remarks Including the Ricci-Flat Case

The restriction regarding the nonconstancy of o,,, in Theorem 2 can, in a special
case, be removed in the following way. Suppose, with the above notation, that
(M, g) is nonflat and Ricci flat. Then C' = Riem on M and so C and Riem are
each nowhere zero on an open dense subset U C M and each vanish on M U
where the latter subset, because of the nonflat condition, (is closed and) has empty
interior in M. Then o, is necessarily nowhere a constant function on U (otherwise
the Ricci-flat condition would force the contradiction Riem = 0 at such points).
Also ¢ =1 on U and hence on M. Thus one has

THEOREM 3. Let M be a 4-dimensional manifold with a nonflat, Ricci flat
metric g of neutral signature. Let g’ be any other metric on M whose sectional
function o, equals that of ¢’ at each m € M. Then g’ = g on M.

It is noted that, quite generally for this dimension and signature, *G* = G,
*C* = C and *E* = —F (see e.g. [4]) and hence, from (L)), Riem —*Riem* = 2F.
So, for any spacelike or timelike 2-space represented by the simple bivector F' and

*

with orthogonal complement represented by F, F**F,, = F®F,, and the following

holds
s RapeaF™Fd *RY GFPF  EupeqFF
Om(F) = o (F) = —2bed _ _tabed _ - Zabed
2GabchabFCd 2GabchabFCd Gabchu’bFCd

It follows that for each such 2-space the difference o, (F') — oy, (F') is controlled by
the tensor F (that is, by Ricc(m)) (see e.g. [11]) and that, just as in the Lorentz

case [3], o (F) = o (F) for each such 2-space if and only if F(m) = 0, that is, if
and only if the Einstein space condition holds at m.
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