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POINTWISE CONTROLLABILITY AS LIMIT OF
INTERNAL CONTROLLABILITY FOR THE WAVE EQUATION
IN ONE SPACE DIMENSION

CAROLINE FABRE and JEAN-PIERRE PUEL

1 — Introduction

In this article, we are interested in the passage from an exact controllability
problem for the wave equation in one space dimension when the control acts in an
open subset of amplitude € to an exact controllability problem when the control
acts on a point.

We study the case of the wave equation in one space dimension and we start
with the solutions of exact controllability problems when the controls have their
supports in an interval of the form ]a, a + [ where a is any fixed point of |0, 7|
The existence of these solutions has been proved by A. Haraux in [3] and we will
briefly recall some of his results.

The aim of this paper is to describe what happens when € tends to zero. We
can’t hope to get a pointwise control for the limit problem for any point a in
10, 7] as we know from S. Jaffard (see [5]) and A. Haraux and S. Jaffard (see
[4]) that the pointwise exact controllability of the wave equation is possible (in
some way) if and only if a is what one calls a strategic point. Results concerning
pointwise exact controllability have been obtained by S. Jaffard in [5] proving
embeddings between the space of initials datas which are exactly controllable and
some Sobolev spaces. We then prove that if a is strategic , we obtain for the limit
problem the solution of an exact controllability problem when the control acts
on the point ¢ and that for other points, the solutions of internal controllability
problems blow up.

In order to solve our problem, we use a method which is quite analogous
to the one used in [1] and [2] where we were interested in the limit problem
starting with internal controllability problems with controls concentrated in an
e-neighbourhood of a part of the boundary satisfying some geometrical condition.
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We will have to prove some results concerning the behavior of weak solutions of
the wave equation in an interval of length . As they are independent of the
exact controllability problem, we state them in a first section. After recalling the
results of A. Haraux mentioned above, we will prove an inverse inequality which
will give us the estimates on the internal controls in the case of a strategic point
which are necessary to pass to the limit when the amplitude € tends to zero. We
then end up with the limit problem.

2 — Behavior near a point

We consider here the weak solutions of the wave equation in €x]0, 7 where
Q =)0, 7[. Let h,u’,u! be elements of L*(0,T; H~1(Q)), L*(Q2) and H~1(Q) and

let u be the solution of
u” — 0*u=hin Q x[0,T]
(2.1) u=0 in 0Q x [0, T

u(0) = u®, and ' (0) = u! .

We recall that v € C(0,T; L?(Q2))NCY(0,T; H~1(Q)) and that such solutions
of the wave equation can be defined by transposition (we refer to [6] for more
details).

We denote by Q. the interval ]a, a + €[, where a is a point of ]0,7[ and we will
take ¢ < m — a. For simplicity, we denote by Ou the derivative with respect to
the space variable x of a function u.

The main results of this section concern the regularity of u(a,t) where u is a
weak solution of (2.1) and a is any point of |0, 7[ and the behavior of the L2-norm
of u in an e-neighbourhood of a. These results are gathered in the following

Theorem 2.1. There exists a constant ¢ > 0 and a real number €g > 0 such
that for every ¢ < eg, and for every (h,u® u') in L'(0,T; H-Y(Q)) x L*(Q) x
H=1(Q), the solution u of (2.1) satisfies:

(2.2) u(a,t) € L*(0,T) ,

and we also have an estimate such as

1 T
(2.3) g/o ‘/QE u?(z, t)dzdt < c([|Pl[71 0,1, m-1(0)) + [6° 2@ + Ul E-1(0)) -

Proof: We introduce v = A~'u with Dirichlet conditions on the boundary.
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The function v is a solution of

v — 9% = fin Qx[0,T]
(2.4) v =0in dQ x [0, 7]
v(0) = 0¥ and v'(0) = o',

with initial data v(0) = v°,v'(0) = v! and with a right hand side f satisfying

v = A0 € H2(Q)n HL(Q)
ol = A7 € H(Q)
f=A"1The LY0,T; H{(Q)) .

and it is sufficient to prove the

Theorem 2.2. There exists a constant ¢ > 0 and a real number ¢y > 0
such that for every e < &g, and for every (f,v°,v') in L'(0,T; H}(Q)) x (H3(Q) N
H(Q)) x H}(S2), the solution v of (2.4) verifies:

(2.5) 9*v(a,.) € L*(0,T),0v'(a,.) € L*(0,T)
and the mapping

LY0,T; Hy (Q)) x (H*(Q) N Hg(Q)) x Hy(Q) — L*(0,T) x L*(0,T)

(2:6) (f,00,01) = (8%0(a,.), 0V (a,.))

is linear continuous.
Furthermore, we have

T
(2.7) i/o /Qe[(a%)Q(x,t) + (0v)3(z, t))|dzdt <

C(Hf”%l(o,T,Hé(Q)) + ”UOH?p(Q)mHé(Q) + H”lufqol(g)) .

Proof: Using a density argument, it is sufficient to prove this result for a
right hand side f in D((0,T) x Q). The function w = v’ is then a solution with
finite energy of

w" — 0*w = f"in Q x [0, T
(2.8) w =0 in 09 x [0, 7]
w(0) =o', and w'(0) = 9%° .
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In order to use the multiplier method, we introduce a function p element
of W1*(a,1) and we denote by Q, =]a,1[x]0,T[. Multiplying the equation
satisfied by w by pow, we get

/ (w" — 0*w)owpdrdt = / fOwpdzdt .
a Qa
But, by integrations by parts, we have

1 1
w” Qwpdzdt = / Ow(z, T)w'(x, T)p(z)dx — / Ow(x,0)w'(x,0)p(z)dx
Qa a a

1 1 (7T
+ = | w?dpdxdt + —/ w(a,t)p(a)dt
2 Jqg, 2 Jo

1 1
:/a av'(x,T)a%(a:,T)p(x)dx—/a o' (z,0)0%v(z, 0)p(x)dx

1 T
+3 0 v"28pda:dt+§/0 v"?(a,t)p(a)dt .

As V" = f+ 0%v and f(0) = f(T) = 0, we finally obtain

(2.9)
1 1
M@meﬁ:/é%ﬁﬂmyM%Tmmﬂx—/1&K@@WN@OM@Mx
Qa a a
+ ! f2(x, t)0p(x)dadt + L (0%0)%(x, t)0p(x)dadt
2 JQa 2 JQa

2 LT
+ [z, t)0%v(x, t)0p(x, t)dxdt + 5/0 f2(a,t)p(a)dt

Qa
1 (T T
5 [ @@ np@dt+ [ fano*apa)dt
0 0
On the other hand, we have

~J O*w(x, t)ow(x, t)p(x)dzdt :;/ (002 (z,t)0p(x)dxdt
(2.10) “ “

T
+;A(%Y@ﬁd@ﬁ
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and
(2.11)

/ f(z,t)0w(z, t)p(z)dxdt = —/ f(z,t)ow' (z, t)dxdtp(x)dzdt
Qa Qa
=~ [ $@.00(f + %) (a, Op(, e

a

1 e
“3/, f2 (@, 1)p(a)dadt + /0 f*(a,t)p(a)dt
4 /Q %o(x, )0 (x, t)p(x, t)dudt
+/Q f(x,t)@%(x,t)@p(w)da;

T
+ /0 Fla, )0%0(a, H)p(a)dt .

Taking into account (2.9), (2.10) and (2.11), we then obtain

(2.12)
T T
% /0 (Ov')Q(a,t)p(a)dt—i—% /0 (020)2(a, )pla)dt — —% [ (@0 0p(a)dadt
—% (002 (x, )0p(x)ddt + / 020(z, O f (2, ) pla, ) daclt
Qa Qa

1 1
- / v (z, T)0%v(x, T)p(x)dz + / oV’ (,0)0%0(, 0)p(x)dz .

Now, choosing p(z) = 7 — x in (2.12), one can easily show (2.5) and (2.6). In
order to get (2.7), we apply (2.12) to the functions

£
pe(x)=0 in J[a+e1].

(2.13) {pa(as) _ate-w in [a,a+¢]

and we use (2.5) and (2.6). m

3 — Internal exact controllability of the wave equation

We recall here some results of A. Haraux that one can find in [3]. Using the
“Hilbert Uniqueness Method” introduced by J. L. Lions in [6], A. Haraux proved
the exact controllability of the wave equation when the control is distributed
and acts on Ja,a + £[x]0, T for initial data in H}(Q) x L*(Q). As usual in
exact controllability problems, this result is a consequence of an inverse inequality
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concerning the solutions of the following homogeneous wave equation:

4,0// o 82g0 -0
(3.1) =0 in 00x]0,T[
0(0) =", ¢'(0)=¢",

where ©° € L?(Q) and o' € H~1(Q).

We recall this inequality, whose proof can be found in [3]:

For every T' > 2, there exists ¢. > 0 such that the weak solutions of (3.1)
satisfy

(3.2) 161320y + 19 [0 < | 9, 0mat)
Furthermore,
1
(3.3) Ce = 0(5—3) ,

this estimate being optimal.

Having this inequality, A. Haraux proves that for every (y°,y') € HZ(Q) x
L?(92), the state 1. solution of the exact controllability problem when the control
acts on Q. x]0, T[ with initial data (y°,y') is defined by

é/ - 821/15 = QcXe
e =0 on 00x]0,T]
Pe(0) =3°,  ¥L(0) =y

where y. is the characteristic function of ]a, a + €[, ¢z xe is the control and @. is
the unique solution of (3.1) whose initial data satisfy

(3.4)

(3.5) —h @) + (50, By = /Q G (a t)dadt |

As we shall see, (3.3) gives us an estimate on the controls ¢.. However, it is
not sufficient to obtain the limit problem and in the case of a strategic point, we
will be able to improve it using the next section.
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4 — An inverse inequality

We suppose in this section that the point a is strategic which means that the
quantity

T
(| #atins
0
defines a norm on the space D(2) x D(Q) of the initial data of the solutions of
(3.1):
90// _ 8290 =0
e=0 in 90x]0,T|
0(0) = ¢, ¥'(0) = " .
J.L. Lions proved in [6] that a point a is strategic if and only if a/7 is not an
element of Q).

We denote by F' the completion of D(€Q2) x D(2) for this norm and we denote
by || - ||F the following quantity:

lolle = ([ (@t
A very simple calculation proves that
L*Q)xHYQ) CF.
In fact, S. Jaffard proved (see [5]) that there exists a dense subset of strategic
points for which we have the following result:
If y%(z) = 3,51 ansin(nz) and y' (z) = 32,51 busin(nz), then
n?a? + b2

< .
sin?(na) >

Wy eF &>
n>1
The main result of this section is the following:

Theorem 4.1. For T > 2m, there exists ¢ > 0, such that for every (¢, p!) €
F, the solution ¢ of (3.1) satisfies

(1.1 I < e [ o thdede)

Proof: First, we remark that it is sufficient to prove the result for T' = 27.
Indeed, suppose that the theorem is true for 7' = 27 and let us consider a time
T > 2m. Let k be the unique integer such that 2k7m < T < 2(k + 1)m, we write

oz, t) = Z an cos(nt + ay,) sin(nx) ,
neN
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and we then have

T 2(k+1)m
/ ©?(a,t)dt < / ©*(a,t)dt .
0 0

As the family of functions (cos(nt+ ay,))nen is orthogonal in L2(0,2(k+1)7),
we obtain

/ ©*(a,t)dt < (k+ 1) Za sin?(na) .

neN
As )
(k+1)m Z a2 sin®(na) = (k + 1) ©?(a,t)dt
neN 0
we get
T 27
/ ©*(a,t)dt < (k+ 1)/ ©*(a,t)dt
0
2T
<ck+1)- / / (x,t)dzdt

2km
k+11/ / xtdazdt

k+11 ate
<c —]: g/ / ©*(x, t)dxdt

and the theorem will be true for every T > 27.
Now, suppose T' = 2w. We write again

o(z,t) = Z an cos(nt + ay,) sin(nx) |
neN

and we have
/gpxtdt—ﬂz / sin?(nz)d
neN

Now, we have to prove that there exists ¢ > 0 independent on ¢ such that for
every integer n € N, we have

1 [ote
(4.2) g/ sin?(nx)dz > csin®(na) .

For b > 0,t > 0, we set

1
I(b,t) = / sin?(b + tz)dz
0

1 ate
- / sin?(na)de = I(na,ne) ,
€ Ja
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it is sufficient to prove that there exists ¢ > 0 such that
(4.3) vt >0, I(bt)> csin?b.

We have the formula

1 int
V20, I(bt)=5(1- % cos(2b +1)) .

Ift > 2, then I(b,t) > 2(1 — 2).
If t < 3, we distinguish two cases:

Case 1. |b,b+t[C]nm, (n+ 1)7[. It is then enough to consider the case n =0
and as sin is concave on [0, 7], we obtain

Vz €[0,1], [sin(b+tz)| > (1 — z)|sind| .
Hence

1
I(t,b) > sin2b/ (1—2)2d>
0

1
> §sin2().

Case 2. (n—1)mr <b<nw <b+t<(n+1)r. It is enough here to consider
the case n =1 and we write m = b+ zpt with 29 € [0,1]. We have

|sin(b+tzp)| > (1 — 2)|sinb| for z < zg

and
| sin(b + tzp)| > z|sin(b+t)| for z > zp .

Now, ifz()Z%,we find
2, [ 2
I(b,t) > sin b/ (1—2)%dz
0
7T .9
> — .
_248111 b

If zp < %, then b+t —m > 7 — b and we get the same lower bound.
Combining all the cases, we get assertion (4.3) and the proof of the theorem
is complete. n

5 — Estimates on the controls

The results of the above section allow us now to get the estimates that we
need in order to study the passage to the limit when ¢ tends to zero in (3.4).
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Indeed, using (3.2),(3.3) and (3.5), we obtain the existence of a constant ¢ > 0
such that

_ ~ 1 _
1032y + 18I < el [ B2 )

¢ ~ ~
< gH(yO,ylHHg(Q)XLz(Q)H(@g, Y210

We then deduce

Theorem 5.1. For every T' > 2w, we have the following estimates:

-0 ~ 1
(5.1) (@2, B 20 xr-1(0) = 0(;3)
and
1
(5.2) / 32 (. t)dadt) = O(=) .
Qe €

In fact, when the point a is strategic and if the initial data (y°,y') belong to
F’, this first estimate can be improved. Indeed, we have from (4.1) and (3.5):

0 ~ 1 -
B B < el [ @2 )
c -0 ~
< gl!(yo,yl\lpll(wga@i)I\F
from which we deduce

Theorem 5.2. For every T > 2, if a is strategic and if (y°,y') € F', the
controls ¢, satisfy the following estimates:

(53) 162, &lle = 0(2)
and
(5.4) /Qs 22 (2, O)dadt — 0(5) .

The functions ¢. = €p. are bounded in L*°(0,T; F) thus, after extraction of a
subsequence, they converge for the weak-* topology of this space to an element
¢ which is also solution of (3.1).

As we shall see, these last estimates are essential to study the limit when ¢
tends to zero which is done in the next section.



INTERNAL CONTROLLABILITY FOR THE WAVE EQUATION 345

6 — Passage to the limit

We study here the possible convergence of the solutions of the exact control-
lability problems defined by (3.4). This convergence depends on the nature of
the point a and on the space of the initial data y° et y'. When a is strategic
and if the initial data (y°,y') belong to F’ (which is exactly the space of initial
data which are exactly pointwise controllable), the estimates obtained in (5.3)
and (5.4) are exactly the one we need to pass to the limit in (3.4). In the others
cases, we only have the estimates given by (5.1) and (5.2) and we will see that
we can’t hope a convergence result concerning the solutions of (3.2) which means
that they probably blow up. If the point a is strategic, we have the following

Theorem 6.1. Suppose that T' > 2w. If a is strategic and if the initial data
y? and y' belong to F’, the solutions of (3.4) converge for the weak-* topology of
L>(0,T; H}(2)) to the solution of the following pointwise exact controllability
problem:

" — 0% = v(a,t)d,

=0 in o0x]0, T

p0) =9, Y 0)=y" in Q
Y(T) =y (T)=0 in Q,

(6.1)

where v belongs to L?(0,T) and is the weak Iimit in H=1(0,T) of v.(a,.) —
s0p:(a,.).

Proof: The solutions of (3.4) are defined by a duality process from the weak
solution of (2.1) which means that we have:

V(ul,ut, h) € L2(Q) x H=1(Q) x L' (0, T; H~1(2)),

(h,16e)) = /Q Be(, tyul, t)dadt + (31, u®) — (ul,y°)
(6.2) .
— é/g ez, t)u(x, t)dedt + (yl,uo) — (ul,y0>

where u is the solution of (2.1) with initial data u® and u' and right hand side h.
To prove that (i) is bounded in L®(0,T; H~(Q)), it is sufficient to prove
that the linear forms

L. : L*(Q) x HYQ) x LY0,T; H1(Q)) — R

1
(u®,ut, h) — g/ ez, t)u(x, t)dxdt
Qe

(6.3)
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are bounded in L?(Q) x H}(Q) x L>(0,T; H}(£2)). Using Holder inequality, (2.3)
and (5.4), we have

1 1
Lo (u®, ' B2 < (S/Q gog(x,t)dxdt)(g/ 2z, t)dzdt)

€

< c(|[u’lfZ2(0y + -1y + Al E1 0 m-1(0)) -

which prove that the linear forms L. are bounded in L2?(2) x H(Q) x
17°(0, T; HY(2)).

We then deduce that (¢.). is bounded in L>(0,T; H}(Q)) thus, after extrac-
tion of a subsequence, they converge for the weak-* topology of this space to an
element v of L>(0,T; H}(2)). In order to find which equation is satisfied by ),
we have to pass to the limit in (6.2) that is to determine the limit of the linear
forms L.. This is given by the

Lemma 6.1. The linear forms L. converge in L*(Q)x H (Q)x L*(0, T; H}(Q2))
weak-* to the linear form L defined by
T

(6.4) L, ul, h) = /0 v(a, tyula, £)dt |

where v belongs to L?*(0,T) and is the weak Iimit in H=1(0,T) of y.(a,.) —
S0¢:(a,.).

Let us admit this lemma for the moment.
Passing to the limit in (6.2), we get

V(0 ul, h) € L2(Q) x H-1(Q) x L0, T; H-(2)),

T
(6.5) ((h, ) :/0 v(a, t)ula, t)dzdt + (y',u°) — (u',y°) |

where u is the solution of (2.1) with initial data «® and u! and right hand side
h. This proves that v is the solution of (6.1).

We now prove Lemma 6.1. In order to do this, we begin with the following
result:

Lemma 6.2. Let ¢, be a family of solutions of (3.1) with initial data in
L2(Q) x H~1(Q) satisfying the following condition:

(6.6) /Q o2z, )dedt = O(e) .

Then, after extraction of a subsequence, ¢.(a,.) — $0¢.(a,.) converge for the
weak topology of H=1(0,T) to an element v of L?(0,T).
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Proof: From (4.1), hypothesis (6.6) implies that the functions ¢, are bounded
in F thus, after extraction of a subsequence, ¢.(a,.) converge in L?(0,T) weak.
On an other hand, (3.2), (5.3) and (5.4) implies

(02, oD L2 x ir-1(0) = O(g) :

Using (2.5), we can easily prove that the mapping
(0", 0') € L) x H-Y(Q) — dp(a,.) e H1(0,T) ,

where ¢ is the solution of (3.1), is continuous.

We then have 1
||0¢e(a, ~)HH*1(O,T) = O(g) .

In order to finish the proof of Lemma 6.2, we have to prove that v € L?(0,7)
that is

(6.7) Yu € D(0,T), (v, w)pr p| < cllull 20,1y -

We introduce the following functions:

¢
O (x,t) :/0 ez, T)dT — Aflcp; ,

and

¢
Se(x,t) = / O (z,7)dT — Aflgog
0

The functions ®. and s are solutions of (3.1) with initial data respectively
in H}(Q) x L*(Q) and (H?*(Q) N H}(Q)) x HE(Q). Furthermore, we have the
following estimates:

1
102, @) g2 <220 = 0(2),

and
1

11(s2, s 2 @) <m0 = o(2) -

For w € D(0,T), we then write

/ / t)dadt = / / '(t)dadt

_/ se(a,t) + 835(a t))u (t)dt

+ - // //(‘)255(z7t)dzdyda:dt.
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We thus have

£ 1 T a+te
(se(a,.) + §6ss(a, D, u)prp = 2/0 / e(z, t)u(t)dzedt — R, |

1 [T rate T ry
R. = g/ / u”(t)/ / 9%s-(z, t)dzdydadt .
0 a a Ja

Let us prove that

where

il_I)I(l)Rs = 0.

Using Holder’s inequality, we get,

Lo T [ete * Yoo 2 1/2
B < W lon ([ e[ @=a) [[w—a) [0 0dzdydud)
JE
< ||U”HL2(O,T)%||(3273;)H(H2(Q)OH(}(Q))><H3(Q)
thus

lim R. =0 .
e—0
Using now (6.6), there exist a constant ¢ > 0 such that
€
[(se(a,) + 5052 (a, D, u")pr ol < ellull 20,1y + [ Rel -
Passing to the limit when € goes to zero, we obtain

(v, u)prp| < CH“HB(O,T) )
which prove that v belongs to L2(0,T). u

Proof of Lemma 6.1: As the linear form L defined in (6.4) has a sense on
L2(Q) x H~Y(Q) x L' (0, T; H1(2)), it is sufficient to prove that (L.). converge
to L on a dense subspace of L(Q) x H=1(Q) x L(0,T; H~1(2)) and, for example,
on (H2(Q) N HY(Q)) x HE(Q) x L1(0,T; HE(Q)). We then consider (u®,ul,h) €
(H2(Q)NHL(Q)) x HY(Q) x L1 (0,T; H}(Q)). We know that u € C(O,T; H2(2)N
H(Q)) N CH0,T; H}(2)). Using (5.4), one can easily prove that the following
linear forms

K.:L*(O,T; H*(Q) N HY(Q)) — R

6.8 1
(6.8) u g/ ez, t)u(x, t)dxdt
Qe

are defined and bounded on L2(0,T; H?(2) N H3(R)).
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They converge for the weak topology L2(0,T, (H%(Q)NH(Q)') to an element

K of L%(0,T,(H?(Q) N HY(Q)). In order to determine K, we write for u €
D(0,T;C*>®()):

1
K. (u) == [ ¢e(z,t)ula,t)dzdt
(6.9) c /QE

1 x
+ - 0 wg(x,t)(/ ou(y, t)dy)dzdt .

We have already seen that

T

1
lim = [ (@, tyula, t)dodt = / v(tyula, t)dt .
e—0 ¢ Q- 0

On an other hand, it is easy to prove, using Holder’s inequality, that for every
u € D(0,T;C*>(R)), we have

1
lim —

| watat( | duy. yay)dedt =0,
e-0¢g Qe a
which finishes the proof of the lemma 6.1. m

Remark 6.1. In the case of a non strategic point, we still have
(W) = [ el ute, et + (') = (')

But, we have here,

( /Q B (z, (e, )dedt)? < / &2(, t)dwdt x / 2 (z, t)dadt |

€ €

Using (5.2), there exist a constant ¢ > 0 such that

( / B (2, t)ulz, t)dzdt)? < c(gi3 / 2 (z, t)dzdt)

£ €

It is clear that we can’t hope a result like

1
=3 / ) u?(z, t)dadt < C(HUOH%%Q) + ||U1||3{71(Q) + HhH%l(O,T;H*l(Q))) ,
with ¢ > 0 and independent on € because this would imply u(a,.) = 0 for ev-
ery u solution of (2.1) with initial data and right side in L?(Q) x H~1(2) x

LY0,T; H71(Q)). This explains that the solutions of (3.4) probably blow up in
the case of a non strategic point.
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