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WEIGHTED FRECHET AND LB-SPACES
OF MOSCATELLI TYPE

YOLANDA MELENDEZ

Abstract: The structure of the weighted Fréchet and LB-spaces of Moscatelli type
appears when one combines both the structure of the Kéthe sequence spaces [3] and
the structure of Fréchet and LB-spaces of Moscatelli type, introduced by Moscatelli in
1980 [11] and developed by Bonet and Dierolf in [4, 5]. The theory of this new structure
includes both theories.

The main motivation for our research on these spaces are the questions which re-
main open in the theory of LB-spaces. The most important one is the question posed
by Grothendieck [8] asking whether every regular LB-space is complete. This question
is answered positively in our present frame here.

This paper is divided into three sections. In the first section we introduce the weighted
LB-spaces of Moscatelli type and study strictness, regularity and bounded retractivity.
We also prove that these inductive limits are regular if and only if they are complete (un-
der mild additional assumptions). In the second section we define the weighted Fréchet
spaces of Moscatelli type and investigate when they are Montel, Schwartz and when
they satisfy property (€2,) or property (DN,) of Vogt. In our third and last section
we establish a certain duality between the weighted Fréchet and LB-spaces of Moscatelli

type.

1 — Weighted LB-spaces of Moscatelli type

1.1 Definition and preliminaries
In what follows, (L, || ||) will denote a normal Banach sequence space, i.e., a
Banach sequence space which satisfies:

(a) ¢ C L C w algebraically and the inclusion (L, || ||) — w is continuous,
where w = [[;en K and ¢ = Qe K.
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(B)Va = (ag)kew € L, Vb = (bg) ke € w such that |bg| < |ag|, Vk € IN, we
have b € L and ||b]| < [|a]|.

Clearly every projection onto the first n coordinates p,,: w — w, (ag)reNn —
((ak)k<n, (0)g>n) induces a norm-decreasing endomorphism on L.

We shall also consider on (L, || ||) the following properties:

() llall = limy, [[pn(a)|| Va € L.

(0) If a € w, sup,, ||pn(a)|| < oo, then a € L and ||a|| = lim, ||p,(a)]|.
(¢) limy, |la — pp(a)|| =0 Va € L.

Unexplained notation as in [9, 12].

Following the classical notations (see [3]), given a strictly positive Kéthe ma-
trix A = (an)new on IN, that is 0 < an (k) < an+1(k) (n,k € IN), we shall denote
by V' = (vn)new the associated decreasing sequence of strictly positive weights
with v, = é (n € IN) and by V the family

viclo -  sup 2R
V.—{v—(v(kz)) €w: :gﬂ%vn(k) < 00, VnE]N}.

We shall always assume without loss of generality that for every v € V, we have
(k) >0 (k € IN).

Let (L,| ||) be a normal Banach sequence space, (Y, sk)reNn & sequence of
Banach spaces and V = (v, )nen a decreasing sequence of strictly positive weights.
For each n € IN we put

L(vn, (Yr)keN) ::{(Cvk)kelN e I Y (va(k) si(an))ren € L}
KEN

endowed with the norm ||(xg) ke ||: = (vn (k) sk (k) ) ken || and E(V, L, (Y ) ke }: =
indy, L(vn, (Yi)ken)-

For every 7 € V| we define

L@, (Yi)rew) = {(xk)kE]N e I Ya: @(K) sk(zr))rew € L}
keN

endowed with the norm ||(zg)ren| : = ||(T(k) sk(zk))ke]|-
The inclusion

L(vn, (Yi)kew) C L(D, (Yi)kew)

is continuous for arbitrary 7 € V and n € IN, so that, if

K(V,L,(Yi)kew) : = projgy L(T, (Yi))
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then k(V, L, (Yx)kew) is continously injected in K (V, L, (Yx)rew)- For the case
Yy = K (k € IN) we shall omit (Y;)gew and write L(v,), k(V, L), L(v) and
K(V, L), following the classical notations.

Clearly, for the case Y, = IK (k € IN) and L = 1), the space k(V, L, (Y)kem)
is the corresponding scalar Kéthe co-echelon space and K(V, L, (Yi)rewN) coin-
cides with its well-known projective hull (see [3]). In fact the idea for our inclusion
is taken from the one in [3] for this particular case.

Moreover it is easy to see that k(V, L, (Yy)rew) and K (V, L, (Yi)rew) induce
on @Pren Vi the same topology. In particular, if L satisfies property (¢), then
k(V, L, (Yy)rew) is a topological subspace of K(V, L, (Yy)kew) (compare with [3]
and 2.4 in [5]).

In order to define the weighted LB-spaces of Moscatelli type, we would like
to make the following three conventions for this first section:

— (L, |l ||) will denote a normal Banach sequence space with property (7).
— V = (vp)new will stand for a decreasing sequence of strictly positive weights.

— (Xk, k) ke and (Yz, sk ) ke will represent two sequences of Banach spaces
such that for each & € IN, Y} is a subspace of Xy and s > rr | Yi
(in consequence, By :={y € Yi: sp(y) <1} C{z € Xj: rp(zx) <1} =:A).

For every n € IN, the space L(vy, (Xk, 7k )k<n, (Y, Sk)k>n) is a Banach space,
the inclusion

L (v, (Xinen Vidkzn) = L(vnsn, (Xidkenst, Videzntn)

is continuous and the unit ball of the first space — which we shall always denote
by B,, — is contained in the unit ball of the second one, B, 1. Now the inductive
limit

k(V, L, (X5), (Y)) :=indn L(va, (Xe)ken, (Ve)kon )

is the LB-space of Moscatelli type w.r.t. (L, ||), V = (vn)nenN, (Xk, 7k) ke and
(Ye, k) keN-

Recall that if X}, =Y}, = IK and L = 1, we obtain the Kothe co-echelon spaces
[3] and for the case vy, (k) =1 (k,n € IN) we get the LB-spaces of Moscatelli type
[4].
Clearly k(V, L, (Xk), (Y%)) is a quotient of @ cp Xk xk(V, L, (Yi)kenw). There-
fore there is a basis of 0-neighbourhoods of the form @, nerAr + U, where
(ex)keN 18 a sequence of positive real numbers and U is a 0-neighbourhood in
k(V,L,(Xk), (Ys)), is given by @pen erdr + Bz Nk(V, L, (Yi)kew) with v € V,
where By stands for the unit ball in L(7, (Yi)ren)-

We introduce the following auxiliary spaces.
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For each k € IN let C}, denote the closure of By in (Xg, k), Zj its linear span
and t the Minkowski functional of Cy (we will keep these notations through all
section 1). The space (Zg,tx) is a Banach space. Obviously s > LYy = Th|Yio
hence k(V, L, (Xk), (Yx)) is continuously injected in k(V, L, (Xy), (Zx)).

Now given (e)renw € KN, e, >0 (k€ N) and 7 € V, De,w Will denote the
Minkowski functional of Ay + ﬁBk. Then p, 7 is a norm on X} which is

equivalent to 7. Therefore (X, ps, ) is a Banach space. Since supy, % < 00

(n € IN), the spaces L(vp, (Xi)k>n, Yi)k>n) and L(vy, (Xk)k<n, (Zk)k>n) are
both continuously injected in L((Xg,pe, 5)ken), for arbitrary (ex)renw € KN,
e >0 (k€ IN), v € V and n € IN. Consequently, the inclusions:

k(VL L, (X), (Vi) € k(V. L, (X), (Z1)
C proj L(Xy, pey ke = K (V, L, (Xp), (Vi)

are continuous. For the case (Y, sk) = (Xk, %) (k € IN), the space K(V, L, (Xy),
(Y3)) coincides with K (V, L, (Y3 )rew) algebraically and topologically.

Furthermore, K(V, L, (Xy), (Yx)) has a basis of 0-neighbourhoods formed by
the sets

(I erde+087) N K(V.L.(X0), (0) . (enhren € KN, 2> 0 6> 0,
keIN

and ¥ € V where By stands for the unit ball in L(7, (Yy)rewN). Moreover k(V, L,
(Xk), (Y)) and K(V, L, (X}), (Yx)) induce the same topology on @pen Xk

1.2 Proposition. Let (Zy,t;)rew be asin 1.1 and k(V, L, (Xy), (Yx)), k(V, L,
(Xk), (Zy)) the corresponding weighted LB-spaces of Moscatelli type. The fol-
lowing assertions hold:

i) k(V, L, (Xk), (Yx)) = k(V,L,(Xg),(Zy)) if and only if for every n € IN

there are m > n, M, > 0 with vnl(k) C) C Uﬁl) By (k> m).

11) Ifk(v> L: (Xk)7 (Yk)) is regu]ar, then k(V> L: (Xk)7 (Yk’)) :k(‘/a L7 (Xk’)v (Zk’))
and ind,, L(v,) is regular.

1.3 Remarks.

i) The converse of 1.2 ii) holds whenever any of the following conditions is
satisfied:

a) each subset in k(V, L) = ind,, L(v,) which is bounded for the relative
K(V, L)-topology is also bounded in k(V, L) (see [3]);

b) there is m € IN such that Y} is a topological subspace of X (k > m).
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ii) Condition 2.4 ii) in [5] implies our condition 1.2 i) and they are different
(of course they coincide if v, (k) =1, (k € IN)). Indeed, from 2.6 in [5], given an
infinite dimensional Banach space (X, r), for each m € IN, there is a bounded Ba-
nach disc in (X, r), D,,, whose closure is contained in M D,,, for some M > 1 but
not contained in mD,,. According to this, we can obtain a sequence of bounded
Banach discs, (Bg)rewN, and a strictly increasing sequence of natural numbers,
(ng)kem, such that By C ngBy and Bry1 ¢ ngBry1. Put Yy :=LIN(By) (linear
span of By), s the Minkowski functional of By, and take (X, 7), (Yx, Sk)remw and

V = (Vm)meN with vy, (k) = (n—1k>m, m, k € IN. For each k > m + 1,

1 —-—x m 5T m 1
Bk :(nk) Bk C(nk) +lBk:

—_— By .
Um(k?) Um+1 F

It follows from 1.2 i) that
k(V.L, (X,), (V) = k(V L, (X,7), (Z) -

However, there is no p > 1 satisfying Bj," C p By, for all k € IN.

1.4 Proposition. k(V, L, (Xy), (Yx)) is boundedly retractive if and only if
the following two conditions hold:

1) There exists m € IN such that Y}, is a topological subspace of X (k > m);
2) ind,, L(vy,,) is boundedly retractive.

Proof: Assume k(V, L, (X}), (Yx)) is boundedly retractive. Then for B; there
is m € IN such that L(vy, (Xg)k<r, (Y)e>r) and L(vp, (Xi)k<m, (Yi)k>m) induce
the same topology on Bj, for all » > m. It follows easily that Y; and X} induce
the same topology on By, k > m, thus Y} is a topological subspace of X, for all
k> m.

Since k(V, L, (Xk), (Yx)) is regular, ind L(v,) has to be regular. If it is not
boundedly retractive, without loss of generality we may assume that for all
n € IN, L(v,) and L(vp41) dot not induce the same topology on the unit ball
of L(v1), namely By, 1. Therefore, for each n € IN we can find (A})peN C By, 1
which is L(vp41)-null and not L(vy,)-null. We can also assume that Aj; = 0,
1 <j<n+1l Take z; € Y; with s;(z;) = 1 (j € IN), and put z; =
(ApxZk)ken (p;n € IN). Then {z} : n,p € IN} C By, the sequence (2)peN
is L(’Un+1, (Xk)k<n+17 (Yk)k2n+1)—null but it is not L(’Un, (Xk)k<na (Yk)kzn)—null.

For the converse assume conditions 1) and 2). It follows from 1) that for all
k > m there is A\ > 0 such that A\g sk < rp < sg. Since k(V, L, (Xk), (Yz)) is
regular it suffices to prove that the topologies coincide on B, residually, n > m.
For every n > m, put Dy ={((rx(2x)r<n, (Sk(xr))k>n) : © € Ba}; then D, C
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By, 1, hence there is [ € IN such that L(v;) and L(v,) coincide on D, for all
r > 1, i.e. for every ¢ > 0, there is 4 > 0 such that 6B,, 1 N D, C €B,,1. Take
0 =MX,---A\_10 and let x € §'B, N B,, be given. Then,

H((vr(k) (k) ) k<n, (vr(k) Sk(wk))an)H <

(@rtByri(am)iers (@r(k)sk(@n)ezr)

S>\n/\n+1---,\T_1 H ’<5,

thus we obtain

((rk(xk))k<m (Sk(l‘k))kzn) € 0By, 1N By, 1 CeBy1;
that is, ||((vi(k) rie(2k))k<n, (Vi(k) sp(xk))k>n)|| < € and therefore € B;. u

1.5 Proposition. The following statements are equivalent:
i) k(V, L, (Xg), (Yi)) is strict;
ii) For every k € IN, Y}, is a topological subspace of X}, and for every n € IN,

. . 1 M,
there is My > 0 with o5 < 7005 (k € IN).

Regarding Grothendieck’s question [8] whether regularity implies complete-
ness for LB-spaces, we shall provide a positive answer in the frame of these
weighted LB-spaces of Moscatelli type when either the space (L, || ||) is a step
space (in the sense of [13]) satisfying property (¢) or (L, ||) = (Lo, |loc) oOr
(L, || |) = (co, || lloc)- First we should remember the definition of a step (cf. [13]).

A sequence space (L, || ||) is said to be a step if:

a) (L, | ) is perfect;

b) (11, 1) € (L, [ € (Toos Il [loo);

c) (L,B(L,L")) is a Banach space, where L? denotes the a-dual of L.

(Normal Banach sequence spaces satisfy always property b), cf. [6]).

1.6 Proposition. If (L,| ||) is a step, then k(V,L,(Xy),(Zy)) and
k(V,L,(Xk), (Y3)) coincide algebraically, they have the same bounded sets
and k(V, L, (Xy), (Zy)) is regular.

Proof: Let B be a bounded set in K(V, L, (Xy), (Ys)).

1) An argument similar to the one in 3.1 iii) in [4] shows that there is n € IN
such that z € Zp (k > n), V(xk)kewN € B.

2) Let us see that ((0)g<n, (tk(2k))k>n) € indy, L(vy,) (z € B). Assume there
is € B such that ((0)k<pn, (tk(2k))k>n) ¢ ind,, L(vy,). Since L is perfect, for all
m € IN, there is 2™ € L* with ||2™|* =1 and Y 72, vm(k) tr(zk) 23" = o0.
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Take y™ € ¢, such that ||[y™[|* < 1, max{k € IN: 3" # 0} < min{k :
Yyt £ 0}, yP = 0 for all k < n and 352, 0(k) tg(wg) ly| > m. We put
Jmi={k € IN: y* # 0}. Thus (Jm)men is a sequence of pairwise disjoint
subsets of IN.

Take v € V, with v(k) = v, (k) if k < min Ji; v(k) = vy, (k) if minJ,, <k <
min Jy, 1. For all £ € IN such that tx(xg) # 0, we have

1 1 _ 1
Ty & §tk(3«“k) Cy = §tk($k) U(k)% Cy ,
whence there is €, > 0 such that
. ¢1t(x)—(k)<LB+ A)
k& 5 \TE)V (R kT €k Ak

and therefore for every k € IN we can find € > 0 such that

Py a(an) %tk(xk) a(k) .

Let U be the unit ball in the a-dual L*. We have

sup ((pey (@) )| > sup Z v (k) t () [yp] =

which contradicts that z € K(V, L, (Xy), (Yz)).

3) To end the proof, it suffices to show that there exists an index m > n such
that sup,cp supy ey > pem Um(k) ti (k) [yk| < oo.

Assume the contrary. Then for each m > n, we can find y” € BN @B Zk,
and 2™ € U such that
oo
Y om(k) te(yi) |2 >m, yp =0 (k<n)
k=m
and
max{k € IN: y" # 0} < min{k: y"t* £ 0} .

Now the proof finishes as in part 2. u

1.7 Corollary. If (L,| ||) is a step, then k(V, L, (X}), (Yx)) is regular if and
only if it coincides with k(V, L, (Xk), (Zk))-

1.8 Proposition. If (L, || ||) is a step with property (¢), then k(V,L,(X),(Y%))
is regular if and only if it is complete.
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Proof: Let (x4)aca be a Cauchy net in k(V, L, (Xk), (Yx)), hence a Cauchy
net in K(V, L, (X%), (Yz)). There is z € K(V, L, (X), (Y%)) such that (z4)aca
converges to z in K(V, L, (Xy), (Ys)). Since K(V, L, (Xg), (Yx)) and k(V, L, (Xk),
(Y%)) induce the same topology on @, ; X,, for all m € IN, we obtain that
(Pm(Ta))aca converges to pp,(x) in k(V, L, (X%), (Yx)) for each m € IN, where p,
stands for the projection onto the first m coordinates.

Let p be a continuous seminorm on k(V, L, (X), (Yx)). Given £ > 0, there is
ap in A such that p(zq — z/) < €/9, for o,/ > .

Fix ap and find my € IN such that p(pm(Tay) — Tay) < €/9 (m > my). Now
for a > ap and m > m1 we may write:

P(Ta — pm(Ta)) < p(Ta —Tag) +P(Tag — Pm(Tag)) +P(Pm(Tag) — Pm(Ta)) < /3.

There is mg such that p(x — p,(x)) < /3 (m > my). Take my = max(m1, ma).
There must be a; such that p(pm, () — pme(2a)) < €/3 (o > a1). Choose
a9 > ap, ag > aq to obtain

p(z = za) < p(& = Pmg(2)) + PP (2) = Pmo (Ta)) + P(Pmo (Ta) — Ta) <€,
which proves the completeness of k(V, L, (Xk), (Yx)). u

In the case L = 1, the equivalence between regularity and completeness holds
too.

1.9 Proposition. k(V,1%° (Xy), (Yy)) is regular if and only if it is complete.

Proof: Let (Zj,tr)kew be as in 1.1. It follows from (1.7) that k:(V 1% (Xk),
(Yx)) is regular if and only if it coincides with k(V,1%°,(X}), (Zx)), and that
k(V,1%°, (Xg), (Y%)) is the bornological space associated to K(V, 1%, (Xy), (Yz)).
Assume that k(V, 1%, (X}), (Y)) is regular.

We shall show — following the technics in [5] — that for every sequence of
positive real numbers (ex)reN,

m+1

anC C Qan n  (meIN),

where C,, stands for the unit ball in 1°°(vy,, (Xk)k<n, (Zk)k>n) and the closure is
taken in k(V, 1%, (Xy), (Zk)) with respect to [Tren (X, 7k)-

Given m € N, let p,, : k(V,1*®,(Xk), (Zr)) — k(V,1°°,(Xk),(Zr)) be the
projection onto the first m coordinates and @, :=1d — p,,,, then

Z enCn C Z 5npm<cn) + Z En Qm(cn> .
n=1 n=1

n=1
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Since Py (Crmt1) is a O-neighbourhood in J]}L; (X, rk),

m+1 m+1

Zgnpm(cn) C Zgnpm(cn) C Zgncn
n=1 n=1 n=1

Put Dy, :={(((0)k<m); (Tk)k>m) * Tk € Zg, th(wg) < En Vot (k=2 m)}
Then Dy, is closed in [[epn(Xk, 7). We claim that Dy, = >0 £,Qm(Cr). The
argument we are going to use is due to Ernst and Schnettler (see [7]).

Given z = ((0)k<m, (Tk)k>m) € Dm, put z} = z, if t(zx) < Uf(lk). Otherwise
put

o Sk Tk
© (k) telz)
Then tg(71) < tx(xx). Consequently, x! € k(V,1%°,(Xy), (Yx)) and t(z}) < vf(lk)

(k>m).
Define 2% = z — 2!. Thus 27 = 0 whenever t;(zy) < Uf(lk). For tj(xg) > %(lk),

_ B SR RO
te(a) = ti (xk i (F) tk(xk)> = frl@) |1 - ( )tk(ﬂck)
= tg(zk) — Z "
n=2 n

After finitely many times, we obtain z € Y1, £, Qm(Cp).

Accordingly
m—+1

anC - Qan n

and this shows that k(V,1°°,(X}y),(Y%)) is the barrelled space associated to
K(V,1%°, (X), (Y)), hence complete. u

In order to deal with the case (L, || ||) = (co, || ||oo) in our next proposition,
we should remember that a decreasing sequence of strictly positive weights
V = (n)new is said to be regularly decreasing (see [2,3]) if for every n € N,
there is m > n such that for each € > 0 there is ¥ € V with

v (1) <ewvp(i) if T(i) < vp(i) .

1.10 Proposition. k(V,cy, (Xg), (Yx)) is regular if and only if it is complete.
In this case k(V, co, (X), (Yx)) coincides algebraically and topologically with
K(V7 €o, (Xk)v (Yk’))
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Proof: Let (Zj,t;)rew be as in 1.1. From 1.2 ii) and 1.3 i) we get that
k(V,co, (X1), (Yz)) is a topological subspace of K(V,co, (X#), (Yz)) and it is reg-
ular if and only if k(V,co, (Xk), (Yx)) = k(V,co, (Xk), (Zx)) and V is regularly
decreasing.

Assume that k(V,co, (Xg), (Yx)) is regular. Let B be a bounded set in
K(V,co, (Xg),(Yx)), hence bounded in K(V, 1, (Xg),(Y%)). There must be
n € IN such that

sup sup v, (k) tx(zr) = M < oo .
z€B k>n

Since V is regularly decreasing, there is m > n such that for each € > 0 there
is © € V satisfying v (i) < 557 vn (@) if B(i) < v (3).

If £ > m and (k) > v, (k), we have

r § 5 t@) Tk =2 G

Hence there is €, > 0 such that

Tk Qé %tk(xk)ﬁ(k) (% Bk+5kAk) .

Put Iy:={k > n: (k) > vy (k)}. If k € I,

—_

1
Pero(@n) 2 5 te(zr) U(k) 2 5 trlzn) v (k) -
On the other hand if 7(k) < vy, (k), then

(k) te(@r) < vn (k) te (k) ﬁ <e.

Since (pe, w(xk))keNn € co, we have (v, (k) tp(2k))k>m € co. Therefore B
is contained in co(Vm, (Xk)k<m, (Zk)k>m). In particular K(V,co(Xg), (Yx)) =
k(V, Co, (Xk)(Yk)) [ |

2 — Weighted Fréchet spaces of Moscatelli type

2.1 Definitions and preliminaries

In this section 2, we would like to make the following conventions:
— (L, |l ||) will be a normal Banach sequence space with property (7).

— A = (an)new will stand for a strictly positive Kothe matrix.
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— (Y, sk) ke and (Xg, rp) ke will represent two sequences of Banach spaces
and fr: Y — Xj will be a continuous linear mapping such that f(By) C
Ay, where Ay, (resp. By) stands for the unit ball of X}, (resp. Yy) (k € IN).

Now, for every n € IN, we define:
G = L{an, (Vi)kzn, (Xi)ezn)

N {($k)k61N e [T x [T Xa: (<a”(k) Sk(xk))k;m’ (a"(k) rk(wk))kzn) EL}

k<n k>n

provided with the norm:

l@x)rencln = [|((an (k) se(@e)iens (an(k) r(@i))izn)]|

Clearly G,, is a Banach space (n € IN). We put g,,: Gpt1 — Gn, (Tk)keNn —
(k) k<n, fn(xn), (Tk)k>n) (n € IN). Clearly g, is a continuous linear mapping
(n € IN) and we define the weighted Fréchet space of Moscatelli type w.r.t. A,
(Lo D)5 (Y sk)keN (Xks mi)ken and fi: Yy — X (k € IN) by

G = A(A7 L, (Yk)7 (Xk)) ::projnelN(Gnvgn) .

As in [5], it is easy to check that G coincides algebraically with

{y = ()ren € ] Ya: (fk(?/k))ke]N € proj, L(an, (Xk)kelN))}
KeN

and G has the initial topology w.r.t. the inclusion j: G — J[pen Yi and the
linear mapping f: G — proj, L(an, (Yi)rew), (Tx)keN — (f&(Yr))renw. We can
always assume without loss of generality that f(Y%) is dense in X (k € IN).

If X, =Y, =K (k € IN), we shall write A\(4, L), following the classical
notations.

Recall that if X, =Y, =K (k € IN) and L = 1, we obtain the K&the echelon
spaces [3] and the case an(k) =1 (k,n € IN), we get the LB-spaces of Moscatelli
type [4].

Let us investigate when the weighted Fréchet spaces of Moscatelli type are
Montel, Schwartz, satisfy property (£,) and property (DN,,).

The properties (€2,) and (DN,,) were introduced by D. Vogt in [14] as follows.

For an increasing continuous function ¢ : (0,00) — (0,00) we say that a
Fréchet space with a basis of zero-neighbourhoods {U, }nen has property (€2,)
if Vp 3¢ Vk 3C > 0Vr > 0: U, C Co(r) Ug + 77U, and a Fréchet space with a
fundamental sequence of seminorms {|| ||, }nen satisfies property (DN,,) if:

Jng Ym In €N, 3C>0: Yz e F, Vr>0: ||z|m < Co() |2)ng+r |2 -
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These two conditions play an important role in [10, 15].
By [10], a Fréchet space is quasinormable if and only if it has (€,) for some
®.
By [16], a Fréchet space F has (£2,) for ¢(k) =1 (k € IN) if and only if F is a
quojection and this is equivalent to the fact that F' does not satisfy the condition
(*) of Bellenot and Dubinsky (cf. [1]).
Property (DN,,) is related with some normability conditions (see [14]).

2.2 Lemma.
a) M(A, L, (Yx), (Xy)) is a complemented subspace of

/\(A,L,F)::{(m”)nelNeF]N: (am(n)r(x™))pew €L, Vrees(F), Vme]N},

where F' is the Fréchet space of Moscatelli type w.r.t. (K, || ||), (Y, sk)reN
(Xk: ke and (fr)ren (see [4]).

b) The sectional subspace (MA,L))j:={(ax)kenw € AA,L) : ap = 0
Vk ¢ J}, with J:={k € IN: fi(Yr) # 0} of the Kothe echelon space

is algebraically and topologically isomorphic to a complemented subspace

2.3 Proposition. Let J:={k € IN: f,(Ys) # 0} and consider the sectional
subspace (A(A, L)) ;. Then,

i) M(A, L, (Yy), (Xg)) is Montel (resp. Schwartz) if and only if (A(A, L)) is
Montel (resp. Schwartz) and Y}, is finite dimensional for all k € IN.

ii) A(A, L, (Yy), (X)) has property (DN,) (resp. property (€,)) if and only
if (\(A,L)); and F have property (DN,) (resp. §,)) where F is the
Fréchet space of Moscatelli type w.r.t. (L,|| [|), (Yk, Sk)ken (Xk, Tk)keN
and (fi)ken-

The proof of the result above is an easy consequence of lemma 2.2 (for the
case of the property (€2,) use also 2.9 and 2.10 in [5] and for property (DN,,) use
2.17 in [5]).

3 — Duality

In this section, we shall follow the ideas in [3] and [5] to establish the duality
between the weighted Fréchet and LB-spaces of Moscatelli type.
In order to settle such a duality we need the following proposition whose proof

follows thoroughly its restricted version to the Koéthe sequence spaces appearing
in [3].
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3.1 Proposition. Let (L,| ||) be a normal Banach sequence space with
property (). Let (X, rr)re be a sequence of Banach spaces and A = (G )neN
a strictly positive Kothe matrix. A subset B C proj,, L(an, (Xx)reN) is bounded
if and only if there exists v € V (cf 1.1) such that for every (zi)reNw € B,
(rk(mk»kE]N € vBy, where By, is the unit ball in L.

Let (L,|| ||) be a normal Banach sequence space with property (7). Let
(Yi, sk)kew (Xk, 7k )kew be two sequences of Banach spaces and fi: Yy, — X
a continuous linear mapping with fi(Bg) C A (kK € IN). Let A = (an)new be
a strictly positive Kéthe matrix and G = A\(A4, L, (Y%), (Xk)) the corresponding
weighted Fréchet space of Moscatelli type. Let v € V, g > 0 (k € IN) be given.
We consider the set T(k) f, *(Ax) N By and denote its Minkowski functional by
To(k)uy- Then gg(r), is a norm on Yy and it is equivalent to s (k € IN). We
define Gyp, := L((Yk, @o(k)uy JkeN). Clearly Gy, is a Banach space and is
continuously contained in G (v € V, py > 0 (k € IN)).

3.2 Proposition. Under the hypotheses above, for every bounded set B in
G, there are 5 € V, (ui,) € IKN, 1y > 0 (k € IN) such that B is a bounded set of
Gk, - In particular, G can be represented as an (uncountable) inductive limit:

G = ind(GE(k)uk: 7eV, () KN, 1, >0 (ke JN)) :

Proof: Let B be a bounded set in G. According to proposition 3.1, there
exist 7€V, M)renw € KN, A > 0 (k € IN) such that

sup{Hﬁm(fk(yk)meNH: y= (e € B <1
" Sup{sm(ym)i Y= (Yr)keN € B} <Am (meNN).

Choose (1)kenw € L with n, > 0 (k € IN) and || (nx)ke|| = 1. Put pg =M n; "
(k € IN). Let us see that B is bounded in G, - Let y € B. Then for all k € IN,
e € ri(felyr)) fi (Ar) 0 sk (yr) B -

Call

_ 1
I ::{k €Ny si(ye) < ok

o e}

I ::{k €N: %k) Te(fr(yr)) < M;Zlé‘k(yk:)} :
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Take k € I, then y;, € ﬁrk(fk(yk))(ﬁ(k)fl;l(/lk) N pgBy) and

‘ = H((v(lk:) Tk(fk(yk))>k:ell’ (O)kEIQ)H <1.

Take k € I, then yy € 5, s (yr) (©(k) £ ' (Ax) N ppBi) and

H ((%(k)uk (Yk))ker » (O)keb)

(ke )

‘ < H((O)kehv (Mﬁlsk(yk))keh)
< H((O)kehv (nk)kelg)

Thus || ((go(k)u, (Yk))rke|| < 2 and that finishes the proof since G is ultrabornolog-
ical. m

|

‘31.

Let G = A(A, L, (Y%), (Xk)) be the weighted Fréchet space of Moscatelli type

w.r.t. (L, || [|) with (€), A = (an)nen, (Yi,sk)keN (Xk,7k)keN, (fk)ren, each

fr having dense range and f(By) C Ay (kK € IN). Because of lemma 2.2 in

[5] we may naturally identify (algebraically and topologically) the strong dual of

G = L(an, Yk, $k)k<n, (Xis Ti)kzn) With Hy = L'(vn, (Y, 83 )k<ns (Xg, 77)k>n)

and define the weighted LB space of Moscatelli type H :=ind,enN Hy, = k(V, L,

(Y}), (X})) w.r.t. the duals. We shall keep these notation all over this section 3.
Next we study the relationship between G’ﬁ and H.

3.3 Proposition. There is an identity map 1: H — G/’@ which is contin-
uous. Moreover H is the bornological space associates to G/’g and G’ﬁ coincides
topologically with K(V,L’,(Y}), (X})).

Proof: Let B € G be bounded. By (3.2), we can find v € V, g > 0
(k € IN) such that sup ||(g5(r)u, (Uk)) kel : y € B} < 1. Take ¢f = pt (k€ IN)
and consider the Minkowski functional p,z) of ﬁAZ + € Bj,. Observe that

%q%(k)ﬂk < Peyok) < QQ%(k)uk (k € IN). Now
1 o
U‘:{(fk)kelN €H: H(pekﬁ(k)(fk))keNH < 2} cB.
Indeed, let f € U and y € B. Then,

‘ > fk(yk)‘ <23 peyai)(Fr) Gote)u (Uk)
kelN kelN

= H(pg’cﬁ(k)(f’“))kemr (G5 (k) (yk))kelNH <1.

Conversely let 7 € V, g, > 0 (k € IN) be given and put pu = ;' (k € IN).
Then the polar of the bounded set B:={y € [Iren Y& l@ok)u, (Uk))ken|| < 1}
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in G’ is contained in

Us={(ferew € H: ||(peyip (F))nen | < 2} -

Indeed, let f € B°. It suffices to show that > ;. Peyok) (fx) [kl < 2 for all
a = (ag)kew € L such that ||af| <1 and a > 0 (k € IN). Fix one of those «
and take y € [[ren Y& With gyr)u, (yx) < 1 (k € IN). Then (agyk)reN € B and
therefore

S ol fuwn)l = S |fulawyr) < 1.

keIN keIN

Since p.,w(k) < 2q%(k')llk (k € IN), we conclude

> pesy(wfe) <2 .
heN

3.4 Corollary. G is distinguished if and only if the corresponding weighted
LB-space w.r.t. the duals k(V,L' (Y]),(X})) satisfies k(V,L',(Y}),(X})) =
K(V,L' (Y]),(X})) topologically.

3.4 Remark. Under the above hypotheses, if there is an index n € IN
such that X is a normed subspace of Y} (k > n), then k(V,L’, (Y%), (X})) =
k(V, L', (Y}),(X})) topologically if and only if k(V, L") = K(V, L") topologically.
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