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CONVOLUTION OPERATORS IN INFINITE DIMENSION

NGUYEN VAN KHUE and NGUYEN DINH SANG

1 — Introduction

Let E be a complete convex bornological vector space (denoted by the letters
b.v.s.). This means that F is an injective algebraic inductive limit of a family
{E;}icr of Banach spaces E;, i € I, such that for i < j the canonical linear map
from E; to E; is continuous. A subset of E is called bounded if it is contained
and bounded in a Banach space E;. We say that F is a Schwartz (resp. weak
Schwartz) b.v.s. if the canonical map from E; to Ej; is compact (resp. weakly
compact) for every i < j.

Given D a subset of F such that D; := DN FE; is open in E; for every i € I. A
function f on D is said to be holomorphic if f | D; is holomorphic for every i € I.
By H(D) we denote the space of holomorphic functions on D equipped with the
compact-open topology, where as above a subset K of D is called compact if
K;:=K N E; is compact. Consider the Fourier-Borel transformation

Fp: H (D) — H(E™)
given by
Fp(p)(z*) = plexpx™)  for pe H' (D) and z* € E

where H'(D) denotes the dual space of H(D) equipped with the compact-open
topology and

E+:{f€H(E): fis linear} .

Equip Im Fp the quotient topology via Fp. For each o € E* define the transla-
tion operator 7, on H(E™) by the form

Ta(9)(z") = ¢(2" + a)
for z* € ET and ¢ € H(E™).
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Since
fD'Fa =7oFD 5

where 7,: H'(D) — H'(D) given by

(Tap) () = p(pexpa)
for p € H(D) and p € H'(D), it follows that

To: ImFp — ImFp

is continuous.
Now a continuous linear map 6 : ImFp — ImFp is called a convolution
operator if it commutes with every translation.

2 — Statement of the results

In this note we always assume that E is a b.v.s. which is separated by ET and
D is a subset of E such that D N E; is connected and open in E; for every i € I.

Existence Theorem. FEvery non-zero convolution operator on Im Fp is
surjective.

Approximation Theorem. Let hold one of the following two conditions
i) D is balanced;

ii) D is polynomially convex and E is a weak Schwartz b.v.s. such that every
FE; has the approximation property.

Then every solution u of the homogeneous equation Ou = 0 is a limit for the
topology of Im Fp of solutions in P(E)Exp(D), where P(E) denotes the set of
all continuous polynomials on E and Exp(D) = span{exp(x): = € D}.

In the case E is a Schwartz b.v.s. such that every space E; has the approxima-
tion property and D is a balanced convex open subset of E the above results have
established by Colombeau and Perrot [3]. Some particular cases were proved by
Boland [1], Dwyer [4], [5], [6] and Gupta [8].

3 — Proof

Let T € (Im Fp)’, the dual space of Im Fp, equipped with the strong topology,
and let T*: Im Fp — Im Fp given by the form

(T*¢) (o) = T(10p) for ¢ €ImFp and a € ET .
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Lemma 1. 7% is a convolution operator on Im Fp and conversely each
convolution operator on Im Fp is a T™* for some T'.

Proof: First observe that F},: (ImFp)" — H”(D) = H(D) (algebraically).
Define the continuous linear map Uy from H'(D) to H'(D) by

Ur(p)() = w(Fp(T) )

for p € H'(D) and ¢ € H(D).
We have

(T"Fp)(p)(a) = (T" Fp(p))(a) = T(1a Fp (1))
T<fD :FOK(/’L)) = f/D(T)(%a(IUJ))

w(Fp(T)expa) = (Fp Ur(p))(a)

for all u € H'(D) and a € ET.
Thus
T Fp=FpUr.

This yields the continuity of 7.
Let M denote the algebra of all convolution operators on Im Fp and let v be
the map from M to (Im Fp)’ given by

vi 0 (6 6°(0)) -
It is easy to see that
y(T*)=T and (40)"=86.
Hence the map T — T™* is a bijection between (Im Fp)" and M. u

Lemma 2. Let F be a Fréchet space and let C'(F') denote the set consisting
of all compact balanced convex subsets of F'. Then for every K € C(F) there
exists L € C(F) such that the canonical map from the canonical Banach space
F(K) spanned by K to F(L) is compact.

Proof: Let H be a closed separated subspace of F' containing K. From a
result of Geijler [7] we can find a continuous linear map 7 from a Fréchet—Montel
space @ onto H. Since K is compact in H there exists B € C(Q) such that
n(B) = K. Observe that the map 77: Q(B) — F(K) induced by 7 is open. Thus
it suffices to show that there exists B € C(Q) such that B < B and the canonical
map e(B, B) from Q(B) to Q(B) is compact.

Let {|| - ||»} be an increasing sequence of continuous semi-norms defining the
topology of @ and let @, be the canonical Banach space associated to ||||,,. Since
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Q is reflexive, @) is bornological [10]. Hence Q' = limind Q},. Put P = @,,~, Q..
Let « be the canonical map from P onto Q. B

First we find a continuous semi-norm p on P such that the map a: P, —
Q;( K) induced by « is compact, where p(K) denotes the sup-norm on B. Take a
sequence A; | 0 such that 3 ; A; <1 and such that for the unit open ball U; in
Q; we have \;B C U;. Consider the semi-norm p on P given by

p({ui}) =D lluslli/ A5

where u; € Q) and || - || is the sup-norm on Uj.
Obviously « induces a continuous linear map « from P, to Q}’D (B)"
We show that a is compact.
Indeed let {u(™} be a sequence in P such that

M = sup{p(u™): n>1} < o .

Then for every m > 1 and for every z € B we have

S 1 @) = 3 Mlal ya)l/AE < MY A

jzm ji>m j>m
and
sup{!!U§")\\j: n>1} < M)\? for every j > 1.

These inequalities show that {&(u§n))} is equicontinuous on B. Since B is com-
pact it follows that {u(™} is relatively compact in Q; (B)-

Now by the openness of a: P — Q' there exists BeC (Q) containing B such
that the canonical map induced by o« from P, onto Q; (B) is open. Hence the

canonical map from Q' B to Q;( B) is compact. This yields from the commuta-
p

)
tivity of the diagram

QB) — Q(B)
[ [
Qo) — @)
in which the maps Q(B) — [Q;(B)]’ and Q(E) s [Q;(E)]’ are canonical embed-
dings, the compactness of e(B, B). u

Lemma 3. Let 6 be a non-zero convolution operator on Im Fp. Then Ur
with T = ~ 6, is surjective.

Proof: i) Let ¢ € H(D) with UL(¢) = 0. Then
W(Fp(T) ) = (Up p)(¥) =0
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for every € H'(D).

By the Hahn-Banach Theorem we have Fp,(T) ¢ = 0. Since Fj(T) # 0 it
follows that ¢ = 0. Thus UZ is injective.

Assume now that {¢o} C Im U}, which is weakly convergent to ¢ in H(D).
Then for every finite dimensional subspace F' of E, the sequence {Fp(T) o | F'N
D} is weakly convergent to ¢ |F N D. Since the ideal in H(F N D) generated
by F(T)| F N D is weakly closed in H(F N D) it follows that ¢ |F N D =
Fp(T) |pap ¥r for some ¢Yp € H(F N D). By the unique principle the family
{¢)r} defines a Gateaux holomorphic function 1 on D such that Fp,(T)¥ = .
This relation yields by the Zorn Theorem the holomorphicity of ¥ on D. Hence
Ul has the weakly closed image in H (D).

ii) Let ¢ € H'(D) with Up(¢) # 0 and let u be an arbitrary element of H'(D).
Take ig € I such that ¢, u € H'(D;,). Let us note that the canonical map from
H'(Dj,) to H'(D) induces a continuous linear map from Im Fp, to Im Fp for
which the following diagram is commutative

(D) . H'(D)
/ /
H,(Dio) H/(Dio) Fp
Fp
(1) T+
]:DiO Ime l > Ime
/ Fp.
20
Im Fp,, Im Fp,, —

0
where Tp € (Im Fp, )" is induced by T
Hence by Lemma 2 without loss of generality we may assume that E is a
Schwartz b.v.s. Take a strictly increasing sequence {i;};>0 in I. Put
leimindEij, Do=DnNF
and
To=T|ImFp, .

Consider the commutative diagram (1) in which D;, is replaced by Dy with
¢, € H'(Dyy). By i) Uz, is injective and has the weakly closed image. This
implies that Uy, = Uy, is surjective. Thus 1 = Ur(f3) for some g € H'(D). n

Proof of Existence Theorem: By the relation T% Fp = Fp Ur we infer
that Existence Theorem is an immediate consequence of Lemma 3. u

To prove Approximation Theorem we need the following five lemmas.

Lemma 4. Exp(D) is dense in Im Fp.
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Proof: Let S € (ImFp)’ such that S(expz) =0 for every z € D.
Then
Fp(S)(x) =0 forevery z €D .

Since F7, is injective, it follows that S = 0. u

Lemma 5. Let f,g € H(D) such that for every finite dimensional subspace
F of E on which g # 0, the function f|F N D is divisible by g| F N D. Then f
is divisible by g.

Proof: By the unique principle there exists a Gateaux holomorphic function
h on D such that f = hg. Since h is holomorphic at every € D with g(z) # 0,
by the Zorn Theorem h is holomorphic on D. n

Lemma 6. Let X,T € (ImFp)’, T # 0, such that
Vee D, VPeP(E): T*Pexp(x)=0 = X(Pexp(x))=0.
Then Fp,(X) is divisible by Fp,(T).
Proof: By hypothesis we have
VeeD: Fp(T)(z)=0 = Fp(X)(z)=0.

This implies that F},(X)|F N D is divisible by F;,(T)|F N D for every finite
dimensional subspace F' of E on which F},(T) # 0. Lemma 5 yields that Fp,(X)
is divisible by Fp,(T). u

Lemma 7. Let E be a weak Schwartz b.v.s. and let i < j < k. Then E™ is
dense in Ej | E;.

Proof: Denote by E;" the completion of E*/Ker|| - ||;, where || - |; is the
semi-norm on ET defined by the unit open ball U; in E;. Since ET separates the
points of E, it follows that ET C limind E;* (algebraically). On the other hand,
by the weak compactness of the canonical map w;; from E; to Ej; for every i < j
and since U; is o(E;”, E;")-dense in the unit open ball U;" in E;” we have

Clw%’(U;ﬂ) - Clw;;/(CIU(Ej'/,Ej) UZ) S CIU(E}H,E;F) w;'(Ul) == Clle(Ul) S E]’ 5

where w;; is the restriction map from E;r to EZ+ and U;r is the unit open in Ef .
Thus for ¢ < j < k we have by the weak compactness of w;;- the following two

commutative diagrams
, +1 + +
E; — FE j FE ;o E j

wik | S el W s

E, — E Ef — Ef
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This implies that ET is dense in Ej | E;.
Put
Hy(D) = {f € H(D): D" f(x) can be approximated

by elements of E®™ for every z € D} .

Lemma 8. Ker Fp = [Ho(D)]* and hence Im Fp C Hy(D).

Proof: Let yu € [Hy(D)]*. Then

(Fou) (@) = plexpa™) = Y (/) u(z*") =0
k>0

for every z* € E™T.
Hence p € Ker Fp. Conversely, assume that Fp u = 0. By hypothesis on D
and on F it follows that Ho(E) is dense in Ho(D). u

Proof of Approximation Theorem: If § = 0, the result is true
since P(E)Exp(D) is dense in ImFp. Let 6 # 0 and let X € (ImFp),
X |P(E)Exp(D)NKerf = 0. This means that

VPeP(E), VxeD: T*Pexp(x)=0 = X(Pexp(x)) =0

where T = 6.

Lemma 6 implies that F,(X) = hF(T) for some h € H(D). From the
relations Fp(X) € Ho(D) and Fp,(T) € Hy(D), it is easy to see that
h € Ho(D) = (Ker Fp)t. Thus h = F(Q) for some Q € (ImFp)’. Hence
Fp(X) =Fp(Q)Fp(T) = Fp(Q* T). From the injectivity of F}, we have

These equalities imply X = 0 on Ker 6. u
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