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GLOBAL SOLVABILITY OF A MIXED PROBLEM FOR A
NONLINEAR HYPERBOLIC-PARABOLIC EQUATION
IN NONCYLINDRICAL DOMAINS

J. FERREIRA and N.A. LARKIN *

Presented by Hugo Beirao da Veiga

Abstract: In this paper we study the global existence and uniqueness of regular
solutions to the mixed problem for the nonlinear hyperbolic-parabolic equation

Ky(z,t)ug + Ko(x,t) ug — Au+ f1(t) |u|’ u= f(z,t) in @ ,
u=0 at ﬁt,
w(z,0) = up(x), ue(z,0) =ui(x), x€o,

where @ is a noncylindrical domain of IR"! with the lateral boundary f)t and K, Ko,

f1 are functions which satisfy some appropriate conditions.

1 — Introduction

Hyperbolic-parabolic equations belong to a class of equations of a variable
type, see Lar’kin, Novikov and Yanenko [6]. These equations are interesting not
only from the point of view of the general theory of PDE but also due to various
applications in Mathematical Physics and Mechanics.

The most famous representative of this class is the transonic Karman equation

Up Ugp — Ugg = 0,

which models flow of a compressible gas in the transonic region, where the velocity
of a gas changes from subsonic values to supersonic ones. Respectively, a type
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of the Karman equation changes from elliptic to hyperbolic, depending on the
sign of us. In the supersonic region, including the sonic curve, where u; = 0, the
Karman equation is hyperbolic-parabolic, and the variable ¢ can be considered
as the time variable.

As a rulle, domains in which this equation is considered, are noncylindrical.

For example, flow of a gas in supersonic part of a Laval Nozzle which expands
with z, can be simulated by hyperbolic-parabolic equations in noncylindrical
domains.

A great number of papers dealt with hyperbolic-parabolic equations in cylin-
drical domains, but very few of them are devoted to regular solutions in noncylin-
drical domains. It seemed for us worthwhile to study this problem in the present
paper.

Let Q be a bounded domain of R™ with a sufficiently smooth boundary I,
Q=Qx(0,00), =T x(0,00) and K € C*(0,00).

Let us consider the subsets 2; of R" given by

Qt:{xe]R”; z=K(t)y, yeQ}, 0<t<T<oo,

whose boundaries are denoted by I'y, and the noncylindrical domain @ e R

~

(1) Q:{(x,t)E]R”x(O,oo); xeﬂt}: U @ x{t}

0<t<oo

with the lateral boundary

Se= |J Lux{t}

0<t<oo

such that v, <0, Klz/f — > I/%Z_ < 0. Here vy, v, are projections of an outer

normal vector to ¥; on the corresponding axis. The noncylindrical domain @
defined by (1) is time like.

In @ we consider for the hyperbolic-parabolic equation the following mixed
problem:

Ki(z,t) ug + Ko(z,t)up — Au+ fi(t) [ulu= f(z,t) in Q,
(2) u=0 on % ,
u(z,0) =ug(z), w(x,0)=ui(z), z€Q,

where f1: [0,00) — R, K (z,t) and K5(z,t) are two real functions defined in Q,
n 2
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Linear and nonlinear wave equations in noncylindrical domains have been
treated by many authors. Lions [9] introduced the penalty method to solve the
existence problem. Using this method, Medeiros [10] proved the existence of weak
solutions to the problem

(3) uyg — Au+ f(u) = f

for a wide class of S(u) such that B(u)u > 0. Cooper and Bardos [1] proved
the existence and uniqueness of weak solutions of (3), for the case B(u) = |u|*u
(a > 0) and when ¥ is globally “time like”, without the increasing condition on

o~

Q. Cooper and Medeiros [2] included the above results in a general model
uy — Au+ f(u) =0,

where f is continuous, sf(s) > 0 and %, is globally “time like”. Inoue [4] suc-
ceeded in proving the existence of classical solutions to (3) for the case n = 3 and
B(u) = u? when the body is “time like” at each point.

Ferreira [3] studied the existence of weak solutions to the mixed problem for
the equation

Kl(.’E)Utt+K2(.’E)ut+A(t)u+H(u):f, Ki>0.

Da Prato and Grisvard [11] established existence, uniqueness and regularity
results in our type of noncylindrical domains @) for the following problem

Uy — Au — pAup =0 in @,
(4) ut+pu =0 at I'y, 0<t<T,
u(x,0) = up(x), w(zr,0)=ui(x), x€Qo.

Some paper dealt also with regular solutions in nondegenerate case [4, 11]. De-
generating of nonlinear hyperbolic equations brings essential difficulties in a case
of noncylindrical domains, because a geometry of a domain influences correctness
of problem (2). See Lar’kin [5], when a domain is characteristic.

The goal of this paper is to prove existence and uniqueness of regular solutions
to problem (2) for all ¢ € [0, 00) in noncylindrical domains (1).

Our approach consists of changing of variables, v(y,t) = u(K(t)y,t). Under
this transformation problem (2) in Q is formulated in the cylindrical domain
Q = Q x [0,00) as follows:
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n

0
+Zb¢<y,t)8—1;+

A cz-@,wg—;+f1<t>|v<y,t>|pv<y,t>:g<y,t> in Q.
=1 ?

=1
v=0 on X¥=TIx[0,00),
U(O) = UO(y) = uO(K(O)y) ) Y€ Q )

K'(0)

v:(0) = u (K(0)y) + K(0) -

Ngh
S
SE
<
S
S
<
m
2

where

and
aij(y,t) = (0 — K *Kzy; yj) K2,

bi(y.t) = —2K3 K' K~y
cily,t) = [(1 —n)K?K; - K?KyK — K' K K4| K2y
o o oK.
=1 Yi
The paper is organized as follows:
2 — Notations and assumptions.
3 — Existence of regular solutions.

4 — Uniqueness.

5 — Proof of Theorem 3.1.

2 — Notations and assumptions

By D(2) we denote the space of infinitely differentiable functions with a
compact support contained in 2. The inner products and norms in L2(Q) and
H} () will be represented by (-,-)(t), | - |(t), ((-,))(®#), || - [|(t) respectively. By
H71(Q) we denote the dual space of H}(Q). If X is a Banach space, then we
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denote by LP(0,00; X), 1 < p < oo the Banach space of vector valued functions
u: [0,00) — X, which are measurable and ||u(t)||x € LP(0,00), with the norms:

}1/12

o
fullsroo) = [ [ @l at] ™, 1<p <o,

|’UHLOO(0700;X) = esssup |Ju(t)||x .
0<t<oo
We define L7(0, 00; LP(§2)), the space of functions w € L7(0,00; LP(IR™)),

such that w = 0 in R™\

o0 1/q
”wHLq(oyoo;Lp(Qt)) = [/0 ”w(t)H%P(Qt) dt}

and

[wll Lo 0,00;20(024)) = esssup [lw(?)| e () -
0<t<oo

If w e LP(Q) N HY(Q), we continue it by 0 in IR™\(. Then we observe
that L7(0,00; LP(§2;)) is a closed subspace of L4(0,00; LP(IR™)) for 1 < ¢ < co.
In the same way we define L%(0,00; H}(€;)) as the space of functions w €
L%(0, 00; HY(IR™)) such that w = 0 in R™\; with the norm

0o 1/q
1wl 20,0013 (220)) = [/0 w0 di]

for 1 < ¢ < o0, and
[l Loo (0,002 (020)) = %Sgsti%g w2 () -

Let us consider the following family of operatos in L(HE(Q), H=1(Q2))

Aty =— Y jy(aixy,t)ij), £>0,

1

i,j=1
where
(7) aij =aj; and a; € WH(0,00;C°(Q))
foralli,j =1,...,n.
We suppose that
(8) > ai(y, t) &&= alé
i,j=1

where « is a positive constant.
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For u,v € H}() we denote a(t,u,v):

“ ou Ov
a(t,u,v) = /a'-(y t) — —dy .
’ ”Z::1 o 777 0y dy;
From the hypothesis on a;j, we obtain that a(¢,u,v) is symmetric and

9) a(t,u,u) > allu|® for allu € HY(Q), te€[0,00) .

Suppose that functions K1, Ko, K, f1, p satisfy the following conditions:

A.l: R
Ki(z,t)>0 in Q,

K1($,0)2770>0 in Qg )
K1 € W3(0,00;C°(0))
K, € Wl’oo(O,oo; Co(ﬁt)) ,

1 .
pu(x,t) = Ko(x,t) — 3 |Kit(x,t)| >0 >0 in Q,

0K
L<CKi+n, i=1,..,n,
8xi
where 7 is a sufficiently small positive number.
A.2:
K € C*0,00) ,

min K(t) =ag >0, max K(t) =a; >0,
0<t<oo 0<t<oo

1
sup K'(t)=v< —, M=sup{lyl, y€Q},
0<t<oo M R

K'(t) >0, [K"(t), [K"(0)], K™ ()] <O, Vte0,00),

mlz/ K'(t) dt < oo, mgz/ K" (8)] dt < oo

0 0

my = [ 1K@t < oo, mi= [ KO @)]dt < oo,
0 0

ms =/ (K'(t))2dt < o0, mg :/ (K"(t)%dt < oo ,
0 0

m?Z/ (K'(t))3dt < o0, mgz/ |K"(t)]3dt < oo .
0 0
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{f1, 11} € (L1(0,00) N L*(0,00))*
filt) <0, Vtel0,00),
fit) >0, Vtel0,00),

2
0<p< 21fn>2 and O<p<oo ifn=1or n=2.
n

3 — Existence of regular solutions

Theorem 3.1. Let ug € HZ(), u1 € HE(Qo) and f € HL(0,00; L2(£)).
Assume that A.1-A.3 take a place. Then there exists a unique function u(x,t)
defined in () such that

u € L(0, oo; H&(Qt) N H2(Qt)) ,
(10) up € L0, 00; H'()),  uw € L2Q) ,
Klutt c LOO(O, 00; LQ(Qt)) ;

for a.e. t € (0,00) the identity holds
(11) ({ B we + Ko ug = Au+ fi(#) [ul'u}, w)(t) = (f,w)(t)

where w is an arbitrary function from L*(IR"),

u(0) = ug ,
(]‘2) Ut(O) =ux,
u=0 on f)t .

Remark 3.1. Here and in the sequel we use notations of [8].

Proof of Theorem 3.1 will be given in section 5. At first we will study our
problem in a cylinder Q.
Domains @ and @ are related by the diffeomorphism h: @Q — @Q defined by

€T ~

h(z,t) = (m, t) for (z,t) €@,
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and h™': Q — Q defined by
(13) h(y,t) = (K(t)y,t) -

For each u € L2(Q); v(y, t) = u(K (t)y,t).

By change of variables x = K (t)y, we obtain v € L?(Q).
Taking into account A.1-A.2, it is easy to verify that

B.1:

K3(yvt) > 0 in Q )

K3(y,0) >m0>0 in Q,

K3 € W(0,00;C°(Q2))

Ky € Wh*(0,00;C°(0)) ,

1 K/(t) " 0K3
t)= Ky — - |Kh — i > 6 i

r(y,t) 4 2‘ O ;y ;i >0 >0 in Q,

0Ks3 . . s

;i <CKs3+n, n isasufficiently small positive number .
B.2

Qij = Qjj; and ajj € WS’OO(O, oQ; CO(QD ,

a(t,v,v) > « HUH%(%(Q) in@ (a>0).

Let f, ug, u1 be as in 3.1. By (13) we obtain

Vo € Hg(Q) s
(14) 1

Theorem 3.2. Under conditions of Theorem 3.1, for any f € H'(0, 00; L?(f2))
there exists a unique function v(y,t) satisfying initial data (4),

v € L0, 00; HY(Q) N H*(Q)) ,
(15) v € L%(0,00iH3 (),  wu € LX(Q) |
Ksvy € LOO(O)OOaL2(Q)) )
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for a.e. t € (0,00) the identity holds

= a (% " avt
(16) ({K3Utt+K4vt— Z ayi(au(y,t) 6y]> +Zbl87yi+

ij=1 i=1

ov

n
+ c;
; " Oy

(t) !vl"v}, w) (t) = (g, w)(t) -

Here w is an arbitrary function from L?((2).
Proof: For small ¢ > 0 we consider in a cylinder @ the following mixed
problem

n

0 81}
Ks. vy, + Kyvj — Z o (aw y, t >+Zb 8yt

i,j=1

+Zw7 +f1()\v€|”v5=g(y,t) n Q,

(17) =0 on ¥X=TIx][0,00),

v°(y,0) = v(0) = uo(K(0)y), ye,
K'(0) x~ Ovo

'U?(y,O) ZU1(K K(O Zyz ay Ul (/S Q 3
=1 4

where K3, = K3 + <.
Let (w,),eN be a basis in H3(Q2). For each m € IN we define

t) = i 9tme (t) w
/=1

where unknown functions gg,.(t) are solutions to the following Cauchy problem
for the system of ordinary differential equations

(K3e vy %, we) + (Kg v we) + a(t, v™ wy) —
K'(t) " < 8@{”’5 ) " < )
K3 yi ywe ) + ) e(t) ——, we ) +
Ko 2\ 0w T, we )+ 2 (6l T = e
we) =

(18) + (i) el ome,

-2

:gawe)v ]-Sggma
g@ms(o) = (’U(),’wg) )

géme(o) = ('Ula wé) .
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This problem has solutions ggne € C%([0,Thne)), 0 < Tjne < T. The a priori
estimates, we shall obtain, will permit us to extend the approximate solutions
v™¢ to the interval [0, 00) and also pass to the limit as m — oo, € — 0.

A PRIORI ESTIMATE 1. In our calculations we wil omit indices m,e. Mul-
tiplying (18) by 2gg:, summing over ¢, using the hypothesis B.1-B.2 and A.3, we
find

(19) 5 VR wl0) + alt. o), v(0) + (10, M(w)] +

(2= Ky Gt Sw G ) = (0, M) -

K (t n 8Ut
K(t) Z(aylv K3 Yi vt) +

h +2Z<ci(t) g;’ Ut) ~ 2t

i=1 ¢

—ad'(t,v(t),v(t)) — 4

where M (u) = [y |s|? sds > 0.
Integrating (19) from 0 to ¢, using the hypothesis B.1-B.2, A.2-A.3, and
observing that Ks. th > K3 vf > 0, we obtain

(20)  [VEzuel(8) + allvllf ) <
<0+ [ ) (VR o) + ol @) dr+ [ 1oy ar
where fo(t) € L'(0,00). Hence, by Gronwall’s Lemma
(21) VESuP () +alloliy o) + o [ lerP(rydr <
where C'is a positive constant independent of m and ¢ € [0, c0).

A PRIORI ESTIMATE 2. Now we differentiate equation (17) with respect to
t, multiply the result by 2gy; and summ over £ to obtain

2 IVEszval (1) + alt, vn(t), vi(6) + 2 (8, 0(0), vo()] +
bl B £ )

2 (#, v(t), () — 3/ (& (1), vi (1)) + 22(( ) , 'utt) n
#23((e @) ) 2Ol ) = 206 )

(22)
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Integrating (22) from 0 to ¢, using the hypothesis A.2-A.3 and B.1-B.2 and
observing that K. v3 > K3zvZ > 0, we have

t
() IVRawul ) +alul® + 8 [ [vrr(r)dr <

< Ot (gt (®),valONI+ [ £20) [V s o)l drt [ ()P

Remark 3.2. We need an estimate for v4(0). Putting ¢ = 0 in (17) and
using hypothesis about the function K3, we obtain |vy(0)| < C, where a constant
C' does not depend on m, t € [0, 00).

Now, using Remark 3.2, observing that fo(t) € L'(0,00), by Gronwall’s
Lemma we get

do [t
(24) V3 v [*(1) +O‘HUH%[$(Q) + Z/o o7+ (T)[?dT < O,

where C'is a positive constant independent of m and ¢ € [0, c0).
Let us now study the nonlinear term.
Since f1(t) € L'(0,00) N L>(0, 00), we have from (21) and (24)

<C.
L2(0,00;L%(92))

(25) [FAGI

p—H‘

By compactness arguments
(26) fr(®) [
From (25), (26) we conclude:

(27) fu(@) o™=

Po™ — fi(t) [v°]Pv" ae.in @, m —oo.

Pu™E s fi(t) [vF]Pv°  weakly in L3(Q) .

From the a priori estimates obtained we can see that there exists a subsequence
of (v™*), which we still denote by (v™¢),,eN, such that

™ — ¢ weak* in L°°(0, 00; HA () ,

v — v weak* in L°°(0, 00; HY () ,
v — v, weakly in L2(Q) ,
K3 v — Kz vf, weak* in L>(0,00; L*(Q)) ,

A ™0™ — fi() [0 weakly in L2(Q) .
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Letting m tend to oo, we conclude

(v w)0) + (K v )0+ (30 o (aif0) 5 ) w) )+

ij=1 "
# (S g w0+ (S gy w) O (1O ke, )0 =

1

= (g,w)(t) fora.e. te€ (0,00),

where w is an arbitrary function from HE(Q).

Obviously, initial conditions (17) are satisfied. Observe that estimates ob-
tained are also independent of €. Therefore, by the same argument we can pass
to the limit when € goes to zero in {v°}. Thus we obtain a function

v € L*(0, 00; Hy ()
vy € L0, 00; H} (Q)) ,
vy € L2(Q), Kzvy € L%(0,00; L*()) ,

satisfying the identity

32 (a3 ) )0 -

ij=1
70 0
= ({9 — Kgvy — Kqvg — Z|:bz 8—2 +ci %} — f1(¢t) |v\pv}, Z) (t)

i=1 ¢

= (P(y,t), Z)(t) fora.e. te(0,00),

where Z is an arbitrary function from H}(Q) and P € L?(Q).

It follows from the properties of a function v(y,t) that P(y,t) € L>(0,00;L?(£2)).
The theory of elliptic equations gives us

v € L0, 00; HY(Q) N H*(Q)) .

This completes the existence part of Theorem 3.2.
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4 — Uniqueness

Let v1, v2 be two distinct solutions to (16). Putting w = 2(v; —v2), we obtain:

[|\/K3 wi(t) + alt, w(t), w(t)] +
" Ow
- w?) —d' (t,w(t),w L Wy
(2K~ K ) (w0, 00) +2( Dt ot ) +

" dw
(28) +2<izl C; o Wy

)

)+ 2(A10) Pl o1 = (0 ual? 02, wr) =0,

w=0 on X,

and

() Elomn) 25 ()

i=1 i=1 =1 Yi

With regard to the nonlinear term, we obtain
(380) 2| (i) forl v — fi(®) [0l 02, w) | <
<21(0) [ |(loalor = ol i) dy
Q

<200, [ [l O1F + (O] (o) [wr®)] dy

Since injection H}(Q) < L9(Q) is continuous, if 1 + 1 + % =1land pn <gq,
then |ul},, [v|7, € L"(Q). From (30) we find

(1) 2|(A) il o1 — Falt) ool w2, )| < Cp fr(8) ol o]

Integrating (28) from 0 to ¢t < oo, using the hypothesis A.2-A.3, B.1-B.2,
(28), (29), (31) and the inequality of Schwartz, we have
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VRsw(t) +a [ [Vwl(t)dy+
Q

t 1, K'(r) 0K )
+/0 (2K4—§ 3+ K(T) Zyl 81/ > ’wT‘ (T)dT+

=1 ?
t
—i—/O/QQanK’Kfl lw,|2(7) dy dr <
t t t
gca/ fg(T)y\/EwTF(T)dHca/ fg(T)\Vw|2(7')dT+€/ jw, [2(r) dr .
0 0 0
From here
t
VRsunl(O)+ o [ Vol dy < C [ o) ([Tl ) + VR w () dr

where f3(t) = max{fi(t), fo(t)}, Vt € [0, 00).

Since f3(t) € L'(0,00), we have by Gronwall’s lemma Vw(t) = 0 a.e. t €
[0,00). With w|y, = 0 we conclude that w(t) =0 in @, hence v1 = v9. The proof
of Theorem 3.2 is completed. n

5 — Proof of Theorem 3.1

Let v be the solution from Theorem 3.2 and u defined by (13). Then
u € L®(0,00; HE (%) N H2(Q)); w, € L®(0,00; HY(Q)), wuy € L2(Q);
Ky ug € L°°(0,00; L2(%)), uw(0) =up and u(0) = u.

If w € L?(0,00; H} (%)), let ¢(y,t) = w(K (t)y,t) for (y,t) € Q. We note that
(16) is valid. Changing the variable z = K (t) y, we obtain (11) from (16).

Let wuj, ug be two solutions to (11), and vy, ve be the functions obtained
through the isomorphism h. Then vy, ve are the solutions to (16).

By the uniqueness result of Theorem 3.2, we have v1 = vy, s0 U1 = us.

Thus the proof of Theorem 3.1 is completed. n

Remark 5.1. Results of Theorem 3.1 can be easily generalized for more
general equations

Kl(l',t) Ut + Kg(l',t) Ut + A(t)u—|— fl(t) H(u) = f s

where A(t) is a strictly elliptic operator and a smooth function H (u) satisfies the
condition H(u)u > 0.
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