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A NEW APPROACH TO THE L>-REGULARITY THEOREMS
FOR LINEAR STATIONARY NONHOMOGENEOUS
STOKES SYSTEMS

H. BEIRAO DA VEIGA

Presented by J.P. Carvalho Dias

Abstract: We give a very simplified version of the L2-regularity theorem for solu-
tions of a nonhomogeneous system of the Stokes type (see (1.3),) which coincides with
the Stokes system when A = 0 (see Theorem 1.1). We also give a corresponding approx-
imation theorem (see Theorem 1.2).

1 — Introduction

Let 2 be an open, bounded, connected subset of R™, n > 2, locally located on
one side of its boundary T', a manifold of class C*!. v denotes the unit external
vector normal to I'. In this paper we consider, in particular, the Stokes system

—puAu+Vp=f inQ,
(1.1) Vou=g in Q,
U= onl',

where v and f are n-vector fields and p and g scalar fields, over ). ¢ is a vector
field defined on I'. f, g and ¢ are given. We assume that the compatibility
condition

(1.2) /di:c:/rw-udf‘

holds. We denote by H* = H*(Q), k integer, the Sobolev space consisting of
(vector or scalar) functions that belong to L? = L?(Q) together with the partial
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derivatives of order less or equal to k. H~! = H~!(Q) denotes the dual space of

HZ(9), the closure of C§°(£2) in H(Q). For convenience we set 2 = H%N Hg.
We define

Liz{gELQ:m(g)zo}, m(g)E/dia;,

and also H. ;‘i = H"n L?#. The canonical norm in H* is denoted by || - || and that
in L? simply by || - |.
In the sequel we also consider the system

—puAu+Vp=f inQ,
(1.3) AW+V-u=g in €,

U= onI',

where A > 0 is a real parameter. When A = 0 this system is just the usual
(nonhomogeneous) Stokes system (1.1). We give here a very simple proof of the
following result.

Theorem 1.1. Let k be a nonnegative integer and \ be a nonnegative real
parameter. Assume that T' is a manifold of class C*1, that f € HF!, g € H¥,
@ € H*V2(I'), and that (1.2) holds. Then, there is a unique solution (uy,py) in
the space H**1 x H’;E of problem (1.3)x. Moreover

)y plluallers + (0 ) oale < (oo + gl + mllelliejer)

Here, and in the sequel, we denote by c constants that depend at most on
Q and k. The same symbol c¢ is used to indicate distinct constants, even in the
same formula.

We remark that one easily reduces the nonhomogeneous boundary condition
u = ¢ on I' to the homogeneous one v = 0 on I'. In fact it is well known that
there is a linear continuous map v~ from H*t1/2(T) into H**(Q) such that
(yoy 1) ¢ = ¢ (see [P1], [Ne2]). Here v denotes the usual trace operator. In
view of this fact we assume in the sequel that ¢ = 0. The term “homogeneous”
means here that g = 0. Note, by the way, that for the Stokes system (1.1) under

the canonical assumption g = 0 the construction of the map y~!

is quite involved
(even in the case n = 3) due to the constraint on the divergence of w.

Let us now made some comments on our results. If £ = 0 and A > 0 the
system (1.3)y is well known in numerical analysis. In this context, the main
point is the approximation of the solution (ug,po) of the Stokes system with the

solution (uy,py) of (1.3)y as X\ goes to zero (penalty method). It is well known
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that [Jux — upll1 < eM|[f]|=1 (for details see [G.R.], Ch. II, §2.4. See also [T],

Ch. I, §6). Theorem 1.1 provides an easy proof of this estimate in the general
case. More precisely one has the following result.

Theorem 1.2. Under the assumptions of Theorem 1.1 one has

(1.5) pllur=wollir+ (1420 [pa—pollk < e (|1f k-1 +pllgln+plle ]k jor) -

In particular

(1.6) 1V - ux = gllx < A(IF -1 + gl + plleliijor)

Proof: By applying the estimate (1.4) to the system —u A(uy—uo)+V (pr—
po) =01in Q, A(px —po) + V- (ux —up) = Apo in Q, uy —up = 0 on T, it follows
that the left hand side of (1.5) is bounded by cp||po|lz. This last quantity is
bounded by the right hand side of (1.5), by Theorem 1.1 for A = 0. This proves
(1.5). u

When A = 0 many distinct proofs of Theorem 1.1 are available in the litera-
ture. However our very elementary proof turns out to be simpler than the current
ones (and, in any case, interesting by itself). Let us made some comments on
this point.

It is well known that L?-regularity theorems for elliptic equations present
special features with respect to the general LP-case, p # 2. Usually, the proofs of
the regularity of the solution for the Stokes system follow the potential theoretical
approach (see [Ca], [So], [La]), as for general elliptic systems (see, for instance
[ADN]). However, in the particular (but central) case p = 2 it is sometimes
possible to apply the elementary method of the differential quotients, introduced
in reference [Ni]. For the homogeneous (¢ = 0) Stokes system (1.1) this gap
was filled up in [C.F.]. See theorem 3.11 in this last reference. A previous proof,
independent of potential theory, is given in reference [SS], where n = 3. Below we
give a proof of the L2-regularity for the system (1.3)) without resort to potential
theory as well. However, we do not apply the differential quotients method to the
Stokes system. The following are some of the advantages of this choice. If the
differential quotients method is applied directly to the Stokes system one has to
prove the H2-estimate in the framework of the integral (variational) formulation
of the problem. In our proof this formulation is used only for establishing the
existence of the weak solution (Theorem 2.1 below). On the other hand (see
[C.F.]) the differential quotients method is applied to a system of equations more
involved than the original Stokes system. In our approach, the central part
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of the proof of the H?-estimate is done by working directly with the original
system (1.3)) (moreover, part of these estimates are just obtained as an immediate
consequence of the H!-estimates).

It is worth noting that our proof do not entirely avoid the differential quotients
method since we will assume the estimate (1.9) below, concerning the solution of
the scalar Poisson equation, a result obtained (not necessarily, however) by the
differential quotients method. But for this elementary problem the (very familiar)
proof is particularly simple. Moreover this result is not used in order to prove the
main estimate (1.8)y (i.e., the Theorem 4.1 below) but only in order to prove the
effective existence of the solution (a point, sometimes, more or less passed over).
In fact, we show that the existence of a regular solution to the above Poisson’s
equation together with the a priori estimate for the system (1.3), allow an elegant
and simple proof of the existence of the regular solution to this last problem (see
section 4).

Finally we recall that the common approaches to the Stokes problem require
(with respect to the theory of second order elliptic scalar equations) an additional
set of non trivial results, connected to particular functional spaces, which are spe-
cific to that problem. This fact leaves the Stokes system outside the elementary
theory of elliptic partial differential equations. Our proof does not require any
of these particular results. In this same regard, note that the non-homogeneous
Stokes system (1.1) can be reduced, as well, to the homogeneous one (h = 0).
Also this reduction, however, requires further specific technical devices due to the
constraint V- u = 0.

Lastly, we note the little regularity assumed here for the boundary I'.

For convenience we concentrate our attention in the H2-regularity (k = 1)
since HF ! _regularity for k > 2 follows then by more or less standard devices.
Summarizing, in the sequel we give a simple proof of the following result.

Theorem 1.3. Let Q be an open bounded set of class C'' and assume that
felL?andge H;E Then, there is a unique solution (u,p) € H? x H;E of the
problem

—puAu+Vp=f in(Q,
(1.7) Ap+V-u=g in Q,

u=20 onl',

for each A > 0. Moreover,

(L8), ullllz + (14 o) [l < e(I171 + ulglh)
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Note that the system (1.7)) admits a unique solution for each g € L?(€).
However the solution blows up as A goes to zero, if m(g) # 0.

Below, we give a self-contained proof of Theorem 1.3. We assume just the
classical theorem establishing that if  is as in that theorem and if f € L? then
the (unique) solution u € H{ of the scalar Poisson’s equation —Au = f belongs
to H? and satisfies the estimate

(1.9) [ull < co [LFI] -

2 — Existence of the variational solution

It is advisable to begin by proving the existence theorem in the space Hg x Li
for the solution (u,p) of problem (1.7),. We begin by assuming that A > 0. For
convenience we set

Y=H'xL}, Xi=HjxL}.

We denote by (-, ) the scalar product in L? (for scalar and for vector fields). Set
U = (u,p), V = (¢,%) and consider the bilinear continuous form over X

(2.1) ax(U,V) = u(Vu, Vo) — (p, V- @) + Ap, ¥) + (V- u, 1) .
This form is coercive over X since
ax(U,U) = plfulft + Alp]* -
On the other hand, by setting
(L, V)= {f)g-,m +(9:9)

the element L = (f,g) € Y defines a linear continuous functional over X;. Hence,
the Lax—Milgram lemma shows the existence of a (unique) solution U = (u, p) €
X, of the problem

(2.2) ax(U,V)=(L,V), VVeX.
By choosing V = U (2.2) yields

(2.3) plVull® + Xlpl? < 1 l-1 llulls + gl Ip]l -
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In particular,
2 2 _ € 2 1 2
(2.4) pllullf + Allpl|” < p”f”—l + 5 llgl” -

By setting ¢ = 0, equation (2.2) shows that the first equation (1.7)) holds in
H~'. On the other hand, by setting ¢ = 0, it follows that (Ap+ V -u,v) = (g, )
for each ¢ € Li. Since the functions p, V - u, and g belong to Li it follows
that the second equation (1.7)) is satisfied. This shows that (2.2) is a variational
formulation of problem (1.4).

The estimate (2.4) is not useful for passing to the limit as A goes to zero.
Note, in particular, that the right hand side tends to +oco if ¢ # 0. However,
having in hand the existence of the solution in the space X7, it is not difficult to
get the sharp estimate. In fact, we have shown that Vp = u Au + f belongs to
H~'. Hence ||Vp|-1 < pllulli +/f]|-1. On the other hand, since p € Lg% and
Vp € H™L, one has ||p|| < ¢||Vp|/_1 (see Lemma 2.1 below). Consequently

Ipll < e(pllulls + 1£]1-1) -

Next, by replacing in the right hand side of equation (2.3) ||p|| by the right hand
side of the above inequality it readily follows

1
< (G171 + ulal?)

Hence for each A > 0, pflull1 < c(||f|l=1 + #llg]]). By using the above estimate
for ||p|| one gets (see remark below)

(2.5) ulluls + ol < e(llfll-1 + wllgll) -

If A = 0 the proof follows from the estimate (2.5) since this estimate shows that
the solution (uy, py) of problem (1.7)5, A > 0, is weakly convergent in H{ x Li to
some (u,p), as A — 0. Note that the problem (1.7),, for each A > 0, has a unique
solution in H} x Li, in the sense of distributions, since if f = 0 and g = 0 the
solution must vanish. The proof is trivial. Thus we have proved the following
result.

Theorem 2.1. Let (f,g) € H™ ! x Li. Then, the problem (1.7)x, A > 0,
has a unique solution (u,p) in the space H& X L%&. Moreover, (2.5) holds.

Remark. By using (in particular) the estimate (2.3) one easily shows that
||p|| can be replaced by (1 + p\)||p|| in the estimate (2.5).
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Lemma 2.1. There exists a positive constant ¢ such that ||p|| < c[|Vp||—1
for each p € Li verifying Vp € H~L.

Proof: Assume that I' € C1!. By defining

X(Q) = {p cH': Vpe H—l}

one has X = L? as sets. A very elementary, self contained, proof of this result is
given in reference [D.L.] Chap. 3, Theorem 3.2. Here n = 3, however the proof
does not depend on this assumption as remarked in the footnote (9); see also [T},
page 28, Lemma 5. Let us show further the equivalence of the norms in X and
in L2.

It is obvious that |||p||| = |[p|l-1 + [|Vp|l-1 < c||p|| for each p € L?. Moreover
|| - ||| is @ norm in L2. Hence the norms ||| - ||| and || - || are equivalent in L?
if {L2,||| - |||} is complete. Let {u,} be a Cauchy sequence in this space. Then
up — uin H=' and Vu,, — Vu in H~1, for some u € X = L?. Hence {L2, |- |||}

is complete. In particular

(2.6) Il < e(lipl -1 + Vel 1), ¥peL.

In order to prove the estimate claimed in the lemma it is sufficient to show
that to each € > 0 there corresponds a c¢. > 0 such that ||p||-1 < ||p||+c||Vp| -1,
for each p € Li. If this were false, it would follow that there exist some g9 > 0
and a sequence p,, in Liﬁ for which

[pnll-1 = €ollpnll +nl[Vpll-1,  VneN,

where ||p,||-1 = 1. It readily follows that (for a subsequence) p, converges to
some p in H~! (since H~! — L? is compact) and weakly in L? (hence p € Li)
Moreover Vp,, converges to 0 in H~!, hence Vp = 0. Consequently p = 0, which
contradicts ||p||-1 = 1.

Finally, we note that the above lemma holds even if I' belongs only to the
class CH. For a proof see [Nel].

3 — The local a priori estimate

In this section we prove (1.8), as an a priori estimate in the “half space” (see
(3.2)) when A > 0. The simplicity of the proof seems remarkable. For convenience



278 H. BEIRAO DA VEIGA

we set © = (2/, x,), where 2’ = (21, ..., 2,—1). Moreover
Q= {x: |7'| < 1, |z, < 1},
Q+E{azeQ: 0<xn},

AE{ZL’: |z’ < 1, xn:()}.

[}
Theorem 3.1. Let be Q = Q%, and assume that u € H?>, p € H', f € L?,
and g € H' are functions with compact support in QT U A. Moreover, assume
that these functions solve the system of equations (1.7), i.e.,

—pAu+Vp=f inQT,
(3.1) M+V-u=g  inQ",
u=20 on A .

Then, the following estimate holds

(3:2) plulls + (1 + ) [Vpl < e(l1£]+ #lVall) -

Proof: By differentiation with respect to x;, j = 1,...,n — 1, one gets

— U A—— — = L +
1% a$j + Vaxj (92?]' m Q )
Op ou dg .
. A— C— = == +
(3.3) oz, +V 9z, ~ oa; in QT,
% =0 onl .
8:1:j

Moreover du/0z; € H} and dp/dx; € Li, since p vanishes near the lateral
boundary of the cylinder Q*. Similarly, 8g/0z; € Li. Clearly, 0f/0x; € H™L.
Hence, by the uniqueness of the solution of problem (1.7)) in the above class and
by (2.5), the solution (Ou/0x;, Op/Ox;) of (3.3) satisfies the estimate

(3-4) ulD2ull + [Vl < (1 £+l Vall) -

Here, D? denotes second order partial derivatives except for 92/0x2, and V.
denotes first order derivatives except for 9/0x,. Next, consider the linear system
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consisting of the n*® equation (3.1) and of the equation obtained by differentiation
of the (n + 1) equation (3.1) with respect to x,, namely

Pu,  Op
(35) 52 B 9 0
Uu p _ 09 )
o2 +A or, Or, Oz, (Ve ),

where V, - u, = (Quy /0x1) + ... + (Qup—1/0x,—1) and A, is the Laplace operator
with respect to 2’. By solving this algebraic system for 0%u, /0x2 and dp/Ox,,
and by using (3.4), it readily follows that

< (£ + pllval) -

0%u dp
(3.6) “Haa:% (1 +MA)H8%

Finally, from the first n — 1 equations (3.1) one gets

O%u; 0
(3.7) o = i Ay — S

2 0
oxz, 0x;

for each j # n. The estimates (3.4) and (3.6) show that the L2-norm of each
term in the right hand side of (3.7) is bounded by the right hand side of (3.6). It
readily follows (3.2).

Note that ||V2u|| can be replaced by ||ul|2, and similarly for || Vp|| and ||[Vg|[,
since these functions vanish near the lateral boundary (and the top) of the cylin-
der Q.

Obviously, the above estimate holds, in particular, if the functions u, p, f and
g have compact support contained in Q*. In this case (3.3) also holds for j = n,
and this ends the proof. This last case corresponds to the “interior regularity”.

4 — Proof of Theorem 1.3

In the sequel © C R™ is an open bounded set of class C1''. This means here
that the open bounded set {2 is connected and locally situated on one side of its
boundary I', a manifold of class C*'. More precisely, given a point P € I" there
are positive numbers a and b, an orthonormalized system of cartesian coordinates
(21, .oy ) = (2/, 2,) with origin at P, and a function v (z") defined and Lipschitz
continuous on the sphere {z’: || < b} together with its first order derivatives,
such that: the points x for which x,, = 1)(2’) belong to I'; the points = for which
P(2') < zp, < a+YP(2") belong to Q; the points z for which —a + ¢(2') < z,, <
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¥(x') belong to R™/Q. Moreover, the tangent plane to I' at P coincides with the
x’-plane. Without loss of generality, we assume that ¢ < 1 and b < 1.
We define here the sets

o= {x: |2'| < b, —a+Y(@) <z, <a—|—w(x')} :
J+E{x€a:xn>w(x')}, d:{xea:xn:w(aﬁ’)}.

These sets will be used only in the appendix.
One has the following a priori estimate.

Theorem 4.1. Let ) be an open, bounded set of class C*! and let (f,g) €
L? x H%é Assume that the variational solution (u,p) € HE x L%E of problem
(1.7)x, A > 0, belongs to H? x H# Then

(4.1) plulls + (14w el < e(I1Fl+ plglh)

where ¢ depends only on Q.

Note that this result does not include the existence of the regular solution.
The proof of Theorem 4.1 is done by the standard method of localization followed
by flattening the boundary. These devices reduce the global problem to a finite
number of problems like that treated in section 3, for which estimates similar to
(3.2) apply. By mapping back, we get the desired a priori estimate (4.1). For the
reader’s convenience we present a detailed proof of Theorem 4.1 in the appendix.

Next we prove the Theorem 1.3, for A\ > 0, by using the a priori estimate
(4.1). Let t € [0, 1] and consider the problem

—pAu+tVp=f in,
(4.2) AW+tV-u=g in Q,

u=20 onI'

where (f,g) € L? x H;E Assume that (u,p) € H? % H;E For t > 0, by dividing
the equations (4.2); by t and by applying the estimate (4.1) one obtains

A
(13 gl + (¢ + 22 ) el < {151+ gl )

It is worth noting that this estimate is not sufficient to our aim, since it is not
uniform near ¢ = 0. We overcome this obstacle as follows. The limit problem
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(4.2); for t = 0 splits into two independent problems

—pAu=f in Q,
(4.4) Ap=g in €,
u=20 onI'.

Note the crucial role of the positive parameter \. Clearly, the problem (4.4) has

a unique solution u € ]%2, pE H# Moreover, ullull2 < ol f|| and A|lp|lx < ||g]l1-
Next we show that there is a p > 0 such that the problem (4.2); admits a unique

solution (u,p) € I?I2 X Hi#, for each ¢ € [0, d0]. Moreover,

Co 1
(4.5) lullz + Pl < =ZIAL+ lglh -

This result follows by considering the problem

—pAu=f—tVqg in Q,
(4.6) Ap=g—tV-v in Q,

u=20 onlI',

where (v,q) € H? % H# Note that V- v = H;FL This problem admits (by the

above result for the system (4.4)) a unique solution (u,p) € 2 % Hi# Let (u,Dp)
be the solution corresponding to a datum (g, 7). By taking the difference, side by
side, between the equations (4.6) and the corresponding equations for the labelled
variables, one shows at once that

_ _ 1 _ co _
Ju=alla+ Ip =71 < éo 5llo = ol + Lllg —al )

In particular, by choosing 6o = 2 min{\, s1/co}, the map (v,q) — (u,p) is a strict
contraction. Hence, for each t € [0,0¢], there is a unique solution of problem
(4.2)¢ in the space H? x H# Moreover, from (4.2); and (1.9) it readily follows
that

1 Co 1
5 (Il + Tl ) < 2171+ S gl

(note that this estimate blows up if A — 0). In particular, the problem (4.2); has
a unique solution (u,p) € 1012 x H #, for t = dg. Next, we show that this problem
has a unique solution in the desired functional space, for each ¢ € [dg, 1]. Since
this result holds for ¢ = g, it is sufficient to show that there is a fixed d; > 0 such
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that if our thesis holds for some ¢y € [d, 1] then it also holds for each t = to+ At,
where 0 < At < §;1. Let us prove this last assertion. Consider the system

—pnAu+tgVp=f— (At)Vq in Q,
A+toV-u=g—(At)V-v in Q,

u =0 onl,

[¢]
where (v,q) € H? x H;# By the assumption on tg there is a unique solu-

tion (u,p) € 132 X Hj# Let (w,p) be a second solution, corresponding to a
datum (7,q), and take the difference between the above equations and the cor-
responding equations for the labelled variables (in the system obtained in that
way it is convenient to consider to(p — ¢) as the “pressure” and to divide the
second equation by tg). By applying (4.1) to this system it readily follows that
pllu —ll2 + (to + pM)llp — Pl < cAt(llg =gl + (1/to)|lv = ?ll2). By choosing
At < §1 = do/2¢ one gets

_ _ 1 _ _
pllw = all2 + dollp = Pl < 5 (sllo = B2 + Sollg ~ 7l -

Hence the map (q,v) — (p,u) has a (unique) fixed point, the solution of (4.2);.
Step by step we arrive to the value ¢ = 1. Consequently (1.7), has a unique

solution in the space i x Hiﬁ Since this solution satisfies (4.1), it also satisfies
(1.8) 5. As this last estimate is uniform with respect to A, the solution (uy,py) of

(L.7)y is weakly convergent in 2 % H}% to the solution (u,p) of (1.7)) for A = 0.
Clearly, the limit (u,p) satisfies (1.8)) for A =0. n

5 — Appendix

Here, we prove the Theorem 4.1. The proof follows the well known tech-
nique of localization and flattening the boundary. Let P € I' and consider the
neighbourhood o of P and the set o+ introduced at the beginning of section 4.
Eventually by choosing a smaller o, we assume that the size parameters a and b
are less or equal to 1. Let 9 be a fixed C§°(R"™) function, 0 < ¥ < 1, with compact
support contained in the set o. In the sequel we will use the cartesian coordi-
nates with origin at P, introduced in section 4 (note that the equations (1.7)y
are invariant to orthonormal changes of coordinates, since so are the Laplacian,
the gradient and the divergence). Localization is done by multiplication by 9.
We define

(5.1) v=>%u, q=1vp.
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For convenience, in the sequel vectors u = (uy,...,u,) are regarded as column
vectors. Au = (Auy,...,Auy,). Moreover, Vu = [Vuy,..., Vu,| is the square
matrix whose i*" row is Vu;. A dot denotes the usual matrix multiplication. One
has A(Yu) = 9(Au) +2Vu - VI + (Ad)u. It readily follows from equations (1.4) y

that
—puAv+Vqg=9f —2uVu-VI—p(Ad)u+pVy, inot,

(5.2) A+ V-v=19g+VV-u, ino™t,
v =0, on o .

Note that the functions v and ¢, as well as each single term in the above equations,
have compact support in o™ U ¢. The above equations hold almost everywhere
(and in the L? sense) due to the regularity assumptions on u and p.

Next, we make a change of independent variables y = ¥(x), in order to get a
flat boundary. Consider the function ¥ (z'), section 4, concerning the Cartesian
equation of the boundary I' near the new origin P. We define a map y = ¥(x)
given by y; = ¢;(z) =z;if j=1,....,n -1, y, = Yp(z) = z, — Y(a'). Note that
the inverse map x = W1 (y) is simply given by z; = y; if j # n, xn = yn + (V).
Also note that dy;/0x; = 05 — 6n; (0 (2)/0x;). One has

~

\IJ(U+):Q+E{{IZ: 7’| < a, 0<:z:n<b}7
\Il(('f):f&z{x: 2’| < a, xn:O}.

In the sequel, if & is a function defined on o we denote by h, or by (h)™~, the
function h(z) written with respect to the y-coordinates, i.e. h(y) = h(\I/*I(y)).

Now, we write the equations (5.2) with respect to the y; variables, y € Qr.
Since each term in equations (5.2) has compact support in Q" UA we assume
that they are defined on Q*, by setting them equal to zero outside Q+.

From now on the symbols A and V concern the y variables. Otherwise, we
use symbols A, and V,. One has (summation with respect to repeated indices
is assumed)

0*v
ayk ayi

(5.3) Agv = ag — (A 1/1)

3yn

where A, denotes the Laplacian with respect to the variables x1, ..., z,_1 and

- (3?/% Oy

= Oz Ox;

where by = by, is given by bgy = 0 if k, £ < n — 15 by, = by, = —0Y(2')/0xy, if
k<n-— 1 bpn = |vz/¢(x/)|2

) = Ope + bre
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By using this notation, the equation (5.3) becomes

0%

Oy, 8?42

Agv = AT + by — (Agn 1/1)

8yn '
Similarly, (Voq) = Vi~ (Vart)) (9G/9yn) and (Vo - v) = V-5 (Vi) - (95/Dy).
By convention, the n*? component of the vector field V4 (z') vanishes identically.

Hence, the equations (5.2) became
(5.4)

—p AU+ VG = pbye

2~ 9% oa
— (A 2! —I— VF in +,
o H(Bab) 5o+ (Vo) Q

AN+ V-0 = (V) - —+(199+V19 w)™, in Qt,
v =0, on A,

where F'=9f —2uVu- VY — u(Ad)u + p V.

Next, note that in the above argument we can choose the size parameters a
and b as small as we want. Since V,1(0) = 0 it follows that, given L > 0 there
is a b > 0 (the radius of the cylinder o) such that |V (2")| < L for |2/| < b. By
the regularity C™! of 1, there is also a real positive M such that |(D24)~| < M
for |2’| <b. L will be fixed below. However, for convenience, we assume from now
on that b is such that L < 1. Also note that an upper bound for M depends only
on I', hence on 2. In other words, L < 1 and M can be replaced by constants ¢
that depend only on (2.

Now, note that the solutions v and g of the problem (5.4) are just in the

situation described in section 3. They belong to the spaces ;I 2 and H' (since
y = ¥(z) and x = U~ !(y) preserve H>-regularity) and they have compact support
on QT UA (note that in section 3 this last assumption replaces the requirement
m(q) = 0). Hence, the estimate (3.2) together with the above remarks about L
and M show that

(5.5)

ulollz + (1 + pN) [Vl < e[p(L+ L2) [[3llz + pll]s + L]Vl

@l 7l + eulally + ellpl + eul Bl + euflglhs + ] |

where norms concern the domain Q. The constants ¢ depend on ¥. We are
careful about this point just to avoid misunderstandings. Next, we choose b “so
small” that 2cu(L + L?) < p/2 and c¢L < 1/2. Hence, we drop from the right
hand side of (5.5) the terms with L and take one half of the left hand side. We

denote the equation obtained by this way by (5.5bis).
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The above construction is done in correspondence to each point P € I'. Next,
we fix a finite covering {0, } of T by sets of the above type. We add to this covering
of I a finite family {03} of cylinders, 53 C €, such that (Joq)U(Uos) covers Q.
Next, we fix a partition of unity {J,} U {03} subordinate to the above covering
of 2. Now, each ¥, (or ¥3) is fixed, hence the corresponding ¢ that appear in
equation (5.5bis) are fixed (and, in fact, depend only on 2). Clearly, we are
using here the fact that estimates like (5.5bis) also hold in correspondence to
the cylinders og (interior regularity). By taking into account that (with obvious
notations)

u=X0u+XVgu=Xv,+Xvg,

and that
p=%YVap+XUsp=%qa+Xqs,

by using the local estimates (5.5bis) in order to bound ||Ual2, ||Vaall, ||Us]l2,
Vggl|, by mapping back from Q% to each o (or o) and by collecting all these
estimates, one gets

ulhulla + (1 + 2095l < e([1£]+ pllgl) + e(ululs +Ip]) -

This estimate together with (2.5) yields (4.1). m
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