PORTUGALIAE MATHEMATICA
Vol.61 Fasc.3 — 2004
Nova Série

ON 3D SLIGHTLY COMPRESSIBLE EULER EQUATIONS

ALESSANDRO MORANDO and PAOLO SECCHI
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Abstract: This paper is concerned with the Euler equations of a barotropic inviscid
compressible fluid in the three dimensional space R3.

Following the method of decomposition in [4], [5], we show the existence of a smooth
compressible flow on an arbitrary time interval [0, 7] for any Mach number sufficiently
small and almost constant initial densities, when the incompressible limit flow is assumed
to exist up to T as well.

The life span O (1 / e“_l) for the compressible solution is obtained assuming also that
the incompressible part of the solution itself has a life span of order O(1/¢#~!) and is
O(e*~1) for suitable pu > 1.

1 — Introduction

In this paper we study smooth solutions to the Euler equations of a barotropic
inviscid compressible fluid in R? for small Mach numbers.

Setting Q7 := (0,T) x R3, in a suitable nondimensional form the compressible
Euler equations read as the following initial value problem (ivp):
Opt + V- (pv) =0,
p° (5506 + (¢ - V)UE) +1Vpt =0  inQr,
p°(0, )
v(0, z)

(1)

(z) ,

o ()
v§(z) in R .

€
0
€
0
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The density p¢ = p¢(t, z), the velocity v¢ = v¢(t, ) = (v51(t, ), v9%(t, x),v3(t, x))
and the pressure p¢ = p°(¢, ) are unknown functions of the time ¢ and the space
variables * = (x1,x2,23) and € > 0 is essentially the Mach number. We as-
sume that the density and the pressure are related by the equation of state
p¢ = p(p°) = (p)7 for v > 1; with standard notations we set 9y = %, 0; = 8%1_,
i=1,2,3, V= (01,02,03) and v -V = 010y + 1205 + v30;.

Solutions (p, v¢) to (1) are sought as a perturbation from an equilibrium state
(p,0), where p > 0.

If p§(x) — p, as € — 0, then one expects that p* — p and v¢ — w, where w
is a solution to the Euler equations of an incompressible ideal fluid flow; namely
there exists m = 7(t, ) such that (7, w) is a solution to the 4 x 4 system

V-w=0,
(2) ow~+ (w-V)w+Vr =0 in Qr ,
w(0, ) = wo(x) in R? |

where V - wg = 0 in R3.

Solutions of (1) can be viewed as the nonlinear coupling of irrotational so-
lutions to (1), with as initial data the initial density and the gradient part of
the initial velocity, and incompressible solutions to (2), with as initial data the
divergence-free part of the initial velocity. In a normal mode analysis, the study
of the interaction between such irrotational and incompressible components of
the solutions to (1) corresponds to studying the nonlinear interaction between,
respectively, the genuinely nonlinear eigenvalues v - v + ¢(p) (¢(p) denotes the
sound velocity, v is a unit vector) and the double linearly degenerate eigenvalue
v - v. The analysis of the present paper, through the study of the life span of
solutions, shows that this nonlinear coupling is rather weak.

In three dimensions the global solvability in time of (2) is an outstanding
open problem, even if many numerical computations appear to exhibit blow up
in finite time, due to concentration of vorticity. However, if the solution of (2)
exists up to an arbitrary time 7', in view of the above incompressible limit, it
is natural to expect that also the solution to (1) exists up to 7', for all Mach
numbers sufficiently small and almost constant initial densities.

After reformulating the problem (1) in an appropriate functional setting, in
the next sections 2, 3 such a result is proved under suitable assumptions on the size
of the initial data (p§, v§). Following [4], [5], we decompose the solution (p¢,v)
as the sum of irrotational flow, incompressible flow and the remainder giving
the nonlinear interaction between the first two parts. By our assumption on the
incompressible component and the “almost” global existence of the irrotational
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flow shown by Sideris [6], the solvability of (1) follows by showing the existence
of the nonlinear interaction up to 7. The result follows by a combination of the
time decay property of the irrotational part and energy estimates.

By the same techniques, a life span of type O(1/e#~1), with a suitable x4 > 1,
is obtained for a compressible flow under stronger hypotheses; namely we assume
that the solution of (2) with initial datum given by the incompressible part of
the velocity v§ exists on the time interval [0, A/e#~!], A > 0, and is O(e#~1).

In order to simplify the forthcoming computations, it is useful to rewrite the
system (1) in an appropriate symmetric hyperbolic form. Namely, following [4],
we make the change of variable

9 (t,x) = log (pe(; x)) :

Therefore the system (1) reduces to

Orgc +v°-Vgc+V-0° =0,

) h(lge) (@UG + (v - V)v“‘) +£Vge =0 in Qr ,
ge(o’$) = g(e](x) )
v4(0, ) = v§(x) in R? |

where .
sife) = tog (207

and h(s) := p/(pe®) = v(pe*)?~!. Without loss of generality we assume h(0) =
1(5) —
p(p) =1
It is also convenient to rescale the variables by

(4) g(tv J)) = g€(€t7 .%') ) U(ta JJ) = E’l)E(et, .CL‘) :
The system (3) becomes then

dg+v-Vg+V-v=0,
ﬁ(@tv—k(v-V)v) +Vg=0 in Qrye ,

9(0,z) = go() ,
v(0,z) = vo(x) in R? |

(5)

where

(6) go=y9gy and wvy=e€v],
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or, in the vector form,

Ao(u) Opu+ 3° Aj(u) dju = 0 in Qrye

(7) 7j=1
u(z,0) = ug(x in R? |
where u::<g>, uy = go) and
v Vg
1 0 vl €
8 Ap(u) = ,  Ai(u) = o7 j=1,2,3.
0w (ot ) ame ()

I denotes the 3x 3 identity matrix and e; := (1,0,0), ez := (0,1,0), es := (0,0, 1).

Let us now fix the functional setting to be used through the following.

Given a positive integer m, we write H™(R3) (H™ for shortness) for the
Sobolev space of order m and ||.||,, for the related norm; in particular ||.|| := ||.||o
is the norm in L?(R3), while |.|, denotes the norm in LP(R3) for 1 < p < oo,

p#2
Moreover for T' > 0 we define the space X™(T) by

Xn(T) = () €0, 71 H )
k=0

where C*(]0,T]; B) denotes the space of the k-times continuously differentiable

functions on [0, 7] taking values in a Banach space B. X™(T) is, in its turn, a
Banach space with respect to the norm

[l xmry = Sup ()l
where [[lu(t)ll2, = S0 [OFu()]13,_.

According to [6], let us denote by I' the family of operators I' = {0y, 0;,;,
L;, S}?zl = {I;}19,, where 2, j=1,2,3, are the generators of proper rotations,
S:=1(to, + Z?’:l x;0j), is the scaling operator, while L; :=Il; — B;, j=1,2,3,
are the generators of Lorentz rotations (boosts); the matrices B; are defined by

0 e;
B; = i), j=1,2,3
J <t€j 0)

where 0 denotes the 3 x 3 zero matrix and /; = t0; + x;0;, j=1,2,3.
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For every multi-index o = (g, 1, ..., a19) we set I'* = I'j°...I'{}°; moreover
given a positive integer m and a real T' > 0 we define X{"(T') to be the space of
all the functions w(t) = w(t, ) such that ||w|[xm 1) = sup Ep[w(t)] is finite,

tel0,T

where:
Enlw(t)] = ) IMw(t, )]l -
la|<m
Let us remark that the space X{*(T') is included into X™(T'), as the set I’
contains the derivatives 0y, 0; for j = 1,2, 3.

It is well-known that L?(R3®) may be represented as the orthogonal sum
L*(R3) = G @ H, where the spaces G and H are defined as follows:

H= {u €L(R%; V-u=0in R3} ., G= {w e L2(R%); ¢ € Hﬁ)C(R?’)} .

Writing P for the projection of L?(R3) onto H and Q = I — P, we have P €
L(H™, H™), for every integer m > 0.

The derivatives 9Fg§, OFv§ of the initial data (g§,vS) are recursively defined
for every k > 1 formally differentiating equations (3) k — 1 times in ¢, solving the
resulting equations for dfg¢, OFve and evaluating them at ¢ = 0 in order to get
an expression involving only the initial data (g§, v§) and their derivatives in ¢ up
to the order k — 1. Analogously, we define dfgo, OFvg starting from (5) and the
initial data (go,vo).

Since I'*w(t, z) consists of a finite sum of derivatives in (¢, x) of the compo-
nents w’ (¢, z), 1 < j < 3, multiplied by monomials in (¢, z), we can consequently
define Ek[(go,vo)] for k > 1.

After making the change of variable

élte) = 2 o130 attn)) -]
Sideris proved in [6] (cf. Theorem 2) the existence of a solution to the ivp (5),
written in terms of the variables (£,v), in the frame of the functional spaces
X7P(T') and for irrotational initial data (£o,vo); moreover a lower bound of type
exp (Cy/e) — 1 is obtained for the life span T, of the solution (&, v).

Relying on the result of Sideris, in the next Section 3 we will show the following
theorem about the existence of the solution to the ivp (3) on arbitrary time
intervals, for all sufficiently small Mach numbers and almost constant densities.
Observe that there is no restriction on the size of the initial velocity.
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Theorem 1.1. Let (g, v§) satisfy:
(9) B5&] < Cre,  €>0,
where &£f = % {exp(”T_l 96) — 1} and
(10) Es[Qu] + | Pvjlla < C1, e>0,

with a positive constant C7 independent of e.
We assume moreover that the solution (7€, w€) of (2) with initial datum
wo(x) = Puf exists up to a time T > 0 in X*(T) and fulfills:

(11) (7, w) [ xa) <C,  €>0,

for some C > 0 independent of e.
Then there exist two constants eg, Cy > 0 such that for every 0 < € < ¢y the
ivp (3) with initial data (g§,v§) has a unique solution (g¢,v¢) in X3(T) and

(12) 19 x3(r) < Cae, o x3(1) < C2 .

Theorem 1.1 gives the existence of compressible fluid flow (g, v) on the time
interval [0,7], with an arbitrary 7' > 0 and € > 0 small, by assuming that the
solution (7€, w®) of the incompressible problem (2) exists up to the same time 7'
and [|(7¢, we)|| x1(7) = O(1) as € — 0.

We also obtain for (¢g¢,v¢) a life span of type O (1/e#!), with a suitable
p > 1, under the hypothesis that the incompressible part (7€, w¢) of (¢¢,v¢) has
a life span A/e#~! for a given A > 0 and is small for small ¢, in the sense that
12,0 L gaen sy = O(e8D), €= 0.

Proposition 1.1. Let (g, v§) satisfy
(13)  EBs[&) < Cre, Es[Quf)l <Ci, |Poglla<Cre™,  €>0,

where 1 < pu < % and C1 is a given positive constant.

Let us assume moreover that there exist constants A,Cy > 0 such that the
solution (7€, w®) of (2) with initial datum Puv§ exists up to time A/e*~! in
X*(A/er=1) and fulfills

(14) H(ﬂﬁawe)HX‘l(A/e“*l) < CQ fuil s

for any € > 0 sufficiently small.
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Then we may find 0 < ¢g < 1 and 0 < A’ < A such that the solution u® =
(g¢,v°) to (3) with initial data (g§,v§) exists up to time A’/et~! in X3(A' /et 1)
for all 0 < € < €y and satisfies

(15) 19 x3(arfen—1y < Cze, o] x3(arjen—1y < C3,
with a suitable C3 > 0 independent of e.
The paper is organized as follows: in Section 2 we give an enery estimate and

some inequalities which will be used in the following; Theorem 1.1 is proved in
Section 3; Proposition 1.1 is proved in Section 4.

2 — An energy estimate and some useful inequalities

Let w satisfy the symmetric hyperbolic system

j=1

where, for u = (g,v), the matrices Ap(u), h = 0,1,2,3, are defined by (8) and
F = <:77::1 has sufficiently smooth components F; = Fi(t,z), Fo = Fa(t, x).
2
We define the energy E(t) by

E(t) = (Ao(u)w, w) ,

where (f,g / f(z) g(z) dz is the inner product in L?(R3).

Provided v = (g, ) is suﬂﬁmently smooth, by a standard argument one can
prove that E(t) Solves

d

(17) 7

—E(t) = (divAw,w) + 2(F,w) ,

where divA := 9, Ag + Z?:l 0;A;.
Let us assume now that u = (g, v) satisfies

(18) 0O<m™'<h(g)<M in Qr,

for some constants m, M; notice that h(0) =1 yields m, M > 1.
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Applying the Cauchy—Schwarz inequality to (divAw,w), (F,w) in (17) and
integrating over [0, ¢], for any 0 < ¢t < T, yield

B() < BO) + [ 1avAS) e w9 ds + 2 max (o] [ 17(s)]ds:

hence, using E(t) > 37 [|w(t)[|? and E(0) < m|w(0)||?, Gronwall’s inequality gives
(19)
t t
Jw®)] < (Mmluw©)] + 201 |7(s) | ds ) exp (31| JdivA()|wds ), 0<t<T.
0 0

In the next section, we will specialize the vector F in the right-hand side of (16)
and need to estimate || F| by means of the L?-norm of u = (g,v) and a certain
number of its derivatives. At this purpose we will make use of some interpola-
tion inequalities coming from a general interpolation formula due to Nirenberg
(cf. [2]). For the sake of completeness the needed inequalities are listed below.
Let us assume u = (g,v) to be a sufficiently smooth solution of (5). From

1 1 3 1
Vuls < Clul& [Vullf,  [Vuls < Cluls [[Vaulls
(20 ) U
[D7uls < C'lul& [[Vull3

and (5) we obtain

1 1
K1+ [uloo) [uld [[Vullf

IN

|Opul4

|Oyuls

(21)

N

3 1
K1+ [ufoo) lulse [Vulls

hereafter C' is a suitable positive constant independent of u and K denotes differ-
ent positive constants which may depend boundedly on h(.) and its derivatives
up to the order 4.

From the differentiation of (5), (20) and (21) give also

1 1
(22) IVopuls < K(1+ |ufoo) [ul [[Vull3
1 1
0Fuls < K1+ |uloo)? [uld [[Vull3 -
Similarly as before, from

1
Clulse [Vl

3
1
3
4
5
4

IN

|D%uls
(23) ’

1
[Dtuls < C'lul [Vl

IN
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and differentiation of (5) we get

1 3
D7 FO huls < K (14 Juloo) 2 uld [Vull§ . k=0,1,2,

wloo

(24)

1 4
|DAFoFuls < K(1+ |u|oo) 2 |u|Z |Vull}, k=1,..,4.

5
2

Lastly from

5 2
(25) [Vuloo < Cluls [Vullf
and (5) we derive

5 2
(26) |Ortt]oo < K (1 + [uloo) [uléo [[Vullf -

3 — Proof of Theorem 1.1

We argue on the solution u = (g,v) of the rescaled problem (5) or (7) given
by formula (4).

Hereafter it will be convenient to adopt the standard multi-index notation;
namely for a = (ap, a1, a2, a3) we set 9%:= 907" 052053

For any multi-indices «, § later on we will also write

B<a if B <aj for j=0,1,2,3; b<a if <o and B # «;

al = 040!(11!042!043! .

For <, () = gt = (30) (31) (52) (32)
Given (g§, v§) as in (9), (10) we define (go, vo) by (6) and

S = % [GXP (77_190) — 1} .
We easily show that

E5 [(507@”0)] §C€, 6>O>
for a suitable constant C. Let us consider the problem
8t§1+v-v1+v1-V§1+”T_1§1V~v1 =0,
3tv1+Vf1+U1-VU1+’YTilf1Vf1:0 in Qpr ,

£1(0,z) = &o(x) ,
v1(0,2) = Quo(x) in R? .

(27)
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From Theorem 2 in [6] we may find two positive constants C, C{ such that (£1,v1)
exists up to a time T, > exp (Cp/e) — 1 in the space X7 (T,) and satisfies

(28) 1€, v)llxp(ry < Cre,  €>0.

Due to a generalized Sobolev inequality by Klainerman (see [7]), the following
decay estimate is also achieved:

(29) 1(E1(),v1(8))]oo < Cre(l+8)7, 0<t<T. €>0.

Let us define g1 by the formula

(30) ait) = 2 op(15F et +1)).

Then u; = (g1,v1) is the solution to (5) with irrotational initial data (go, Qo).
u1 is also irrotational since v1 = Qu.

Using formula (30) and the Sobolev embedding theorem it is easy to prove
that (28), (29) yield for uy = (g1, v1)

(31) lur]l x5,y < Cre,  €>0
and
(32) [u1(t)]oo < Cre(1+t)71, 0<t<T, ¢>0.

On the other hand by (31), (32) and some of the interpolation inequalities (20)-
(26) we obtain:

> (10%ula + 10%wls + [0%uloe) + 3 10%wals + Y 0%us +
=1 jo]=2 =3
« < " -6
+|Z4a uls < Cfe(l+1)7°,
o=

(33)

for 6 = %, 0<t<T,e>0and some C{ > 0 independent of .

For a given T' > 0, let 0 < ¢y < 1 be such that exp (Cp/e) —1 > T'/e as
0<e<e.

Let (7€, w¢) be the solution of (2) as in (11), with initial datum w®(0,z) =
Pug(z).

Let us define

m(t,x) = e n(et,z), w(t,z)=ew(et,x) .
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Then (7, w) solves (2) in the time interval [0,7"/e] with initial datum w(0,z) =
ePv§(z). From (11) it follows that

(31) Y lr@l < Ce2, Y [rw@)l < CHH, k=0,...3

o] <4 o <4
ap=k ap=k

for every 0 <t <T/e.
Following [4] and [5] we seek a solution of (5) in the form

(35) g=q+7+g, v=uvi+w+u,

for the previously defined (g1, v1) and (7, w).
In order that u = (g,v) solves (7), the remainder us = (g2, v2) should satisfy
the following symmetric hyperbolic system

3
Ap(u) Orug + ‘21 Aj(u) Ojug = F in Qpye
=

(36)
u2(0,x) = ug(x) in R? |

_ 1
where Ap(u), h = 0,1,2,3, are defined in (8), uzo(x) = ( W(O’x)>, F = (JT)

and
fl = Ul-vgl—’u-V(gl—FW)—aﬂT,

1
) {(vl-V)vl +(w-V)w— (v V) (v +w)

+h(g1) = h(9)] Vo1 + [1 = h(g)]Vr } .

Let us assume that u = (g, v) fulfills (18) on some interval [0,7"] with 7" < T'/e.
Then from (19) we have

F? =

(37)
t t
lua ()] < <Mm||u2(0)| +2M/||]-'(s)||ds> exp<M/|divA(S)|oods>, 0<t<T'.
0 0
Let a be an arbitrarily fixed multi-index. By applying 9¢ to (36) we obtain that
U2, := 0%up must solve the symmetric hyperbolic system
3

(38) Ao(u) 6151@’& + Z A](u) 8ju2,a = f(a) in Qp
j=1
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fﬂ
where Fq) = ( (20‘)> and

Floy = 0°F' = > (“) 0%v- 0P Vg, ,
0<B<a

(39)

2 417 « 2\ a ﬂv. a—ﬁv
f(a) T h(g)( (h(9)F7) 0<;<a <ﬁ) (0 V)o 2

5 ()rwnrosn).

Arguing on (38) as from (16) to (19) we obtain an estimate such as (37) for each
derivative ug o (t). Summing then through all the multi-indices a with |a] < 3
and o < 2, the following is derived for |||ua(t)|||s:

(40)
\HU2()\|!3<<MmHU2< s +20 5 170 )Hds>exp<M/ divA( >\oods)
|| <3
Oéo<2

for every t € [0,T"].
From ||g2(0)|s = [|7(0)||5 < Ce2, v2(0) = 0 and equations (5), we may find a
positive constant K7, independent of €, such that |||uz(0)|||s < K€
Chosen a positive p so that 1 < pu < 1+ 6, for the same ¢ as in (33), let us
define
T = sup{T" > 0: [[Jus(t)||ls < 2 Kyet, if 0<t<T},

T, = min{Tl, T/e} .

Notice that, in view of the definition of T3, (32), (34) and the Sobolev embedding

theorem, the assumption (18) is actually satisfied by u on any interval [0, 7’| with

0<T'<Tyand 0 < € < ¢ for suitable constants m, M; so (40) holds on [0,7T"].
By (31), (34) we also find K5 such that

(41) |divA(t)|eo < Koe, 0<t<T',
for any 0 < 7" < Ty and 0 < € < €p. Indeed from (18) it comes that

10, 40(t)|oe < K§(|8tgl(t)|oo+\8t7r(t)\oo+|8tg2(t)]oo), 0<t<T', 0<e<eo
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holds true for some K > 0 independent of €; thus (31), jointly with the Sobolev
embedding theorem, (34) and the definition of Ty give |0;Ao(t)|cc < Kae on
0 <t <T"<T,. Analogously it may be shown that [9;4;(t)|oc < K2€ on [0,7"]
for j =1,2,3.

On the other hand, (31), (34) and (20)-(26) lead to estimate the norm
[ Fay @I, for |af <3 and ag < 2, as follows

(42) D 1F @l < KzE(1+1)7° + Ky + Kselllua(t)]|[3, 0<t<T,
lo| <3
ap<2

for every 0 <T" < T and 0 < € < €.
Indeed let us come back to formula (39); by Leibnitz rule it follows that:

F = —% () 00,07 PVr — 3 () 0% (v3+w)- 0%V (g1 +7) — 0Oy

BLa B<La

By (31), (34), Holder’s inequality and the definition of 7% for all 5 < « the
following estimates hold

(43)  [|0%01-8°7PVr|| < Ce,  [|0% (va+w)-0°PVr| < Ce?, 0<t<T,

for every 0 < T" < Ty.
Using also (33), we obtain

(44) 108 (vg + w) -0 PV || < CLe (140, 0<t<T

for every 0 <T' < T and (3 < a.
Lastly (34) directly gives

(45) |0%0m|| < Ce® < Ce
for0<t<T' and 0 < T’ <Ty.

Estimates (43)—(45) yield
(46) [0°FH < Cre (1+1)° 4 Cae® |

for 0 <t<T'<T5 0<e< ey, where C1,Cs > 0 do not depend on e.
Similarly we get

5 (2) 07000V < L0704 G+ Chelllgalls
<<
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for 0 <t <T' <Ty, 0< €< ¢y, which shows, jointly with (46), estimate (42) for
the component F! of F. By similar computations (42) is proved also for F2.

Estimating the right-hand side of (40) by means of (41), (42), using Gronwall’s
lemma and ¢ < T'/e give

(47) [[lus(®)llls < e exp(Kiet) (K + Ky 10 4 Kje't), 0<t<T,

for any 0< 7" <T5, 0<e<¢y and positive constants K7, K, K%, K independent
of e.

Since t<T/e and 0<e<e give exp(Kjet) <exp(K|T), e H < e,
EH =0 < (LTI and et < 71T, from (47) we derive

(48) w2 ()]s < 2 K7€,

if 0<t<T' <Thand0 < € < ¢, provided ¢ is taken suitably small. This shows
that T'/e < T4, i.e. ug = (g2, v2) exists up to T'/e. Consequently, also u = (g, v)
exists up to T'/e.

Then we conclude that the solution u¢ = (¢¢,v¢) to (3) exists on the time-
interval [0, 7], provided 0<e<¢€p, and here satisfies (12) as a direct consequence
of (31), (34) and (48). u

4 — Proof of Proposition 1.1

The proof of Proposition 1.1 essentially relies on the computations in Section 3.
As we did in proving Theorem 1.1 we make the rescaling (4). If (g%, v) is a
solution to (3) with initial data (g§, v§) then u = (g, v) solves the ivp (5) or (7)
with the initial data ug = (go,vo) given by (6).

Once again we write the solution u = (g, v) in the form:

g=n+7+g, v=vitw+tuve,

where u; = (g1, v1) is the solution of (5) or (7) corresponding to the irrotational
initial data (go, Quo), while

n(t,x) = n(et,x), w(t,z) = ecw(et,x)

and ug = (g2,v2) solves (36).
Due to (13), by Theorem 2 in [6] w; satisfies (31)—(33) with life span
exp (Cy/e) — 1. Let 0 < ¢g < 1 be such that exp (Cp/e) —1 > A/et as 0 < € < €.
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In view of (14), (7, w) satisfies now:

49) S jovm(p)]| < Ot N 0w < Ottt k=0,...,3
lof<4 o] <4
apg=k ap=k
for 0 <t < Afet.
Moreover from our hypotheses we derive that there exists a constant K; > 0
such that |||u2(0)|||3 < K7 €2. Taken an arbitrary 0 < A’ < A, analogously to the
proof of Theorem 1.1 we define T35 and Ty by:

Ty = sup{T">0: [[us(®)ls <2 K1 e”, 0<t<T"} ;
(50)
Ty = min{Tg, A’/e”} .

Since in any interval [0,7"] for 0 < T" < T} the solution u = (g,v) satisfies (18),
the a priori estimate (40) holds.

By (25), (26) (for u = u1), (49) and the definition of T4 we may find a constant
K5 > 0 independent of ¢y and A’ such that:

(51) divA()|oo < Kae(l48) 7+ €), 0<t<T,

for every 0 < T < Ty, 0 <€ < ¢y and 5:%.
Since 1 < p < g =140, Ty < A'/et and ¢y < 1, from (51) it follows

t !
(52) / divA(s) oo ds < Ka(et' 0 +et) < Ko(A10 4 4Y), 0<t<T',
0

for every 0 < T’ < Ty and 0 < € < €.

It remains to estimate the norm [ Fy)l|, for every |a| <3 and ap < 2, in the
right-hand side of (40).

Arguing as from (31)—(34) to (42), with (49) instead of (34), leads now to the
following estimate:

|Foyll < KzetH(14+4)70 + Ky |
hence

t
63) X [ IFw@lds < Kt Ky, 0<e<T

for 0 < T' < Ty, 0 < €< ¢y and positive constants K3, K4 independent of e, ¢
and A’.
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Estimating the right-hand side of (40) by means of (52), (53) we obtain now:
ua(t)]|| < K el2@ 78 +4) au(2on g 18 ey 0<t<T'<Ty
hence, taking into account 0 < € < eg < 1 and Ty < A’ /€M,
(54) lfua(Dllls < K=" S A0 et A1 Ay, 0<e<T<Ty

for all 0 < e < €.

This ends the proof, since in view of (54) we may restrict ¢y and A,
if necessary, in order to obtain that |[|luz(t)|||s < 2 K€ for 0 < t < T' < Ty
and 0 < € < €. Thus it follows that A’/e# < T3 which yields that the solution
ug = (g2, v2) exists up to time A’/e*. Coming back to the solution u¢ = (g, v°)
of (3), this means that u¢ exists up to time A’/e#~1; moreover (15) is fulfilled on
[0, A’/e*~1] as a consequence of (31), (49) and (48). u
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