PORTUGALIAE MATHEMATICA
Vol. 61 Fasc.4 — 2004
Nova Série

EULER SCHEME FOR SOLUTIONS OF
STOCHASTIC DIFFERENTIAL EQUATIONS
WITH NON-LIPSCHITZ COEFFICIENTS

A. BERKAOUI *

Abstract: Firstly, we investigate existence and uniqueness of solutions of stochastic
differential equations when the coefficients are random Lipschitz or of class C'!. Secondly,
we prove the strong convergence of the associated Euler scheme. The usual rates of

convergence are obtained.

1 — Introduction and notations

The theory of stochastic differential equations (SDE’s) provide a useful tool
to introduce stochasticity into models and to characterize the evolution of many
processes in finance, biology and others. In many cases, the solutions are not given
explicitly, therefore numerical approximations are used to study the properties
of these models. Unfortunately current results concerning the convergence of
such schemes impose conditions on the drift and diffusion coefficients of these
equations, namely the linear growth and global Lipschitz conditions (see Skorohod
1965, Kloeden and Platen 1992 and Mao 1997). We note that Yamada (1978)
relaxed the global Lipschitz condition, whilst Kaneko and Nakao (1988) have
shown that the Euler scheme converges in the strong sense, to the solution of the
stochastic differential equation whenever path-wise uniqueness of the solution
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holds. However, both results require the linear growth condition whilst the latter
provides no information on the order of the approximation. Recently, Mao et
al (2002) have shown the convergence in Probability, of the Euler scheme under
specific conditions on the coefficients.

In this paper, we study existence and uniqueness of solutions of stochastic
differential equations even where the coefficients are not necessarily Lipschitz.
We study also their approximation in L? by the well known Euler scheme under
Novikov’s conditions (see conditions in sections 3 and 4). The usual rates of
convergence are obtained.

Let (Q,F,(Ft)o<t<T,P) be a filtered space and {W;,0<t<T} be an
Rl-valued Brownian motion. We consider the multidimensional stochastic dif-
ferential equation:

t t
(1) X, = X0+/ B(s, X,) ds +/ Als, Xy) dW, |
0 0

where Xg € R, B: OxR; xR? — R? and A: OxR; xR? — R? @ R! are two
functions satisfying some hypotheses that we will precise later in sections 3 and 4.

Through this paper, we adopt the following notations. Let II,, = {0 =t,0 <
thi < ... < tyn = T} be a subdivision on the interval [0,T] for each integer n
with the discretization step d,, = supy,(tn x+1 —tnk). Let 1¢ be the characteristic
function of a subset C' defined by 1¢(z) = 1if v € C and 1¢(z) =0if z ¢ C,
C([0, T]; R¥) be the space of continuous functions defined on [0, T], with values
in R¥. Let define p"(t) = sup{t, ;s <t, k= 0..n} and Y*"(t) = Y (p}'). We will
design the inner product and the norm in R* respectively by (.,.) and ||. .

This paper is organized as follows. In section 2, we state in Lemma 2.1, a
stochastic version of the well known Gronwall Lemma. We apply this result to
investigate some estimates on the Euler scheme associated to the stochastic differ-
ential equation (1), it is the subject of Proposition 2.1. In section 3, we consider
a SDE where the random coefficients are supposed to be Lipschitz and the Lips-
chitz constants are random functions satisfying some hypotheses of integrability
and continuity. Theorem 3.1 gives us existence and uniqueness of the solution.
Furthermore, it is proved that the Euler scheme converges strongly and the rates
are given. At the end, in section 4, the coefficients of our SDE, are considered to
be of class C'. Under some conditions on the solution, we prove in Theorem 4.1
the convergence of the Euler scheme and give the rates of convergence.
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2 — Some preliminaries results

In this section, we prove some intermediate results which will be useful in the
next.

Lemma 2.1. Let {G;, 0 <t < T} be an increasing and continuous progres-
sively measurable process with Gy =0, {Fy(t); 0 <t <T, ¢ >0} be a family
of nonnegative increasing random functions. We suppose that there exists reals
v > 0 and p > 0, such that the nonnegative random function {U;, 0 <t < T'}
satisfies for every stopping time 0 <7 <T and every real q € [p,p+ v|, the
following inequality:

2) E(U,) < K,E /0 "(U,)7dG, + EF,(7) |

where K, is a positive constant. Then for every t € [0,T], q € [p,p+v[, 7> 1,
7’ its conjugate and a > 0 such that ar’ > K, and qr’ < p + v, we have for every
R>0,n€]0,1], e > 1 and € its conjugate :

(3) E(U)? < EFy(t) + 24(T) ,
where
2g(T) = n ar’—r/qu/ {Equ/ (T)}% {E exp(ar G’T)}%

+(1-7) {C(R, K,)EF,(T) + % [E(Gr)e]* {E (/OT(US)Q dGs>e/ ] 5} :

with C'(R, K,) a positive constant depending essentially on R. If furthermore,
for q € [p,2p + v[, we have that:

® E sup (U#)" < KqE/OT(Us)quS + K, (E/OT(US)2Q dGs>%

0<t<T

+ BE,(T) + (EFsy(T))F |

then for every q € [p,p+ v|[:

[,
=

5)  E sup (U@)? < EF(T) + (EFy(T))

0<t<T

+ 2(T) + (224(T))

In particular, when the relation (2) is satisfied with F;; = 0 and for some e > 1 and

¢’ its conjugate, E(Gr)¢ < 400 and E {fOT(US)q dGs}e< +o0, then U(t) =0 a.s
for every t € [0, T).
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Remark 2.1. When the stochastic process G is not progressively measur-
able, the formula (2) has to be fulfilled for every random time 7 € [0,7]. o

Proof: Let define:
T = inf{s €[0,7], Gs > t} ,
and inf @ = 4+00. From (2), we obtain that:
T N1
E(U(T A7))! < KqE/ (U(s))1dGy + EF,(T A7) .
0

The function Fj is increasing, then Fy(T' A 7¢) < Fy(T'). By change of variables,
we have:

T AT t
E/ (U(s))9dG, < E/(U(T/\TS))qu .
0 0
Then the function b(t) := E(U(T A 7))? satisfies the following inequality:
t
bt) < K, / b(s)ds + EF,(T) .
0
From Gronwall’s Lemma, we deduce that:
(6) b(t) < exp(Kyt) EF,(T) .
Now by change of variables and application of Holder’s inequality, we obtain that:
t Gt
E/(Us)quS _ E/ (U(T A7) ds
0 0
“+oo
= /0 E{l(G’tZS) (U(T/\Ts))q} ds
400 1 ,
r|r qr
< /0 (B} {BU@ A7)}

1
-

< /0+°° (PG > 5)} {BUT A7)™ ]} ds,

ﬁ\l -

ds

with r > 1 and 7’ its conjugate satisfying ¢r’ < p+v. By Markov’s inequality, we
have that for each positive real a:

P(G; > s) < exp(—ars) Eexp(arGy) .
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We apply (6) and the last inequality to obtain that:

E/Ot(Us)q dGs < [EFqT/(T)}% [Eexp (arGt)F /Oooexp [— (a—qul)s} ds .

We take then a such that ar’ > K, , by consequence:

0 KT,
/ exp{—(a— q/ >3] ds < 4o0.
0 r

From (2) and the previous estimates, we have:

/ 1
T

[EFq,,/(T)} " [E exp(ar Gt)}

Sl

r

ar’'— K,

qr’

(1) E(U)? < EF(t) +

We also remark by change of variables and application of Hélder’s and Markov’s
inequalities that for every R > 0:

t Gy
E/O(U(s))qus _ Ell(GtSR)/O (U(T A7) ds| + E

o [0

[E (/ t(U(S))qusﬂ ,

® =
Q=

IN

R 1
B [(U(T Am))ds+ - [B(G)]
0
with e > 1 and €’ its conjugate. From (6), we have that:

R
E/O (U(T A7)0 ds < R exp(K, R) EF,(T) .

Then
(8) E(U,)? < EF,(t) + R exp(K, R) EF,(T)
1 ol T Ak
+ =BG |B ( / (Us)qus>

Henceforth by combining (7) and (8), it suffices to see that:

EU®)* = nEU®)* + (1 —n) EU?)? .
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If furthermore, (4) is satisfied, from previous results, we obtain (5). At the end,

when Fj; = 0, we obtain from (8) that:

L

E(U(1)! < — (B(Gr)") [E (/ t(U(S))qus)e ] .

o |=

R
For every real R > 0. We let R tend to infinity and the result is obtained. u

In what follows, we will state the second result of this section. Let
B: QxR xR? — R% and A: QxR xR? — R ®@ R! be two measurable random
functions such that for every 2 € R?, the processes (B(t,z),t>0) and
(A(t,z), t > 0) are progressively measurable. For an integer n, Let X™ be the
sequence of stochastic processes given by:

t t
(9) XP = Xo + [ BGRXDT)ds + [ A( XD W,
0 0

We define for integers n, m, the following quantities:

1. The process ™™ = (£2™,0< s <T):

| Blpz, x2#") = B(o, X77")|
e P

fs’ = ]-(

| Atz xzom) — Aoy, x|

+1.
||X§l’p" _ X;mpm ||2

T L e

2. The process ¢4 = (¢p™9,0<s<T):

grme = o (X7 — X224 X7 - X7 |2

3. The process ™™ = (™1 0<s<T):

grmt = [[Blon,xpen) = B X[+ AGen X2 — A x|
S C S s S s S s S °

4. The process F™™1 = (F"™1 0<s<T):

S
an7m)q — / (¢va7q + SOZ/”L,Q) du X
0
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5. The process Y™ = (y2™, 0<s <T):

S
ﬂmzéﬁmw~

6. The process Sp™ = (Sp", 0<s<T):

a,s

Sys' = Eexp(ayg™) .

Proposition 2.1. Let p be an integer, v > 1 and r’ its conjugate. Then
there exists a real a > 4r'p? and a constant C(p,r) > 0 such that for every n,m,
n € [0,1], e > 1, € its conjugate and R > 0, we have:

(10) E sup [|X7—X["[* < Clp,r) {7 + (57)5 }
0<t<T

where

S
o

{Sﬁ?}%+-{1+(1—n)CR}EmewaU
D
F-n s {BeEm) Y {E( e (e x e 7) ds) } ,

with Cr is a positive constant.

mme(T) =y {BFmmr (1) }

Proof: We suppose at first that the term on the right hand in (10) is finite.
Let define the processes UM™ = X" — X B"(s) = B(p?, X™*"), A"(s) =
A(p?, X*") and the stopping time:

T = in{t € [0,7); | B + 1B + 47 + 1147 > N} .

For an integer p and t € [0, T], we apply It&’s formula with the function x — ||z||?”
and obtain that:

n,m

n,my 12 Ty n,m|2(p—1) n,m n m
[Urm AT = 2p [ U e (e, BB ds
AT ™
+2p / oz e (U, (A7 - AT dW)

tATy
+pA [T PV | A — AT ds

wapp) [z |(opm, Az Az ds.
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From Schwartz’s inequality, we have:

tAT ™

[ AT™) P < 21?/0 "ot Br - B ds

n,m

tAT
vap [ upm e (U, Az - A7) aw)

t/\T;\;,m n,m||2p—2 n m (|2
L+ (p+2p(p—1)) /0 [Tz ||%=2 || AT — A™ |2 ds .

By taking the expectation, we obtain:

AT ™
E[Um™ (A TR™IP < 2pE/O [ ==t 1B = B ds

tAT™ - 9
(11) +(p+2p(p—1))E/0 [U™ |77 [ A — AL (| ds

In order to further bound the first term in the right hand of (11) we note that:

|B2 =B < || Bloz, X2 = Bloz, X2 | + | Blom, X20") = B(p, x|
. < || Bloz, x20")= B, X" | + K2 (B) | X0 - X
- < ||Bor X207 = Blpz, X207 |
+ K2™(B) (| X7 =X | + |Upm | + | X=X "))
where

S

) |Bpy, X1 = Blpy, X7
(X;L’pn ;éXQ“pm) HX;%PTL_ X;f%/)m ||

(13)  K™(B) =

Substituting relation (12) in the integrand of the first integral of (11) and next
applying Young’s inequality, there exists a constant C), such that:

|zt By = B < Uz (14 K2™(B))

2p

+ G| |[Blar X2 - Bz X2

+ KPMB) (X7 - X0 P XX )|
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In the same way the integrand in the last term of the right hand of (11) is bounded
above:

|z P2 A - AT < lOpmP (14 (K (A))?)

+ Gy | Atz Xz = A x|

(DM (A2 (X=X P X=X )|

where K7™ (A) is defined by (13) when replacing B by A. Therefore for every
stopping time 0 < 7 < T and by using the notations introduced before:

B|vmm ATy |* < 4p B /OT||U;W||2P & ds + Cp BE™™(T) .
We apply Fatou’s Lemma and let IV tend to infinity to obtain:
(14) BT < 4B [ URTF T ds + CBFIT)
By applying It6’s formula again, Burkholder’s and Schwartz’s inequalities yield:

T
E sup U™ ()| < 2PE/ [o™ @D BY — By ds
0<t<T 0

T 1
+2p(E [ o g - )P as)’
0

T
+ 0+ 2p(=1) B [ U2 A7 - AT ds
We use the same arguments as before to obtain that:

E sup [U™(@)|* < Cp(T) {K™™P(T) + (K™™(T))? |
0<t<T

(15) + Cp(T) {BF™™(T) + (BF™™(T))2 | |

where

T
KMm(T) = B Uz ds
0

By combining (14), (15) and Lemma 2.1, we obtain our estimate (10). m
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3 — The SDE’s coefficients are random Lipschitz

In this section, we consider the following stochastic differential equation:

(16)

t t
X, = X0+/ B(s, X,) ds +/A(s,Xs)dWs ,
0 0

where Xy € R? and (W;, t € [0,7)) is an Rl-valued Brownian motion. Let ¢ > 0
and set the following hypotheses (H,):

1.

The random functions B: QxR xR? — R% and A: QxR; xR? — RI@R!
are measurable.

There exists a constant M > 0 such that for every (t,7) € Ry xR?, we
have:

1B, 2)|| + [|At 2)[| < M .

For each = € RY, the processes B(t,z) and A(t,z) are progressively mea-
surable.
There exists two nonnegative random functions I'(¢) and I'(¢) such that

for every real vectors (x, '), we have:

IB(t, ) — B(t,z")]

<T@z =2,

and
1At @) — A(t,2")|* < T'(t) [l — 2% .
The random functions I'(t) and IV(t) satisfy:
(T 2
im [ B[T(p"(s)) + T'(p"()] ds < +o0.

n—oo 0

For every R > 0, the sequences (wp?(2,T)),so (2= A, B) converge towards
zero, where

wpl(z,T) = supE/H z(pZ, sa:”
x|zl <R

For some a > 4¢*:

n—oo

1lim E exp{a/OT [I‘(pn(s)) + F'(p”(s))} ds} < 400
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Remark 3.1. We remark that:

1. The hypothesis (Hy; 2) may be replaced by the following:

E/DT<HB(t,O)H‘1+ JA0)]7) ds < +oo.

. One of the following conditions implies (Hy;5): The random functions I'
and I are increasing and

2
E[D(T) +T(T)]" < +o0,

or the random functions I" and I'” are uniformly continuous in ¢t w.r.t w e
and

T 2
/ E[F(s) -l—F’(s)} ds < +oo.
0

. The following condition implies (Hy;6): The random functions A and B
are uniformly continuous in ¢ w.r.t w and x.

. One of the following conditions implies (Hg;7): The random functions I
and IV are increasing and

E exp{aT (F(T) + F'(T))} < +oo,

or the random functions I' and T are uniformly continuous in t w.r.t w € £
and

E exp{a/OT {F(s) + F’(s)} ds} < 400 .0

Let X™ be the Euler scheme associated to the equation (16), defined by:

t t
X = Xo+ [ B2 X2 ds + [ A X2 W
0 0

Then the main result of this section is:

Theorem 3.1. Let p > 1 be an integer. Under the assumptions (Hy, ; 1—6)
for qo > 4p, there exists a unique solution for the equation (16) and the Euler
scheme X" converges towards this solution in L?P(Q, C([0, T]; R?)). If furthermore
the assumption (Hy, ; 7) is satisfied, then there exists a constant K,(T") > 0 such
that for every R > 0 and n € N, we have:

E sup |[X7— Xl < Kp(T) {7 + ("2 }
0<t<T
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where
1
zﬁ’n’p = |5alP + = +wi?(B,T) +wi?(A,T) .

Remark 3.2. If the random functions A and B are Holder continuous in ¢
with respectively a4(z,w) and ap(x,w) their Holder constants such that:

sup E {[laa (@) + ap(@)[*} < +oo,
xER4

then
E sup || X7'— Xi||* < K,(T)|6," ,
0<t<T

where v = inf(1, 54, 8p) with S84 and (p are respectively the Holder orders of
A and B.o

Proof: To prove this Theorem, we will use the result of Proposition 2.1.

Existence: In Proposition 2.1, we take n =0 and e =¢’=2. Then from
hypothesis (Hy, ; 4), we have:

&M < D) + T (o) + 1,
and
o™ < (Do) + T (o) + 1) (|10 = X50" 27 4 || X = X 0™ |[27) .

From the assumption (Hg, ; 2) and (17), we have:

(19) sup B[ X]'[* < Cy(T) ,
0<t<T
and
(20) sup B[ X=X |21 < Cy(T) [6,] .
0<s<T

We remark also that:

ot = [ B, X2 — Bl X0 + Aden, X7 — A, x|
S S S S S S S S S

2q

7 7 2 n n
< 229 Bk, X2) = B(s, X2 "+ 220 B(s, X207 = B(p, X2

2q
S

' n 2 n ;
+ QQqHA(pganvp )—A(s, XIP) iy 22qHA(s,X;L’p )— A(pm, X"

=1 2%(Ji(s) + Ja(s) + Ja(s) + Ja(s)) -
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Then for every R’ > 0 and by applying Markov’s inequality, we obtain from (19),
(Hg, ; 6) and the boundedness of B that:

E/OTJl(s) ds =

T n n||2q
_ n n,p"y _ n,p n n
(2 = E/O | B, X =B, X2 (1o <y + Lo o) ds
|
S wz’/q(B,T) —+ E Cq(T) .

The same calculus may be done for J;, i = 2,3,4. By consequence from Propo-
sition 2.1, we obtain for n = 0:

E sup || X['—X{|* < C(p,T) {z"™(T) + (z"™(T))z }
0<t<T
where
1
T) < (14 Cr) (18l + 3l? + WT) + ) + 3
with
UEUT) = WEI(B,T) + Wiyl (A,T) + Wi (B, T) + Wi (A,T) .

We let n,m, R’ and R, in this order, tend to infinity then it is easily seen that
the sequence X™ is a Cauchy sequence in L?"(Q,C([0, T]; R?)). So there exists a
process X in the same space to which the sequence X™ converges. Further there
exists also a subsequence X" which converges uniformly a.s to X. So X is a
solution of the equation (16).

Uniqueness: Let X, X' be two solutions of the equation (16). By applying
It6 formula and using the assumption (Hg, ; 4), we have for every stopping time
0<r<T:

BJIX, - X0I* < K(@.T)B [ 11X~ X (0 + T ds
0

We take Uy := X; — X} and Gy := [} (T's + I'))ds to obtain from Lemma 2.1
that || X;—X/||?? =0 a.s for every t € [0,T]. By Itd’s formula again, Holder’s
and Burkholder’s inequalities yield:

T
E sup || X; — X/||* < K(q,T)E/ | Xs — X% (Ds +T) ds
0<t<T 0

. :
+ 1T (B [ - Xy as)
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Then
E sup ||X,— X{|* = 0.
0<t<T

Approximation: The convergence of the Euler scheme to the solution is al-
ready shown. If in addition, (Hg, ; 7) is satisfied, we take n =1 in Proposition
2.1. Then from previous result and Fatou’s Lemma, the result is obtained. n

4 — The SDE’s coefficients are of class C!

In this section, we consider the following stochastic differential equation:
¢ ¢
(22) Xi = Xo+ [ b(X,)ds + [ g(X) W,
0 0

where Xo € R%, b: R - R? and g: R? - R @ R! are two regular functions.
To state the main result of this section, we introduce the following hypotheses
(H*y):

1. The equation (22) has a unique solution.
2. The functions b and g are of class C*.

3. The functions b and g satisfy:

E / T{(Ilb/(Xs)H +1lg'(X)[12) (X)) + Hg(XS)||q)}2ds < 4o,
d

an
T
E [ {IVOOI+ 19 (X1} ds < +oo.

where b’ and ¢’ denote respectively the derivatives of b and g.

4. For some a > 4q¢*:

Boxpla [ (WO +19CG)I) ds} < oo

We consider also the Euler scheme X" associated to the solution X, defined by:

t t
(23) XP = Xo+ / BXT") ds + / g(X7P"Y AW, |
0 0
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Theorem 4.1. Let p>1 be an integer. Under hypotheses (H*y, ; 1—3)
with qo > 2p, the Euler scheme X™ converges to X in L?(Q,C([0,T];R%)) norm.
If furthermore, the hypothesis (H*y ; 4) is satisfied, then there exists a constant
K,(T) > 0 such that for every n:

(24) E sup || X7 —X;|P < Kp(T) |6 .
0<t<T

Proof: We prove firstly that the Euler scheme converges to the unique
solution X. In order to use the result of Proposition 2.1, we take B(t,w, z) = b(z)
and A(t,w,z) = g(z). Then for n = 0 and e = 2 in Proposition 2.1, we obtain
that:

1

E sup |X7—X["|* < Cp(T) {z"™P(T) + (z"™*(T))z }
0<t<T
where

(T = (14 Crg) EF™™(T)
X ;

+ - [Brm@)?) {E[ / Tfs’m(uxgvﬂ”wu\X?vﬂ’"u%)dsr} ,

and T
Frmp(T) = / 5?,m<||X;L—X§L,p””2P + HX;”—X;”,pmHQp) ds .
0

From (22) and (23), we obtain that:

1
2

T 2
EFmn() < (B [ (eom (Ibee )P+ o)) ) ds] 6217
0

1
2

T m m 2
+ (B [ (gm (e + lgceeny ) ) ds] Bl

Since b and g are differentiable, the intermediate value Theorem yields:

Al

n,m
= P

&

IN

v (0X7""+ (1—9)Xt’"’pm)H + ||’ (07" + (1—9)Xtm’pm)m a0

Then for every R > 0:

1
(" HT))? < (14 Co(R)) [ 6, 4 TG (6] 4+ 5 TP IR
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where
T 9 )]
n,m, " "
e = m [ [ (o0 4 lgeee ) 2)] s,
T 9 2w\ ]
n,m, " "
T L (e e S T |
Hn,m,p — E T n,mi2
wmp g [ [ ds
0
and

T 2
e = m [ [ (e 24 2] s
We remark that the terms II7""™", II3"™P  TI5" and IT}"™" are of the form
T "3 m
P = /0 K (X" X" ds

with K is a positive and continuous real function. To prove that the sequence
X™ is of Cauchy, it suffices to show that

(25) sup ™" < 400 .

n,m
To do this, let define for a real L >0 large enough, the functions by, and g by
by, =band gr= g on the set {z € R?, ||z|| < L} such that by, and gy, are of class
C'. Let X’ be the solution of the following stochastic differential equation:

t t
(26) X = Xo+ [ bu(xPyds + [ gu(XE)aw, .
0 0

and let X" be the Euler scheme associated to the solution X%. The functions
by, and g, are globally Lipschitz, then the solution X% exists and it is unique.
We conclude also that for fixed L, the sequence X" converges uniformly in L%
and a.s to X~. To prove (25), we apply Fatou’s Lemma:

— — T "3 m
lim 7" := lim E [ KX, X" )ds <

n,m—00 n,m—00 0

T
< lim Iim E [ KX X100 e o ds
T M, L—oo MM 0 (X5 TS ) {HXSL P X ||<M}
T L L
< lim E K(XS>XS)1{2||XSL||<M}dS
M,L—o0 0

IN

T
E/ K(Xs,Xs)ds < 400
0
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Now we state the rate of convergence of the Euler Scheme. In this case, we
take n =1 and r = 7/ = 2 in Proposition 2.1. Then

E sup || X7—X["| < Cy(T) {z""P(T) + (=" (T))2 }
0<t<T
where
1
2T = EF™™P(T) + {S”’m(a, T) EF”7’”’2?’(T)}2 i
We proved previously that:

EF™™P(T) < I

S|P+ TI"P |5, [P

Then
(L) < Cp(T) (16al” + 10ml”) [1+ (5™ (0, T))?]

To obtain the result, it suffices to prove that sup,, ,,, ™™ (a,T) < +o00. By the
same way as before, we have:

8", 7) < Besp(a [ (W] + 1o/ (XI7) ds)

n,Mm—00

which is finite from (H*y,; 4). The Theorem is proved. u

5 — Example

It is generally acknowledged that the volatility of many financial return series
is not constant over time and that these series exhibit prolonged periods of high
and low volatility, often referred to as volatility clustering. Over the past two
decades, the Stochastic Volatility (SV) model is one of the prominent classes of
models that has been developed which capture this time-varying autocorrelated
volatility process. The variance in this model is modelled as an unobserved
component that follows some stochastic process. The most popular version of
the SV model defines volatility as a logarithmic Ornstein—Uhlenbeck diffusion
process which is used in the option pricing literature. In Hull and White (1987),
they consider the price process x of a derivative asset as the solution of the
following stochastic differential equation:

t t
(27) Ty = 930+/ 1 Ts ds +/ osxs dWs |
0 0
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with the process y := o2 satisfying:

t t
(28) Y = yo+/0u2ysds +/077ysts,

xo,yo € Ry, p1,pe,n € Ry, (Wi, t€(0,T)) and (Z;, t€[0,T]) are two correlated
real Brownian motions with correlation p. Let 2™ be the Euler scheme associated
to the equation (27), defined by:

t t
(29) xy = x0+/ iyt ds +/ oy xyf dWy |
0 0

with ¢ = o(p?). Then the Euler scheme z™ converges strongly towards the
solution x with the usual rates of convergence. It suffices to apply theorem 3.1
and remark (3.1,4.) with B(¢,x) = pu1 x and A(t,z) = oy x and to verify that the

condition: .
E exp{/ CAE ds} < +o0,
0

is satisfied which is the case.
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