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ORTHOGONAL POLYNOMIALS
ASSOCIATED WITH THE NEHARI PROBLEM

PEDRO ALEGRIA *

Recommended by A. Ferreira dos Santos

Abstract: The aim of this note is to make explicit the connection between the
Nehari problem and certain class of orthogonal polynomials on the unit circle obtained

in a recursive way. A sequence of Schur-type parameters for this problem is also obtained.

Introduction

The well-known Nehari interpolation problem can be stated as follows:

Given a sequence {1 = sq, 1, ..., Sn, ...} of complex numbers, find a necessary
and sufficient condition for the existence of a measurable bounded function f in
the unit circle T = {z € C: |z| = 1} such that

Fn) = 5

/027r e M f(t)dt = s,, for n>0.
This problem was first solved by Nehari [10] but a theorem due to Adamjan,
Arov and Krein [1] parametrizes the set of all the solutions.

The approach given by Cotlar and Sadosky [7] allows to generalize the Nehari
problem by using the fruitful notion of generalized Toeplitz kernels. In this
setting, the Nehari problem has a solution if and only if the kernel K : ZxZ — C
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defined by
Sm_n ifm>0,n<0
(1) K(m,n) =% 5,—pm ifm<0,n>0
Om,n elsewhere
is positive definite.

The Nehari problem can be seen as a generalization of the Carathéodory-Fejér
problem and also a modification of the Schur algorithm provides in a recursive
way the set of all the solutions of the problem [3]. These problems are also related
to the theory of orthogonal polynomials on T (see [6] and the references therein).

In several papers (see for example [2], [5], [9]), basic results on interpolation
theory have been exposed from the point of view of the Schur analysis and ex-
tended to the domain of the orthogonal polynomials. Landau’s approach suggests
to define a scalar product in the space of trigonometric polynomials and apply
an orthogonal decomposition. In this way, many aspects about orthogonality,
coefficients of reflection, prediction formulas, and so on, are highlighted.

Here we show that certain results concerning the Nehari problem can also be
deduced from an orthogonal decomposition in a finite-dimensional space. More
precisely, we show a recursive method in order to obtain the solutions of the
reduced Nehari problem, by using a family of Schur-type parameters. Therefore,
we will study a method to find a recurrence formula for the sequence {s,}, given
the n first terms and the positive definite kernel K defined in (1).

In section 1 we adapt the well-known results about orthogonal polynomials in
the unit circle to the case of the generalized Toeplitz kernel in a slightly different
way from that one stated by Gohberg and Landau [8].

1 — Orthogonal polynomials

In the sequel, given the sequence {1 = sg,s1,...,5,} and the generalized
Toeplitz kernel K defined in (1), we will consider the matrix

1 515 ...5,

s110...0
C’n, — [K(Lj)]i,j:*l,o,..‘,nfl = S92 O 1

sn 0 R |

and denote A,, = det C,,. By the way, the matrix C,, is Hermitian but it is not a
Toeplitz matrix unlike the case of the Carathéodory-Fejér problem.
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Since K is positive definite, A, > 0ie. 1 —> ", [s;|*> > 0 and, in particular,
|si] <1foralli=1,...,n.

Let P,, be the space of the analytic trigonometric polynomials of degree less
than or equal to n, P, = {pn(2) = Sf_garz” : a, € C,|z| = 1}. We define in P,
the inner product

(2) (Pn @) = aCyb* => "> ;K (i — 1,5 — 1)b;,

i=0 j=0
for all p,(2) = Y1y ai2’, qu(z) = Z;L:O bjzj, where a = (ag,a1,...,a,) and
b = (bo, b1,...,b,) are their respective coefficient vectors.

The following properties are straightforward.

Proposition 1.1. Let p,,q, € P, and let z : P, — Pn11 denotes the mul-
tiplication by the independent variable. If C,, is positive definite, then (-,-) is a
hermitian and non-degenerate sesquilinear form in P,,. Moreover,

n

(2Pns 2qn) (=Y aibi) = (pn,qn) — a0 »_ bisi — bo Y _ ais;.
i=1 i=1

1=0

Remark. This modification of the Toeplitz condition gives rise to a Liapunov
equation

(2Pn, 2Gn) = (Pn> @) — c(Pn) d(qn) — d(pn) c(qn),

where ¢(p,) = ao, d(pn) = Y. i a;$;, providing a connection between the Gener-
alized Toeplitz Forms and the Potapov colligations in the sense shown in [4]. o

In our approach, we will use the following formulation:

(3) <an, ZQn> = <pTL7 Qn> - <6L0, Qn> - <p’I’L7 b0> + 2<a07 b0>~

We observe that, if the Nehari problem has a solution f, then:

n e 1 2w I
<pna Qn> = Z aj; bj + 27 ao qn(eilt)f(t) dt
j=0 o

1 2T . —
+ — / bopn(eflt)f(t) dt — 2ag bg.
21 Jo

Conversely, if (p,,g,) satisfies the last equation for all p,,q, € P, and some f,
then the problem has a solution because

1

sp = (2", 1) = .

[ e ae = fo.
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Therefore, the problem can be stated looking for the relation between the inner
product (2) and its values.

With the product (2), P, is an (n+1)-dimensional Euclidean space. Moreover
for each k (0 < k < n), the matrix Cj defines an inner product over Py which
is the restriction of the inner product defined in all P,,. To find an orthogonal
basis, we can span a polynomial sequence by applying the Gram-Schmidt process
to the sequence {1, z,...,2"}.

For each k € {1,...,n}, we consider the polynomial T} = Z?:o thiz' € Py
such that
(4) Tka:(O,...,O,l),

where 1 = (tgo, tk1,- - -, tkk)- By solving the system (4), we have explicitly:

To(z) = 1,

— 57 SR LA k
To(z) = Sk + Sk 812 + +A$]I:5k—1z + Ag—1%2 k>

By its own definition, it is clear that (Tx, pr—1) = 0, Vpr_1 € Pk_1; therefore,
the set {Tp,T4,...,T,} is an orthogonal basis of P,,. Taking into account that
HT]{H2 = TkaTk* =ty = trr, the set

{Tk/\/ﬂ, ]{,‘ZO,...,TL}

is an orthonormal basis of P, with respect to the product defined in (2).

2 — Reproducing kernels

An important fact of the inner product defined above is that we can construct
on P, a reproducing kernel. Next, we are going to see the properties that this
kernel takes for this problem.

For each ¢ € C we define the linear functional ¢¢ : P, — C by

¢C(pn) = pn(C)a Vo € Ph.

It is plain that ¢ is bounded; by the Riesz representation theorem, there exists
a unique ES € P, such that p,(¢) = (pn, ES), Vp, € Pn. This polynomial, so
called the evaluating polynomial or reproducing kernel in (, has the following
properties:
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Proposition 2.1. Let ES be defined as above. Then:
i) Ein) = Eil(Q)-

i) Q) = B>

Ty (2)T)

i) B(2) = S O,

iv) || E;]7? = infg, =1 [1Sull*

v) Ifen = (€n0, - - -, enn) is the coefficient vector of E9(z), then
(5) enCh = (1,0,...,0).

vi) [ER)? = (An)™! = (An-1) ™t I T0l%.

Proof: Items i), ii), iii) and iv) are straightforward.
In order to prove v), we consider the vector ny = (Jx;)j=o,....n of coefficients
of 2%, for k=0,1,...,n, and observe that, by definition,

1 ifk=0
(Bns#) = enComi” = (enCr)ic = {o ith >0
From this fact, we obtain explicitly the coefficients of EY, namely:
(6) eno = 1/Ap, enr = —3Si/An, k=1,...n.

Finally, item vi) is a direct consequence of ii) and (6). m

Remark. Taking into account the relations (4) and (5), we have, for each
n > 1:

tpk = —Spénk, k=0,...,n—1,

ton = 1 — spenn,

and by (6),
top = RO k01, -1,
€no
2
tpn = 1+ |enn| .

€no
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In particular, we have > 71 sitn; = 0 and Y ;" sieni = 1. 0

From these formulas we deduce that each T;, determines E? and conversely.
Moreover, the following result holds.

Proposition 2.2. The map {1 = sq, s1,...,5,} — E is one-to-one.

Proof: From the previous remark and the formula

Tn(z)m

tnn

E271(2> = Eg(z) - )
we deduce that, for each n € N, E9(2) defines EY_;(z); this one defines T}, (%)
and so on. In this way, the polynomial EO generates the sequence {T}(z),k =
0,...,n}.

Now, from the expansion z/ = Zizo a;rTi(2) and taking into account that
sj = (27,1), we get s; = ajo for j=1,...,n.n

Now, we will see that a system {Egk :k=0,1,...,n} of evaluating polyno-
mials determines the n-th orthogonal polynomial 7T;,.

Proposition 2.3. There exists a set {(p, (1, - .., (n} of complex numbers such
that -
ESk(z
o) =y 2,
k=0 R (Ck)

where we define R(z) = [[1_o(z — (&) and R/(z) denotes the derivative of R(z).

Proof: We choose {(o,(1,...,(n} such that
Tj(G) #0, 1<j<n—1,0<k<n.

Then, for each j € {1,...,n — 1} and an appropriate » > 0, by the residue

theorem,
Tj(=) (%))
dz = .
/|z<r R(z) 27”,;)}%'@)
T;(2)

Since lim,_, f‘z|<r VO dz = 0, then

DTG N (TLEE) & By
0_,§R’(<k)_,§) R (Cr) _<TJ’,§R(@)>'
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Now, by using the equality <TJ,E$L1€> = (Tj,EfL’iQ (j=0,1,...,n—1), it results
that there exists a constant o such that

5 Egk(2)
T.(z) =
P Ty
But, since
N B SR " R(G)
Ra = - R,Ef;’;k = = 17
< ;§)R’(Ck)> k:oR’(Ck)< > ,E)R’(Ck) n

and
n

(R.T) =Y ([[(z=¢). Tny =n+1,

k=0 j#k

it must be o = 1, so giving the theorem. n

3 — Levinson algorithm and Schur-type parameters

The following formula gives a representation of the evaluating polynomials
from the orthogonal basis {T}}}_,-

Theorem 3.1. (generalized Christoffel-Darboux formula). Let z,{ € C be
such that (z # 1. For every n € N, there exists a polynomial W € P,_1 such
that

' n(z) = T, Cz-W(z
(7) ES(2) = Bn ER(OF(2) 1(_ - T(Q) + G2 W(2)

Proof: If we call
(8) W(Z) = tpn2" — Tn(z)>

then
2T, + 2W Lz(Pr—1).

On the other hand, taking into account the equality
0= (2Q —(Q, E}), ¥(,YQ € Py

we have

(2Q, ES) = ((Q, ES).
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Again, formula (3) gives
<Q7 ETCL> = <ZQ7 ZEg> + <ﬁ07 E’EL> + <Q7 61410> - 2</807 6747,0>7

where (ego, .o e5,) and (Bo, ..., Bn_1) denote the coefficient vectors of ES(z)
and Q(z), respectively.
Taking into account that

n

(Bo, ES) = (2Q,2P), if P(z) =Y ;- ¢S
1=0
n—1

(Q,¢5) = (2Q,2R), if R(z) =5+ > 52",

=0
(Bo. eno) = (2Q,2V), if V(2) = ¢,

we obtain
ie. -
(1— (2)ES — (=W Lz(Pyo),
where we call W(z) = P(z) + R(z) — 2V (z) = ¥, siefn- + 620 Sl szt
Since dim(Prn41 S 2(Pn—1)) = 2, they must exist a, § € C such that
(9) (1 C2)ES(2) — C2W(2) = aBp(2) + B - tan2" .

By comparing corresponding terms in both sides of the equation, we obtain

W BO IO

tnO

thus giving formula (7). m

The following result gives an algorithm to compute the sequence of polyno-
mials {7} }}_, in a recursive way.

Theorem 3.2. (Levinson-type algorithm). For each n € N, there exist a
constant o, € C such that

T, E?
(10) Tuia(2) _ + ay, - Enlz)

tn+1,n+1

holds.
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Proof: Since the polynomials

§(z) = 2lE)
tn+1,n+1

and E? are both orthogonal to 2P, 1, then there exists o, such that S(z) =
an - EY(2)/thn. w

In order to compute the coefficient «a,, it is enough to evaluate (10) at z = 0.
So we have:

To1(0) _ E3(0)

I

tn—i—l,n-l—l tnn
whence
. — tnn In+1,0  —Sn41 - Ap_q
n = : = .
tn+in+1 [ An

Formula (10) provides a method for generating the sequence of orthogonal
polynomials {7} } by using the parameters {ay}. In fact, rewriting (10) as follows:

Tn—l—l('z) _ . Eg(z) _ Zn+1
—nr n - — =
tn+1,n+1 tnn
and taking norms in both sides, we obtain:

2

Thi1 E? 1 lovn |?
bntintl —Qn- ton = et 11 ]? ) HTn+1H2 + e : HEQHZ
_ 1 ‘an|2
C tatimtt b Dot
o) =1

By comparing these results, we get the following representation of the leading
coefficient ¢, 41,41 in terms of ¢,,, and the parameter a,:

(11) el A, —

Now, for each a, such that |a,| < An,l/A}lﬂ, from (11) we obtain t,41 41 and,
from (10), the polynomial T},41.

A similar procedure allows to generate the evaluating polynomials {E°} by
using analogous formulas to (10) and (11).
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Summing up, if the positive definite matrix C,, is given, we can establish a
one-to-one correspondence between the set {aq, ..., a,}, with |ag| < Ak,l/A}c/z,
and the positive definite matrix Cj41.

In fact, if |a,| < An,l/A,llm, we obtain t,41 41 from (11) and 75,41 from
(10). Such a definition makes T}, 41 to be orthogonal to zP,_;. In order to be
orthogonal to P, it is enough that (7,41, 1) = 0, condition that determines s,;.
With this value, the matrix Cy,41 will be positive definite and {7} }7=3 will be an

orthogonal family of polynomials.

Remark. The coefficients «,,, called the Schur parameters associated with
the Nehari problem, are also called either partial correlation coefficients, due to
their interpretation in time series or control theory, or reflection coefficients, in
view of their physical interpretation. For example, rewriting «,, in the following
way,

An—l _ Tn-l—l(o) . An—l
An  ERLIP A

_ Apy ) HTn-i-1H< Thn E?H—l >
An ER A M Tl 11ER

_ An—1< Tn+1 E2+1 >
\/An ”Tn-i-1H7HE2+1H ’

ap = AnJrl : TnJrl(O) :

we deduce that (A}/ ?/Ap_1)a, can be interpreted as a correlation coefficient.
Likely, from (10) we also obtain that

1 0y _ [l 10 [F2A1
<Tn+17 En> - (Z 7En> +ap
7571—&-1,n—i—1 tnn

)

and taking into account that (T}, 1, EQ) = (zW, EY) = 0, we get:

(zTn, EY) _||zTn||< 2T, EY >

Ny — — =
! (22l LER MITll” 122

Then —(||EY||/||2T||)cn represents the correlation between the forward predic-
tion error of length n advanced by one step, and the backward prediction error
of length n. o
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