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SOLUTIONS FOR SINGULAR CRITICAL GROWTH
SCHRODINGER EQUATIONS WITH MAGNETIC FIELD

PicoNG HAN

Recommended by Luis Sanchez

Abstract: In this paper, we consider the semilinear stationary Schrédinger equation
with a magnetic field: —A u — V(z)u = [u|>* ~2u in RY, where A is the vector (or
magnetic) potential and V is the scalar (or electric) potential. By means of variational
method, we establish the existence of nontrivial solutions in the critical case.

1 — Introduction and main result

In this paper, we are concerned with the semilinear Schrodinger equation

(1.1) —Ajqu—V(zx)u=|u* 2, zeRV,
where —Ay = (=iV+A4)?2, w: RV - C, N >3, 2" = ]\2,—]}2 denotes the critical

Sobolev exponent, A = (Ay, A, ..., Ay): RY — R¥ is the vector (or magnetic)
potential, the coefficient V' is the scalar (or electric) potential and may be sign-
changing.

The nonlinear Schrédinger equation arises in different physical theories (e.g.,
the description of Bose-Estein condensates and nonlinear optics), and has been
widely considered in the literature, see [1, 6, 7, 8, 11, 13].

Throughout this paper, suppose 4 € L2 (RY,RN). Define

loc
LARN, V=dz) := {u:RNHC‘ >V dx<oo}
RN
and
Hj o (RY) = {u € L*(RN, V7 da)| Vaue LQ(RN)} :
where V4 = (V +i4), VE = max{+V,0} # 0.
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H . (RY) is a Hilbert space with the inner product

/ (VAu -Vav + V_uﬁ) dx |
RN

where the bar denotes complex conjugation.
It is known that C§°(RY) is dense in HY ,_ (RY) (see [8]).

Definition 1.1. u € H ,,_(R") is said to be a weak solution of problem
(1.1) if

(1.2) /RN (VAu -Vap —V(z)up — |u]2*72u¢> dr =0 Vye Hil,v— RY) .o

The corresponding energy functional of problem (1.1) is defined by

1 1 *
(1.3) Ty (u) = / (IVaul> = V(@)[ul?) do - / f dz, ueH (B,
’ 2 RN 2% RN ’

It is well known that the nontrivial solutions of problem (1.1) are equivalent
to the nonzero critical points of T4,y in H} ,,_ (RY).
Now we list some assumptions on the potential V:

(A1) 02V~ € LT (RY) and V € L? (RV\Bg(0)) for any R > 0. Moreover,
there exist 6 > 0, A > 0 such that

|22V (z) = p+ Nz|*, Va € Bs(0),
where 0 < u <= (%52)? and 0 < a < min{2, 2v/f — g}
(A2) Thereis 6 € (0,1) such that

/ V() |ul?de < 9/ (IVaul* + V™ [u*) dz  for any we Hy - (RY).
RN RN s

Remark. There does exist such potential V' satisfying assumptions (A1), (Az).
For example, take 0 < § < 1
PN i 2] <6,
|2

k
a2l

V(z) =
if |z| >4,

where 0 < A< pm—p, 3>2and k> 0.0
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A direct computation shows that V' (z) satisfies assumptions (A1), (Az).
Our main result is the following:

Theorem 1.1. Assume that (A1), (A2) hold, and A is continuous at 0.
Then problem (1.1) admits at least one nontrivial solution.

We prove Theorem 1.1 by critical point theory. However, since the functional
14,y does not satisfy the Palais—Smale condition due to the lack of compactness
of the embedding: H}LV_ (RV) < L2 (RV), the standard variational argument is
not applicable directly. In addition, from assumption (Aj), the potential V" has a
strong singularity at the origin, which also brings some difficulty in dealing with
(1.1). Precisely, the embedding: H}LV,(Q) < L%(Q, |z|~2dz) is continuous but
not compact, where Q 3 0 is an arbitrary bounded set in RY. Nevertheless, we
can prove that 14y satisfies the (P.S.). condition with ¢ below some energy level.
We need to construct a suitable (P.S.). compact sequence, which is obtained by
the mountain-pass theorem (see [3]).

Throughout this paper, we shall denote the norm of the space Hil,vf (RN ) by
HUHH; L_(RN) = (Jpn (IVaul?+V = |ul?) dm)%, and the positive constants (possibly
different) by C, C1, Ca, ...

2 — Proof of Theorem 1.1

Before giving the proof of Theorem 1.1, we introduce some notations and

2
/ <|Vu|2 — 1 u2> dx
inf RY i .
ueD12(RN)\{0} .\ F
</ |u|? d;v)
RN

From [9, 10], S, is independent of any Q C RY in the sense that if

2
/ (\Vu]Q — i uz) dx
Q |z

Su(Q) = inf +

ueHg ()\{0} .
’ </ |u|? dx> :
Q

then S,(Q) = S,(RY) = S,,.

preliminary lemmas.
Set

S, =
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Let o= (Y22 v =i+ Vi—p ¥ = Vi — it —p, F. Catrina and

2
Z.Q. Wang [5], S. Terracini [14] proved that for e > 0

(4N — /(¥ -2)) ©

L A N\VE
(el ¥7 + [ 77 )

Ue<$) =

satisfies .
{—Au—]u\Q *Qu—i—u# in RV\{0},

u—0 as |z] — oo .

Moreover, U, achieves S,.

Lemma 2.1. For any bounded set Q C RY 0 € Q, the embedding: H' () —
L2(Q, |z|") is compact with [ > —2.

Proof: Let {u,} C H'(Q) be a bounded sequence. Then, up to a subse-

quence, we may assume
Up —u  weakly in H'(Q) ;
Upm — u  strongly in LP(Q2) with 1<p<2*;
Uy — u  a.e.in €.

Choose max{2, %} < g < 2*. Then

=2 2
1
/‘xfl‘um—uIQdar < (/ \a:\qg? dw) ! (/ \um—ulqu)q.
Q Q Q

By the choice of ¢, we easily have

1
/ |x|qTq2 dr < C and  lim |t — u|?dx = 0 .
Q Q

m—0o0
Thus, lim_ Jo |2l um —u|?*dz = 0. u

Lemma 2.2. The functional 14y satisfies the (P.S.). condition with

1 N
2
C<WSN'
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Proof: Assume that {u,,} C HY ,_ (RY) satisfies
Inv(um) —c¢ and dlay(um) —0 as m — oo .
Then, by assumption (As), we get

1 1 9 _ 9 _
(2 2*> /RNOVAum] + V7 |um| )da: =

1 1

= Tav(um) —
< c+ 1 0 / (|VAu >+ V7 |u \2) dz + o(1)
— 2 2* RN m m I

which implies / (IVatm|? + V™ |up|?) dz < C.
RN

By choosing a subsequence if necessary, we may assume that

Uy — u weakly in H}LV, RY) and wu, —u ae on RY .

41

1
I - = + 2
o <d A,V(um)7um> + <2 2*) /]RNV (1’) \um\ dx

It is easy to verify that u is a weak solution of problem (1.1). Set u,, = vy, +u.

Then
/IRN <\VAvm]2 — V\vm\2> der =

- /RN(VA“’“'Z V) di /RN(yvAuP = VIul?) e + of1)

and by Brezis-Lieb lemma (see [2])

/ (o2 dac :/ |2 d —/ w2 dz + o(1) .
RN RN RN

Therefore, we get

<dIA7V(vm),vm> = <dIA,V(um),um> - <dIA7V(u),u> +o(1) = o(1) .

Thus,

(2.1) lim <\VAvm]2—V\vm\2> dxr = lim / lom|*> dz = a,
RN m—0o0 RN

m—00

where a is a nonnegative number.
If a = 0, then we infer

lim (|vAvm|2+V*|vm|2) dz = lim [ VF|on|dz
N

IN

m—0o0

§ lim (|VAvm]2 + V*yva) dz
]RN
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which implies

(2.2) lim (|vAvm\2 v v—\va) dz = 0 .

m—oo [pN
If a > 0 then, by Sobolev inequality, we obtain

2
5%

(Lt <50 (st 250).
R
-1 2 N|Um|
<57 [, (1ol - £ e
2
(2.3) < S ( ’VAUm|2dx _/ N”Un;’ dx)
Bs(0) |z]
<s / (IVatml? = V(&) fonf?) i
AS;! / 122 o Pdi + S / (m)\vm\2dac,
Bs( RN\ B;(0

where we use the diamagnetic inequality in the above argument (see [12]):
|V|u|| < |Vau| a.e.in RY .

Hence, by assumption (A;), Lemma 2.1 and (2.1), (2.3), we derive az < S;la

N
and then a > 5,7 .
In addition,

)

1 x
Tav(u) = Iay(u) — *(dIAV (w),u)y = N N|u|2 der > 0.
R

Therefore,
¢ = Iav(um)+o(1)

= IAJ/(’Um) -+ IAJ/(’U/) + 0(1)

1 1 .
> / (|VAvm|2 - V(x) \vm\Q) dx — / lvm|? dz 4+ o(1)
2 RN 2* RN

1 g%
ZNSN’

N
which contradicts ¢ < & 5,7 . u
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Define

= inf I t
ca = Inf max Av(Y(t)

where T'= {y € C([0,1], H} ;,_ (RY)) | 7(0) =0, La,v(7(1)) < 0}.

N
Lemma 2.3. Let the assumptions of Theorem 1.1 hold. Then cs < % S

Proof: Since A(z) is continuous at 0, we infer |A(z)| < ¢q for all |z] < n(<9).
Set uc(x) = ¢(x) Uc(x), where 1) is a cut off function satisfying o (x) = 1if || < Z,
P(x) =0 if || >n and 0 < YP(z) < 1.

Following [3] and after a detailed calculation, we have the following estimates:

YU N _
(2.4 L (wwup - u 7 Y ae = sF s o).
* E
(2.5) [ JeU e = 57+ o).
RN
N-—2
evVi—n, it 0<p<p—1,
@6) [ WUPde = B = 3 ¥ 2loge it p=ji-1,
eN—2 if g—1<p<m,
oV
(2.7) [ el v de ~ 35
RN

where A, ~ B, means C1B. < A, < O3B,.
Observe that

/ (|VAue\2 —V(z) |ue|2> de —
RN
— / (IV(¢U6)I2+ AR QU] — V() |¢U€|2) da
RN
(2.8) _ /w(’v(we)'z . %ZZP) o

4 / AP QU de — A / 2| [ UL 2 da
RN RN

N

T o N—2
< S —Crevii +Cof(e) + O(e7 %),

where (3(€) is given by (2.6).
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Therefore, from (2.4)—(2.8), we conclude
ca < max Iv(tue)

1 (fRN(rvAueP — V() uc?) d:c>
N (Jis el der)

N
2

N
- 1( 1Wu+02/3()+0(eN—2)>2
- N S.7 +0(eN-2)
N
< %5’2 by the choice of « : 0<a<m1n{2 24/ [i })

Proof of Theorem 1.1: By assumption (Ay), for any u € HY |, (RY), we
have

1 | *
Liv() = /RN(|VAu]2—V(:x)|u]2> da — 2*/]RN|U|2 do

1-6 z
> — (]VAu|2 + V_|u]2) dx — C(/ <|VAu\2 + V_\u|2) dw)
2 Jry RN

Thus, there exists a sufficiently small constant p > 0 such that

b(u) = inf Tav(u) >0 =14v(0).

HUHHI (RNYy=P
AV —

In addition, for any v € HiLV— (RM\{0}, Iy (tv) — —oco as t — oo. Hence,
there is a t9 > 0 such that |[tov|| > p and I v (tov) < 0. By using a variant of
the mountain pass theorem (see [3]), there exists a sequence {u,,} C Hi!,v— (RM)
such that as m — oo

Ipv(um) —ca, dlgyv(um)—0.

By Lemmas 2.2, 2.3, the sequence {u,,} is relatively compact in HY .- (RY).
So there exist a subsequence, still denoted by {uy, }, and a function u€ HY |, (RV)
such that
Uy — u  strongly in H}LV, RN .

Thus cy4 is a critical value of 14y, and u is a corresponding critical point of 14 v
in Hy ,_(RY).
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