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Abstract

In this article we show that the Kullback’s statistic for testing equality
of several correlation matrices may be considered a modified likelihood ratio
statistic when sampling from multivariate normal populations. We derive
the asymptotic null distribution of L* in series involving independent chi-
square variables by expanding L* in terms of other random variables and
then inverting the expansion term by term. An example is also given to
exhibit the procedure to be used when testing the equality of correlation
matrices using the statistic L*.
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Resumen

En este articulo se muestra que el estadistico L* de Kullback , para probar
la igualdad de varias matrices de correlacion, puede ser considerado como un
estadistico modificado del test de razén de verosimilitud cuando se muestrean
poblaciones normales multivariadas. Derivamos la distribucién asintotica
nula de L™ en series que involucran variables independientes chi-cuadrado,
mediante la expansion de L* en términos de otras variables aleatorias y
luego invertir la expansiéon término a término. Se da también un ejemplo
para mostrar el procedimiento a ser usado cuando se prueba igualdad de
matrices de correlacion mediante el estadistico L*.
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1. Introduction

The correlation matrix is one of the foundations of factor analysis and has
found its way into such diverse areas as economics, medicine, physical science
and political science. There is a fair amount of literature on testing properties
of correlation matrices. Tests for certain structures in a correlation matrix have
been proposed and studied by several authors, e.g, see Aitkin, Nelson, and Rein-
furt (1968), Gleser (1968), Aitkin (1969), Modarres (1993), Kullback (1997) and
Schott (2007). In a series of papers, Konishi (1978, 19794, 1979b) has developed
asymptotic expansions of correlation matrix and applied them to various problems
of multivariate analysis. The exact distribution of the correlation matrix, when
sampling from a multivariate Gaussian population, is derived in Ali, Fraser and
Lee (1970) and Gupta and Nagar (2000).

If the covariance matrix of a-th population is given by X, and A,, is a diagonal
matrix of standard deviations for the population a, then P, = A AZ! is the
correlation matrix for the population «. The null hypothesis that all £ populations

have the same correlation matrices may be stated as H : P = --- = Py.
Let the vectors o1, a2, ..., Tan, be a random sample of size N, = ny + 1
for a« = 1,2,...,k from k multivariate populations of dimensionality p. Further,

we assume the independence of these k samples. Let T, = Zf\]:c‘l Toi/Nao, Aq =
Zﬁvzf)‘l(mm—ia)(wm—ia)’ and S, = A,/N,. Further, let D, be a diagonal matrix
of the square roots of the diagonal elements of S,. The sample correlation matrix
R, is then defined by R, = D 1S, D;1. Let n = Z§:1 ne and R = 22:1 NoRe.

Kullback (1967) derived the statistic L* = Zz=1 ne In{det(R)/ det(R,)} for
testing the equality of k correlation matrices based on samples from multivariate
populations. This statistic was later examined by Jennrich (1970) who observed
that the statistic proposed by Kullback failed to have chi-square distribution as-
cribed to it. For further results on this topic the reader is referred to Browne (1978)
and Modarres and Jernigan (1992).

Although the Kullback’s statistic L* is not equal to the modified likelihood ratio
criterion, we here show that it may be considered an approximation of the modified
likelihood ratio statistic when sampling from multivariate normal populations.

In Section[2] we show that Kullback’s statistic can be viewed as an approxima-
tion of the modified likelihood ratio statistic based on samples from multivariate
normal populations. Section [3| deals with some preliminary results and definitions
which are used in subsequent sections. In sections [d] and [5} we obtain asymptotic
null distribution of L* by expanding L* in terms of other random variables and
then inverting the expansion term by term. Finally, in Section [6 an example
is given to demonstrate the procedure to be used when testing the equality of
correlation matrices using the statistic L*. Some results on matrix algebra and
distribution theory are given in the Appendix.
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2. The Test Statistic

In this section, we give an approximation of the likelihood ratio test statistic
A for testing equality of correlation matrices of several multivariate Gaussian pop-
ulations. The test statistic A was derived and studied by Cole (1968a, 1968b)
in two unpublished technical reports (see Browne 1978, Modarres and Jerni-
gan 1992, 1993). However, these reports are scarcely available, and therefore the
sake of completeness and for a better understanding it seems appropriate to first
give a concise step-by-step derivation of the test statistic .

If the underlying populations follow multivariate normal distributions, then
the likelihood function based on the k independent samples, when all parameters
are unrestricted, is given by

L(I"l’h"'ap‘kazla"-azk)

k —
T
a=1
1 & 1
X exp [—2 Z tr(S,'4,) — 3 Z tr {S5" (Za — o) (@a — o)}
a=1 a=1

where for « = 1,...,k we have p, € R? and ¥, > 0. It is well known that for any
fixed value of X, the likelihood function is maximized with respect to the p,’s
when i, = Z,.

Let A, be a diagonal matrix of standard deviations for the population «.
Further, let P, = A, A.! be the population correlation matrix for the pop-
ulation a. The natural logarithm of the likelihood function, after evaluation at
., = Ty, may then be written as

hl[L(i:l, ey i:k, A1P1A17 ey AkPkAk)]
1 1< 1<
— 2 -1
= —5NpIn(2m) — 5 QZINQ Infdet(P,AZ)] - 5 > tr(N, P, 'G,R,G,)

= a=1

where N = fo:l N, and G, = A_'D,. Further, when the parameters are
unrestricted, the likelihood function L(Zy,..., Tk, A1P1Ay, ..., A PLAy) is max-
imized when — In[det(P,A2)] — tr (Pa_lGaRaGa) is maximized for each «. This
is true when

In[det(P,A2)] + tr (P 'G,R,G.,)
= In[det(Aq PaAy)] +tr (AL PYIALYD, R, D,)

is minimized for each . This is achieved when A, P, A, = D, R, D, . From this
it follows that the maximum value of L(Z1, ..., Tk, A1 P1A1, ..., AxPrAg), when
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the parameters are unrestricted, is given by

ln[L(iitl, o, &k, D1R1 Dy, ..., DkRka)]
1 1o
= =5 Npln(2m) +1] - 5 > NoIn[det(R,D2)]. (1)
a=1

Let P be the common value of the population correlation matrices under the null
hypothesis of equality of correlation matrices. The reduced parameter space for
the covariance matrices is the set of all covariance matrices that may be written
as A, P where P is a correlation matrix and A, is a diagonal matrix with positive
elements on the diagonal. The restricted log likelihood function is written as

In[L(Z1, ..., 25 AP, ..., AL P)]
1 1< 1<
_ 2 —1
_—inln(Zﬁ)—i(; Naln[det(PAa)]fii N, tr (P7'G,R,G,) -

=1 a=1

Let P~1 = (p'). Since A, is a diagonal matrix,

P P
In[det(Aq)?] = 2In[det(A,)] = 21n lH U(m-] =2 In(0ai)
i=1 i=1
Also, since G, = A;'D,, is a diagonal matrix, we have

P
tr (PilGaRaGa) = Z Z pijgajraijgoci

i=1 j=1

Thus,

k D k
1 1 1
= —5Npn(2m) - 5 > Na Z In(00ii) — 5 > NoIn[det(P)]
a=1 i=1 a=1
1 PP
2 Do Na DD rgaiTaiiga
a=1 i=1 j=1

Since, goi = Saii/Oaii, differentiation of In[L(Z1, ..., Tk, A1 P, ..., ApP)] with re-
spect to g4; yields
) _ _ N, No <&
W[L(Zy, ..., &k, AP, ApP)] = — " Gaigai P raij
Jj=1

O i 200ii  20qii 4=

Further, setting this equal to zero gives Z§:1 9aigajP?Tai; —1 = 0. Differentiating
In[L(Ey,..., Tk, A1 P, ..., ArP)] with respect to the matrix P using Lemma@ we
obtain
0 1 1
op WIL(@, - Tk, AP, ALP)] = _§NP*1 +3 > N.P'G,R,G,P

a=1
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Setting this equal to zero, multiplying by 2, pre and post multiplying by P and
dividing by N gives P = ¥ _| NyGoRaGo/N so that 32F_ N,g2,/N =1.

The likelihood ratio test statistic A for testing H : P, = - - - = P} is now derived
as

b det(R,D2)Ne/2
U PAQ Ny /2

where P and A2 are solutions of P = Y% _| NyAZ1S,A!/N and > P Saij—
1=0,72=1,...,p, respectively.

To obtain an approximation of the likelihood ratio statistic we replace oui;
by its consistent estimator G,;. Then, it follows that Gaii = Saii/0aii and
Go = diag(ga1, - - - ; Jap), and the estimator of P is given by P= ZZZI NoGoRa
@a/N. Thus, an approximation of the maximum of In[L(1, ..., Tk, A1 P, ..., AgP)]
is given as

k
- %Np[ln(?ﬂ') +1] - % > NoInfdet(A,)?] - %Nln[det(]s)] (2)

a=1

As the sample size goes to infinity, sui;/Fai; converges in probability to 1 so that
G converges in probability to I),. This suggest further approximation of (2 as

3)

a=1 a=1

. k
= 3NpIn(2r) +1] = 5 37 Nolaldet(Da)?) ~ 3N n ldet (Z ]]VVQRQ>

Now, using and , the likelihood ratio statistic is approximated as

5 oy det(Ra)N=/?
det(SF_ NoRo/N)N/2

(4)

Further, replacing N, by n, above, an approximated modified likelihood ratio
statistic is derived as

_ Mooy det(®a)™/? [Ty det(Ra)"/? )
- det(Sooy naRa/n) det(R)"/2

Since —2In M = 2221 ne In{det(R)/det(Ry)} = L*, the statistic proposed by
Kullback may be thought of as an approximated modified likelihood ratio statistic.

3. Preliminaries

Let the vectors o1, ..., Zan, be a random sample of size n, for a =1,... k
from k multivariate populations of dimensionality p and finite fourth moments.
The characteristic function for the population « is given by ¢*(t) = Elexp(ct'x)]
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where t =+v/—1land t = (t1,...,t,)". The log characteristic function for population
a may be written as

o0 D .
1)’

gL (t)] = Y HZ(Tl,...,Tp)H( {)' , eIt (6)
ri+-+rp=1 j=1 A

where I is the set of non-negative integers. The cumulants of the distribution are
the coeflicients 2 (r1,...,7p). If 11 + -+ + 7, = m, then the associated cumulant
is of order m. The relationship between the cumulants of a distribution and the
characteristic function provide a convenient method for deriving the asymptotic
distribution of statistic whose asymptotic expectations can be derived.

The cumulants of order m are functions of the moments of order m or lower.
Thus if the m' order moment is finite, so is the m'" order cumulant. Let p; =
E(XZ), Hij = E(XlXJ), Hijk = E(XlXJXk), and Hijke = E(XlXJXng) and Ki,
Kij, Kijk, and kijpe be the corresponding cumulants. Then, Kaplan (1952) gives
the following relationship:

Ri = [,
Kij = Kij — Hillj,
Rijk = Mijk — (Wifljk + ik + tettig) + 240405k
4 3 6
Rijht = Hijht — D Hiflike — Y fhijhke +2 Y pift ke — Oftifhj i fie
where the summations are over the possible ways of grouping the subscripts, and
the number of terms resulting is written over the summation sign.
Define the random matrix V,, as

1
Vo = \/Nar (nAalAaAal - Pa> (7)

(63

Then, the random matrices Véo), Va(l) and VOSQ) are defined as
VOSO) = diag(van, Va22y - - - ,’Uapp) (8)
Vogl) = Va - %VOEO)PQ - %Pava(c()) (9)

and

1
2
Konishi (1979a, 1979b) has shown that

1 1
Vi = VOBV - VO — SVOV, 4+ S(VOPE, + SRR (10)

1 1
Ry = Py 4+ —VW + — V2 1 0,(n;%?)

L Ney

The pooled estimate of the common correlation matrix is
R= Z WaRa
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so that )
- _ B —(1)
R=P+—=V
+ NG
(1)

where w, = ng/n, P = ZZ:lwan Vv = ZZ:lw/Wa Vogl) and

v = 22:1 V{? . The limiting distribution of V,, = \/nq (A'A AL g — P)
is normal with means 0 and covariances that depend on the fourth order cumulants
of the parent population (Anderson 2003, p. 88).

1—
+ ﬁv@) +0,(n~%?)

Since A, is a diagonal matrix of population standard deviations, Az, ...,
Atz ~, may be thought of as N, observations from a population with finite
fourth order cumulants and characteristic function given by

> P (i)™
_ +
nfpa(t)] = > na(rl,...,rp)H Tfj! yryed (11)
rit+e+rp=1 j=1
where the standardized cumulants, 4 (71,72, ... ,7p), are derived from the expres-
sion @ as
Ki(Tr1,T9y ...y
Kal(r1,T2, ..., Tp) = al r)

Oal11Xr10a22Xry **° Uaprrp

with x,, = 1if r; =0, x,, = 1/0(®7 if r; £ 0 and B, = (o(@)79).

K-statistics are unbiased estimates of the cumulants of a distribution, and
may be used to derive the moments of the statistics which are symmetric func-
tions of the observations (Kendall and Stuart 1969). Kaplan (1952) gives a series
of tensor formulaes for computing the expectations of various functions of the

k-statistics associated with a sample of size N from a multivariate population.
For the definition of the k-statistics, let N") = N(N —1)--- (N —r +1).

If siiy..i, denotes the product X;, X;, ---X;, summed over the sample, the

tensor formulae for the k-statistics may be shown to be as follows:

3
ZVQSiﬂc - stisjk + 28i8]‘8k
N®)

Nsij — SiSj

ki = N(z) )

kij = kijr =

Si
N’

4 3 6
N(N + 1)(Nsij;€g — ZSZ'S]‘M) — N(2)Z SijSke + 2N ZSiSjSM — 65;5;5K50
N#)

kijke =

K(ab,ij) = El(kab — Kav)(kij — Kij)]
_ Kabij | KaiKbj + KajKbi

N N-1

w(ab,ij,pq) = El(kab — Kab)(kij — Kij) (kpg — ipg)]
_ Kabijpg n 2 RabipKjq + 24: (N - 2)Haz'p’{qu + 28: RaiRbpljq
E N(N —1) N(N —1)2 (N —1)2
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The summations are over the possible ways of grouping the subscripts, and the
number of terms resulting is written over the summation sign.

The matrix V,, is constructed from observations from the standardized distri-
bution so that vaij = v/Na(kaij — Paij) Where kq;; is the related k-statistic for
standardized population a. Kaplan’s formulae may be applied to derive the fol-
lowing expressions for the expectations of elements of the matrices V,, (note that
Raij = posz) We obtain

E(Uaij) =0

E(VaijVake) = Kaijkt + PaikPaje + PaicPaje + O(ny ")

and

1 12 4
E(vaijvakfvozab) D |:/$aijkfab + E RaijkaPalb + § RaikaRajeb

Ve

8
+ Z pozikpajapalb] + O(n;3/2)

The random matrices VOSO)7 Vcsl) and Vogz) are defined in , @, and , respec-
tively. The expectations associated with these random matrices are given as

1
E(”éi;)zo
@y L LB
(Uaij) - 4pa1_7’{an]_] 2 (H(X’Lllj + R(X’L]]]) + 8p(1'L_] (Hanu + H(ijjj)

1 _
+ 5(!’3@‘ = Paij) + O(n;")

1 1
E(v((m-)jvilgg) = Kaijhkt — i(paij"{aiikf + pPaijRajjke + Pakebaijkk + PaktKaijer)
1
+ Zpaijpakf(ffaiikk + Kaiitt + Kajjkk + Kajjee)
— (PaktPaikPajk + PakePaitPaje + PaijPaikPait + PaijPajkPajt)

1
+ *PaijﬂakZ(Piik + P2+ pijk + p2i0)

2
+ (pon'kpaj[ + paifpajk) + O(ngl) (12)
and
1 1 1 1
E(”Si)jvgzlk)zvéz)b) = e (tal — gtz + Jtas = 8ta4> +0(ng*"?)
where

12 4 8
tod == Haijk@ab+ E ﬂaijkaﬂa£b+ § Haika’iaiib‘{’ § paikpajapa[b
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3 12
to2 = Z Paij [Haiikeab + Kajjkta + Z(Hm‘ika + Kajjka)
3 8
+ Z(’{aika’iai% + Hajkaﬁozjfb) + Z(paikﬂaiaﬂa@b + pajkpajapa[b)

3
taz = Z PaijPakl l:"foziikkab + Kaiittab T Kajjkkab T Kajjelab
12
+ Z(fiaukapakb + KaiitaPats + KajjkaPakb T KajjtaPatb)
3
+ Z(Kaikafim‘kb + Kaitakaith + Kajkalajkb + Kajiakajeb)
8
+ Z(paikpaiapabk + PaitPaiaPatb T PajkPajaPabk + pajfpajapaéb):|

and

8 12 3
ta4 - paijpak@pozab Z |:/€o¢iikkaa + Z(Kaiikapaka) + Z(/{aika’iaikb)

8

+ Z(paikpaiapaka)]

Lemma 1. The diagonal elements of Vofl) are zero.

Proof. Using @ and the fact that VOSO) is a diagonal matrix, we have

1
VL) = Vais - 5 Paij (Vaii + Vajj)

The result follows by taking j = ¢ above and noting that diagonal elements of P,
are 1. 0

Lemma 2. The diagonal elements of VOS2) are zero.
Proof. Using and the fact that VOEO) is a diagonal matrix, we get

1 1
o _ Lo o

2 2
aij = 7 VaiiPaijVajj 5”&@‘(“&1’]’ + Vaii) + gpaij(vaivt +v55)

The result follows by substituting j = ¢ above and observing that p,;; = 1. O

4. Asymptotic Expansion of L*

In order to derive the asymptotic distribution for L* the statistic is first ex-
panded in terms of other random variables (see Konishi and Sugiyama 1981).
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The statistic L* may be written as L* = ng(R; ..., Ry) where g(R1, ..., Rg) =
In[det(R)] — 32F_, wa In[det(R,)]. Let

1 1
B, = —— _p-ly® Py
Vim o Tagte e

Since, P,, Vogl) and VOS2) are all positive definite, so is B,. This insures that the
eigenvalues of B,, exist and are positive. Also, as n, becomes large, the elements
in B, become small so that the characteristic roots may be assumed to be less
than one. Using Lemma

In[det(Ra)] = In[det(P, + PaBa)] + Oy(ng®/?)

= In[det(P,)] + tr(By) — %tr(BaBa) + 0, ()

Now, BoB, = nz ' PLIVY PoVY + 0, (na®?) so that

1
In[det(Ry)] = In[det(P,)] + tr(P7VID) + — tr(PV(2)
[()][()]\/nj( )na( )
1
— gt (chlVOEl)P;lVél)) +0,(n7%?
(0%

A similar expansion for In[det(R)] may be obtained by defining B by
1 & 1 1 & 1
B=—Y Vw.P VW+=-3"P 'v®
\/E a=1 n a=1
Then
In[det(R)] = In[det(P + PB)] 4+ O,(n~%/?)
_ 1
= In[det(P)] + tr(B) - 5 tr(BB) + 0,(n=3/?)

Since BB =n~! ZZ:l 2221 \/mﬁ_lva(l)ﬁ_lvﬁ(l) + O, (n3/2),

k k
In[det(R)] = ln[det(P)] + —= > vaa tr(P V) + % S (PR

a=1 a=1
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1 b 1 1
- — Z Z wawp tr(P~ VP Vﬁ(l)) + 0,(n2/?)

where Hy = (haij) = (P —P;Y)=H!. Let G(Ry,...,Rx) = v/n[g(R1, ..., Ry)
—g(P1,. .., P)]. Then, since v/n(wa/na) = (v/n)~1, we obtain

k
G(Ry,...,Ry) = Z\/watr( Ztr V(z)
a=1

k
1
+—=> (P VPV
2\/ﬁa 1
Z Z VEawp (P VPV £ 0, (7Y  (13)
a=1 =1
Theorem 1. The expression G(Ry,..., Rr) may be written as
G(R17 s 7 Z Z VWa hoﬂj ou,j Z Z hazj Oé’Lj
a=11i<j a 14i<y
1),
\F Z ZZQa ij, kl)v VaijVake
a=11i<j k<l

ZZZZ,MQW q(ig, kl)v ijﬁkg—i—O (n~ )

a 18=11i<j k<¥t

where Py 1= ( g); P_l‘ = (ﬁ”)7 Eaij = 2(?” - 2)7 qa(ija k@) = papjk +
pikpil and q(ij, kt) = p"p'* + phpt.

Proof. Using results on matrix algebra, we have

k
DNCTRURELIRS SIVC 9D SIS
a=1 =1 j=1
and since H, is symmetric, application of Lemma [3] yields
k
S VL V) = 3V Y+ i) Z Va3 Faigoi;
a=1 a=1 1<J 1<j

In an entirely similar manner,
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(1)

Using Lemma 4] results on matrix algebra and the symmetry of Vi, ’, we have
1k
5 2 (P VD PIVY)
=1
Iy (D) (D
=322 0.2 PuPu Vi Van
a=1i=1 j=1 k=1 ¢=1
1t
7 7 1 1
=32 (il + pit ol + pl ol + ppIF o)l
a=11i<j k<t
k
= Z (Zj,kf) on] Sk)f
a=1i<j k<l
In a similar manner,
LA
1
B Z Z,/wa Gtr(P V WP~ V( ))
a=1p=1
ko k
> Z D2 VEaws alif KO v
a=1p=11i<j k<t
Combining these expansions in ((13)) completes the proof. O

Corollary 1. In the special case p =2, G(Ry,..., Rr) may be written as

k _

2 : Pa P 1
G(RlaaRk):Q \/wa(l_ 2_1_p2>v(()¢1)2

a=1

Pa
_ k
2 Pa p )(2) 1+Pa (0
+— a Va
ﬁaz_:l(l—pa = ” IZ 2
k k
1 1+7°
—722(1772)2”&1)2512+0( h.
a=1p=1 P

Proof. For p = 2, EKj consists of single term corresponding to ¢ = 1,j = 2.
Also, P, = (pla 7o) so that Pyt = (1 — p2)~! (_;a ~f*). Similarly, Pl=
(1—p*)"! (f _f). Thus, the off diagonal element of H, is given by p,(1 —

pa)~t = (1 —7p%)"". Further, 4a(12,12) = paipal + o pd = (1+p2)/(1 = p2)?
and ¢(12,12) = (1 +7p2)/(1 —p*)2. The result follows by using these values in the
theorem. 0

5. Asymptotic Null Distribution of L*

In this section we derive asymptotic distribution of the statistic L* when the
null hypothesis is true.
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Define the k x k matrix W as W = (w;;) where w;; = 1 — w; and for i # j,
Wij = —/wiwj = wj;, 1 < 4,5, < k. The matrix W has rank k£ — 1 and each of its
non-zero eigenvalues is equal to 1.

Theorem 2. Let the k correlation matrices Ry, ..., Ry be based on independent
samples of sizes N1, ..., N, respectively, with finite fourth order cumulants. De-
fine the kp(p — 1)/2 x 1 vector v(¥) by

1 _ 1 (1) (1) (1 (1) (1) (1) (1) (1) /
v= (U1,1,2a”1,1,3v <V p—1,pV21,2:V2.1,30 - V2 p—1,p>- - Vi, 1,20Vk, 1,30 - "Uk,p—l,p)

where VAV is as defined in (@ Let Q = (q(ij, k0)) be the p(p—1)/2 x p(p—1)/2
matriz of coefficients defined in Theorem [}

Let Ty, be the asymptotic dispersion matriz of Vogl) with entry (ij, k€) equal to
E(U(I)Av(l) ) given in . Then, the asymptotic dispersion matriz of vV is

aij “akl
T, 0 - 0
0 T, --- 0
" = .

Under the null hypothesis

p(p—1)(k—1)/2
L= > g+ 0,(n7?)
i=1
where yi, . .., Yp(p—1)(k—1)/2 are independent, y; ~ X3, 1<i<plp—1)(k—1)/2 and
ALy Ap(p—1)(k—1)/2 are the eigenvalues of T*(Q@W). If the standardized fourth
order cumulants of the populations are all equal, then T, =T fora=1,...,k and

p(p—1)/2

L* = Z 9iui + Op(nfl/Q),
i=1

where uy, ..., Upp_1)/2 are independent, u; ~ Xz—1 and 01, ...,0,,-1)/2 are the
etgenvalues of T'Q.

Proof. Under the null hypothesis we have P, = P for a = 1,...,k so that
g(Pr,..., Py) =0, haij = 0 and g, (i, k) = q(ij,kl) = p*p?* + p* p?* for all a.
Since g(Ry, ..., Ry) = In[det(R)] — 32F_, wa In[det(R,)] = n~'L*, using Theo-
rem [T} one obtains

L* = ’flg(R1, ey Rk) = ’I’L[g(Rl, ceey Rk) — g(]317 . ,Pk)]
k
SO0 alis kool
a=11i<j k<t
k

k
. 1) @ -
— Z Z Vwaws q(i7, kf)v&i)jvék)é + O,(n 1/2)

a=18=1i<j k<t
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k k
.. 1 —
=D wap Y > alig, kO vy + Op(n1/?)
= (WY@ W)™ +0,(n"*/?)

Since @ is of rank p(p — 1)/2 and W is of rank k — 1, the matrix Q ® W is of
rank p(p — 1)(k — 1)/2. From @) and @ it is clear that elements of V" are
linear functions of elements of V,, and the limiting distribution of V,, is normal
with means 0 and covariances that depend on the fourth order cumulants of the
parent population. Therefore, v(1) is asymptotically normal with means zero and
dispersion matrix 7. Thus, L* = SP@=DE=D/2 3001 0 (n=1/2),

If the standardized fourth order cumulants are the same for each underlying
population, then 7% = T'® I. Further, (T ® I)(Q ® W) = TQ ® W has as its
eigenvalues 0;¢;, 1 = 1,...,p(p —1)/2, j = 1,...,k where 0; are the eigenvalues
of TQ and ¢; are the eigenvalues of W. Since there are p(p — 1)/2 non-zero
eigenvalues of (T'® I)(Q ® W) each occurring with multiplicity k£ — 1, we have

L* = Zfipl_l)/Q O;u; + Op(n_l/Q). O
Corollary 2. Let the k sample correlation coefficients 1,72, ...,7 be based on
independent samples of sizes N1, No, ..., Ni from bivariate populations with finite

fourth order cumulants. Let p be the hypothesized common correlation coefficient.
Define the k x 1 vector v(!) by

v = (vgl), . ,v,(cl))'

where v&l) = Un12 — P(Va11 + Va22) as defined in (@ Let

1 1
ta = (1—p*)* + 1P2(5a1111 + Ka2222) + (1 + 202> Ka1122 — P(Ka1113 + Ka1222)

and define T* = diag(ty,...,tx).Under the null hypothesis the statistic L* is
asymptotically expanded as

k-1
1+ p? _
L' = g O A+ Op(n /%)
(1—p?)? =
where y1, ..., yr_1 are independent, y; ~ x5 and A1, ..., \x_1 are the eigenvalues

of T*W. If the standardized fourth order cumulants are equal, then

1 1
ta = (1—p*)2 + 1,02(/11111 + Ko222) + (1 + 2,02>f€1122 — p(K1113 + K1222)

fora=1,2,...,k and

* 1 1
L*=|(1- P2)2 + 102(51111 + Kagoo) + (1 + 2p2> K1122

2

+ _
= p(k1113 + 51222)} ﬁﬁq +0p(n~1?)
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Proof. As shown in Corollary [I} when p = 2, @ is a scalar. If p is the common
correlation coefficient, then @ = (1 + p?)/(1 — p?)2. The asymptotic variance of

v((lll)Q is given in . Upon simplification,

1 1
E(US1)QUS1)2) =ty =(1- P2)2 + 1,02('1(11111 + Ka2222) + (1 + 2p2) Ka1122

— p(Ka1113 + Kal222) + Op(nfl/Q) (14)

so that T* is the asymptotic covariance matrix of v(!). Further, T*(Q ® W) =
[(14p%)/(1 = p2)AT*W. Thus L* = [(1+ p?)/(1 = p?)2] 12 Ay + Op(n=1/2),
where \; are the eigenvalues of T*W. If the standardized fourth order cumulants
are identical, T' = tI, so that there is one eigenvalue of T'Q) with multiplicity k.
This eigenvalue is merely ¢(1 + p?)/(1 — p*)? and the result follows immediately

from Theorem 2 O
Corollary 3. Let the k sample correlation coefficients r1,7r2,...,7, be based on
independent samples of sizes N1, No, ..., Ny from bivariate populations which are

elliptically contoured with a common curtosis of 3k and common correlation coef-
ficient p. Then

L% — [(1— 022 4 (1 + 92,2 1+p* 0. (n—1/2
= [( p)+(+p)%}7(1ip2)2xk71+ p(n™ %)

Proof. For elliptically contoured distributions (Muirhead 1982, Anderson 2003,
Gupta and Varga 1993) the fourth order cumulants are such that k;;;; = 3k445; =
3k for i # j and all other cumulants are zero (Waternaux 1984). Substituting this
into the expression for ¢ in Corollary [2|yields ¢ = (1 — p?)2+ (1+2p?)x. The result

then follows from Corollary 2} O
Corollary 4. Let the k sample correlation coefficients r1,...,7, be based on in-
dependent samples of sizes Ny, ..., Ny from bivariate normal populations with a

common correlation coefficient p. Then
L* = (14 p*)xG_y + Op(n™"/?)

Proof. Normal distributions are special case of elliptically contoured distribu-
tions. The fourth order cumulants are all zero (Anderson 2003). The result follows
by setting x = 0 in Corollary O

6. An Example

This example is included to demonstrate the procedure to be used when testing
the equality of correlation matrices by using the statistic L*. The data represent
random samples from three trivariate populations each with identical correlation
matrix P given by

1.0 03 0.2
P=103 10 -0.3
0.2 —-0.3 1.0
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Since the statistic L* is an approximation of the modified likelihood ratio statistic
for samples from multivariate normal populations, it is particularly suited to pop-
ulations that are mear normal. The contaminated normal model has been chosen
to represent such a distribution.

Samples of size 25 from contaminated normal populations with mixing param-
eter ¢ = 0.1 and 0 = 2 were generated using the SAS system. These data are
tabulated in Gupta, Johnson and Nagar (2012). The density of a contaminated
normal model is given by

Pe(%,0,8) = (1 —€)p(x, %) + epdp(x,0%), >0, 0<e<l1

where ¢(x,Y) is the density of a multivariate normal distribution with zero mean
vector and covariance matrix X.

If the data were known to be from three normal populations all that would
be required at this point would be the sample sizes and the matrix of corrected
sums of squares and cross products. A key element, however, of the modified
likelihood ratio procedure is that this assumption need not be made, but the
fourth order cumulant must be estimated. To do this the k-statistics are calculated
using Kaplan’s formulae summarized in Section [3] The computations are made
considerably easier by standardizing the data so that all of the first order sums
are zero.

The computation using original (or standardized) data yields the following
estimates of the individual correlation matrices:

1.0000  0.5105  0.3193
Ry = 0.5105 1.0000 —0.3485 |, det(Ry) = 0.4024
0.3193 —0.3485 1.0000

1.0000  0.1758  0.2714
0.1758 1.0000 —0.2688 |, det(R2)=0.7975
0.2714 —0.2688 1.0000

1.0000  0.2457  0.3176
Ry= | 02457  1.0000 —0.0331 |, det(Rs)=0.8325
0.3176 —0.0331  1.0000

Ry

Since each sample is of size 25, w; = 1/3 for i = 1,2, 3 and the pooled correlation
matrix is merely the average of these three matrices:

1.0000  0.3107  0.3028
R=1| 03107 1.0000 —02168 |, det(R)=0.7240
0.3028 —0.2168  1.0000

The value of the test statistic is now easily calculated as

L* = 721n(0.7240) — 24[In(0.4024) + In(00.7975) + In(0.8325)]
= 8.7473
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The null hypothesis is to be rejected if the value of the test statistic is too large.
The next step of the procedure is to estimate the coefficients in the linear combi-
nation of chi-square variables that make up the actual distribution under the null
hypothesis. The most arduous part is the computation of the estimates of fourth
order cumulants.

Since the data are standardized, the formula for the k-statistic for the four way
product x; X x; X x) X ¢ simplifies to

L

kijk@ = N(4)

[NQ(N + l)sijkg — N(N — 1)(81-]-8“ + SikSje + SigSjk)]

where N = N(N — 1)(N — 2)(N — 3). Using this to estimate the cumulant
corresponding to 23 yields k1190 = 0.6670. The computation for other fourth
order cumulant are performed similarly. The resulting estimates are then pooled
across population to yield an estimate of the common fourth order cumulants
used in building the tau matrix (it is possible, of course, to drop the assumption
of common fourth order cumulants and use the nine by nine matrix that would
result if each separate tau matrix were joined in a block diagonal matrix). The
estimates of the fourth order cumulants are summarized in the Table [I

The pooled correlation matrix and these estimates are now used to build the

estimated covariance matrix V(). The entry corresponding to vl(; )v&) is given by

1
Kijle — i(rijkiikf + riikiine + rrekijer + rrekijer)

1
+ Zrijrké(kiikk + Kiiee + Kjjkk + Kjjee)
— (TReTiTjl + TReTieTje + TijTikTie + i TR je)

1 2 2 2 2
+ 5 rigThe(rig + i+ i+ 150) +Tikt e+ Tierk

where r;; is the pooled estimate of the correlation value and k;; is the correspond-
ing pooled fourth order cumulant. The entry corresponding to 12,13 is given by
t12,13 = —0.3065. Similar calculations yield the following covariance matrix corre-
spondi L @ 1)y
ponding t0 (Vg12, Vgi3 Vas3)s
1.0150 —0.3065 0.1800
T=| —-0.3065 0.7242 0.3974
0.1800 0.3974 0.8179

To complete the example, the inverse of the pooled correlation matrix is used
to estimate the matrix (). The entry corresponding to the element ij, k¢ is given
by rFrif 4 pifrik where R™! = (r7). These matrices are as follows:

X 1.3163 —0.5198 —0.5113
R =1 —05198 12546 0.4294
—0.5113  0.4294  1.2479
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TABLE 1: Estimated fourth order cumulants
Variables  Population 1  Population 2  Population 3  Pooled

1111 0.9077 0.1181 0.9355 0.6538
1112 0.7765 -0.0387 -0.0565 0.2271
1113 -0.3015 0.7008 0.0677 0.1105
1122 0.6670 0.3595 -0.3663 0.2201
1123 -0.3917 0.3519 -0.1333  -0.0574
1133 -0.1848 0.6608 -0.7475  -0.0905
1222 0.4896 -0.7128 -0.0178  -0.0803
1223 -0.3005 0.1637 -0.2243  -0.1204
1233 -0.0980 0.6343 -0.1394 0.1323
1333 -0.3430 0.3973 -0.0773  -0.0077
2222 -0.0787 -0.9989 0.8134 -0.0881
2223 -0.2543 0.0750 0.1887 0.0032
2233 0.3800 -0.1764 -0.5454  -0.1139
2333 -0.8386 0.8496 0.2869 0.0993
3333 0.9130 -0.9196 1.3068 0.4334

1.9217 0.8310 —0.8647
Q= 0.8310 1.9041 —0.8682
—0.8647 0.8682 1.7500

Most eigenvalues extraction routines require that the matrix being analyzed be
symmetric. Let A be the Cholesky decomposition of ), that is Q = A’A where
A is an upper triangular matrix. Then the eigenvalues of T'Q are the same as the
eigenvalues of AT A’ which is clearly symmetric. In this case

1.3863 0.5995 —0.6237
A= 0 1.2429 -0.3977
0 0 1.0967

1.4111 —0.2877 —0.0246
ATA = | —0.2877  0.8552 0.1849
—0.0246 0.1849 0.9837

and the eigenvalue of this matrix are 1.55,1.0473 and 0.6527. Using Theorem
the distribution of the statistic is estimated to be that of Y = (1.55)x3+(1.0473)x3
+(0.6527)x3 where each of the chi-square variate is independent. Using Lemma
the cumulative probability value associated with 8.7473 is obtained as 0.7665 so
that the observed significance level is 0.2335. Thus, if the test is performed at
the a = 0.1 level of significance the conclusion reached is that there is insufficient
evidence to reject the null hypothesis that the samples are from populations with
identical correlation matrices.
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Appendix

Lemma 3. Let V = (vi;) be a p X p symmetric matric with zero on the diagonal
and let C = (c;5) be a p X p symmetric matriz. Then

P
tI"(OV) = Z Cij’Uz'j =2 Zcijvij
i=1 j=1 i<j
Proof. The proof is obtained by noting that v;; = 0 and ¢;; = ¢;;. O

Lemma 4. Let V, = (vaij) and Vg = (vgi;) be p x p symmetric matrices with
zero on the diagonal. Then

p p p p
g E g E CijktVaijVBke = E E (Cijke + Cijor + Cjike + Cjiek)Vaij Vske-
i=1 j=1 k=1 £=1 i<j k<t

Proof. Using Lemma [3] the sum may be written as

(Cijke + Cijok)VaijVke
>

p p
=1 j=1k<?

K3
The proof is obtained by applying Lemma [3] second time. O

Lemma 5. Let A be a real symmetric matriz with eigenvalues that are less than
one in absolute value, then

— Infdet(I — A)] = tr(A) + %tr(AQ) + étr(A‘g) L

Proof . See Siotani, Hayakawa and Fujikoshi (1985). O
Lemma 6. Let R be a correlation of dimension p. Then
(‘3% In[det R] = R™*
and
9 tr(R"'B) = R"'BR™*
opr

where B is a symmetric non-singular matriz of order p.

Proof . See Siotani, Hayakawa and Fujikoshi (1985). O
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Lemma 7. Let Y1, Ys and Y3 be independent random variables, Y; ~ x3,i =1,2,3.
Define Y = a1 Y7 + aoYs + as3Ys3 where ay, as and ag are constants, a; > ag >
ag > 0. Then, the cumulative distribution function Fy (y) of Y is given by

3
i=1 v

where C; = o2/(a; — a3)(a; — ag), Co = —a3/(as — az)(an — az) and
Cs = a3/(az — az)(a1 — az)

Proof. We get the desired result by inverting the moment generating function
My (t) =30 Ci(1 = 20;t) 7Y, 2eqt < 1. O
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